A Unified Approach to Vortex Motion Laws of
Complex Scalar Field Equations
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Abstract

In this short note, we give a unified rigorous derivation of vortex motion laws
of nonlinear wave (NLW) and nonlinear heat (NLH) equations based on the fluid
dynamic approach the authors recently developed in solving the nonlinear Schrédinger
(NLS) equation. Hence in all three complex scalar field equations, the motion laws
follow from the Euler-type equations, and the knowledge of the finite mass Radon
defect measure.
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1 A Summary of Basic Facts

Let us consider as € | 0 the two-dimensional complex scalar field equations:

1
lmgjue,tt = Aue + € ue(l — |uel?), (1.1)

the nonlinear wave (NLW) equation;

1

log?ue’t = Aue + 672“6(1 - |u6\2), (1.2)

the nonlinear heat (NLH) equation, or the Ginzburg-Landau equation; and
iues = Aue + € 2ue(1 — [uel?), (1.3)

the nonlinear Schrodinger (NLS) equation, on a bounded domain 2 C R? with smooth
boundary. The boundary condition is: wue|gn = g(z), with g : 9Q — S! a smooth map of
degree d > 0. The initial condition contains d vortices of degree one so that the total initial

energy has the asymptotic expression:

Ee(ue(o,x)):/Q%(ue(o,x))z/ggvuem%:dwlog%+o<1), (1.4)

for NLH and NLS; and
1 9 1
EE(UE(O, l’)) + PN ]uat(O,x)\ =dm log -+ 0(1), (15)
2log z Ja €
for NLW.

The basic property independent of the equations is energy concentration:

ce(uc)dz 25%, M(Q), (1.6)

7rlog c

for a sequence € = ¢ | 0, where a;’s are distinct d points inside €2, see Lin [3] and [4].
However, the dynamics of these points depends critically on the equations.
Recently, the present authors [5] formulated the conservation of linear momentum of

NLS as the Euler equation:

atp(ue) = 2div (VUG X VUG) - V_Pe, (17)



where the linear momentum p(ue) = ue A Vue, and the pressure is:

4
ue|® — 1
Pe = |Vue|® + ue - Aue — L’
2¢€?
They then projected (1.7) onto the locally divergence-free fields, and analyzed the resulting
equation. It follows that the vortices move Lipschitz continuously on the time scale t ~

O(1). Also the solution u¢ has weak limit:

_ piha(z) L — Cl] (

Ue — € = Ug, 1.8)
H v —a;|

away from a;’s in space time L', and that h, is a harmonic function on Q satisfying

ha.r = —Ou, + g A gr, © the total phase of the product term in (1.8), and 7 the

tangential unit vector. It then follows from a refined energy argument that the quadratic

tensor product weakly converges as:
Vue @ Vue = v Qv+ 1, M(Q,), (1.9)

where 1 is a symmetric tensorial Radon defect measure of finite mass over {2. Under the

energy almost minimizing condition on the initial data:

1
FEe(ue)(0) = dmlog - + W (a(0)) + o(1), (1.10)
where W = W(a) = W(ay,---,a4) the renormalized energy, see [1], [3], it is shown in [5]
that the defect measure g = 0 in (1.9) and the vortex motion law is: a} = —JV,, W,

J being the clockwise rotation matrix. If the initial energy is an O(1) amount above
the minimum value (for the prescribed initial vortex locations a(0)), the defect measure
i # 0, and further knowledge of its structure is necessary to deduce the law. Physically,
an excessive O(1) energy can allow phase (sound) waves to form and interact with vortices,
while almost energy minimizing condition (1.10) provides only vortex self-energy dm log%
and vortex-vortex interaction energy 7 (a(0)).

For NLW, the analogous Euler equation is:

\Y
(“” ”f) = div (Vue ® Vue) + VP, (1.11)
loge=t /,
with the pressure:
bt (I-[uf)  [VueP
€7 2loge! 4€? 2



To analyze (1.11), the following energy (in)equalities are needed:

1
Fe(ue) < dwlog +O(1 <C, (1.12)
i xe€<uf) :_/ u.gt VU |U€t| _/ .CE"LLQVULJI, (113)
dt Bx 1OgE Br ]Qg i dt Bgr 210g € dBR log €

with Bgr C (), any small ball of radius R. These and related energy inequalities imply
the Lipschitz continuous motion of vortices, see [4]. From (1.12), (1.13) and the energy

concentration, it follows that as measures:

d
Uet VU
= 16 - - Z a;- ()6 )- (1.14)

mlog ¢ =

Moreover, the weak limit and quadratic terms also obey (1.8) and (1.9). The same energy
argument [5] shows u € M(Q). In addition under the energy almost minimizing condition
(1.10), the defect measure p = 0.

For NLH, energy inequalities similar to (1.12) hold, and the Euler equation is:

d 1
— xeg(ulg) = —(log =) ?z|ue ,|* + div(Vue @ Vue) + VP, (1.15)
dt \ log¢ €
with pressure:
1 1
Pe=+—=2-ue;  Vue+ - |VU€|2+—(1_ |uel*)?.
log £ c

The first term on the right hand side of (1.15) tends to zero in L*([0, T]; L*()).

The rest of the note is organized as follows. In section 2, we derive the vortex motion
law for NLW: @} = —V, W, under the energy almost minimizing condition (1.10) and so
pv = 0. The proof also works for the motion law of NLH: a; = —V,, W, which was proved
earlier in Lin [3]. In this case, energy minimizing condition (1.10) is not needed at ¢t = 0.
The defect measure p = 0 due to energy dissipation and gradient dynamics, which imply
the strong convergence of solutions away from vortices [3]. We end the note with a few

remarks, comparing the three equations.

2 Motion Law of NLW and Remarks

Let us consider a test function ¢ € C§°(2), ¢ = n -, for x € Bgs(a;(s)), and ¢ = 0, for

x ¢ Bg(a;(s)), where R is a small positive number, and n is a fixed unit direction. Let
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time ¢ € [s,s + k] with k a fixed small positive number. Multiplying V*¢ = (—¢,,, ¢,,)
on both sides of NLW Euler (1.11), integrating over Bg(a;(s)) X [s, s + k], we get:

s+k
/ UQtVUE ) VLQO|S+k _ / dt / div (VUE ® vue) . VJ-SO (21)
1 s

Br(a;) lOg€ s Br(a;)

Passing € | 0, we find using basic facts of section 1 that:
s+k
rdi(t) -t = dm [ dt / (Vie ® Vue) : Vo
Br(aj)

elo J,

€10 J,

s+k
= / dt/ (v@v+p): VVp
s Br(a;)\Bg/2(a;)
s+k
= / dt/ (v@v+p): VV*e
s Br(aj)

s+k
= / dt/ vv: VVtp, (2.2)
S BR(CLj)

where in the last equality we have used the almost energy minimizing assumption (1.10)

s+k
BR(aj)\BR/2(aj)

to exclude . We also see that in general ;o does not contribute if divy = —V P,, globally
on 2 for a distribution P,.

It follows via integration by parts that:

s+k
ma;(t) T = / dt / (v®v): VV*p
s Br(a;j(s))\Br/2(a;(s))
s+k
= —/ dt/ v-Vou-V+e
s Br(a;(s)\Bry2(a;(s))
s+k
+ / dt/ (v®v): (vent)
s 0Bpy2(a;(s))

s+k
= —/ dt/ (v-Vo-v)(n-z)
s 0BR/2(aj(s))

s+k
+ / dt / (v®v): (venh). (2.3)
s O0BRrya(a;(s))
Dividing (2.3) by k and letting & | 0, we obtain:
mall(s)-nt = —/ (v-Vo-vH)(n-z)+ / (vev): (vent). (24)
O0BRry2(aj(s)) O0Bpry2(a;(s))



Letting n = (1,0), and a; = (;,7n;), we calculate with the explicit expression for v = (vq, v3)
as ¥ ~aj: vy = Hje —r~'sinf, vy = H;, +r ' cos, where H; is the smooth part of the
vortex phase O, + h, at a;, (r,0) is the local polar coordinate. We find that each term on
the right hand side of (2.4) contributes —wH, ¢, and so: 7n"(s) = —2wH,¢. Similarly with
n=(0,1), we find: —n¢"(s) = —2mwH;,. By the conjugation relation between H; and W,
[1], we have: Jaj = —2VH; = —JV, W, where J is the 7/2 clockwise rotation matrix.
The vortex motion law: a} = —V, W follows. For NLH, the argument is the same except
the left hand side of the motion law is a; due to (1.6) and (1.15). We have completed the
proof of the vortex motion laws of NLW and NLH.

A few remarks are in order. The left hand sides of the Euler-like equations of NLW and
NLH concentrate. Hence away from vortices, we have essentially the steady state Euler
equation. The pressure Pe is in L'([0,T]; L'(,)), Q0 = {Q\(a1, -+, aq)}. Letting P’ be
the weak L' limit of Pe, and passing € | 0 on Q,, we have from (1.11) or (1.15) that:

diviv@v)+ VP =0, dive=0, P=P,+ P (2.5)

in the sense of distribution, where P is the total pressure. It follows that div(v-Vv) = —AP,
and P is smooth on 2,. Solving for P near each vortex a; gives the general expression of:

1
P = 57"’2+ar’1c089+ﬁrflsin9+”ylogr+~--,

where --- are either higher spherical harmonic terms with frequencies at least two or
bounded regular terms, r = |z — a;|. Calculating circulation from (2.5) gives to leading

order:

T8 = EPy = — 7{ ¢v-Vodl = mH,¢(a;),
0B (aj) 0B (aj)

So 3 = Hj¢(a;). Similarly, o« = —H;,(a;).

In contrast, the NLS pressure P is not controled by energy inequality and not known to
stay in L' as € | 0. Also the left hand side p(ue) converges to a smooth function away from
vortices, and p(ue) itself does not concentrate. Hence it is convenient to project the Euler
equation to divergence free fields and calculate circulations [5]. The limiting equation is
the time dependent Euler. It turns out that in the asymptotic expression for the limiting
total pressure P, o and (8 are undertermined in general. The energy almost minimizing
condition (1.10) of course implies that a = 5 = 0 in this case.

Last but not the least, we remark that the regime where defect measure forms is beyond

the reach of early formal asymptotic derivations, see [6], [7], among others. From our
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analysis, we gain new understanding that the motion law holds as suggested in formal
derivations if the divergence of the finite mass defect measure is a global pressure gradient
or if the defect measure is supported away from the vicinities of vortices. In most early
formal works, the connection with the field aspect of the problem, namely pressure, is
not exploited, much less the fluid dynamic perspective of all three scalar field equations.
Analogous defect measure is well-known to play a significant role in the study of weak

solutions of two-dimensional incompressible Euler equation in fluid dynamics [2].
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