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Abstract

We study reactive front speedsin randomly perturb ed cellular 
o ws
using a variational representation for the front speed. We develop this
representation into a computational tool for computing the front speeds
without resorting to closureapproximations. We demonstratethat the
front speedsdepend on 
o w statistics and topologiesin a complex and
dramatic manner.

PACS numbers: 42.25.Dd, 02.50.Fz,05.10.-a,02.60.Cb.
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1 In tro duction

Front or interface propagation in complex 
uids is a ubiquitous nonlinear
phenomenonin various areasof scienceand technology such as chemical re-
action fronts in liquids, population growth of ecologicalcommunities (plank-
ton) in the ocean,and premixed 
ame propagation in 
uid turbulence [1]{[5 ].
If the 
uid velocity is modeledby a random processeswith known statistics,
a fundamental challenge is to characterize the front speed in terms of the
given velocity statistics. In such a model, a systemof coupledequationsthat
governs the propagating front may be reduced in the caseof equal species
di�usion (unit Lewis number) to a reactive passive scalar equation [3, 4]:

ut = � � zu + ~B (z; t) � r zu +
1
� r

f (u); z 2 Rn ; t > 0: (1)
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In this paper we use a numerical method to study the speed of fronts
governed by equation (1) and propagating along the �rst spatial coordinate
axis. We focuson the casethat f (u) = u(1� u) is the so-calledKolmogorov-
Petrovsky-Piskunov (KPP) nonlinearity. If the initial data for u is a non-
negative and wave-like, the large time behavior of u is a propagating front.
We will usec∗ to denote the asymptotic speedof this front, and we want to
understand how this speeddependson the prescribed velocity �eld ~B .

For simplicit y, we supposethat the spatial dimension is n = 2 and that
the spatial coordinate z is decomposedas z = (x; y), where x 2 R param-
eterizesthe unbounded propagation direction, and y belongsto an interval
[0; L ]. So, we are modeling fronts propagating in an in�nite channel with
cross-section[0; L ]. In the examplesstudied here, the vector �eld ~B (z; t) is
a random perturbation of a cellular 
o w. It is incompressible,random in
t and/or x, and periodic with period one in y. Moreover, the �eld B (z; t)
has zero spatial mean. Periodic boundary conditions are imposedin y for
u. The two positive constants in the model are: � , the speciesdi�usion
constant; � r , the reaction time scale.

For a velocity �eld that varies randomly or periodically, the front speed
c∗ is a time-averaged quantit y. For an initial condition u(x; y; 0) that is
wave-like with su�cien tly fast decay away from the interface (for example,
u(x; y; 0) = H (x), the Heaviside function in x), the asymptotic speedof the
fronts governed by the nonlinear equation (1) may be de�ned as the unique
constant c∗ > 0 such that

lim
t→∞

max
y∈[0;L ]
x< −ct

u(x; y; t) = 0 if c > c∗;

lim
t→∞

min
y∈[0;L ]
x> −ct

u(x; y; t) = 1 if c < c∗: (2)

Although the solution u(x; t) to (1) is random (it dependson the realization
of B (z; t)), we show in [6, 7] that this front speedis well-de�ned and deter-
ministic, under suitable hypotheseson B . It is known that even when ~B � 0,
equation (1) may admit traveling wave solutions with di�eren t speeds.How-
ever, the speedde�ned by (2) is unique, meaning that it is independent of
the initial data, under the assumptionthat initial data decays very fast away
from the interface. Speci�cally , we assumethat u(x; y; 0) � min(e� � x ; 1) for
someconstant � ∗ > 0 su�cien tly large. We alsoassumethat B is continuous
in both z and t, statistically stationary and ergodic with respect to shifts
in x and t, and that B satis�es suitable regularity and moment bounds in
order to guarantee existenceof a classicalsolution (almost surely) to equa-
tion (1) with initial data u(x; y; t). Under theseconditions, the asymptotic
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behavior described by (2) holds with probabilit y one and the front speed
is deterministic and independent of the initial data. See[7] for the most
general hypothesesrequired of B . We suspect that a similar convergence
result holds for other nonlinearities, but we are not aware that this hasbeen
demonstrated rigorously for other nonlinearities. It is not known whether
this convergenceholds for a velocity �eld that is white noise in time.

In turbulent combustion, the front speedc∗ is called the turbulent front
velocity [3, 5]. This is an upscaledquantit y that dependson the continuously
many scalesof the 
o w �eld ~B as well as the di�usion and reaction scales.
Let L be the size of the domain crosssection, � be the root mean square
amplitude of ~B , and � b be the time scale(time correlation length) of ~B . Two
nondimensionalparametersare: the P�eclet number Pe= L�

� which measures
the relative strength of advection and di�usion, and the Damk•ohler number
Da= � b

� r
, a ratio of advection and reaction time scales. We use the channel

width L in the de�nition of Pe, sincethe velocity length scaleand the channel
width are the samein the caseswe consider.

The equation (1) is nonlinear and stochastic. Besidesdirect numerical
simulation, several approximation methods exist. A conventional approach,
often employed in studying 
uid turbulence, is a closure approximation to
construct equations for the moments or probabilit y distribution function
of solutions [3, 8, 9]. Another approach, the renormalization group method
(RG), is a procedureto remove length scalesin ~B iterativ ely for approximat-
ing c∗. The RG method has beenapplied to c∗ in the regime of thin fronts
(� � 1, � r � 1) and large P�eclet numbers (Pe � 1), [10, 11]. However,
the closure method is ad hoc in nature. The RG method, though system-
atic, lacks control of convergence,and is not a method for robust numerical
computation.

In this paper we use an exact variational representation of c∗ for the
stochastic KPP reactive fronts to study the front speednumerically in a fast
advection regime. This representation has beenproved rigorously for peri-
odic 
o ws [12, 13, 14], for random shear 
o ws [6], and for one-dimensional
random potential 
o ws [15]. In a forthcoming paper [7], we prove the rep-
resentation for general 
o ws that vary randomly in both spaceand time,
without restrictions on the 
o w geometry. In particular, all of the cases
consideredin the present article are within the scope of these results. The
authors of [16] have developed a strategy for integrating this variational
approach into large scalesimulation of turbulent premixed 
ames.

Here we consider two examplesof randomly perturb ed cellular 
o ws in
two spacedimensions. The variational representation holds for arbitrarily
many dimensions,however. In Section2, we introducethe variational repre-
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sentation for the front speedc∗, and we describe the numerical simulations.
In Section3, we demonstratethe results of thesenumerical simulations. The
particular 
o ws we study were chosenbecausethe scaling properties of the
front speedsin unperturb ed cellular 
o ws are known [17, 18]. Seealso [19]
for related analytical estimatesof c∗ in deterministic 
o ws. Numerical com-
putation of front speedsin steadydeterministic 
o ws hasbeencarried out in
[20] and [21]. Fronts propagating in deterministic perturbations of cellular

o ws have beenstudied experimentally in [2] and numerically in [22] using a
simpli�ed geometric front model. We show here that random perturbations
can yield strikingly di�eren t results.

2 A Variational Represen tation for c�

First, we brie
y describe and formally motivate the variational representa-
tion for the front speedc∗; for details of the proof see[6, 7]. Fronts governed
by the KPP nonlinearity are called \pulled fronts" [23] becausetheir speed
is determined by the behavior of the solution far beyond the front interface,
in the region where u is closeto zero, the unstable equilibrium. Linearizing
the equation near this unstable equilibrium, we obtain

vt = � � zv + ~B (z; t) � r zv +
1
� r

f ′(0)v: (3)

Approximate plane wave solutions of (3), which approximate the tails of
left-moving KPP fronts, are generatedfrom initial data v(z; 0) = expf �x g,
for a positive wave number � . For large time t, one anticipates that v
behaves like expf �x + � (� )tg to leading order, for somepositive number �
which is convex and superlinear for large � . The asymptotic speed of the
approximate plane wave is then � (� )=� .

The quantit y � (� ) may be determined, as follows. Let us write w(z; t) =
expf� �x gv(z; t), and let ~e be the unit direction along the positive x-axis.
Then w solves the initial value problem:

wt = � � zw + (2�� ~e + ~B) � r zw + (�� 2 + � ~e � ~B + � −1
r f ′(0))w; (4)

with initial data w(z; 0) = 1. By the maximum principle, the function w
is positive for all time. The number � can be expressedas the almost-sure
limit:

� = lim
t→∞

1
t

ln
∫



w(x; y; t) dy; (5)

for any x. The number � is the socalled principal Lyapunov exponent of the
parabolic equation (4), and it is deterministic and independent of x. That
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is, (5) holds with probabilit y one, although w itself is random. Thus, the
asymptotic speedof the approximate plane wave, � (� )=� , is a deterministic
quantit y.

In [6, 7], we demonstrate that for the fronts governed by the original
nonlinear equation, the asymptotic front speedsatis�es c∗ = inf �> 0

� (� )
� . In

other words, the minimal plane wave speed of the linearized equation (3)
agreeswith that of the nonlinear KPP equation (1)! Through this formula,
which is exact, one may estimate the speed c∗ by estimating the function
� (� ), which is deterministic.

As a function of the parameter � , � is convex, and grows super-linearly
in large � , so� (� )=� hasa unique minimizer. The minimum value of � (� )=�
is the front speed c∗. It is easy to seethat the function logw will solve a
nonlinear, Hamilton-Jacobi type equation with an additional viscousterm.
From this perspective, the same quantit y � (� ) may be recovered as the
e�ectiv e Hamiltonian via homogenizationtheory [14, 24].

Our strategy for computing c∗ is to numerically integrate (4), compute

the growth rate � (� ), then minimize � (� )
� to yield c∗. In the regime consid-

ered here, the minimization step requires only a few (< 10) evaluations of
� (� ). The x dimension is truncated into a �nite and large enough interval
[0; L x ] with periodic boundary conditions at x = 0; L x .

Our �rst set of numerical examplesis where ~B is a temporally perturb ed
cellular 
o w in two spacedimensions(� , � are constant parameters):

~B (x; y; t) = � 2� (� sin(2� (x + �
 (t))) cos(2� y); cos(2� (x + �
 (t))) sin(2� y)) :

As ~B hasperiod onein x and y, the spatial domain for (4) is the unit square.
We examine how temporally random perturbations in
uence c∗ in the case
that 
 (t) is an Ornstein-Uhlenbeck process(Gaussianand Markov), and we
comparethe results with the casethat 
 (t) is periodic in time. As 
 (t) has
an intrinsic parameter, the time correlation length (denoted by 1

� ), the front
speed depends on three parameters c∗ = c∗(� ; �; � ). The parameter � has
the unit of frequency. If 
 (t) = cos(! t), then c∗ = c∗(� ; �; ! ).

Our secondexampleis when the perturbation is a spatially random shear

o w so that ~B is random in x:

~B (x; y) = � [2� (� sin(2� x) cos(2� y); cos(2� x) sin(2� y)) + � (0; � (x))] ; (6)

where � (x) is a mean zero stationary ergodic process,and we examine how
the spatial randomnessin
uences the front speedc∗.

The evolution problem (4) is solved with an operator splitting technique
to handle di�usion and advection-reaction time stepping separately. After
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a long enoughevolution period, we sample the logarithm of the spatial in-
tegral of w at many points in time and let � be the slope of the best-�t
line through these points. For the advection-reaction step, we use a semi-
Lagrangian scheme [25], which permits larger time steps and minimal nu-
merical di�usion. For the di�usiv e step, we usethe implicit unconditionally
stable Crank-Nicholsonschemein time and spectral method in space.With
the constants � (� ) computed in this way, we minimize the function � (� )=�
using a standard algorithm basedon a golden section search [26].

3 Numerical Results

We �rst study c∗ in unsteady cellular 
o ws. Due to \shaking" by 
 (t), the
positionsof the saddlepoints in the 
o ws oscillate in time. At a �xed time t 0,
the streamlinesof the 
o w B (z; t0) are bounded. When 
 (t) is periodic with
frequency ! � 1, nearly ballistic tra jectories may result from the creation
of oscillating unboundedchannelswithin the shaken referenceframe. In this
regime,the temporal perturbation 
 allows Lagrangianparticles to hop from
oneboundedcell to another, traveling a distanceof order ! −3 in a time scale
of order ! −3 log ! [27]. Consequently, the front speedin such a shaking 
o w
may be signi�cantly larger than that in the unperturb ed steady 
o w.

In the periodic case,with 
 (t) = � cos(! t), there appears an intriguing
resonancepattern whenc∗ is plotted asa function of ! for �xed � and � . The
frequency range spansthe interval ! 2 [5:0; 195:0]. The di�usion constant
is � = 0:01, and the reaction time scaleis � r = 0:5. In Figure 1(left), c∗ is
plotted as a function of ! at 
o w amplitude � = 80, and � = 0:04; 0:08. We
observe multiple resonancepeaks. The peaksbecomemore pronounced as
� or � gets larger.

Resonancepeaksof c∗ in periodically shaking cellular 
o ws were com-
puted previously from a simpli�ed geometric front model [22] (the so called
G equation). This model is an approximation to the front in the thin front
regime when the reaction time scaleis much smaller than the di�usiv e and
advective time scales. Here we consider a di�eren t regime in which the
advective time scaleis much smaller than the reactive time scale(fast ad-
vection). In this regime, the geometric front approximation may be very
inaccurate, even for steady shear 
o ws [28]. The variational representation
of c∗ is exact, however. Thus we should expect our results to di�er from
those of [22]. For example, for the range of parameters shown in Figure
1(left), the speed in the perturb ed 
o w is always greater than the speed
of the corresponding unperturb ed 
o w (� = 0, � = 80). This is di�eren t
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Figure 1: Left: c∗ as a function of ! for � = 80 (Pe = 8:0 � 103), � =
0:04; 0:08. The solid line is the front speedin the unperturb ed 
o w (� = 0,
� = 80). Right: c∗ as a function of � (the inverseof the correlation time),
� = 125; 50 (Pe = 1:25 � 104; 5:0 � 103), � = 2:0. The solid line is the front
speedin the unperturb ed 
o w (� = 0, � = 50).

from the results of [22] where the fronts governed by the G-equation may
travel faster or slower than the fronts in the unperturb ed 
o w. We observe
a slow-down of front speedsas ! ! 1 and ! ! 0.

Now we plot c∗ as a function of � for �xed values of ! or � . Figure
2(left) shows that the front speedin the periodically shaking 
o ws may not
be a monotone function of the 
o w amplitude � . When � is large, c∗(� )
scalessub-linearly, approximately O(� 0:3) at � = 2, larger than O(� 1=4) in
the steady 
o ws [17, 18]. This may be explained in terms of the competing
e�ects of the underlying cellular 
o w and the nature of oscillatory channels
created by the temporal shaking. When ! is very small, the channelshave
small width, of order O(! ). The di�using Lagrangian particles may easily
hop out of thesechannels,which may result in lessenhancement of the front
speed. As the frequency increases,the channels widen, leading to greater
enhancement of the Lagrangian transport and front speed. However, for very
large frequencies,the perturbation destroys more of the cellular structure
so that over a large time interval the 
o w is closer to a purely oscillatory

o w. It can be shown analytically that a purely oscillatory 
o w B = B (t)
doesnot enhancethe front speed. So, if too much of the cellular structure is
destroyed by very fast perturbation, the front speedcannot be greater than
the speedcorresponding to unperturb ed 
o w.

Now compare these results to the caseof random perturbations. Let

 (t) be the Ornstein-Uhlenbeck processde�ned by the Ito equation: d
 (t) =
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Figure 2: Left: Log-log plot of c∗ versus
o w amplitude � for various periodic
shaking frequencies.Right: Log-log plot of c∗ versus
o w RMS amplitude �
for variouscorrelation times 1=� . For both plots, the perturbation amplitude
is �xed at � = 2:0. For comparison,the two solid lines have slope p = 0:3.

� a
 (t)dt+ r dW(t), whereW is the Wiener process,a and r are positive con-
stants. We chooser =

p
2� 3=4 sothat the covariancefunction is

p
�e −� |t−s|.

The total energy in the power spectrum is invariant with � . We integrate
the Ito equation by an implicit second-orderstrong Taylor scheme[29]. Fig-
ure 1(right) shows c∗ as a function of � , the inverseof the time correlation
length, with � = 50 and � = 125 �xed. There is an optimal time correlation
length leading to maximal speedenhancement. As � goes to + 1 , the cor-
relation length goes to zero, and the front speed decreasesto the speed in
the unperturb edsteady 
o w. When the � is lessthan the optimal value, the
front speedc∗ decreaseswith decreasing� . In the randomly shaking 
o ws,
multiple resonancepeaks disappear in contrast to the caseof periodically
shaking 
o ws. Moreover, for the rangeof parameterswe simulated with the
randomly shaking 
o ws, the front speedis always greater than the speedin
the unperturb ed 
o w.

Figure 2(right) shows c∗ asa function of 
o w amplitude for various �xed
correlation times at � = 2. We observe that c∗ scalessub-linearly with
large � . In the randomly shaking 
o ws, however, c∗ increasesmonotoni-
cally in � , without local resonancepeaks. The continuously many scales
in the random shaking removes resonance. The speed scaling in large � is
also O(� 0:3). However, the range of values of � over which this scaling is
manifested changeswith � . Speci�cally , we observe that when � is large
(e.g. � = 10) this scaling O(� 0:3) is manifested only at larger values of � ,
compared to the caseof smaller � (e.g. � = 1). A rigorous justi�cation of
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this observed scaling is not known to the authors.
Next, we considerspatial randomnessin the direction of front propaga-

tion. The shearperturbation � is generatedby the random Fourier method:
� (x; ! ) �

∑Fm
j =0 E 1=2(j � k)

p
� k (� j cos(2� j � kx) + � j sin(2� j � kx)) ; where

� k is the wavenumber spacingand Fm is the highest Fourier mode included
in the approximation. The variables � j and � j are independent unit Gaus-
sians. We take E 1=2(k) = 1

k and Fm = 30, and use a uniform grid of
1000� 200 (L x � 1 with L x = 5:0) to approximate the truncated channel.
Figure 3(left) shows the dependenceof c∗ on the channel length L x for val-
uesin the range L x = 1:0 to L x = 12:0. The front speedis seento converge
to a deterministic constant as L x increases.

Weobservethat the random transverseperturbation destroys the O(� 1=4)
growth law of the front speedin steady cellular 
o ws [18]. Figure 3(right) is
a log-log plot of the front speedas a function of 
o w amplitude for various
valuesof the perturbation strength � . The plots demonstrate the power-law
scalingof c∗ with respect to � ; the solid lines �tting the data haveslopes0.28,
0.14, 0.09, and 0.05, respectively. This demonstratesa signi�cant reduction
of the front speeddue to the transverserandom perturbation breaking the
cellular structures at many placesalong the channel.
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Figure 3: Left: Front speedc∗=c0 versuschannel length ratio L x=Ly for �xed

o w amplitudes � = 100; 200; 300. Right: Log-log plot of c∗=c0 asa function
of amplitude � for various valuesof � , at L x=Ly = 5. Di�usion constant � is
�xed at � = 0:01, the P�eclet number rangesfrom 1:0 � 103 to 4:0 � 104.

In conclusion, we have developed a variational principle based numer-
ical method to compute reactive front speedsin random 
o ws. With this
method we discover new phenomenain front speedsin randomly perturb ed
cellular 
o ws. When a cellular 
o w is perturb ed by temporally random os-
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cillations, the front speed c∗ does not exhibit a resonancebetween spatial
and temporal scales,as in the caseof time periodic oscillation of cellular

o ws. On the other hand, random spatial oscillations signi�cantly diminish
the speed-enhancinge�ect of the underlying cellular 
o w. The variational
approach is a promising tool for studying stochastic reactive fronts arising in
other scienti�c areassuch as multiscale surfacereactions [30], among other
problems of front propagation into unstable states [23].
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