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We study the initial value problem of the thermal-diffusive combustion system
Uy =Uy  — U U3, Uy =dity o+ uu3, xeR', for non-negative spatially decaying
initial data of arbitrary size and for any positive constant d. We show that if
the initial data decay to zero sufficiently fast at infinity, then the solution (u,, u,)
converges to a self-similar solution of the reduced system u, ,=u, . —u u3,
Uy, =du, ., in the large time limit. In particular, u, decays to zero like (¢ ~'2~?),
where J >0 is an anomalous exponent depending on the initial data, and u, decays
to zero with normal rate (¢~ '/?). The idea of the proof is to combine the a priori
estimates for the decay of global solutions with the renormalization group method
for establishing the self-similarity of the solutions in the large time limit.  © 1996

Academic Press, Inc.

1. INTRODUCTION

In this paper, we study the initial value problem of the thermal-diffusive
combustion system

ul,t:ul,xx_ulug (11)
u2,t:du2,xx+ulu§a XERI, (12)
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with non-negative initial data (u,, u,)|,_o=(a,(x), as(x))e (L' (R") N
L*(R"))? of arbitrary size, where the positive constant d is the Lewis
number. We are interested in the large time behavior of solutions of
(1.1)—(1.2).

The system (1.1)—~(1.2) on a bounded domain is well-studied in the
literature, see [1], [9], [12], [13] and references therein. In case of
homogeneous Dirichlet or Neumann boundary conditions, the large time
behavior of solutions is that (u,, u#,) converges uniformly to a constant
vector (¢, ¢,) such that ¢, -¢, =0, see K. Masuda [13].

More recently, the system (1.1)-(1.2) on the line R' has been proposed
and investigated as a model for cubic autocatalytic chemical reactions of
the type 4 + 2B — 3B, with rate proportional to u,u3, where u, and u, are
concentrations of the reactant 4, and the autocatalyst B. We refer to the
interesting papers by J. Billingham and D. Needham [4], [5], for details.
In [4] and [5], the authors established the existence of traveling front
solutions rigorously by shooting and phase plane methods; moreover, they
studied the long time asymptotics of solutions by formal methods and
numerical computations for a class of front initial data, i.e. data such that
a, + a, has nonvanishing limits as x — oo.

Motivated by thermal-diffusive models with Arrhenius reactions, [ 14],
[2] etc. Berlyand and Xin [ 3] considered system (1.1)—(1.2) for a class of
small initial data in (L'~ L*(R'))* and showed that u; (i=1,2) are
bounded from above and below by self-similar upper and lower solutions.
The results of [3] imply that u, decays to zero in time with an algebraic
rate faster than ¢ —Y2=°, for some J >0, and u, decays to zero like (¢~ /?).

In the present work, we prove the exact large time self-similar
asymptotics with no restriction on the size of initial data as long as the
data have sufficiently fast spatial decay. Our main result is the following.
We consider the system (1.1)—(1.2) with initial data (a,, a,) € # x 4, where
4% is the Banach space of continuous functions on R! with the norm

Ifl=sup [f(x)] (1+]|x])%  with ¢>1 fixed below. (1.3)

xeR!
Let ¢ =¢(x) be the Gaussian

$(x) L e X/, (14)

and

Given A4 >0, let y, be the principal eigenfunction (ground state) of the
differential operator

@ 1 —1+A2¢2(x), (1.5)

d
» - -2
Zi A 2V dx 2
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on L*(R',du), with du(x)=e""*dx. The corresponding eigenvalue is
denoted by E, >0 (and E, ;>0 for 4>0). We normalize , by
{¥2(x) du(x) = 1. Our main result is:

THEOREM 1 (Global Large Time Self-Similarity). Consider initial data
(a,a)eBxB, a;#0, a;>0, i=1,2. Let A=|p a,(x)+ay(x)dx, the
total mass of the system, which is conserved in time. Then system (1.1)—(1.2)
has a unique global classical solution (u,(x, t), u,(x,t))e B xR for ¥Vt =0.
Moreover, there exists a q(A) such that, if ¢ = q(A) in (1.3), there is positive
number B depending continuously on (a,, a,) such that

Htl/“EAul(\ﬂ',f)—B‘PA(')HW’O’ (1.6)
Htl/2u2(\/2_’ 1) —Ap(-)| — 0. (1.7)

Remark 1.1. All the results of Sections 2 and 3 hold for any ¢ > 1. We
need the decay at infinity of «; to be fast enough only to obtain the exact
decay rate in (1.6). For A large, E, will be large, and the decay in (1.6)
may be much faster than the diffusive one. Alternatively, we could consider
data a; € 4., where %, is defined through the norm

exp exp

1/ llexp = sup [ f(x)] €™

for some y > 0. Then, the conclusions of Theorem 1 hold for any A.

Remark 1.2. The rate of convergence in (1.6) and (1.7) to zero is
actually O(¢~"), for some 5 >0, see (4.28,4.29). The convergence in (1.6)
and (1.7) implies that

X

12+ Es

u(x, t)~ + ho.t.

and

A X
us(x, t) ~ B I <> +ho.t.,

Ji

as t — oo, where the leading terms are just the two parameter self-similar
solutions to the reduced system. The anomalous exponent E, occurs as a
result of the interactions of nonlinearities of opposite signs. Furthermore,
E, can be computed or estimated as the ground state energy of operator
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%, depending only on the Lewis number ¢ and the total mass of the
system. A nonperturbative upper bound is 4%/4rm ./2d + 1, while, for 4
small,
A2
E;=——F——=—0(4%,

4n J2d+1

see [3] for details. Actually, it is more natural physically to normalize
A =1, which amounts to putting a coupling constant 4 in front of the
reaction terms in (1.1, 1.2), and the anomalous exponent E, depends then
on the strength of that coupling constant.

Remark 1.3. In order to understand the heuristics of (1.6), (1.7),
consider a more general problem

ul,lzul,x.x_uluizn (18)

Uy = duy o Fuuy (1.9)

for m>=1. For m>2, as explained in [3], we can use the RG method of
[6] to prove that both u, and u, go diffusively to zero. For 1 <m <2, one
can use the maximum principle, as in Lemma 2.3, to bound from above u,
by #,, which is the solution of

Izl I‘:ﬁl xx_(/(} <t—m/2¢m <x>> 1/7]~ (110)
o 7

Then using the Feynman—Kac formula, we get
uy(x, 1) <exp(—0(t' —™?)) (1.11)

for |x| < @(\/2). For |x| = @(\ﬂ), one gets a diffusive behaviour, depending
on the rate of decay, as x > + oo, of the initial data. Then, inserting the fast
decay (1.11) of u, in (1.9), one shows that the effect of the nonlinear term
in (1.9) is small and that u, diffuses to zero. Clearly the borderline case
m =2 is the most delicate and the most interesting one. Instead of (1.11),
one gets exp( — ((log t)) which gives rise, after some analysis, to (1.6).

Remark 1.4. To model chemical fronts (flames) propagating down a
tube, one has to force (feed) the system at either end of the tube or ideally
at spatial infinities by keeping a constant nonzero value of u, or u,. The
decaying initial data occur when one turns off the forcing (feeding) at later
stage of an experiment and lets the system relax freely by itself. The
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dynamics of these two cases are totally different. In the former case, the
front solutions in general undergo transitions to chaos as Lewis number d
is sufficiently away from one or the order of autocatalytic reactions is high
enough (Sivashinsky [16], Metcalf et al. [ 15]). Recently, Collet and Xin
[8] showed that the maximum norm of arbitrary front solutions for any d
and any order of reaction is bounded by O(loglogt) for large times in
any space dimensions. In the latter case, in particular the critical case
studied in this work, we know the exact global large time (anomalous)
asymptotics, a rare treat in a nonlinear system. Our result here is
analogous to the decay of turbulence results in fluid dynamics for the
incompressible Navier—Stokes equations ([ 11], [18] etc). However there,
only decay rates of solutions in proper Sobolev norms are known.

The rest of the paper is organized as follows. In section 2, we derive a
priori estimates on the solutions of the system (1.1)-(1.2) based on the
work of K. Masuda [ 13] for finite domains. Quite a few estimates are dif-
ferent here due to the unboundedness of R'. The a priori estimates imply
the existence of global smooth solutions. In section 3, we derive decay
estimates for the solutions using the maximum principle and a simple
renormalization group (RG, see [6]) idea to show that u; goes to zero like
O(t~'279), for some 6 >0. We use this information to prove that the non-
linearity is irrelevant (in the RG sense) in (1.2) and that |u,||, < O(t~"?)
as t— oo. In section 4, we use the results of sections 2 and 3, and the
renormalization group method to prove the convergence to a self-similar
solution and thus complete the proof of the main theorem.

2. A PRIORI ESTIMATES AND GLOBAL BOUNDS
The goal of this section is to prove.

PropoOSITION 1. The system (1.1,1.2) has a unique classical solution
satisfying
HuiHLPSC(alaaz)’ i=132= 1<P< +OO, (21)

where the constant C depends only on the initial data (a,,a,)e
(L'(RY) A L*(R"))

Remark 2.1. Although some of the arguments below follow those of
Masuda [ 13], we provide them for completeness. Here and below, we use
C to denote a generic constant that may vary from place to place.
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Moreover we write, as above, C(-) to indicate the only variables on which
the constant may depend.

First, we have the obvious

LemMmA 2.1.  The solution (u,, u,) satisfies the L' estimates:
lluy + sl 1 g1y = llay + asl pig1ys o]l 1wty 2 ll@all Ly g1
(2.2)

©
HuIHL'(R1)<Hal”L](R‘)a j f lului dx dr < + 0.
0o YR

Proof. Integrating (1.1)-(1.2) over R!, assuming spatial decay at
infinity, we get:

lrll 2 (1) = llay |l —L luyu3] 11 (7) de, (2.3)
! 2
sl o1 () = llaall 12 +L luyus| o1 (7) de. (2.4)
Combining (2.3)—(2.4) gives (2.2). |

LEMMA 2.2, The function g,(u,) =uf satisfies, for p =2,

» 12
o<yt <( (25 e g ) 25)
p J—

Proof. Direct calculation.

Using the classical parabolic maximum principle, we have,

LeEMMA 2.3.

(1) O<uy(x, t)<llai]..,  Vi>0; (2.6)

(2) O<uyn(x, t)<uy(x,t), Vt>0, where u, is a solution of:
y2,t:dy2,xx9 Uy |, —o=ay(x); (2.6)

3) uy(x, t)<u,(x, 1), V=0, where 1, solves:

ult:ﬂl,xx_ﬁl'l_'lga 7/71|z=0:al(x)- (2.8)
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Remark 2.2. Using this Lemma, one immediately proves (2.1) for u,,
since, by (2.8), u, is a fortiori bounded by the solution of the heat equation
with the same initial data.

LEMMA 2.4. The solutions (u,, u,) of (1.1)~(1.2) satisfy the L” bounds:

lu;ll r < Clay, ay, p) < + 0, i=1,2, I<p< + o0,
and
p = integer, (2.9)
where C(a,, a,, p) is a constant depending only on the initial data and p.

Proof. Due to Remark 2.2, we have only to prove the bounds for u,.
We use standard local existence of classical solutions for parabolic equa-
tions, and, therefore, we freely integrate by parts below. Our goal will be
to prove bounds uniform in time. We shall show that

t
J uﬁdx-l—f j (w3 ul =2 +u? ub+uul*?) dxde
R! 0 YR! o o
t
< Clay, ay, p) <1 +j j wul 1t dx dr> (2.10)
0 YR!
for all p =2 (p integer). Besides, we shall show, for p=1,

Nl (u,u§+uixu2)dxdr<C(al,az)<1+Jj ulugdxdf) (2.11)
0 YR! 0 YR!

Using (2.2) to bound [{ | i u,u3dx dr, and using induction in p, we get
that all the terms on the left hand side of (2.10) are bounded, for all p > 1,
p integer (u,e L' by (2.2)). In particular, this implies the claims of the
Lemma.

To prove (2.10, 2.11), we multiply (1.2) by g,(u,), we integrate over
R xR, and we get, after integrating by parts

| sturdv=] gfade—d] [ w3 gpius)dxds

+j0 L] Ul g)(us) dx dr, (2.12)

where g,(uy) =ub, p=1.
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Consider the identity (p > 1),
d 2
) g () dx

= N (1 +2u1)(“1,xx—u1u§) g,(u,) dx
] ) gyl s o) d

= —Ll (L +2uy)uy ouy  g)(uy) dx—2 le ui g ,(uy) dx
_del (14 2uy) uy, iy, h(142) dx—del (ur + 1) g (1>) 2., dx

= 2w und g, ) o+ () g () i d

=I+10+1T+1V+V+ VI (2.13)

We estimate for p =2, using (2.6), (2.5)

T+ IT+1T<(142|a,||,)(1+d) j 1 |ty s | g,(uy) dx
R
_Zj u%,xgp(MZ) dx
R!
<2y L)) [ s |

12
() ghtu (25 )) v [k gyl d
p— R!

1 » 12
<5 (142 lay 1)1 +d) <>
2 p—1

><<ej w3 g ) dx+e ! | u;xg;;(uz)dx>
R! R!

—2 [ g (u) dx. (2.14)
R!

Picking

e 2 <p 1>1/2
(T2 a ) +d)\ p
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in (2.14), we continue:

14

1+11+111<< 1>g1(1+2|a1|w)2(1+d)2j W2 gl () dx
R T

[ gl d. (2.15)

In addition, we have

V<0, (2.16)

V< —J uyus g ,(uy) dx, (2.17)
Rl

VI<(H“1HOC+HCZ1H2@)LI g (us) uyu3 dx. (2.18)

Integrating (2.13) from zero to ¢ yields
0<([ (w4 g ax ) (0
R!
<[ (ay+ad) gla) dx+ Clpoay) [ | ud gpus) dxde
R! 0 YR!
(el + a2 [ [ ghlus) w3 dx de
0 YR!

—jf uluggp(uz)dxdf—j W2 g,(us) dx dr. (2.19)
0 YR! R

Combining (2.12) and (2.19) gives (2.10) for p>2.
For p=1, we proceed from (2.13)

d
EL@ (uy +u3) uy dx
= —[ 2w uy gy dx =2 [ W wdx—d | (142u) Ly dx
R! R' 7 R!

—JRI (1+2uy) uyu3 dx—i—fR] (uy +u?) uu3 dx
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<2 a0 [ g Jdv =2}, dx
R! R!
(142 ay ) | ] dx
Rl
— [ wuddx+(la |+ a2 | wudd
R! R!
Lara+2)a,.) s”j u? dx+ej u? _dx
\2 11l oo &l 1, x Rl 2, x
—2 [ wt ndx— | wudde+ () +lal?) [ wuddy,  (220)
R! R! R!
for any £ > 0. Now, integrate (2.20) from O to ¢, to get (for ¢ small enough)
t t
J J (2uyu; +uj \,uz)dxdr<2dj j u; cdx de+ Clay, a,)
0 YR! v 0YR" 7

><<1 +th l(uf’x+u1u§)dxdr>. (2.21)

R
Now, use (2.12) with p =2 to bound

2dflj u;xdxd‘t<J lag dx-i—fj 1ulu;dxd‘r. (2.22)
0 ’R! R 0 YR

Finally, observe that, multiplying (1.1) by u,, and integrating by parts, we
get

d 2 _ 2 2.2
afkll,llafx_—leuwalx—jkluluz dx, (2.23)
from which we immediately obtain
'] w3 avar<| atax (2.24)
0JR R!

uniformly in z. Combining (2.21, 2.22, 2.24), we get (2.11). This completes
the proof of the lemma. ||

Remark 2.3. In Masuda [13], g,(u,)=(1+u,)”, and lemma 2.4 is
proved for fractional p’s by starting the induction from (2.12), pe(0, 1)
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instead of combining (2.20) and (2.19). However, for unbounded domains
like R, such argument fails since g,(u,) ¢ L'(R"). Lemma 2.4 still holds for
fractional powers p, and we will show that with the help of L™ bounds
which we establish below using (2.10).

LeEMMA 2.5. The solutions (u,, u,) of (1.1)~(1.2) obey the estimates
HUI,XHZ + HMZ,X H2 < C(al’ a2a al,xa a2, x) (225)

where C (a,, a,, a, ., a, ) is a positive constant depending on |a,|,, lla;|l ..,
Ha[,xHZ'

Proof. Multiplying (1.1) by u, ,,, (1.2) by u, .., and integrating over
R' gives:
1d
_Ea Hul,x H%Z JRI |u],xx|2 dx_JRl ulugul,xx dx
or

1d

-z 2 _ 2 . 2.2 B
s ltli= =] =] g de=2 | ww e (2.26)

Similarly, we have

1d
S lsli=—d] e Pdva2| wud o+ [ de o (227)

Adding (2.26) and (2.27) gives:

1d

E%(”ul,xH%—i_ HuZ,),Hg) = _JRI uixx dx—del u%,xx dX—J uéu%,x dx

R!

-2 j UyUslly Uy dX +2 f uluzug’x dx
+ f usuy U . dx. (2.28)

Now, integrate (2.28) from 0 to 7z, and bound the resulting terms on the
right hand side as follows. The first three terms are negative, and the last
three terms can be bounded, using [u, |, <lla;| . (see (2.26)) and the
Cauchy-Schwarz’ inequality
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1
J f U Uy Uy Uy dX dt
0 YR!

t t 1/2
<lla,ll .. <JO IRI ui usdx de JO IRI us . dx d‘c> (2.29)

t
J f uyusus  dx dt
0 YR!

t
<layll, | | wwd  dva, (230)

and

t
f f Uiy s dx dt
0 YR!

< <j0 | w3 dvde jo | w3 dx dr>l/2. (2.31)

Now, the terms on the right hand side of (2.29, 2.30, 2.31) are uniformly
bounded in 7, because all the terms in the left hand side of (2.10) are
bounded, for p >2. So, we get

lur N3 (0) + s, |15 (1) < Clay, ay, a0 (s an ), Vi=0. (2.32)

By local existence of classical solutions in C([0, T*); (L*R')*)n
C((0, T*); (H*(R"))?) of system (1.1)~(1.2), and parabolic regularity:
d¢, >0, such that

ey N3+ s, (N3 (1) S C(ey)(Nlay |15+ llas 13), 1 <T*
If we replace 0 by ¢, in the proof of Lemma 2.5, then (2.25) in fact implies
COROLLARY 2.1.
ey, ol + llus, (] < Clay, as), (2.33)

where the constant C depends only on |a;||, and |a;|| .., i=1, 2.

COROLLARY 2.2. By Sobolev imbedding, (2.9) for p=2 and (2.33) imply
lus o, < Clay, ay). (2.34)

Thus Proposition 1 follows from:

COROLLARY 2.3. Combining the estimates in Lemma 2.4, (2.6), (2.34)
and standard local existence of classical solutions, we have shown that
global smooth and bounded solutions exist for system (1.1)—(1.2) in
(L'(R") N L™(R")).
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3. DECAY ESTIMATES

To exhibit the decay of the solutions of (1.1)—(1.2), let us introduce the

scaled solutions
i;(x, t) \ﬂ u; (\ﬂ X, t)

for i=1,2. From now on, we consider nonnegative initial data
(a,(x), ar(x))e BxB<(L'(R")nL*(R"))* for ¢>1. The purpose of this
section is to prove

ProrosITION 2. The solution (u,, u,) of (1.1) constructed in Proposition
1 satisfies the bounds

lal1(6) < C(llay [, llax (1 +1)=° (3.1)
la,|l(1) < Clllay |, laxll) (3.2)
where 6 =0(|lay| ;1) >0 and ||-| is, for all t >0, the norm (1.3).

Remark 3.1. Note that, in particular, (3.1) and (3.2) imply

ety 1 (1)< CClay [, llas (1 +1)=2=2,

|l () < CCllay Il lay (1 +2) 712

(3.3)

Remark 3.2. The bound (3.1) was essentially derived in [ 3], using (2.8)
and (2.7), but with a different norm.

Proof. Using (2.8), (2.7), it is enough to prove (3.1) with u, replaced by
i;. Also, since u, solves the heat equation one easily derives the
asymptotics

sup

X

uy(x, 1) —\%d) <}>‘ <t1/2—c+5, (3.4)

for some ¢’ >0 with ¢ given by (1.4) and 4 = le ay(x) dx.
Let u,(x, t) 1/\/ lﬁ(x/\/ t,logt) and ¢ = x/\/ r—logt Then,

Vo=ZLp+ Vi

with sup: |[V(& 7)< Ce °" and &, given by (1.5). Hence, since
sup; | V(&, 7)| is integrable in 7, we get, for >1, using the Feynman—Kac
formula,

S0 (x, 1) =P(E, 1) < Cle iy (-, 1))(&). (3.5)
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Then, (3.1) follows from the first bound on the semigroup e ~*%“

Lemma 4.1.b below.

given in

To prove (3.2), we need

LemmA 3.1 (Sharp Decay of u, in L™ norm). There exists a constant C
depending only on |a;|, i=1, 2 such that

s ]| o (2) vt >0. (3.6)

<5,
(14+n'?

Consider then equation (1.2): u, ,=du, . + (u,u,)u,. By the first
inequality in (3.3) (which follows from (3.1)), and Lemma 3.1, u, <u,,
where i, solves

az,t:dﬂz,xx+c(l+t)_l_(57/72 (3.7)

U], _g=a,.

But (3.8) is a linear heat equation, from which (3.2) follows easily since
fo (1+1)"'°dt < 0.

We are left with the

Proof of Lemma 3.1. Write equation (1.2) in integral form:

—x%/4 dt

1
u,(t, x) = e a(x—y)d
2( ) JRI \/4% 2( y) y

2

+J0’ JRI (47 ds) ~ 2 exp <—4de> (uu3)(x—y, t—s)dyds. (3.8)

Taking L® norm in (3.8) yields

C(lla2 )

I\uzl\m(l)<m

+ CLS”/Z luyu2|| 1 (£ —s) ds. (3.9)

Now, use [[uu3 ]| 11 < [l || o 631 2, eyl () < Clllay Il lla (1 +2) =122
(which is the first inequality in (3.3)),

3l () < Nluall o () Juall 21 (1) < CCllay [, llas 1), (3.10)

(which follows from Proposition 1) and

Jts*‘/z(l+(t—s))*1/2*(’ds<C(1+t)*" (3.11)

0
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to get

sl o (8) < C(llay [, llaz (1 +12) = (3.12)

(for 6<1/2, or else, (3.6) is already proven). Now, use (3.12) to improve
(3.10) into [u3||. (2) < C(|layll, |as|)(1+¢)~° which, inserted into (3.9)
yields

o (£) < CCllay [, flaz (1 +12) =2,

and we can iterate up to 1/2, which proves (3.6) |I

4. SELF-SIMILARITY

In this section we apply the Renormalization Group method to improve
Proposition 2 and finish the proof of the Theorem. We prove:

ProposiTION 3. Under the assumptions of Theorem 1, there exists ¢ >0
such that, if

lay | llas |l <e, (4.1)

the claims of Theorem 1 hold.

Proof of Theorem 1. By Proposition 2, we can find a 7< oo such that
the functions u,(x, 1) = ﬁui(ﬁx, Tt) satisfy

ey (-5 DI uar (-5 DI <e, (4.2)

where T depends on the initial data (a,, a,). Moreover, u,; solve the
equations (1.1) and (1.2), and thus, by Proposition 3 and (4.2), u; and
hence u;, will have the asymptotics claimed in the Theorem. ||

We will now set up an inductive scheme for the proof of Proposition 3.
We define, for L >1,

ul™(x, t)=L"u,(L"x, L*"t), te[l, L*]. (4.3)
Then u!™ satisfy the equations (1.1) with initial data
a'(x) = L"u,(L"x, L*"). (4.4)

We will study «!” inductively in n ie. we will consider the RG map
(a,,a,) — (dy, d5) defined in # x # where

al(x)=Lu,(Lx, L?) (4.5)
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and (u,, u,) solve (1.1)-(1.2) with initial data (a,, a,). We first prove a
Lemma for the linearization of this map when (1.1)—(1.2) is linearized
around the expected asymptotics (1.6) and (1.7).

Hence we consider the equations

X
Uy, = UIXX_A2t71¢2 <\ﬂ> Uy

(4.6)

Uy = de)cx

for te[1, L*] and v,(x, 1) =a;(x). By the change of variables f=x/\ﬂ,
7=1log t one gets

Lv,(Lx, L?) = (L~*%1q,)(x)

(4.7)
Luv,(Lx, L?) = (L7 a,)(x)
where
d> 1 d 1
——d s x 4.
Z A2 2V dx 2 (4.8)

and %, is given by (1.5). Recall also that i, is the principal eigenfunction
(ground state) of .£,. We collect some properties of ¥, and . in

LeMMmA 4.1. &L, and ¥ have the following properties:

(@) Za=E ¥, E,>0ifA>0.
(b) Let feB. There exist >0 and 1, < oo such that, for T =1,

le== 1l <e™™ [ fII

Moreover, there exists q(A) such that, if f € B, with (Y 4, f)=0 ((-, -) being
the scalar product in # = L*(R, du), du=e*"*dx), and with q>q(A) in
(1.3),

le =1 || <e ™ Ear2 || f]]

(c) Let P, be the orthogonal projection in H# on \ ,. The quantities
|[E,—E |, 1=, W )|, |Py— Pyl (operator norm in A) are bounded
by C(K) |[A—A'| and |P || < C(K), for 0< A4, A'<K.

(&) e p=¢.

(e) Let fe, jfdx=0. Then, there 0 >0 and t,< oo such that, for

T>T05

le=f <e ™| f].
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The proof of Lemma 4.1 is based on [7] (see also [19]), and will be
given in the Appendix, where we also show that the scalar product (4, f)
is well-defined for f € 4.

Returning to the proof of Proposition 3, we write the RG map, defined
by (4.5), as

ay=L"*%q, + Ln,(Lx, L?) (4.9)
as=L"*%a,+ Ln,(Lx, L?) (4.10)

where

ny(x, t)= —j: dsfdyGA(t, 5, X, ) <u1u§(y, §)—u, A% 1¢? (\y/g>> (4.11)

1,(x, t)zrdsfdyG(tfs,xfy)ulug(y, s) (4.12)

and G is the fundamental solution of the v, equation in (4.6) and G is the
kernel of e?'~*4, where we write 4 for d*/dx?. Denote by s, the scaling
(s,.f)(x)=Lf(Lx) and by G 4(z, s) the operator corresponding the kernel
G (1,5, x, y). Then we have

LeEmmA 4.2.
(a) Is |l <L
b G t. s <ec(17s). ed(tfs)A <e(?(t7.\') or ¢ < o0.
( ) H AP s s

Proof. (a) follows from
sup L [ f(Lx)| (14 [x)'< L | 1|
and (b) from
OSGA([sSa Xa)’)<G0(I—5sX—Y)

(which itself follows from the Feynman-Kac formula and 4%$>0), and
the explicit Gaussian kernel of G,. The kernel of e’ =94 is similar. ||

Let us now specify the 4 in (4.9) and (4.11) (which is not the same as
the one in Theorem 1). We write

a,(x) = B 4(x) +b,(x) (4.13)
ax(x) = Ad(x) + by(x) (4.14)
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with
B: (wAa al)’

Azfazdx.

Remembering that y/ , is normalized by (¥ 4, ¥ ,) =1, and ¢ by j d(x)dx=1,
we see that

(Y4s01)=0

szdx=o.

Write (a', a5) similarly, with primes. The main estimate then is

LemMMA 4.3. Given L> Ly=e>™, with t, as in Lemma 4.1, there is an
eo(L) >0 such that if ||a, || lla,| <e<egy(L), we have

(a) [A'—Al<C(L)e|a|

(b) B3l <L [baf + C(L) & |as]

(c) |B'—L~*™B|<C(L)e[e(1+ [as]) + b1

(d) By <SL72E2 by || + C(L) el (1 + [lanl) + 115511

where C(L) is an L-dependent constant.

Proof.  We solve first u, from the equation
uy(x, 1) = e "V, 4 ny(X, 1) = tyy + 1y, (4.15)

with n, given by (4.12), by the contraction mapping principle. Consider the
ball

Br={u,: [luz]l = sup Juy(-, )| <R [ay]}.
rell, L]

For u, e By we bound n, by using (2.6), i.c.,
lur (-5 9l < Nle® ™ ay | < lay Il < Cllay |
and Lemma 4.2b, to get
lInalll < R*C(L) |la, || llaz ] < R*C(L) & |as]. (4.16)
Since by Lemma 4.2.b again,

lluxlll < C(L) [lasl,
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we see that the right hand side of (4.15) maps By into itself if R=R(L) is
large enough and ¢ <é&(L) is small enough. It is easy to see that the right
hand side of (4.15) is a contraction in By, so that we get a solution in By.
By Lemma 4.2.a then,

ILny(L-, L?)|| < C(L) & | as]| (4.17)

and since
A=A+ j Lny(Lx, L?) dx
by=L"*?b,+ Lny(Lx, L*)+(4—A4") ¢,

(a) and (b) follow from (4.17), and Lemma 4.1.e.
For a}, consider n; in (4.11), and write

v =05 ()

<uz<y, 9+ A5~ <y>> (=D 4h)(x) 4 nalx, ), (4.18)
7

N

using (4.15), (4.14) and e"(“"”%(y)=s"/2¢(y/\/;). Thus, by (4.16) and
Lemma 4.2.b,

il < CCL)(llaz | +A)Ub2 | + & laxz) (4.19)
and, since 4 < C |a,|, s;n,=Ln,(L-, L*) is bounded by
Ispny || < C(L) e( D]l + & [l asl)). (4.20)

(use fu; |, <Cla | and [la,| |la.]l <é).
Since, from (4.9)

B =, a)=.0, L7 ay) + (a0, sp0y)
and, from (4.13)
(Yo L72%ay) = BL™* (Yo, ha) + (s (Py— P ) L7279by)
(we used P, b, =0), we get, using Lemma 4.1.c and (4.20),

|B'— L7*MB| < C|A—A'| (B+[by]l) + C(L) (||bs ]| + & [as]])
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where the constant C in C |4 — 4’| is independent of A, A’, because 4 here
is uniformly bounded (by Lemma 2.1). Then, using part (a) above, we get

|B'— L**B| < C(L) e[ (B+ by ) las || + 165l +& [l ]
<L) ele(1 + llaz ) + [162])] (4.21)

(since B+ ||b,]| < C |la;| and |a,| |a,| <e), i.e. we prove (c).
Finally, for b, write (use (4.9), (4.13))

by=(1—-"P,)d,
=BL (P, — P, )y, +L >, +(P,—P,) L >,
+(1—=P,)s.n,;
(using again P, b, =0). Now, Lemma 4.1.b, ¢ and (4.20) imply
17 SL2E by | + C(L) e[e(1+ las ) + 11521
which is (d). |1

For later purposes, we derive a lower bound for B. Recalling the defini-
tion (4.18), write

X

Uy, = (A — A2 </Z>> ", — <w(x, 4 (42— A2) 1P <\2>> “,.

Using the Feynman—Kac formula, we deduce
dy(x) = (L 2%"q,)(x) e CEMIII+ |42 — A7)
and thus a lower bound
B =L —2Eq B — CLIwII + \AzfA’zl). (4'22)

Proof of Proposition 3. We decompose a as in (4.13), (4.14) and derive
bounds for 4,, B, and b” using Lemma 4.3. Set

n—1
nk,= Z E, .

m=0

Note that 4,> 4, so that £, >FE,>0. Let # <min(J, E,). Then there
exists a constant C(L) (depending possibly on L but not on n) such that
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0<4,<C(L) |a]
16511 < C(L) L™ [|as ||
0<B,<C(L) L% |a,| (4.23)
1671 < C(L) L= +7(||la, | +¢ |la, )

&, = llaill llas| < C(L) L™

The bounds (4.23) hold by definition for n =0, and the induction follows
from Lemma 4.3: the bound on ¢, follows from the first four bounds in
(4.23), and it can, in turn, be inserted in Lemma 4.3 to iterate those
bounds. For B,, we iterate B, < C(L)(1 —L~"") L=2"5n | a, | (which implies
(4.23)), in order to control the right hand side in Lemma 4.3.c. Further-
more, the bound on ¢, and Lemma 4.3a imply that

|4, 41— A, SCL) L™ |as|| (4.24)

and thus 4, > 4*, for some A*; moreover,
A* =J (a, + a,) dx,

because | (a,+a,)dx is conserved (by Lemma 2.1) and |afdx— 0, by
(4.13), (4.23). Since E, is continuous in A4, by Lemma 4.1c,
E, — E*=E,, E, - E* (4.25)
From Lemma 4.3.c and (4.23), we get that
B, 1 — L7 4B, | < C(L) eL ™" [e+ |lay|] (4.26)
and by (4.25), there exists a B* such that
B, L — B*, (4.27)
By (4.22) and (4.19), (4.23), (4.24),

—2E —C(L)(|laz||> L=2 + ¢ ||aa || e=2"En
B,, =L i1 B, e (L)(llazll laz |l )

so, B*>0. Equations (4.23), (4.24) and (4.27) may be rewritten, using
(44), (4.13), (4.14), as

/7 us( /1, 1) — A*@| < Ct™7 |lay | (4.28)
1212 By (/1 1) — B¥Y 4]l < Ct (e + |ay)|) (4.29)

for times t = L*', L> L,. For te[L*, L*"*?] we use similar estimates for
the n; in (4.11) and (4.12), and, dropping the *, we get (1.6, 1.7). |
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APPENDIX 1: PROOF OF LEMMA 4.1

First, observe that .%,, acting on its domain in L*(R', du), is conjugated
to a perturbation of the Hamiltonian of the harmonic oscillator
d> x* 1

*ﬁ'FE*Z-l—AZ(ﬁz(X), (A.1)

RBP e B=H =
acting in L*(R', dx). Hence, %, has a compact resolvent, a pure point
spectrum and, using the Feynman—Kac formula and the Perron—Frobenius
theorem [10], a non-degenerate lowest eigenvalue. The same conclusions
hold for &.

To prove (a), let us differentiate

yAwA :EAlpA (A.2)
with respect to 4. We get

QY+ L =E .+ Eps. (A3)

Now, we take the scalar product of (A.3) with ,, and use (Y 4, ¥ ,) =1
(which implies (4, ¥',) =0), to get

Ely= 4, 0% 0). (A4)

Since ¢ >0, E',>0, and, for A =0, we have y,= e’“‘z/“/\/érn, and E,=0.
Therefore, E, >0 for 4>0.

To prove (b), we discuss only the second claim, since the first one is
similar but easier (and holds for any ¢ > 1). Observe that, since E , is non-
degenerate and f is orthogonal to y,, the bound would be trivial if we
took the norms in 4. But functions in  have essentially a Gaussian
decay at infinity, while those in 4 have a polynomial decay. To go from a
contraction in J# to a contraction in 4, we use an idea of [ 7]. First notice
that, since 4%¢> >0, the Feynman—Kac formula gives

e "(x, y)<e Tx, p) (A5)
and e ~"*(x, y) is explicitly given by Mehler’s formula [17]:
o e (x—e 7y)?
(e My = a1 —e ) Zexp (G (A6)

Hence, if a function v satisfies

lo(x)] < (1 +[x]) 74, (A7)
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for some constant C, we have
[(e ™) (x)| < C'e™*(1 + |x| e7?) ¢ (A.8)

for |x| =2 \/c; and another constant C’. Hence, the operator e ~*° con-
tracts, for |x| and t large, any function that decays as in (A.7) with ¢ > 1.
By (A.5), we see that ., behaves similarly. So, to prove (b), we shall use
the contraction in 2 for x small and (A.8) for x large. However, we need
here ¢ large, depending on E,, hence on A. For the other bounds in
Lemma 4.1, any ¢ > 1 suffices.

Besides, let ¢,, be the nth Hermite function which is an eigenvector of H,,
in (A.1) (they are of the form P,(x)e 7%, where P, is a polynomial of
degree n). One can show that, for any C> 0, for some even n=n(A4) and
for any |x| large enough,

(H,—E ) (Ch,— e ,)>0.

Indeed, (H,—E ) e =0 by (A.l, A2) and H,$,>(n/2)$,>0
(because ¢, >0 for n even and |x| large). Using the maximum principle, the
inequality x*/16 —1/4 — E , >0, for |x| large, and the fact that there exists
a large |x| so that C¢, —e"z/sw 4> 0, for a sufficiently big C, one concludes
that y, is bounded by:

0 <Y a(x) S (A1 + |x]") e (A9)

for some n=n(A4), which implies that the scalar product (y ,, f) for fe #
is well-defined, if ¢ =¢(A4) is large enough.
To prove (b), it is convenient to introduce the characteristic functions

1s=xIx|<p)
1= x(|x]>p)

where p will be chosen suitably below. The properties of .#, that we need
are summarized in the following

LEMMA A.l1. There exist constants C < oo, ¢ >0, such that
(1) For ge A,
le="“g| < Ce™ |Ig]I. (A.10)
(ii) For ge LA(R", du),
le= gl < C gl (A.11)

where ||-||, is the norm in L*(R', du).
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(iii) For g such that y,ge L*(R", du),

lzre ™" “1gl <e " liz.gls, (A.12)
for p large enough.
(iv) For ge 4,
e =" 1gl <e < |gl, (A.13)

for p large enough, and g > 1.

Now, take fe4, (y4,f)=0, | fll=1. We set 7,=np, and, using the
Lemma, we prove inductively that there exists a J>0 such that
v(t,) = e ~™¥4f satisfies, for p large,

7z 0(za)l2+ oz, | < e Ce= P, (A.14)

and

lzo(z,) Il <e ™. (A.15)

with f=(E,+J)p. Part (b) of Lemma 4.1. follows from (A.14), (A.15) by
taking a smaller o, in order to bound the constants, for 7 > z,, with 7, large
(for times not of the form t=np, use (A.10)). The bounds (A.14), (A.15)
hold for n =0, for p large enough, using | /|| =1 and the obvious inequality

ISl <e” | f]. (A.16)

So, let us assume (A.14), (A.15) for some n >0 and prove it for n+ 1. Let
v=1(t,) and write

V=Y 0+ Y, V=040,

For all n, (U(Tn)s lpA) =0a S0 that |(Us9 lpA)| = |(Uls lpA)| < C(A) pi(qil)a
where we use (A.9) to derive the last inequality. Then, we get

le= vl < (C(A) p~ @~ Ve P4+ e =74 v,
Se M o,

< Lertoept ), (A.17)

where E’;, is the second lowest eigenvalue of ¥, and, in the second
inequality, we choose ¢ small, ¢ > Jdp and p large. For the third inequality,
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we used (A.14) and p large, so that e ~°” < 1. Combining (A.11) and (A.17),
we get
He*p!!fAUsH <C Hef(pfl):/’/lvsuz < Ce—P— (B4 +25) 076, — fn
<

Lerloe =P+l (A.18)
again, for e %" small enough. Finally, from (A.10) and (A.15), we have
e 7“1, | < Cer?e " (A.19)
and, from this and (A.16), we get
lyse "%, ||, < Cer/BerPe=Pn. (A.20)

Combining (A.17)—-(A.20), one gets (A.14), with n replaced by n+ 1 for
p large enough. On the other hand, (A.15), with n replaced by n+1,
follows immediately from (A.14), (A.15) and (A.12), (A.13), taking
cq>E+J. We choose the constants as follows: take 6 small and p large
and ¢>dp > (E+9)/c.

Turning to (c), we observe that (A.4) and (1.4) imply that E’, < (4nd) "
Next, (A.3) implies that

Vi=(Li—E) "(Ey— ) Y4, (A21)
where

(EA—EA)*lzL e~ N La—ED g (A22)

is a bounded operator on the subspace { f€ Z|( 4, f) =0}, because of (b)
above. Also, (A.4) means that (i ,, (E', —¢*) ¥ ,) =0. Hence, the norm of
the right hand side of (A.21) is bounded, and we have

Wa— ¥l < C(4, 4") |47 = A < C(K) |[A— 4| (A.23)

for A, A' < K. Since (A.9) shows that P, is well-defined and bounded in 4%,
point (c) is proven. Point (d) is an explicit computation (#¢ =0), and the
proof of (e) is similar to the one of point (b), since j fdx=0 means that
(f. ) =0 where (-, -) is the scalar product in L*(R', ¢*/** dx) and ¢, given
by (1.4), is the principal eigenfunction of Z. ||

We are left with the

Proof of Lemma Al. Part (i) follows immediately from (A.5) and (A.6).
For (ii), we use the Cauchy-Schwarz inequality applied to

(e~ Z1g)(x) = f e~ 1(x, y) e e Bg(y) dy
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and the bound

B 1/2
sup (1 + |x|)? <f (e =“4(x, y))> e ¥7* dy> <o, (A.24)

X

which follows from (A.5) and (A.6).
For (iii) proceed as in (ii) by using Cauchy-Schwarz’ inequality, but
replace (A.24) by

1/2
sup (1 + x| <J le 7“4, y)? 2|y < p) e dy) <e 7 (A2S)

[x| >p

which again follows from (A.5) and (A.6) (we can replace § in (A.25) by
1—¢ for any &> 0, if p is large enough).
Finally, (iv) follows from (A.5) and (A.8). (Since it is enough to have

q>oJp we have |x|>p=2./qp for 6 small and we can use (A.8)). |
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