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Abstract

G-equations are well-known front propagation models in turbulent combustion
which describe the front motion law in the form of local normal velocity equal to
a constant (laminar speed) plus the normal projection of fluid velocity. In level set
formulation, G-equations are Hamilton—Jacobi equations with convex (L! type)
but non-coercive Hamiltonians. Viscous G-equations arise from either numerical
approximations or regularizations by small diffusion. The nonlinear eigenvalue H
from the cell problem of the viscous G-equation can be viewed as an approximation
of the inviscid turbulent flame speed sT. An important problem in turbulent com-
bustion theory is to study properties of st, in particular how st depends on the flow
amplitude A. In this paper, we study the behavior of H = H(A,d) as A — 400
at any fixed diffusion constant d > 0. For cellular flow, we show that

H(A,d) £ C(d) foralld >0,

where C(d) is a constant depending on d, but independent of A. Compared with
H(A,0) = O(A/logA),A > 1, of the inviscid G-equation (d = 0), pres-
ence of diffusion dramatically slows down front propagation. For shear flow,
lima—s 400 H(g’d) = A(d) > 0 where A(d) is strictly decreasing in d, and has
zero derivative at d = 0. The linear growth law is also valid for st of the curvature
dependent G-equation in shear flows.

1. Introduction

The G-equation has been a very popular field model in combustion and phys-
ics literature for studying premixed turbulent flame propagation [1,5,6,9,14,19-
21,23-26,28]. The inviscid G-equation on a flame moving in a steady flow has the
following form:

G, + V(x)- DG + 5| DG| = 0, (1.1)
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Fig. 1. Illustration of local interface velocities in the G-equation and a flame front

where G is the level set function of the flame, V is the ambient fluid velocity field,
and the positive constant s; is called laminar flame speed. The constant s; describes
how quickly the flame propagates when the fluid is at rest. The G-equation can
be derived through the level set method based on a simple motion law: the flame
propagation speed along the normal direction is equivalent to s; plus the normal
projection of the fluid velocity (see Fig. 1). The level set {(x, ) : G(x,t) = Go}
of the solution G = G(x, t) represents the flame front at time 7. We assume that
the flow field V is periodic and incompressible.

Suppose that the initial flame front is planar and the flame is propagating in
the direction P (G(x,0) = P - x) with |P| = 1. Due to the movement of the
fluid, the flame front will be wrinkled in time. Eventually, the front will evolve
into an asymptotic state moving at a constant speed st which depends on P; this
is called “turbulent flame speed” in combustion literature. It can be computed as
sT = —lim7_ 4 G();’T). The st is conjectured to exist even when V is stochas-
tic and is used in the combustion community to describe the average speed of a
fluctuating front [20]. To predict and analyze properties of st is a fundamental
problem in turbulent combustion theory. When V is periodic in space, the st can be
studied in the framework of the periodic homogenization theory of the Hamilton—
Jacobi equation [7,12]. It is same as the effective Hamiltonian H (P) of a nonlinear
eigenvalue problem (so called cell problem):

s;|P + Dw|+ V(x)- (P + Dw) = H(P). (1.2)

Due to the lack of coercivity of the Hamiltonian of the G-equation, the periodic
homogenization and the existence of H (P) have been rigorously established only
very recently by two of the authors [27] and CARDALIAGUET ET AL. [4], indepen-
dently. When n = 2, NoLEN and Novikov [15] proved the existence of H (P) for
stationary ergodic flows.

In computation of the hyperbolic equation (1.1), a certain amount of numerical
diffusion is often present, as in Lax—Friedrichs type schemes [19]. On the other
hand, it is known that as 7 gets large, the level set {G(x, ) = 0} might become
quite irregular and cause numerical difficulties. Among the various regularizations
to fix this problem, one way is to add a diffusion term [9, 10] to (1.1) which leads
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to the following viscous G-equation

—dAG+G;+V(x) DG +s5|DG| =0, (1.3)

% > 0 is called the Markstein diffusivity. If we consider —lim7_, G(XT’T) , the
limit H (P, d) is given by the cell problem

—dAw+s;|P+Dw|+ V(&) (P + Dw) = H(P,d). (1.4)

The existence of H (P, d) and classical solutions to (1.4) (unique up to a constant)
can be easily deduced from the standard elliptic regularity theory. H (P, d) can be
viewed as an approximation of the turbulent flame speed s.

A central issue we address here is the comparison of qualitative behavior of
H(P,d) and H(P) as we vary d and the amplitude of the flow field. To this end,
let us scale V to A V for some positive constant A (flow intensity), so:

—dAw+s/|P + Dw|+ AV(x) - (P + Dw) = H(P, A, d).  (1.5)

An interesting question is to figure out how H behaves as a function of A. There
are a few results in the combustion literature in this direction when A is small, see
the references of [22]. In this paper, we are interested in the asymptotic behavior
of H(P, A, d) as A — +o00. The usual inf-max formula

H(P,A,d)= inf max(—dAh+ s;|P + Dh|+ AV(x)-(P + Dh)) (1.6)
/’LECZ(T") Tn

provides only that H(P,A,d) < C(d) (A + 1) which is, in general, too rough.
Experimental studies show that the turbulent flame speed may grow at a slower than
linear rate in some situations. This is the so called “bending effect”, see [22,24]
among others.

The paper is organized as follows. In Section 2, we look at the case when V is
a two dimensional cellular flow, V = V-H = V< sin 277x; sin 27x,. It is known
that H(P, A,0) = O (@) for the inviscid case. The “bending effect” occurs mar-

ginally. When the diffusion is large (d >> 1), it is proved in [16] that H(P, A, d)
drops dramatically and has an upper bound as /Iog A. In the small diffusion regime
(d <« 1), the analysis becomes much more subtle since the nonlinear L!term begins
to compete with the linear diffusion term. In this section, we establish the finite
bound for any positive diffusivity d > 0. Precisely speaking, the main result of this
section is that for a positive d-dependent constant C(d) which is independent of A
and P

H(P,A,d)<C(d), forall d>0, |P|=1, A=2. (1.7)

The uniform bound (1.7) is very different from the O (A!/#) speed growth asymp-
totics for reaction-diffusion fronts in cellular flows [3,18,29,30].

From the inf-max formula (1.6), it is easy to see that H is positive homogeneous
of degree 1. The proof of (1.7) is divided into two parts. In the first part, by a novel
‘H-weighted gradient estimate of solutions of the cell problem, we reveal the reten-
tion of positive mass of the gradient of solution in the boundary layers as A — +o0,
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Fig. 2. Decomposition of a unit cell into quarter cells C;,i = 1,2,3,4

or the loss of the gradient mass in the interior of each of the quarter cells (Fig. 2).
This allows us to show that H(P, A, d) is comparable to || DT | |p1(T2), Where T is
the solution of a linear advection-diffusion equation arising in advection enhanced
diffusion problem [17]. In essence, we have overcome the obstacle of nonlinearity.
In the second part, we derive the uniform bound of || DT'|| 1 (T2). Combining some
energy decay estimates in [17] and the Cauchy inequality, it is easy to show that
[IDT|| 112y has an upper bound of \/log(A). To prove that it is actually uniformly
bounded, we need careful analysis around cell corners which is done in Section 3.

In Section 4, we study the case when V is a shear flow. We prove that the
limit limA— 400 w is a positive constant (no “bending effect”) and is strictly
decreasing with respect to the diffusivity d. The converging rate as d — 0 is also
discussed. Our approach can be used to recover an earlier result in [11]. We also
investigate the limit for the curvature dependent G-equation, i.e, replace the diffu-
sion term by the mean curvature of the flame front. We showed that the limit is the
same as for the inviscid G-equation. Our results in this section are consistent with
the natural intuition on the front propagation speed:

Viscous speed < Curvature dependent speed < Inviscid speed. (1.8)

We remark that if the flow field is compressible, the situation is very different.
Firstly, positive diffusivity may increase the propagation speed. Secondly, there
may be flame trapping (in the inviscid case) or exponential decay of front speed (in
the viscous case) due to the high turbulence intensity (A >> 1). Explicit analytical
results of this sort for the one space dimensional G-equations are reported in [13].

In Section 5, we show numerical results of H in viscous G-equations and cellu-
lar flows. It is increasing in A and decreasing in d. The paper ends with concluding
remarks in Section 6.

2. Uniform speed bound in cellular flows

Without loss of generality, we assume that s; = 1. Consider the cell problem

dAw + |P + Dw|+ AV (x) - (P + Dw) = H(P, A, d). (2.1
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Here we switch —d Aw to d Aw through a simple change of variables. In this section,
let us look at front speeds in cellular flows. A typical exampleis V = V1, where
the stream function H(x) = sin(2mx) sin(2wx3). For simplicity, we will work
with this example and write H as H hereafter. The following is the main result
of this section which says that the (viscous) turbulent flame speed is uniformly
bounded for fixed d.

Theorem 2.1. Assume that |P| = 1. Then
H(P,A,d) £C() foralld > 0,
where C(d) is a constant depending on d, but is independent of A and P.

Lete; = (1,0) and e» = (0, 1). Proofs for P = ¢; and P = e are similar.
Also, the inf-max formula (1.6) implies that H is a convex and positive homoge-
neous of degree one as function of P. Hence it suffices to prove the above theorem
for P = (1,0) = e;. Let us denote H(el, A, d) = Ay, and omit d dependence for
the moment. Clearly 1 < 14 < C(A+1). Hereafter, C denotes a constant indepen-
dent of the flow intensity A. Note that C might depend on the diffusivity constant
d. We also assume that A > 2. In addition, we split T? = [—%, %] X [—%, %] into
four cells C1, C, C3, C4 shown as in Fig. 2.

Let G = e; - x +w(x) and [» Gdx = 0. Then

dAG + |DG| + AV(x) - DG = Ay = H(ey, A, d). (2.2)

Note that G = G(A, x) depends on A. To simplify notation, we drop the depen-
dence on A and write G(A, x) = G(x). Integrating both sides of (2.2) and using
the incompressibility of V and V - DH = 0, we have that

/ |IDG|dx = A4.
’]I‘Z

Let us denote v4 = % Then

dAvyg + |Dvyg|+ AV(x) - Dvy =1 (2.3)

and
/ Dualdy = 1. (2.4)
’]I‘Z

Since [2 v4 dx = 0, we have that

llvallwiierzy = C. (2.5)

Owing to the Sobolev inequality,

/ vidx £ C.
T2

Upon a subsequence, we may assume that
vg — v in L2('JT2)

We now prove several lemmas. The first one says that the H' norm of vy is
locally bounded.
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Lemma 2.1.
/ |Dvs)?H?dx < C.
’]TZ

Proof. Multiply (2.3) by H?v4. The incompressibility of V and V- DH = 0imply
that

/ V- DvavaH?>dx = 0.
TZ

Then using integration by parts and Cauchy’s inequality, we get that

/ |Dusl*H? dx < C(1 +/ vidx) £ C.
T2 T2
So the above lemma holds. O

Remark 2.1. From the above lemma, it is clear that forall e > 0, v € H'({|H| >
€}) and

/ |Dv|’H?dx < C.
{|1H|>¢}

Then Sobolev embedding implies that
li - =0.
Aim flva = vllaqmg-ep

Next we show that the oscillation of v4 along nonzero level curves of H will
tend to zero.

Lemma 2.2.
/ H* |V (x) - Dvg|>dx < <
T2 A
In particular,
V(x)-Dv=0 forae x € T?. (2.6)
Proof. To ease notation, we write v4 = U in this proof. Then
dAU + |DU|+ AV(x)- DU = 1.

Multiplying H*V (x) - DU on both sides of the above equation and integrating over
T? show that

d/AU(V(x)~DU)H4dx+/|DU|(V(x)-DU)H4dx

+A/(V(x)-DU)2H4dx :AA/V(x)-DUH4dx =0
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The last equality is due to the incompressibility of V and V - DH = 0. Note that
2 2
/ AU(V(x) - DUYH*dx = / (Z le.xi)(z Vkak) H*dx
i=1 k=1
where V = (V1, V») and integration by parts,

2 2 2 2
= / DD H U, Vi, Uy, dx — / D D HYU, ViUyy, dx

i=1 k=1 i=1 k=1

I I

—4/2 H3(DU - DH)(V (x) - DU) dx
T

m

Note that
I+ < C/ H?|DU|? dx.
"]1‘2

Moreover,

1 2
m= E/ngvk <|DU|2)Xk H*dx =0

The last inequality is due to the incompressibility of V and V - DH = 0.
Furthermore, Cauchy inequality implies that

‘/ |DU|(V(x) - DU)H*dx

1
g—(/ |V(x)- DUP?H*dx + |DU|2H4dx).
2\ J12 T2

Hence Lemma 2.2 follows from Lemma 2.1. O
The next lemma says that v4 converges to v locally in H' norm.

Lemma 2.3. Let W = g(H?) for some g € C2°((0, 1]). Then

lim |Dvy — Dv|?Wdx =0
A—+00 JT2

Proof. In fact
/ |Dvg — Dv|2de :/ (Dvyg — Dv) - (Dvg — Dv)W dx
T2 T2
=/ Dvy - (Dvy — Dv)W dx —/ Dv - (Dvg — Dv)W dx
'H‘Z

T2
I I
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Due to Lemma 2.1, Dv € L? (T?\{H = 0}) and Dvy — Dv in L?

loc loc

0}). Hence I — 0 as A — +o0. Also,

(T2\{H =

I=—/ AvA(vA—v)de—/ Dva(va —v) - DWdx
T2 T2

111

1 A
= —/ |[Dvgl(vg — v)W dx —|——/ V(x)-Dvga(vg —v)Wdx —II 4+ VI,
d Jm d J12

v v

where

1
VI=——/ (vqg —v)Wdx.
d 12

By Remark 2.1 and Lemma 2.1, I, IV, VI— 0 as A — +o0.
Since V(x) - Dv = 0and V - DH = 0, integration by parts and the incom-
pressibility of V imply that the fifth term V=0. 0O

Remark 2.2. It follows immediately from Lemma 2.3 that for all € > 0

lim |Dvg — Dv|dx = 0.
A—+00 J{|H| 2¢)

Lemma 2.4. (i) Fori = 1,3, v = f;(H) in C;, where f; € C2((0, 1)) and fl-/ < 0.
(i) Fori =2,4,v = f;(H) in C;, where f; € C2((—1,0)) and fi’ > 0.

lac(Tz\{H = 0}) and V(x) - Dv = 0 almost everywhere, it is
not hard to show that v = f;(H) in C;, where f; € HIIOC((O, 1)) fori = 1,3 and
fi € H ((—1,0)) fori =2, 4.

It suffices to prove Lemma 2.4 for i = 1. The other cases are similar.

Step 1. We first show that f; € C%((0, 1)). In fact, let ¢(s) in C2°(0, 1). Since

Proof. Since v € H}!

dAvyg + |Dvg|l+ AV(x) - Dvg =1

Multiplying ¢ (H) on both sides and integrating by parts over the cell C; give
= —d/ DvA<p/(H)Dde+/ [Dva|e(H)dx :/ @(H)dx
C Ci Ci

Owing to Remark 2.2, sending A — 400,

—d/ Dvo'(H)DHdx + |Dv|<p(H)dx=/ o(H)dx
Cy

Cq Cy

Since Dv = f{(H)DH, by Coarea formula, it is easy to see that f; = fi(t) €
Hlloc((O, 1)) is a weak solution of

d(f{(a®) + 1 f{Ob(t) = c() 2.7
where a (1), b(1), c(t) > 0 and € C®((0, 1)) = f1 € C*((0, 1)).
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Step 2. We then prove that f| < 0. In fact, since

lva — v|?dx — 0 and |V(x)- Dval?H*dx — 0,
C Cy

forany 0 < a < b < 1,€ > 0, when A is sufficiently large, 30 < a¢ < be < 1
such that |ae — a| < €, |be — b| < € and

j{ lva — vlds S e, f lva —vlds S e (2.8)
{H=ae} {H=be}

where § denotes the integral average over a closed streamline, and

max  |va(x) —va(Y)| S e, max |va(x) —va(y)| Se. (2.9)
x,ye{H=ae } x,ye{H=b¢ }

Since dAvg + |Dva| + AV (x) - Dvy 2 0, vy satisfies the maximum principle,

max v4 = max vy
H=a¢ H=b¢

According to (2.8), (2.9),
fi(ae) 2 fi(be) —4e
Sending € — 0,
fila) = fi(b).
Hence fl/ < 0. Owing to (2.7), f{ cannot attain 0. 0O

The following lemma says that there is a mass loss of |Dv| as A — 4o0.
This implies the presence of boundary layers (see Remark 2.3 and Fig. 3) where a
positive amount of mass of |Dv| is collected. More precisely,

Lemma 2.5.

lim |[Dvldx =7 < 1.
€=>0J{1H|Ze)

Proof. Owing to (2.4), it is obvious that T < 1. Our goal is to exclude the case
7 = 1. We argue by contradiction. Let us assume that

=1 (2.10)
We first prove the following lemma.

Lemma 2.6. Fori =1, 2, 3, 4,

. ’ _
lim /(1) =0.
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Fig. 3. Graph of solution G to equation (2.2) in cellular flow at A = 16, d = 0.01: presence
of both internal wells and layers at quarter cell boundaries

Proof. Since dAvg + |Dval+ AV (x) - Dvg = 1, fora € (0, 1),

/ dAvAdx—i—/ |Dvaldx = |{|H| = a}]|.
{1H|2a} {1H|2a}

Here || represents the measure of the set K. So

d/ E)ﬂder/ |Dvaldx = [{|H| = a}|.
{|H|=a) O {1H|2a}

Hence for ! € (0, 1) and small € > 0,

t+e Ju (+€
d/ da/ —ds + da/ |Dva|dx
—€ (|H|=a) 1 —€ {|1H=a)

{+€
= [l 2 a}]aa

Sending A — +o00, and by Remark 2.2, we deduce that

t+e€ 9 t+e€
:>d/ da/ —ds+/ da/ |Dv|dx
t—€ (|H|=a) 0N t—€ {1H|=a)

t+€
:/g |{|H|§a}|da

Dividing € on both sides, we derive that

d/ 8—“ds+/ |Dv|dx = |{|H| = a}|
{l {1H|2a}

H|=a} on

@2.11)
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Since
lim |[Dvldx =7 =1, by (2.10)
a—0 {llea}
0
= 1im s =o0. (2.12)
a—0 (|H|=a} on
Note that
v
/ —ds = | f{(a)] IVH|ds + | f5(—a)| |V HIds
{|H|=a) O {|H|=a)nC {|H|=—a)nC,
+| f3(a)] IVH|ds + | f4(—a)] [VH|ds. (2.13)
{|H[=a}NC3 {|H|=—a}NCy

Clearly fori = 1,2, 3,4

lim |VH|ds > 0
a=0J{|H|=a}NC;

So Lemma 2.6 holds. O

Now let us finish the proof of Lemma 2.5. By (2.11), forany 0 <a < b < 1,

9 3
:>d/ —”ds—d/ —vds—i—/ |Duldx
{|H|=a} 01 {|H|=b} On {a<|H|Sb)

~ fa <181 <)
According to (2.12) and (2.13),
3 3
lim Pis =0, / s >0
a=0.J(|H|=qa) 0N {|H|=b) In

:>// |Dvldx = |{0 < |H| < b}
{0<|H|=b}

- ff{0<|H|§h} |Dvldx & ff{0<\H|§b}ﬂCi ‘VHHfl.’(H))dx

> = — 0
= {o<|H| < b} {0 < |H| < b}]

i=1
as b — 0 according to Lemma 2.6. This is a contradiction.

Remark 2.3. (Presence of boundary layer) Combining Remark 2.2 and Lemma 2.5,
we have for any fixed € > 0, that

lim |[Dvgldx =1—1 > 0.
A=>+00 J{|H|<e)

Let T4 be the smooth solution of the following steady linear advection-diffusion
problem

dATy + AV(x) - DT4 =0, (2.14)

subject to T4 — ej - x being periodic and sz T4 dx = 0. To simplify notation, we
shall drop the dependence on A and write T4 = T'. The following lemma says that
the analysis of A4 boils down to that of the L' norm of DT.



472 Yu-Yu Liu, Jack XiN & YIFENG YU

Lemma 2.7. There exists a constant C such that
1
EIIDTlllerz) < da = ClIDT||p1 12y

In particular,

. DT 11 (12
hmsup#m <1

(2.15)
A—+00 AA

Proof. We may assume that v4 — v in L%(T?) as A — +o00. Otherwise, we
can argue by contradiction and use a subsequence. Let S = G — T and 84 =
DTl 1 (72). Jensen’s inequality and T — ej - x being periodic imply that 84 =
lleillz1(r2y = 1. The S function satisfies the equation:

dAS + |DG|+ AV (x) - DS = Xa. (2.16)

Multiplying S on both sides of (2.16), using integration by parts and the incom-
pressibility of V, we derive that

d |DS|2dx=/ S|DG| dx.
T2 T2

A modification of Proposition 4 in [18] says that for a constant C
G S 1+1IDGlIpip) = 1+ 44

and
IT| = 1+ IDT |l 1(2) = 1 + Ba.

See Lemma 2.8 for the proof. Hence

/1r2 IDS|>dx £ C(A3 + B3).

For € > 0 which will be chosen later,

2
1
/ |DS|2dxg/ [DSPPdx > —————— / IDS|dx | . (2.17)
T2 (1H|Ze) HIH| = e}l \Jjm1<e

Note that

/ |IDG|dx < / |DS|dx+/ |DT|dx. (2.18)
{|H| <€} {|H|Se) {|H|Se)

According to Remark 2.3, when A is large enough,

1 _
/ \pGldx > LY
(1H|<e) 2

A (2.19)
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It follows from (2.17)—(2.19) that:
(1-1)
2

1/2
i 2C (1548 T HHIZ '+ Ba. (2.20)

Since lime_¢ |{|H| £ €}| = 0, we may choose € small enough such that the first
term on the right hand side of (2.20) is bounded from above by
(1-1)
4

(Aa + Ba),
implying:
ra = CBa. (2.21)
To finish the proof, it suffices to verify (2.15). In fact,

A ;/ |DG|dx
{|H|S€)

g/ |DT|dx—/ (IDG| — |DT)) dx
{|H|S€) {IH| <€)}

> —/ |DS|dx+/ |DT|dx
{|H|S€) {|H| <€}

by (2.17) = —C(4 + D) | H| < €)'/ +/ |DT|dx.
(IH|Z€)

For fixed § > 0, we may choose € sufficiently small such that
COG+BD P HIHI = €)' <80+ Ba).
Then

Aa(l +8) = —68Ba +/ |IDT|dx. (2.22)
{|H|Z€)
According to (3.25), for fixed (e, §) > 0, we can choose A large enough such that
[ ipTiar<s <o,
(IH|2€)
where the last inequality is due to B4 = 1. It follows that

/ IDT|dx 2 (1 = 8)Ba,
{IH|S€)

which implies that

,B_A< 1456
Aa 1 -=26
Therefore
1+6
limsup'B—A < 1*o

Astoo ha — 1—=28
Then (2.15) follows by sending§ — 0. O
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Proof of Theorem 2.1. Combining Lemma 2.7 and Theorem 3.1, we obtain A 4 is
uniformly bounded. O

Remark 2.4. (Difference between T and G) As A increases, it is known that T
from equation (2.14) becomes more and more like a constant inside each quarter
cell [17]. This is not true for G from (2.2) due to nonlinearity. In fact, according to
Lemma?2.4, vy = % converges to v, which is a strictly decreasing function of | H |

in each cell. Hence internal wells will emerge as % > 1. See Fig. 3 for numerical
computations.

The following lemma is a modification of Proposition 4 in [18].

Lemma 2.8. Let T2 = [%1, %] X [%1, %] Suppose that W = W(x1,x3) €
Cl(R?) satisfies that

(1) W — x is periodic;
(2) sz Wdx = O,'

(3) Forallt € R, W satisfies the following maximal principle

max W =max W( + 1, x2).
[t,t+1]xR x2€R

Then

n%r%x W = [IDW][p1(2) + 1.

Proof. Fors ¢ [—%, %], let

1
h(s) = /_T W(s. xp) dxa
2

and

M(s) = mgﬂ)i W (s, x2).
X2

Clearly,

1

M(s) — h(s) < / IDW (s, x2)] da.

2

Also, owing to assumption (3), M (s) = max2 W — 1. Integrating with respect to
s on both sides of the above inequality, we obtain

max W S [IDW| 12y + 1.
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3. Uniform bound of || DT'||1(T2)

The following is the main result of this section.
Theorem 3.1.
IDT | 1) < €
where C is a constant independent of A.
Owing to Lemma 2.8,
Tl o2y £ 14 DT 172y (3.23)
Hence we have the following Corollary.
Corollary 3.1.
||T||L°°(T2) =C
where C is a constant independent of A.

Without loss of generality, we assume that d = 1. For the sake of readability,
we will again work with H = sin(x1) sin(x>) and let T2 = [0, 2] x [0, 27]. We
omit the factor of 277 on the stream function for convenience. We will not use any
special properties of this stream function. Otherwise, the L bound will simply
follow from the symmetry and the uniqueness of the solution of equation (2.14)
(see [8]). Hereafter we denote

€=—.
A
Throughout this section, C always denotes a constant independent of €. It is known
that (see [17] for instance)

1
2
DT 22y = O (ﬁ) . (3.24)

Also, according to Theorem 4.2 in [17], | DT | decays very rapidly away from those
stream lines { H = 0}. Precisely speaking, for N = 1:

2 C

< -
||DT||L2({xeT2:|H\§N«/E}) = ﬁN4

(3.25)

Although [17] is associated with Dirichlet boundary conditions rather than the peri-
odic setting in this paper, the above interior estimate still holds. For the reader’s
convenience, we will explain below how to deduce this dissipation rate by modi-
fying the proof of Theorem 3.2 in [17].
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Proof of (3.25). Note that the the proof of Theorem 3.2 in [17] relies on an interior
estimate, Proposition 3.4 in [17], whose proof does not involve boundary condi-
tions. For ¢ 2 0, denote

F(1) =/ |DT|* dx,
D(1)

where D = {|H| = t}. The following inequality was derived in the proof of Theo-
rem 3.2 in [17] (page 880, line 14),

3
{FQ1) < C (tiz)“ (F(1))?.

Denote F (r) = %. Then

EN[N)

Fan = ()" Font.
Fork =0,1,2,..., we write

ar = F(2k/e).
The above nonlinear recurrence relation implies that

—3k
a1 =277 Jay.

Since F(0) = O (#), we have that

ap S C.
Let Cop = max{C, 64}. Using induction, it is easy to see that
ar <273y,
For N € N, choose k € N such that 28 < N < 25*+! Then

16Cy
N3~

F(NJe) < 2F @2k /fe) <2731y <
So (3.25) holds. O

Then, by Cauchy inequality, it is easy to show that
[IDT |1 12y = Cy/log(A). (3.26)

In fact, let us denote Ay = {x € T? : (N — 1)/e < |H| < N./€} and use the
Cauchy inequality to control the L' norm of |DT|.

nE
DT|dx = » ¥* DT|d
|, 1DTdx ZN_I/AN| | dx

SV (/ |DT|2dx) |An|2
N=1 A
N

—1 1 00 !
S CeT|AN|2 (ZNzl (1 + W)) ’
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An easy computation shows that

|An| = CV/ellog(e)].

The extra factor | log(e)| is due to the hyperbolicity of H near corners. Hence (3.26)
holds. O

To prove that || DT || 1 T2y is actually uniformly bounded, the argument is much
more involved. We need delicate analysis around cell corners.

Let us first make some preparations. It suffices to show that the L' norm of
|DT| is uniformly bounded on the cell C;; = [0, w] x [0, ]. The other cells are
similar. For > 0, denote

Hu:[osM]X[OaM]U[OaM]X[ﬂ_ﬂ’ﬂ]u[ﬂ_ﬂ,ﬂ]x[ﬂ_ﬂ»”]
N[r — w, 7] x [0, u].

This is the union of four corners. Let G, = C,\IT, and Qy = {x € T? :
(N — 1)y/e = |H| £ Ne} N G,. The following calculation is the same as the
derivation of (3.26). By Cauchy inequality,

1
|DT|dx = ﬁ/ |DT|dx
/GM ZN:‘ Qn

SV (/ |DT|2dx) 1Qn]2
N=1 Qn

<cetiant (X, (1+3:)).
It is easy to see that
QN = CVe,
where C is a constant depending on p. So for fixed pu,
IIDT 16, = C- (3.27)

Hence, to prove that ||DT||;1 is uniformly bounded, we need to show only that the
L! norm is uniformly bounded around four corners. It suffices to look at the first
corner O, = [0, ] x [0, u]. The other cases are similar. Choose p small such that

x1x2 £ 2 sin(xp) sin(x2) in Qay. (3.28)

We introduce an orthogonal coordinate system /& = % and 0 = %(xl2 — x%) and
denote T (x1, x2) = f(h, 6). Then the equation (2.14) becomes

Jun +€fo0 — foa(h,0) + hfypb(h,6) =0, (3.29)

where

x1 sin(x1) cos(x2) + x2 sin(x2) cos(x)
|x|?

a(h, ) =
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and

x1 sin(xp) cos(x1) — xp sin(x1) cos(xy)

bk, 6) = (|x]2)x1x2

By Taylor expansion, it is easy to see that when p is small,

A
Q
A

1

N =

and
|b] < 1.

Since DT = fy D6 + fi Dh, we have that

||DT||L1(Q )y = ||f0D0||L1(Q )+||thh||Ll(Q )

1 I
Note that

|DT - DO

DO| =
| fo DO Do)
When  is small, |D6| ~ |DH| and |V (x) + DO| ~ |[DH|?. So

|DT - DO |DT -V (x)|
Ut ol [t atd)

DT||DH|).
D] D + DT I)

Lemma 3.1.

DT -V
/ﬂ+|DT||DH|dx§C.
_ |DH|

Proof. Denote Ay = {(N — 1),/e £ H < N./€}. By Coarea formula,

/ IDH|dx < Cy/e.
AN

Also Cauchy inequality implies that

/ IDT|IDH|dx < IDT|[ 1200, IDHI|120a)
AN

= CIIDT | L2capyy/ IIPHI L1 4y

C
< V2 owing to (3.25).

As the derivation of (3.27), we have that

C
/ IDT||DH|dx £ )" —
Cx o N?

II/\

(3.30)
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‘l‘)DTg‘Ill, since ‘?DTI'_I“/‘ < |DT|, by (3.27), we need only to control

As for the term

integration around cell corners. Let us look at the corner 0 -

DT -V (x)| IDT -V (x)| IDT - V()|
2y = Lt Ed P iy
0, |DH| {IxISeng,  |DH| {IxIZeing,  |DH]|

1
< c( DTl +1IDT - Vil 2 / —dx ).
( @ N Jiwizang, IDHP

Multiplying DT - V on both sides of (2.14) and integrating by parts, we obtain

DT - V[*dx = —e/ AT(DT - V)dx
']1‘2

1
:6/ ~D(DT|>)-Vdx+e > /TxiTkak,xidx
T2 2 T2
15i,k22

=c > / Ty, T, Vi x; dx
15ik22 ©
CellDTII7x

’]I‘Z

[IA

T2)"

The third equality is due to the incompressibility of V. Hence (3.24) leads to
IDT - V2 < Cet.

Also, since |DH |> ~ |x|?, using polar coordinates we have that

dx ~ —log(e).
/{|x|ze}mgu IDH|? 5(e)

Hence fT" % dx is also uniformly bounded. So term I in (3.30) is uni-

formly bounded. Now let us look at term I in (3.30). By a change of variables, we

derive that

[ fnl [ fal

| fnDh|dx :/ —— dhdo < dhdeo. (3.31)
/”M 0, 1l 0, V2101

Also (3.24) and a change of variables imply that

_ ffdnde = e | fADh)*dx
Q4/L Q‘W

< VelIDT |3 ) < C. (332)

and

e | f2drdo = e |  f2DOdx
Q4M Q4M

< VelIDT |35, < C. (3.33)
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Clearly,
2 2 2
~ w I w ~
0, c|momiosns o <o) <04 630
Owing to (3.28),
- N. /e -
{xyENx/E}ﬂszC[Hi ;/—]HQ4;L~

Therefore
c
|IDT|*>dx < )
/{th}mQM VeN?

Hereafter we will work with the coordinates (%, 6) and use Q instead of Q as the
rectangle.

Theorem 3.2. For § > 0 and M > 4. Denote Qp s = {(h, )0 S h S M, —§ <
0 < 8). Assume that f € C*(Q.s) is a solution of equation (3.29) and satisfies
(D) Jo,, 1fl?dhdo < C;

@) fiv vitixioss [fal?drdO < S for N 2 1;

3 €S, f7dndo < C.

Then

[ fnl
———dhdd < C o + 1),
/Q ands < Co(MTF T + 1)

NN
P

the constant Cs depends on C and § and is independent of M and €.

Note that (1) and (2) above imply that
/ W%\ fn1? dhdo < C. (3.35)
Om.s

Denote A = || f||L(0, 5)- We first prove several lemmas.

Lemma 3.2. Let Q = [a, b] x [c, d]. Suppose that f € C*(Q) is a solution of
the following equation

Jnn +€foo — foa(h,0) =g in Q (3.36)

and

f> falag = 0.

Assume that % <a(h,0) < 1. Then

||fhh||L2(Q) = 3||g||L2(Q)~
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Proof. Multiply f» on both sides of (3.36). Using integration by parts and the
Cauchy inequality, we derive that

1 follL2 = 2lgll 2. (3.37)
Multiply f5, on both sides of (3.36). Notice that

/Q fun foo dhd6 = || fuol17 ) 2 0.
Then

/ i dhd6 < / gfn dhdo + / | fo fun| dhdo
0 0 0

= llgllz2co) 1 funll 20y + N foll 2oy funll L2 (0)-
By (3.37), we get that

[ fanllz2 = 3118112

The following is a boundary energy estimate.

Lemma 3.3. Let Q. = [0,r] x [—7,7] C Qum.s and f satisfy assumptions in
Theorem 3.2. Then

IIhthIL4( ) S Cr,oG+ 1),

0

IS8

L,
where & = || f1IL(Qp.5)-

Proof. To simplify notation, we denote Qs = Qg sy and drop the dependence
of C on r and t. Choose a smooth function ¢ (h, 6) satisfying that ¢ = 0 near
00 1\{(0,0)] —t <0 <t}and¢p = 1in Q. Let F = h¢f. Clearly, F is a
smooth solution of ’

Fup + €Fgg — Fya(h,0) =g in Oy,

where
. a(h 92 (h a(h 9%(h
g =g+ 20700 4 EC e (20200 4 E00)
d(ho)
—a(hﬁ)fw

and

g = hfnb(h,0).
According to assumptions (1) and (3) in Theorem 3.2

181l 20, = C(A+1).
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Hence, due to Lemma 3.2,

Finll 120, S CO-A+ D).
Therefore,

hfhnlli2o,) = COL+ 1), (3.38)
2

Integration by parts leads to

/Q K (% - h)2 £ dndo

1
2
0

where w(h) = 3h% (5 — h)2 + h* (h — ). Integration by parts again,

nt (% - h)2 Ff7 fun dhd6 —/ w(h) £ dhde,

Or

r
2 2

/ w(h) ff; dhdf = —/ w(h) £ fun frn dhd6 — %/ w'(h) f2 £* dhde.
0 0

01

2 2 2
Let M = [, h* (5 — h)2 ;¥ dhd6. Then by (3.38), assumption (1) and Cauchy
inequality, :

M < CO+ DVM 423 +1).
Hence
M COA+1).

So Lemma 3.3 holds. O

We also have the following interior energy estimate.

Lemma 3.4. Let Qpy.60.r.r = [ho — 1, ho+ 1] x [6p — 7,600 + 1] C Om,s5. Then

1l (g, .

rz
0033

) SCor(A+1).
Here the constant C, ; is independent of hgy and 6.
Proof. Consider F = ¢f where ¢ € C°(Qpy.60,rz) and ¢ = 1 in Qho’go’%’%.

Then the above lemma follows from the similar calculations of the proof of
Lemma 3.3 and (3.35). 0O
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Proof of Theorem 3.2. For1 < N < %, we denote

=[N—-1,N 58
QN_[ - b ]X[_sz}

According to Lemma 3.3 and Lemma 3.4,
hfallacon = C+ D).
and
[ fnllLaoyy S CA+1) for N = 2.

Then

/ﬂdhde / th’”f" dhdo
Q1 01

Vi

< h
JI fh||L4<Q1>Jl|fh||Lz<Ql)|| h|6|”L5(Q)

<CWr+1)
Also for N = 2,
/ |f—h|dhd6:/ VIRV 449
QN \/5 QN 0

1
< _
_J||fh||L3(QN)J||fh||Lz(QN)||mnﬁz@m

1
C,/ ||fh||L3(QN)N

C(1+ A7)
NFE

The last inequality comes from the Cauchy inequality

A

A

1 fill33 0y S ll7a o 1 fill 20y

Hence

| fnl
dhdd < C(Wr+1
/Q N ( .

==
]

O

2

Proof of Theorem 3.1. According to (3.34), we choose M = fj—; and § = “7

Owing to (3.32), (3.33) and (3.34), f(h,0) = T (x, y) satisfies all the assumptions
of Theorem 3.2. So by (3.31) and (3.34),

1Dl o\ S CWr+1) (3.39)
“(24)
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for A = ||T| |Loo(’]1‘2) and

Q% = [O, %] X [O, %] for (x1, x2) coordinate.

Then by calculations before Theorem 3.2, we obtain

IIDTIILI(H ) < CWA+1).

"
2
Here I1 4 is the union of four corners. Together with (3.27), we have:

DTl (12) £ C(Va+1).

In view of (3.23), we establish Theorem 3.1.

4. Linear law in shear flows

In this section, we will investigate the front speed asymptotics for a shear flow,
that is, V(x, y) = (v(y), 0) where v(y) is a smooth periodic function with mean
zero, but not identically zero. Unlike the cellular flow, the turbulent flame speed
from the shear flow grows linearly with respect to A. For the inviscid G-equation,
an explicit formula of H is given in [6]. Here we focus on the viscous G-equation.
We will also discuss the curvature dependent G-equation.

For P = (m, n), the corresponding cell problem is reduced to an ODE

—d%b” +m+ Amuv(y) = A(A). 4.1

To simplify the notation, we write H(P, A,d) as AM(A). If m = 0, it is obvious that
A(A) = |n]|. So throughout this section, we assume that m # 0. We first show that
the turbulent flame speed A(A) is enhanced as A increases.

Theorem 4.1. 1. = A(A) as a function of A 2 0 is convex and strictly increasing.

Proof. The convexity follows immediately from the inf-max formula

AMA) = inf max{—d¢’ +Vm?+ (n+ ¢)? + Amv(y)}.

¢$eC2(T!) yeT!
To prove that it is strictly increasing, it suffices to show that
A(0) = |P| < A(A), forall A > 0.

This follows immediately from Jensen’s inequality and the strict convexity of the

function f(t) = vm? +1t2. O
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Now let us look at the asymptotic behavior of % as A — +4o00. Choose a

solution ¥ (viscosity solution if d = 0) of the cell problem with mean zero. Denote
= %. Then /4 satisfies that

2 \2 A(A
—dwg+\/%+(%+m) +mu(y) = X4

Since % is bounded, maximal principle implies that Ip;‘ is uniformly bounded.

Hence ¥4 is equally continuous for both the inviscid (d = 0) and the viscous
case (d > 0). Upon a subsequence, if necessary, we may assume that (4, %)
converges to (¢, A). Stability of viscosity solutions implies that (¢, 1) satisfies the
following cell problem:

—d¢" +1¢'| +mu(y) = (4.2)

which is a special case of (4.1) for P = (0, 0) and A = 1 subject to le ¢dx = 0.
Here T!' = [0, 1]. Therefore X and ¢’ are uniquely given. In particular, A is positive.
Hence A(A) grows linearly for the shear flow.

Theorem 4.2.
A(A)

lim ——= =x=2x(®) > 0.
A—>+4oc0 A

When d = 0, A(0) = maxri mv.

Proof. We need to show only that A > 0. Taking integration on both sides of (4.2)

leads to
1 —_
/ 9| dy = A.
0

Since v is not a constant, ¢’ cannot vanish everywhere. So A must be positive. O

Next we shall see how A depends on the diffusivity constant d. The following
result says that diffusion will slow down the front propagation.

Theorem 4.3. For d > 0, A = A(d) is strictly decreasing as a function of d.

Proof. Let w(y,d) = ¢'(y, d) and take the derivative with respect to d on both
sides of (4.2). We get that

—w' — dw;[ + sign(w)wg = Ag.
Let h = —(dwg + w). We have that
B —d sign(w)h = Ag +d " |w. (4.3)
If 1g =0,

h' —d~ 'sign(w)h = 0. (4.4)
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Since fol hdy = 0, there exists yg such that #(yg) = 0. According to (4.4) and the
periodicity of i, we must have that

h=0.

Due to (4.3), w = 0. So (4.2) implies that v is a constant function. This is a
contradiction. 0O

Apparently, limy_, o+ A(d) = A(0) = maxy: mv. A subsequent question is the
convergence rate. It is not obvious at all whether A(d) is differentiable at d = 0
since the inviscid equation (d = 0) has multiple solutions and those solutions are
not CL. In the following, we show that %q(0) = 0.

Theorem 4.4.

. A(0) = A(d)
lim ——— =

0.
d—0t d

Proof. Without loss of generality, we assume thatm = 1 and v(0) = maxpi v = 0.
By Theorem 3.3, A(d) < A(0) =0 foralld > 0.

Case I: Suppose that 0 is the unique maximum point of v in [0, 1). For d > 0, let
¢ = ¢ (v, d) be the unique solution of

—de" +1¢'| +v(y) =2
satisfying ¢ (0, d) = 0. Then
}i_r)noqb = s(y) uniformly in T",
where s(y) is the unique viscosity solution of
s + v(y) = 2(0) = 0

satisfying that s (0) = O which is given by the formula

B Jo (—v@)dt for0<y<y
sO) = Jj (—v@pdr fory <y <.

Here y € (0, 1) is the unique point which satisfies that

1 5
/ (—v(t) dr = / (—v()) dt.
y 0

2 venydr fory =0
SO) = 2 [} (—v@)dr fory 0.

Let

Choose y; € [0, 1] such that

¢(ya.d) —5(yq) = r%gx<¢ —5).
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Since
5(0) =5(0) =0 > s(y) — S(y) fory #0,
we have that
li =0. 4.5
m ya 4.5)
The maximal principle implies that

¢"(va) <5 (va) = Clya
and
¢'(va) =5 (va)-
Hence
02 A(d) =—d¢" (ya) +1¢' Ga)| + v(ya) = —Cd|yal + [v(ya)| = —Cd|yal.
Accordingly, (4.5) implies Theorem 4.4.

Case II: v has more than one maximum point. Choose a smooth periodic function
L such that L(0) = 0 and

L(y) <0 forye (0,1).
For § > 0, write
vs =v+0dL.

Then vs has a unique maximum point at y = 0 in [0, 1). Let Xs(d) be the corre-
sponding asymptotic limit. Owing to the inf-max formula,

Ad) Z rs(d).
By case I,
i As(d)
im =
d—0 d
Therefore Theorem 4.4 holds. O

0. (4.6)

Remark 4.1. It remains an interesting problem to study whether A(d) = A(0) +
O (d") for some power r > 1. Computation suggests that r = 2. Table 1 lists the
raw and d?-scaled A values for d ~ 0, and suggests the quadratic behavior of A in
d. The numerical values in Table 1 are obtained from the cell problem (3.2) with
m = 1,v(y) = cos(2mry) — 1, and so A(0) = 0. We consider the time dependent
problem

¢r —dd" + 14| + (cos2my) — 1) =0, ¢t =0)=0.

Then 2 is extracted from ¢; — —A uniformly in (0, 1) as  — 4o0.

Spatial derivatives ¢’ and ¢” are discretized by central differencing with small
enough grid size to ensure accuracy. By symmetry, we have ¢’(y) > 0in (0, 1/2)
and ¢’(y) < 01in (1/2, 1) for any # = 0. An implicit Euler scheme can be readily
used to relax the time step constraint and speed up convergence to steady state. The
overall scheme is implicit in time and second order in space.
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Table 1. Values of A and d?-scaled A at small d for v(y) = cos(2ry) — 1

d iy —n/d?

de—2 5.9414e—2 3.7134e+1
2e—2 1.5540e—2 3.8850e+1
le—2 3.9280e—3 3.9280e+1
de—3 6.3428¢—4 3.9642¢+1
2e—3 1.5514e—4 3.8785e+1
le—3 3.7061e—5 3.7061e+1

The proof of Theorem 4.4 can be easily modified to recover a known interesting
result in [11]. Denote

['={yeTv(y) =maxv} = {y},.

We assume that v”(y;) # 0 for all i and |[v”(y;)]| is strictly increasing as i varies
from 1 to m. Suppose that ¢ = ¢(y, d) is the unique solution of

7 1 72
—d¢ +§I¢I +v(y) =1s

1
/ ¢dy =0.
0

Theorem 4.5. (JAUSLIN-KREISS—MOSER [11]) Assume maxpi v = 0. Then

T
lim g" =~/ ()l

d—0

subject to

Then

and ¢ uniformly converges to ¢o, which is the periodic viscosity solution of

| RN
1Pol” +v(y) =0
with a unique transition point yj.

Remark 4.2. The inviscid equation %|¢/ 12+v(y) = 0has many solutions, even up
to a constant when v has multiple maximum points (> 1). A solution is uniquely
determined by its transition points, that is, where it changes from decreasing to
increasing. The above theorem says that under some nondegeneracy conditions,
the vanishing viscosity method will select a unique “physical” solution. Compared
to the method in [11], our approach is more elementary and can be easily extended
to higher dimensions and more general Hamiltonians, at least when the Aubry set
consists only of finitely many points (see other approaches in [2] using stochastic
control and random perturbation theories).
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In combustion modeling, the laminar flame speed s; might also depend on the
curvature of the flame front. PETERS [21] proposed the following curvature depen-
dent G-equation:

DG
—d|DG|diV(

DG \% -DG =0.
|DG|)+S1| [+ V(x)

Here k = div ( DG ) is the mean curvature of the flame front. In general, we do

not know how to prove the existence of the turbulent flame speed for the curvature
dependent G-equation. However, for the shear flow, the corresponding cell problem
is reduced to an ODE

_ 2 417
dm’¢ +vVm?+ (n+¢)2 +mv(y) = A.

Here we set s; = 1. It is very easy to verify the existence of classical solution ¢
(unique up to an additive constant) and a constant A. Intuitively, the A from the
curvature G-equation should be between the inviscid and the viscous case. The
following theorem says that its asymptotic limit coincides with the inviscid case.

Theorem 4.6. If v is scaled to A v, then . = L(A) satisfies the growth law:

. AA)
lim —— = maxmv.
A—>+oo A T!

Proof. Up to a subsequence if necessary, we may assume that

.AMA) -
lim — =A\.
A—>+o00 A

Suppose that ¢ (yp) = minpi ¢. Then
MA) S Vm? +n? 4+ Amv(yg) S Vm? +n?2 + A max mv(y).
T

Hence
X < max mv.
']I‘l

One the other hand, let mv(y;) = maxpi mv. Then for any § > 0,

SA(A) 1 TS _agm?e” yi+é
T:X/ 2dy—|—— (Jm2 + (n+ ¢")2 + Amv(y)) dy

m2 4+ (n+¢')

v

———+§ min mv.
A [y1,y1+4]

Therefore A = maxqi mv. So Theorem 4.6 holds. O
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Fig. 4. Plot of H(P,d) vs. A € [0, 768] for d = 0.05, 0.1, 0.25,0.5, 1

5. Numeric results of H in cellular flow

Computation is carried out with finite difference discretization and the iteration
method on equation (1.4) for d = 0.1 and the upwind method on the evolution
equation (1.3) for d < 0.1 with small enough grid size. We choose s; = 1, P = ey,
and V(x) = (A/27)V-'sin2mx; sin 2w xy. More details can be found in [13].
Numerical values of H(A, d) are obtained for d € (0, 1] and A up to 768. Figure 4
clearly shows that H is decreasing with respect to the diffusivity d and increasing
with respect to the flow intensity A. This qualitative property of H remains to be
proved. It is also an interesting problem to identify the limit

lim H(P,d, A).

A——+o00

6. Conclusions

We studied the front speed asymptotics in the viscous G-equation by analyzing
the related cell problem of homogenization. A new and striking result is that for
cellular flows and any positive viscosity in the viscous G-equation, the front speed
is uniformly bounded. In contrast, the front speed of the inviscid G-equation grows
almost linearly in the large amplitude regime of the cellular flows. In shear flows,
the front speed of the G-equation grows linearly in the large flow amplitude. The
growth rate is a monotone decreasing function of the viscosity coefficient. The lin-
ear growth law in shear flows also persists in the curvature dependent G-equation,
with the same growth rate as that of the inviscid G-equation.
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