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Abstract

Stochasticity is inherent in biochemical systems. Noise can come from internal sources
such as the random motion and reactions of molecules, and external sources such as
environmental fluctuations. The main purpose of this thesis is to study how fluctuations
propagate in biological systems.

First, we focus on how a signaling molecule called a ligand searches for and binds
to its target (receptor). There exist membrane proteins that can bind to the ligand
molecule and localize it near receptors, affecting the association between it and the
receptor. Our analysis shows that although the membrane protein can concentrate
the ligand molecule near the receptor surface, the membrane protein has to pass the
localized ligand molecule to the receptor fast enough, in order to enhance signaling.
Otherwise, the membrane protein inhibits signaling. Moreover, we also study the effect
of localization on signal specificity. In particular, we discuss how the membrane pro-
teins bind to ligand molecules and distribute them to different downstream signaling
pathways.

Upon ligand binding to receptors, bound receptors can initiate the downstream
network, which may finally lead to gene expression. We then study how the noise from
the initiation step of transcription propagates in the elongation step. Elongation can
be interrupted by the pauses of the transcription complex on the DNA sequence. We
give a condition under which the pause of the transcription complex can cause bursts
of mRNA production.

Finally, we use stochastic simulations to study dorsal-ventral patterning in Drosophila
numerically. Our results indicate that a feedback loop can stabilize the determination
of the amnioserosa boundary. We then propose a detailed single cell system for the
downstream network in nuclei. Our analysis of time scales of reactions and molecular
transport shows the phosphorylation of Mad and transport of mRNA across the nuclear
membrane are the major limiting steps in the signal transduction pathway. Simulations

results show noises are amplified at these limiting steps.
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Chapter 1

Introduction

Randomness is inherent in biological reaction systems: “At each instant, the exact se-
quence of reactions that fires is a matter of chance [7].” Certain biochemical systems can
start with the same input but produce different outputs with a probability density. In
gene regulatory networks, stochasticity can come from the transcription and translation
levels. The fluctuations can lead to phenotypically distinct groups within genetically
identical cells [§]. For example, in the A phage evolution process, the fluctuations in the
degradation of the A repressor can cause the switch between the two stable points in
the bistable steady-state concentration of the A repressor [9]. This switch may lead to
the lysis/lysogeny switch of the A phage.

Noise arises from two kinds of sources in a biochemical system: external noise and
internal noise. External noise comes from environmental fluctuations, which results in
the random variation of the control parameters, such as the rate of a reaction. On
the other hand, internal noise originates from the small number of reactant molecules.
A small number of molecules imply a small number of reaction occurrences, since the
probability of a particular reaction occurrence in a time interval is proportional to the
product of the number of reactant molecules [10]. As a result, the microscopic event
that governs which reaction happens and in what order is stochastic.

In this thesis, different kinds of stochastic models and simulations are used to explore
how noise propagates along diffusion-reaction networks and affects gene expression in

cells. Chapter 1 provides the essential background. In Chapter 2, deterministic and
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stochastic models are formulated and analyzed to study how a signaling molecule dif-
fuses and searches for its signal targets. The role of different localization mechanisms
of signaling molecules has been discussed. The signaling molecule binding to its sig-
nal targets can promote or inhibit transcription. Chapter 3 focuses on fluctuations in
transcription processes. In particular, how noise propagates along the initiation and
elongation steps of transcription has been analyzed by stochastic differential equations
and master equations. In Chapter 4, the reliability of Dorsal surface patterning in early
Drosophila is examined by stochastic simulations, with the objective to understand

how the system responds to noise.

1.1 Biochemical systems

1.1.1 Diffusion

In a spatially inhomogeneous system, molecules can spread from a region of a higher
concentration to one of a lower concentration by random motion. The process, in which
the molecules intermingle as a result of random motion, is called diffusion. Mathematical
theories of diffusion are based on the hypothesis that the spread rate of the diffusant
through unit area of a section is proportional to the concentration gradient measured
normal to the section [I1]. Let u(x,t) be the concentration of the diffusant at location

z at time t and F be the transfer rate. Then
F = —DVu(z,t) (1.1)

where D is the proportionality constant and V is the differential operator acting on the

space coordinates. D is called the diffusion coefficient and depends on the temperature,

the solution viscosity, and the molecular weight. Following Eq. (L), the governing

equation for the temporal evolution of w is:
ou(x,t
N Gpvu(a, ).

ot
Brownian motion is often used to describe the motion of a molecule. In particular,

assume there is only one kind of molecule in an infinitely large biochemical system

and the diffusion coefficient is constant. Then the probability density function of the



location of a tagged molecule at time t is the following normal distribution
1 _ (z—x0)?
l‘(t) ~ ¢ 4D(t7t0)’

AD7(t — tp)

where z( is the location of the molecule at time .

1.1.2 Chemoreception

Chemoreception is a process by which a living organism senses an external stimulus and
it is one specific kind of bimolecular reaction. In chemoreception, a ligand molecule has
to bind to another molecule whose motion is restricted in some region of the system.
Chemoreception has three sequential stages: detection, amplification and signaling [12].

In the detection stage, a ligand molecule binds to a receptor protein on the surface

of the organism, causing a change in the receptor protein. The reaction is as follows:

ky
R+ P T RP, (1.2)

where P is the binding ligand and R is the receptor protein. In the amplification stage,
the organism transforms the change in the receptor into biochemical signals through
the reaction networks inside the organism. Then in the signaling stage, a biological
response is triggered by the amplified signal [12].

Chemoreception is commonly observed in the biological world. One example can be
seen in the dorsal surface pattern formation process discussed later. Dpp/Scw binds
to the receptor on the embryo surface, which phosphorylates Mad and initiates the
downstream network to determine cell fates. Another common example is chemotaxis,
where a cell determines the concentration gradient of the binding ligand by sensing
the difference in receptor occupation across its body. Then it may move towards the

direction of higher concentrations.

1.1.3 Morphogens

A morphogen is a substance that governs the pattern of tissue development in a concentration-
dependent manner. The morphogen secreted from a local source spreads across the
developing tissue and forms a concentration gradient that determines cell fates differen-
tially. To regulate cellular responses, morphogens can be transcription factors to control

gene expression, or can be ligand molecules that bind to receptors on cell surfaces.



1.2 Mathematical models

1.2.1 Stochastic background

Let X (t) = (X1(t), Xa(t),..., X (t)) be a time-dependent random variable vector for

a stochastic process. X(t) is a Markov process, if for all t; > 1 > 170+ > 7%,

p(x(tl),tllw(Tl),Tl,x(Tg),Tg . ,x(7k2),7k) = p(l‘(tl),tl‘x(Tl),Tl)

where z(t) is an M-component vector and p(z(t1),t1|z(71), 71, 2(72), T2, . ., (%), Tk)
is the conditional probability density function that X(¢1) = x(t;) given X (1) =
x(Tl),X(TQ) = JZ(TQ), PN ,X(Tk) = I'(Tk) [13].

The Chapman-Kolmogorov equation

If X(t) is a Markov process and has a probability density function p(z(t),t), then
p(x(t),t) obeys the Chapman-Kolmogorov equation:

p(x(t1), trlx(ts), t3) = /dx(tz)p(x(tl)atl!ﬂf(tz%t2)P(ﬂ?(t2)7t2\x(t3)at3)a

where x(t1), x(t2) and x(t3) are X(t) at time t1, to and t3, respectively. If p(x(t),t)
satisfies the following conditions:

foralle >0

1. Al}tlrnop(:zs,t + Atly,t)/At = W(x | y,t) uniformly in z,y and ¢ for | x — y |> €;

1
2. lim — / (xi —yi)p(z, t+ At|y, t)de = A;(y,t) + O(e) uniformly in y, e and
t—0 At lz—y|<e
¢
1
3. lim —/ (i —yi)(xj —yj)p(z,t + Atly,t)de = B;j(y,t) + O(e) uniformly
At—0 At le—y|<e

in y,e and ¢,

where © = (x1,29,...,2p) and y = (y1,¥2,...,ynm), then the differential-integral

Chapman-Kolmogorov equation can be derived as

’ 8 /
8tp($7t|yat ) = - '[Ai(x>t)p($vt|yat )]
ox



1 9 ,

(2]
+/dZ[W(w\Z7t)p(27t!y,t') — W (zla, t)p(x, t]y, )]

for z and y in the region of X. The details of the derivation can be found in [14].

The Fokker-Planck equation

If W(z|z,t) = 0, the differential-integral Chapman-Kolmogorov equation becomes the
Fokker-Planck equation:

! 8 !
8tp($7t|yat ) - - zl: 8—1*,[14@@ t :E t|y7 +Z 2 8£ ax] ZJ :E t) (l‘,t|y,t )] (13)
Since W (z|z,t) = Al%mop(:v,t + At|z,t)/At = 0, the probability that the final position
x is finitely different from z goes to zero faster than At. Hence the path of X (t) is

necessarily continuous under this condition [14].

The Langevin equation

Given that X (0) has a probability density p(z,0), the solution X (t) of the following
stochastic differential equation has a probability density function satisfying the Fokker-
Planck equation (L3)) [13]:

dX (1) = p(X (8), t)dt + o (X (), )W (2),

where W(t) is a standard M-dimensional Brownian motion, and pu(x,t) and o(x,t)
satisfy these two conditions: pu;(z,t) = A;(x,t), Bij(x,t) = >, oz, t)agj (z,t).

The Langevin equation and the Fokker-Planck equation can be used to describe the
motions of individual molecules in a biological system [I3]. Moreover, although the
number of molecules is not continuous, it is shown in [I5] and [16] that the Langevin
equation can still be applicable to approximate the evolution of the number of molecules

in a biological network when the number of molecules is large enough.



The Master equation
If A;(2,t) = Bjj(z,t) = 0, then the differential-integral Chapman-Kolmogorov equation
will become the Master equation
Ot |98) = [ deW(o | 2000t | 3.8) = W |2, 0p(ast | 6]
For example, if X (t) is integer valued, then A;(z,t) = B;;(2,t) = 0, and we have the
master equation
Op(n,t | n',t) =S [W(n | m,t)p(m,t | n',t)=W(m | n,t)pn,t|n,t)]. (1.4)

In a biological system, we can let X (t) be a state vector representing the number of
molecules of species. Then X (¢) is integer valued and the above master equation can

be used to study the temporal evolution of the system.

1.2.2 Stochastic models of a reaction network

Suppose there are M species in a biological system that undergo r reactions and denote

the jth reaction as follows

O My + g My + R My — oMy oMy U Mo, (15)

prod
ij
ith species consumed (produced) in the j reaction. In the stochastic model, oz}/(:n,t) is

defined in [I7] and [I8] so that the chance of the jth reaction occurrence in (t,¢ + At)

TGGC

where M; is the ith species and v;*“ (v;; ") represents the number of molecules of the

is taken to be

'reac XZ (t) !

Z"ch!(Xi(t) —ypeee)!

where X (t) = (X1(t), Xa(t),... ,XM(t)) is the vector representing the numbers of the

Va (x, t)At = p;V JAt,

||::]§

molecules of each species, V' is the volume of the system, and p;At is the probability

reac

i will

that a particular combination of reactant molecules with integral coefficients v}
take the jth reaction in time interval At in a system of volume 1.
Let p(z,t) be the probability function that X (¢) = = at time t. Then the governing

equation for p(z,t) can be written as follows:

dp z,¢) Z Voz]yz Y, t Z Va (z,t), (1.6)

yeS,y(z) y€Ss(z)
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where Sp,(z) is the set of the system states from which the system can reach state z after
one reaction step, Ss(z) is the set of the system states which the system can reach from
state = after one reaction step, and j, , specifies the reaction that happens to change

the system state from y to x.

1.2.3 Deterministic models of a reaction network

The deterministic model, described in [19], expresses the instantaneous change of the
concentration of each species in terms of the concentrations of all species. Let ¢; be
the concentration of the ith species. Then the deterministic equation for the reaction

network (LE]) can be written as

J=r J=r

dCi

=SSR + YR (), el0) = (17)
j=1 j=1
where ¢ = (c1,¢2,...,cpr) and Rj is a function of ¢ that describes the rate of reaction

j. According to the mass action rate law, the rate function for reaction j is

reac

=M
Rj(e) =kj [ ()™,
=1

where k; is the reaction constant determined by the temperature, the pressure and the

volume of the system.

1.2.4 The relation between deterministic and stochastic models

In the deterministic model, each reaction happens with certainty at the concentration-
dependent rate and the concentration of each species can be uniquely determined by
Eq. (7). As a result, the system is deterministic and there are no fluctuations. On the
other hand, the stochastic model takes the randomness of reactions into account and
includes the resulting fluctuation in the number of the molecules of each species.

To make the deterministic model and the stochastic model consistent, there is a
relationship between p; and k; [18]:

[ — (1.8)

M | reacy’
| Vi s



Based on Eq. (L8], in [I7] Kurtz proves that,
if Vlim V~1X(0) = ¢, then for any finite ¢ and € > 0,
— 00

Vlim P{sups<i | V71X (5) — c(s,¢0) |> €} =0,

where c¢(s,cg) is the solution to Eq. (L7) and X(t) represents the number of the
molecules with the probability function satisfying Eq. (LG6]).

The condition Vlgnoo V71X (0) = ¢y implies that if the number of the molecules is
big enough to make X/V meaningful as V' becomes large, then the solution to the
deterministic model will be close to the solution to the stochastic model.

If the system only consists of first-order reactions, then Eq. (L7)) and Eq. (L6
will be linear; otherwise, they will contain nonlinear terms and be difficult to handle.
Moreover, in an open system, the number of molecules of species can range from zero
to infinity. Then there will be infinite states of the system, which leads to an infinite
number of equations for p(x,t). Then the stochastic model can be very complicated to

analyze.

1.3 The Gillespie algorithm for diffusion-reaction systems

1.3.1 Reaction systems

If the evolution of a reaction system is a Markov process, the Gillespie simulation method
derived in [20] is commonly used. In [I0], Erban et al. explain the Gillespie method

clearly using the following system:
LA+ A 3,
ko
2. A+ B—= @,
3.8 4,
1. 05

where @ denotes the species they are not interested in, and ki, ko, k3 and k4 are the

reaction rate constants. Let a(t) and b(¢) be the numbers of molecules of species A and
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B at time t. As shown in [2I], the probability for each reaction occurrence between

[t,t + dt) are
a(t)(a(t) — Dkidt/(2V), a(t)b(t)kadt/V, ksdt, kydt,

where V' is the volume of the system and a(t)(a(t) —1)k1/(2V), a(t)b(t)ks/V, ks and ky
are called the propensity functions of reactions. In the Gillespie simulation method, the
waiting time for each reaction to happen is assumed to be exponentially distributed.
The propensity function is the control parameter of the exponential distribution. In
particular, given a molecules of species A and b molecules of species B at time t, let
a'(a,b) be the propensity function of reaction i. Then in [20] it is shown that the
probability that the first occurrence of the ith reaction after time ¢ is in [t+7,t+7 +d7)

is
p(7,i | a,b,t)dr = a'(a, b)e_ai(“’b)TdT. (1.9)

Assume that only one reaction can happen every time. Then the next reaction time 7

after time ¢ has the following probability density function:
4 L
p(r | a,bt) = alei=ie)T, (1.10)
i=1

The probability that the jth reaction is the first reaction happening in [t +7,t+ 7 + d1)

1S .
a]

4 .
> im1 @
Using p(7,i | a,b,t) and p(7 | a,b,t) in Eq. (L.9) and (I.I0), the reaction processes can
be simulated by the Gillespie method :

1. At time ¢ = 0, set initial numbers of molecules of species A and B as a(0) and
b(0) respectively.
. 4
2. Calculate o and a =) ;—| o’
3. Generate two random numbers r; and 73 uniformly distributed in [0, 1].
4. Compute the next reaction time 7 with the following formula
1, .1

T = Eln[a]
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5. Find j such that

1 Jj—1 i=j
— E o' <rg < — E ot
@

=1 =1

Let the jth reaction happen and update the numbers of molecules A and B after

the reaction.
6. Add 7 to t and repeat the above calculations from step 2.

The reaction probability during a time interval only depends on the product of the
numbers of the molecules of each reactant species. So each molecule of a reactant
species has the same chance to react. However, the reactant molecules that are close
have a large chance to react, while the reactant molecules that are far away from each
other would have a small chance to react. Therefore, if the species in the system are
not uniformly distributed, the Gillespie method is not directly applicable and must be
modified.

1.3.2 Diffusion-reaction systems

If the biochemical system in Section [[L3]is not well-mixed, to incorporate the spatial
factor in simulation, the whole domain of the system can be discretized into small com-
partments and each compartment can be treated as being well-mixed approximately.
The same species in different compartments can be treated as different species to differ-
entiate the molecules in different locations. Only molecules in the same compartment
can react with each other. For example, assume the whole domain of the system is [0, L]
with reflecting boundaries. Then the domain can be discretized into M intervals with
equal length :
{[0,R),[h,2h), -, [(M = 1)h, L]},

where h = L /M. The molecules of species A in the ith interval is denoted as A; and B;
is similarly defined. The whole diffusion and reaction processes can be converted into

pure reaction processes consisting of the following reactions:
d;“ déa —a
Ay (TA2CTA3'“fAM,
a a

dy dy
Bl #BQ #33"' #BM,
dy dp dy
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A+ A 25 @, 4+ B 22 0,0 52 4,
¢ B =12 M,

where d, = %, dy = %, and D, and Dy are diffusion constants of species A and B.

The propensity functions for reactions in the ith (1 < i < M) compartment are
a; *dg, a;xdg, bixdg, bixdy, a;*(a;—1)xk1/(2V;), a;xb;xkl/V; ks,

where V; is the volume of the ith compartment. For the first and Mth compartments,
one a; *xd, and one b; xd, is removed due to the reflective boundaries. Then the Gillespie
method can be applied.

Appropriate discretization is very essential for the application of the Gillespie method
to spatially inhomogeneous systems. Discretization has to be fine enough to ensure each
compartment can be treated as being well-mixed approximately. However, it has been
shown the master equations for a system with two reactant molecules will approach a
model of two independently diffusing molecules as the compartment size approaches zero
[22]. Moreover, if the compartment size is too small, the simulation will spend most of
time on tracking the diffusion of molecules among compartments. As a result, compu-
tation will be time-consuming. Therefore, choosing the right criterion for discretization
is important. In [23], we have suggested the minimal compartment size so that the
solution to the deterministic model of the species concentrations in the compartment

approaches a spatially uniform solution exponentially at the steady state.

1.4 The early development of Drosophila embryo

All our analysis and computations have been to applied to dorsal surface patterning in
the early development of Drosophila embryo. Here we introduce the basic background
and previous results in these areas. Drosophila melanogaster is one of the most inter-
esting subjects in biological studies, as its small size, short life time and large number
of offspring make it ideal for research. In addition, the completed Drosophila genome
project has provided a huge amount of genetic information. Drosophila melanogaster
has been a powerful model for genetic, developmental biology and biochemistry studies.

Studies have shown that the gradients of species concentrations are established during
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the early development of Drosophila [2], 4], 24] [25]. Here we introduce the spatial pattern
establishment briefly.

1.4.1 Oogenesis

During early oogenesis, a developing oocyte is placed in an egg chamber covered by a
thin fluid-filled shell called the perivitelline (PV) space. The PV space is surrounded by
the follicular support cells. The structure of the egg chamber is shown in Fig. [T, where
the egg chamber is approximately a prolate ellipsoid. A coordinate system is defined as
the Anterior-Posterior (AP) axis in the lateral direction and the Dorsal-Ventral (DV)
axis in the vertical direction. The gradients of species concentrations are established
along these axis’s in the early development of Drosophila 2] 4], 24] 25].

In the oocyte, Gurken, a signaling molecule, is produced in the dorsal-anterior cor-
tex of the oocyte. Gurken can be transported to the oocyte surface, where it binds to
Torpedo, the Drosophila homologue of the Epidermal Growth Factor (EGF) receptor
on the surrounding follicle cells. The localized production of Gurken and extracellu-
lar transportation establish a graded distribution of Gurken, which leads to a graded

activation of Torpedo along the DV axis. As a result, a DV polarity is formed [24].

Dorsal

bicoid mRNA gurken mRNA  oskar mRNA

torsolike

Anterior Posterior

nurse cell oocyte follicle cells

Ventral

Figure 1.1: The structure of an egg chamber [1].
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1.4.2 DYV pattern formation

After fertilization, the egg is laid and embryogenesis begins. The whole process is divided
into 17 stages. Nuclear division happens in the first five stages, which are divided into
14 division cycles based on the number of nuclei. From the fifth division cycle on, the
nuclei begin to spread. By the end of the eighth division cycle, the nuclei are distributed
evenly in the embryo [26]. In the tenth division cycle, the nuclei migrate to the embryo
surface. In the 13th division cycle, the nuclei perform the last cleavage division, and in
the 14th division cycle, the cell membrane begins to invaginate, partitioning the nuclei
into individual cells. After cellularization, gastrulation begins.

In addition to nuclear division, the concentration gradients of species form in the
first five stages. The AP and DV polarities will be inherited from follicle cells. The
key maternal gene for the DV axis maintenance is the Toll receptor. It is uniformly
distributed around the embryo surface. Toll is the receptor for Spétzle, which is acti-
vated and proteolytically processed at the ventral side of the PV space. Spéatzle-bound
Toll receptors initiate a cascade that causes Cactus to degrade. Dorsal, a transcription
factor, is bound to Cactus and Cactus/Dorsal is distributed throughout the embryo.
The removal of Cactus frees Dorsal and allows Dorsal to enter the nuclei around the
embryo surface |27, [28]. Consequently, the Dorsal nuclear gradient shown in Fig. [[2]is
formed. The concentration gradient of Dorsal is shallow in the ventral region and quite
steep in the lateral region. It becomes shallow again in the descending dorsal region
(DR). The graded downstream gene expressions established by the gradient of Dorsal
concentration divides the whole PV space into three domains along the DV axis. They
are the Mesoderm (M), Neurogenic Ectoderm (NE) and Dorsal Region (DR). The DR
is also denoted as Dorsal Ectoderm(DE).

Once in the nuclei, Dorsal initiates the transcription of target genes in a concentration-
dependent manner. Two of the earliest genes activated by the high and intermediate
Dorsal levels in the M and the NE are Twist and Snail. Dorsal binds to DNA as a
homodimer and enhances Twist transcription. Fig. [[.3] shows that Twist expression is
sharper than the Dorsal gradient. This may be explained by the cooperative interaction
between Dorsal dimers. Dorsal dimer, strongly enhanced by Twist, can initiate Snail
transcription. The cooperation between Dorsal and Twist gives a significantly sharper

expression of Snail in the lateral region. The high concentration of Snail specifies the
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Figure 1.2: The gradient of Dorsal concentration [2] and the division of the whole PV
space [3] .

M region in the ventral most side and the steep gradient of Snail concentration defines
the boundary between the M and the NE [2].
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Figure 1.3: The normalized result of gene expressions from experiments [4].

The next target genes are sim, rho and sog. Dorsal, Twist, Snail and another tran-
scription factor “Suppressor of Hairless (SuH)” cooperate to produce a one cell wide
expression of sim at the boundary of the M [4]. Twist and Dorsal work together to
initiate sim transcription, while Snail acts as a repressor. The one cell wide expression
of sim at the boundary of M can be explained by the sharp decrease of Snail concen-

tration there. However, the absence of sim expression outside of the M can only be
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explained by the role of SuH. Hence, SuH is essential for the one cell wide expression
of sim. Rho is expressed in the ventral most 8-10 nuclei of the NE. Dorsal, Twist and
Daughterless/Scute heterodimers promote rho transcription, while Snail is a repressor
of rho expression [2]. Another important gene sog is regulated by Dorsal. It has four
binding sites for Dorsal in its enhancer region. It is expressed almost over the entire NE
region [2].

In the DR, where the concentration of Dorsal is low, the gene repressed by Dorsal
such as decapentaplegic (dpp) and tolloid (tld) are expressed [29]. Dpp has many low
affinity binding sites for Dorsal, while tld has only two binding sites for Dorsal [29].

1.4.3 Subdivision of the DR

After the early patterning along the DV axis, Bone Morphogenetic Proteins (BMP)
Decapentaplegic (Dpp) and Screw (Scw) begin to interact with other proteins in the
PV space, which leads to a high concentration of the heterodimer Dpp/Scw around
the dorsal midline (DM). The heterodimers bind to receptors and the bound receptors
phosphorylate the intracellular transcription factors Mad to pMad. As a result, the
level of pMad is higher around the DM than the level in other areas. The area with the
highest pMad signaling specifies the amnioserosa, while the remaining area in the DR

becomes dorsal epidermis [5].

pMad (dorsal view)

refinement

:

Figure 1.4: Signal contraction.

The determination of the aminoserosa boundary involves signal contraction. Initially
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Dpp levels are moderate throughout the dorsal ectoderm, and pMad is broadly dis-

tributed. Later pMad begins to concentrate at the dorsal midline. Wang and Ferguson

have proposed a feedback loop that could account for the contraction and intensification

of signaling [30]. Umulis et al. use deterministic models to study the pattern formation

process in detail and demonstrate the feedback loop for the signal contraction around

the DM [5]. Umulis et al. identify the following reactant species that are involved in

the signal contraction process:

1.

Dpp: it is expressed in the DR. Two Dpp molecules can form a homodimer, but

most of Dpp binds to Scw to form heterodimers Dpp/Scw.

. Scw: it is distributed all throughout the PV space. Two Scw molecules can form

a homodimer, but most of Scw binds to Dpp to form heterodimers Dpp/Scw.

. Twisted gastrulation (Tsg): it is expressed in the DR. It can bind to Sog to form

Sog/Tsg, which can transport Dpp/Scw to the DM.

. Sog: it is expressed in the neighboring NE.

. T1d: it is also expressed in the DR. It can cut Sog from Sog/Tsg/Dpp/Scw and

then free Dpp/Scw can bind to receptors.

. Thickveins (Tkv): it is a TGF-3 type I receptor and Dpp can bind to it.

Saxaphone (Sax): it is a TGF- type I receptor and Scw can bind to it.

. Punt: it is a TGF-3 type II receptor. BMP-bound Punt can phosphorylate the

type I receptor. Genetic analysis shows that the signal must be integrated down-
stream of multiple receptors. In addition, it has been found that Dpp/Scw binds
to Tkv and then Dpp/Scw/Tkv recruits Sax [31]. For simplicity, it is assumed
that Tkv, Sax and Punt always bind together as a single unit (R). Moreover, it is
uniformly distributed all throughout the PV space. If a receptor R is bound by a
Dpp/Scw, we denote it by BR.

. Surface-bound BMP binding protein (SBP): it is a potent protein which leads to

the future contraction of pMad signaling around the DM. SBP has a high binding
affinity for both BMP and R. BMP can bind to SBP easily and BMP/SBP bind
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to R easily. Then the release of SBP leaves BMP bound to R. The enhanced
signaling cascade can lead to more generation of SBP in the downstream network,

which becomes a feedback loop.
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Figure 1.5: The reaction network for the DR pattern formation [5].

Fig. shows the whole reaction network. Dpp and Scw form heterodimers and
homodimers within the DR, while Tsg and Sog form heterodimers around the bound-
ary between the NE and the DR. Then Dpp/Scw binds to Sog/Tsg between the NE
and the DR, which prevents Dpp/Scw from binding to receptors and forms a flux of
Dpp/Scw/Sog/Tsg towards the DM. Sog in Dpp/Scw/Sog/Tsg is cleaved off by Tld in
the DR, which frees Dpp/Scw to bind to receptors. Dpp/Scw can either bind to re-
ceptors R or SBP. If Dpp/Scw binds to R to become BR, BR can either phosphorylate
mad or release Dpp/Scw in the PV space. If Dpp/Scw binds to SBP, Dpp/Scw/SBP
can bind to R and Dpp/Scw/SBP/R can release SBP. The pMad expression can lead

to the generation of SBP in the downstream network.

1.4.4 Deterministic model

In [5], Umulis et al. construct a deterministic model based on the reaction network
shown in Fig. They study the concentration of each species along the Dorsal-
Ventral line. Here we introduce their deterministic model briefly as a background for

our study in the following sections. For their model, they make several assumptions :

1. The total number of receptors R on the surface remains constant.
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2. All non-surface-associated species diffuse.
3. The initial amount of all species is zero except receptor R and TId.
4. Intracellular reactions are at quasi-equilibrium.

In addition to their assumptions, we make some simplification of their models without
losing the main features of the signal here. Although two Dpp molecules can form a
homodimer in the PV space, experiments show that signals through the homodimers are
much less intense than the heterodimer. Therefore, we only focus on signaling through
heterodimers. Since the production of Dpp and Scw is steady at the beginning of the DR
pattern formation process, for simplicity we assume that the production of heterodimer
Dpp/Scw is steady all through the surface pattern formation process. Moreover, the
analysis from Umulis et al. shows that SBP may undergo degradation and endocytosis
and the signal contracts fastest when SBP only undergoes endocytosis [5]. Therefore,
we assume that SBP only undergoes endocytosis. Then as suggested in [5], Dpp/Scw is
not involved in extracellular degradation as well.

Then, denoting each species by the simple symbols,

Species | Sog | Tsg | Tld | Sog/Tsg | Dpp/Scw | Dpp/Scw/Sog/Tsg | R | SBP
Symbol | S T Tol | 1 B IB R |C

the reactions involved in the pattern formation process are as follows:
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All reaction rates can be found in [5], except that s(z) is the production rate of het-

erodimer Dpp/Scw. As suggested from [5] s(z) is InMmin~' in the DR and zero

anywhere else. fpr =

AO[BR}
+[BRJ¥

is the production rate of C by the feedback loop.

Therefore, the governlng equations for the concentration of each species become

1.

UBl _ ppO Bl o s(w) — ks[I][B] + k_3[IB] + A[Tol][IB] — k4[B][C] + k_4[BC] —
kd ]Uﬂ—+k_ |BR]
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9. ABR — 15 [B)[R] — k_s[BR] + k_s[BCR] — ks[BR[C] — 61[BR)]

and [Ryt] = [R] 4+ [BR] + [BCR)]. Here [*] means the concentration of that species.
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Figure 1.6: The temporal evolution of the BR concentration.

By symmetry, we only consider a half of the PV space, which is from the DM to
the ventral midline. The temporal evolution of the concentration of BR along the DV
axis is shown in Fig. The left figure in Fig. shows the concentration of BR
calculated from the above equations. In the left figure, the DM is at x=275, and the
ventral midline is at x=0. The right figure is from [5] and it shows the concentration of
BR between the two NE’s.

The nonlinear property of the governing equations yields bistability, which explains
the sharp increase of the signal around the DM in Fig. [L8 As shown in Fig. L7, if
the concentration of B is low, the BR concentration remains below the red dashed line;
once the concentration exceeds Point 1, the BR concentration reaches the upper branch.
Once on the upper branch, the BR concentration stays on the upper branch, until the
B concentration drops below Point 2. Therefore, the concentration of B at Point 1
identifies the threshold of the high signal in the pattern formation process. Moreover,
the threshold of the high signal gives the aminoserosa boundary. Fig. demonstrates
that the position of the threshold is around x = 250um.

1.4.5 Motivation

Here we examine the number of signaling molecules involved in the process of boundary
determination. We consider the numbers of BR and B molecules in a slice of the half PV

space. We choose the width of the slice to be bum. Since the PV space is a shell of height
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Figure 1.7: The steady response of BR to the level of B [5].

0.5um, the slice can be approximated as a cuboid of dimension 5um x 0.5um x 275um
as shown in Fig. [L[8 from Radek Erban. The whole slice is divided into 55 sub-
cuboids of length 5um and each species in each sub-cuboid is assumed to be well-mixed.
The compartment adjacent to the ventral midline is labeled with 1 and the number
increases towards the dorsal midline. The diameters of the nuclei in nuclear cycles 10-
14 are 10pum, 9.2um, 8.2um and 6.5um respectively [32]. The dimensions of the slice are
chosen to describe the change of the signal level within an individual nucleus. Using
the concentrations of species from the deterministic model, we calculate the number of
molecules in different compartments. Fig. shows the numbers of the BR molecules

and the B molecules at 60 minutes, which is the end of the pattern formation process.

hum

0.51um

mesoderm neuroectoderm dorsal region
(50 pum) (100 um) (125 pm)

Figure 1.8: The discretized structure of a slice of the half PV space.

However, as shown in Fig. [[.9] the number of the B molecules is less than 10
in every compartment and the number of the BR molecules is less than 25 in most

compartments except several compartments around the DM. As a result, the small
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numbers of these species requires a model at the molecular level. Individual reaction
is inherently stochastic, which may cause fluctuations in the dynamics of the pattern
formation process [7, [19]. Noise can play a pivotal role in a biological process. It can
make biological systems choose different outcomes even with the same input [7, [8, 9].
However, embryonic development has a remarkable property of being extremely reli-
able and reproducible despite fluctuations in the environment surrounding the embryo,
noise in genome expression, and variations in the compositions of the proteome. Despite
these complications, for Drosophila, the survival rate of embryos hatching to larvae is
nearly 80-90% in a laboratory setting [33], [34]. How nuclei handle the stochastic and
spatially inhomogeneous signal and choose their fates reliably has not been fully under-

stood.
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Figure 1.9: The numbers of BR and B molecules in each compartment at 60 minutes.



Chapter 2

Ligand signaling in a complex

medium

2.1 Introduction

2.1.1 Biological background

Most signal transduction processes involve the proper binding of signaling molecules
to cell-surface receptors to form a signaling complex, which triggers downstream intra-
cellular reactions to achieve appropriate cellular responses such as cell differentiation,
proliferation, death and so on. Upon stimulation, protein kinases, phosphatases and
other players located near the bound receptors get activated and transfer the signal to
downstream species. For example, morphogens, which are secreted from a local source
and distributed in a spatially non-uniform pattern, can bind to the receptors on the ex-
tracellular membrane and determine the cell fate in a concentration-dependent manner.
Since morphogen patterning is a dynamic process, the position and the timing of the
bound receptors on the cell membrane determine whether the response of cells to the
stimulus is appropriate.

The number of signaling molecules is usually small. For example, in cell culture the
dynamic range for Bone Morphogenetic Protein (BMP) signaling is 10710 — 1079 M,
which equals 10-100 BMP molecules for each nucleus at the cell differentiation stage of

early Drosophila. This small number of BMP molecules may lead to large fluctuations

23
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in the downstream network. Then how does the biological system interpret such a weak
input accurately and place the boundary between cells of different types reliably? There
are many kinds of signal transducing auxiliary proteins that can bind to multiple mem-
bers of a signaling pathway, localize them to specific areas of the cell, and concentrate
the signal in a small region. For example, heparan sulfate in the brain extracellular
matrix can bind to humane lactoferrin (Lf) and slow Lf diffusion, which may attenuate
the spread of diffusible signals in brain extracellular space [35].

Moreover, the localization of signaling molecules can increase the encounter chance
between reactants and potentially facilitate the formation of the signaling complex.
For example, on the extracellular membrane, coreceptors serve to bind to signaling
molecules first and orient them in the right way to improve their affinities to receptors.
One example is the vertebrate TGF( coreceptor TGFGR3, which binds to BMP and
acts as a coreceptor [36]. In the intracellular downstream reaction networks, scaffold
proteins can bring all signaling molecules together and form multimolecular complexes
that can respond rapidly to the incoming signal. For example, in the mitogen-activated
protein kinase (MAPK) cascade, where MAPK is activated by the phosphorylation at
amino acids by MAPKK and MAPKK is activated by the phosphorylation at amino
acids by MAPKKK, the assumption that the scaffold protein binds to all these three
species increases the sensitivity of the MAPK activation to the incoming signal [37].

Furthermore, the localization of signaling molecules can protect the signaling molecules
from degradation or deactivation, thereby maintaining the signal and attenuating the
fluctuations. For example, mathematical simulation shows that in the MAPK pathway
with a high level of phosphatases, scaffold protein can reduce the probability for ki-
nases to get deactivated by phosphatases and increase the time for kinases to activate
downstream target genes [38].

However, the localization can also inhibit signaling under certain conditions. On the
extracellular membrane, there exists some proteins that can localize signaling molecules
on the membrane and block the signaling molecules from receptors. As a result, once
the signaling molecule binds to the protein, the signaling molecule can only bind to
the receptors after it is detached from the protein. Therefore, the protein slows the
movement of the signaling molecule approaching to the receptors and may inhibit sig-

naling. The trade-off between promoting signaling by concentrating signaling molecules



25
around the receptors and inhibiting signaling by slowing down the movement of the
signaling molecules towards the receptors has to be considered carefully. Moreover,
coreceptors can also inhibit signaling in a similar way. At an appropriate level, they
can help receptors recruit signaling molecules by localizing molecules around receptors
and promoting the association between receptors and signaling molecules. However,
when the level of the coreceptor is high, they will compete with receptors for signal-
ing molecules and form non-functional complexes, thereby blocking signaling molecules
from receptors. Therefore, the effect of coreceptor is biphasic. One example is Cv-2 in
the pupal wing of Drosophila, which binds to BMP and acts as a coreceptor. As the
concentration of Cv-2 increases, BMP signaling first increases and then decreases [36].
Furthermore, Levchenko et al. have shown the biphasic effect of scaffold proteins on
signaling and discovered that there exists the optimal concentration of scaffold protein
for the maximal amplitude of the signal [37].

By promoting certain reactions and inhibiting others, the localization of signaling
molecules can govern the selection of signaling pathways and regulate signal output.
For example, scaffold proteins determine the specificity of Rho GTPase-signaling [39].
Upon Rho activation, Rho can induce the polymerization of actin into stress fibers and
cause the enhanced expression from the c-fos serum-response element (SRE). At the
same time, Rho can control the activity of the c-Jun N-terminal kinase (JNK) and
regulate the expression of ¢ — jun in an independent pathway. It has been found that
the scaffold protein hCNK1 links Rho and Rho guanine-nucleotide-exchange factors to
JNK and limits stress-fiber formation, leading to the preferential activation of JNK and
the regulation of ¢ — jun expression.

From the macroscopic perspective, the localization of signaling molecules regulates
the temporal and spatial evolution of signaling. By limiting the movement of signaling
molecules and promoting the association between receptors and signaling molecules, lo-
calization can concentrate the signal within certain regions and accelerate the temporal
evolution of signaling. For example, a coreceptor called surface-bound protein (SBP)
helps concentrate the signal and accelerate the signaling process in Dorsal surface pat-
terning in Drosophila. Wang and Ferguson have suggested a feedback step, in which
SBP is produced in proportion to the level of BMP-bound receptors and helps receptors

recruit BMPs as a coreceptor in the high signaling region, in order to explain signal
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contraction in dorsal-ventral patterning in Drosophila [30]. Moreover, the stochas-
tic simulations in Chapter 4 show that the signal transduction process evolves faster
with SBP than without SBP. In addition, since the localization can protect signaling
molecules from degradation, and the localizing species carry the signaling molecules
during their transport process, the localization can also spread the signal and slow the
signal transduction process. In the wing disc epithelium of Drosophila, the localization
of the morphogen Wingless (Wg) may contribute to the long-range signal. Wg can
be localized within cells by associating with heparin sulfate proteoglypcans on small
labeled vesicles (called argosome in [40]). Argosomes are secreted by cells and can be
trafficked among cells by transcytosis consisting of iterative internalizations and exter-
nalizations. Once internalized, Wg can undergo degradation via the lysosome or get
recycled to a different place in the extracellular environment via the externalization of
argosomes. As a result, the temporal and spatial evolution of the Wg signal is mediated
by recycling and intracellular degradation. The long-range signal may result from fast
recycling or slow intracellular degradation. Similarly, the localization of Dpp by the
receptor Thickvein in an endocytic compartment can spread the Dpp signal [41] [42].

The effect of the localization of signaling molecules on signaling depends on many
factors. These factors can be divided into two groups according to the following two
aspects: 1) the rate for the signaling molecule to become localized; and 2) the rate for
the localized molecule to form a signaling complex.

The localization rate depends on the capture region of the localizing species and
the affinity of the signaling molecules for the localizing molecules. Since the localiz-
ing species can only affect the signal around them, the distributions of the localizing
molecules and the signaling molecules are very important. The distribution of the sig-
naling molecules results from an interplay of various reaction-diffusion processes, such
as the production process of the signaling species, the transport process of the signaling
species and the endocytosis process of the signaling species and so on.

The rate for the localized molecule to form a signaling complex can range from zero
to infinity. Consider the association between signaling molecules and receptors as an
example. If the localized signaling molecules can only bind to the receptors after they
are released by localizing molecules, the effect of localization on signaling depends on

how long the signaling molecules can be held by localizing molecules and how fast the
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signaling molecules can reach the receptors . If the localized signaling molecule can be
passed to the receptors directly, the transfer rate is important to determine the effect
of localization. If the transfer rate is higher than the association rate between free sig-
naling molecules and the receptors, localization may promote signaling. Otherwise, the
localized signaling molecules are partially blocked from the receptors and the signaling

may be inhibited by localization.

2.1.2 Previous work

One widely-studied example of the localization of signaling molecules is a two-step
process involving dimensionality reduction in ligand diffusion. In the first step, the
ligand molecules perform three-dimensional diffusion until they reach the cell membrane.
Upon hitting the cell membrane, the ligand molecules get attached to the cell membrane.
Then in the second step, the ligand molecules perform two-dimensional diffusion over
the cell membrane until they bind to receptors or detach from the cell membrane. Such
non-specific binding to the cell membrane localizes the ligand molecules around the
receptors, which can promote or inhibit the association between receptors and ligand
molecules. To understand the effect of dimensionality reduction on signaling, the two-
step process has been compared with the one-step process, in which the ligand molecules
reach the receptors by three-dimensional diffusion.

Adam and Delbriick suggested that for signaling efficiency and timing, the ligand
molecules may use the two-step diffusion process to reach receptors instead of using the
one-step process [43]. They compared the first passage times for the ligand molecule
to reach a receptor through the one-step process and through the two-step diffusion
process. They assumed that a spherical receptor of radius a is located in the center of a
large sphere of radius b and a ligand molecule is initially uniformly distributed between
the large sphere and the receptor. Define 7(3) as the mean time for the ligand molecule to

(3:2) as the

reach the receptor by three-dimensional diffusion in the large sphere. Define 7
mean time for the ligand molecule to reach the receptor through the two-step process,
in which the ligand first reaches the equatorial plane of the large sphere by three-
dimensional diffusion and then performs two-dimensional diffusion on the equatorial

plane to reach the receptor. Define D®) and D@ as the three- and two-dimensional



28

(3:2) as follows:

-1
732) 1D® b\1% b a\?
@ 300 [3’1 (5)] (1-3) (2.1)

where y; (%) represents the dependence of y; on g. y = 1 is the root of

diffusion coefficients, respectively. They found the ratio of 73 and 7

Jo (39) Vi) ~ Yo (3) ) = 0

where J,(y) and Y;,(y) are Bessel functions of order n. When % > 1072, % <1
requires g > 103. Then Adam and Delbriick claimed that g > 103 is in the range of
bacterial systems and hence dimensionality reduction in the two-step process can pro-
mote the association between ligand molecules and receptors. In biological systems, the
average cell radius is 10 um and average receptor radius is 5 nm, which gives g ~ 2x 103
[44]. Therefore, their result implies that location of ligand molecules by dimensionality
reduction can promote signaling.

Berg and Purcell studied the effect of dimensionality reduction on signaling in a cell
with multiple receptors on the cell membrane by comparing the ligand currents to all
the receptors from ligand molecules using the one-step process and using the two-step
process [45]. They assumed that the cell is a sphere of radius @ and N circular receptors
of radius s are uniformly distributed on the cell membrane. They also assumed that
the receptors are perfectly absorbing, i.e., any ligand molecule that touches a receptor
is captured immediately by the receptor and is transported into the cell. Define J
and J’ as the average current of ligand molecules to all the receptors through the one-
step process and the two-step process, respectively. Define D and D’ as the diffusion
coefficients of the ligand molecules for the three-dimensional diffusion in the solution
and for the two-dimensional diffusion on the cell membrane, respectively. To derive J’,
they considered the mean time, t., for the membrane-attached ligand molecules to get

absorbed by receptors. They approximated £. as

- a? a?

e = yp gz

Moreover, they looked at the mean number of the ligand molecules attached to the cell

membrane, m. Assuming that the ligand concentration is in equilibrium and the ligand
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concentration in the solution is ¢y, they approximated m as

Ey
T 4ma3d —
m Ta ACx €XP ( kT)

where d is the height of the layer of the membrane-attached ligand molecules, F 4 is the
energy of adsorption, and k7T is the energy of thermal fluctuation. They then computed

J' as follows:

J = (2.2)

Sy

For J, they assumed that each receptor is independent of each other and can absorb

ligand molecules as a single disk. Then they got J as
J = 4NDscy. (2.3)

They derived the following condition in order that J' > J:

(3)(5) = (i) = n(5)

The receptors are assumed to be independent in the calculation of J, which implies
that the number of receptors has to be small. When the number of receptors is not
small, Berg and Purcell claimed that the two-step process may be not necessary for
efficient collections of ligand molecules by a cell. Moreover, they proposed that t., which
measures the difficulty for the membrane-attached ligand molecule to reach receptors
on the cell membrane, is essential for the effect of dimensionality reduction on signaling.
Their discussion about t. is consistent with our discussion about the rate at which the
localized signaling molecules are passed to receptors. They assumed that ¢y, is constant
in their calculation. However, the actual concentration of the ligand in the medium is
not uniform but graded, since the receptors on the cell surface are assumed to perfectly
absorb the ligand molecules.

In [46], Wiegel and Delisi also compared the currents to receptors on the cell mem-
brane from ligand molecules using the one-step process and the two-step process. All
of their settings are exactly the same as the settings of Berg and Purcell except the
following assumption: the ligand molecules bind to the receptors using both processes.

Define coo(r) as the steady-state concentration of the ligand at a distance r from the
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center of the cell. They took J and J’ very similar to the ones in Eq. (22]) and (23]
except that they replace coo by coo(a) and ND' in Eq. ([Z3)) is replaced by a?a where «
is the mean collision rate between a membrane-attached ligand molecule and receptors.

After that, they claimed that the following condition has to be satisfied to make J' > J:

/ *

3x 107N < <1073, (2.4)

where K* is the overall nonspecific affinity. They calculated the number of ligand
molecules per unit concentration in the layer of membrane-attached ligand molecules,
and then estimated K* is in the range of [10,102]. They then obtained N < 3000 per
cell and % < 10~* using inequality Eq. (2.4]) . Moreover, they found that the reduction
of dimensionality has little effect on enhancement of signal unless the number of free
receptors per cell is reduced to 100. However, following from [44], cells can exhibit a few
receptor types (about 10—40) with high numbers (about 10° per cell), or a lot of receptor
types (about 2000 — 30000) with small numbers (about 102 per cell). Therefore, in case
there are about 10° receptors in the cell, the small number of free receptors indicates
over 99% receptor occupancy for most eukaryotes, which is usually not true. Hence,
they concluded that the reduction of dimensionality is of little effect on signaling.

In addition to the association between ligand molecules and receptors on the cell
membrane, it is suggested that dimensionality reduction is involved in target site lo-
calization of gene regulatory proteins on DNA [47, [48]. Proteins exhibit appreciable
affinities for functional specific sites and nonfunctional nonspecific sites on DNA se-
quences, making dimension reduction possible in the search process of target sites. Fur-
thermore, the reactions between proteins and DNA occur several-magnitude-faster than
the diffusion-limited rates. Therefore, to explain the rapid reactions, it is commonly as-
sumed that target site location occurs via two steps: one-dimensional motion along a
DNA segment and three-dimensional excursion in the solution. The optimum search
strategy has been suggested by using the minimal mean search time as the criterion
[48].

All the above previous work assumes receptors are perfectly absorbing or studies
how proteins search for the target site on DNA. They all focus on the time for signaling
molecules to first encounter their targets. None of them consider the case that the

signaling molecule in the proximity region of receptors diffuses away before binding to
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any receptors. When the signaling molecule is close enough to bind to the receptors,
the reaction rate between the signaling molecule and receptors is called the intrinsic
reaction rate. If the intrinsic reaction rate is small, then the signaling molecule starting
close enough to receptors can diffuse away before binding to any receptors.

Kholodenko et al. considered the role of localization of signaling molecules in
reaction-limited signal transduction pathways [49]. In the reaction-limited reactions,
the intrinsic reaction rate is much slower than the first-encounter rate, which is the
inverse of the time for the signaling molecule to reach its target. As a result, only
a small fraction of collisions leads to association reactions that can last long enough
to transfer signal into downstream networks. Therefore, Kholodenko et al. asserted
that the effect of localization on the first-encounter rate can be neglected, and they
considered the effect of localization on the number of signaling complexes formed by
signaling molecules and their target proteins at the steady state. They first considered
the system in which only the target proteins are anchored in a layer around the cell
membrane. Define A as the total number of the signaling molecules in the cytoplasm,
T as the number of membrane-associated target proteins, and AT as the total number
of the signaling complex. Define V;,, and V. as the volume of the layer and the cytosol
volume of the cell, respectively. Using the law of mass action, Kholodenko et al. wrote
the dissociation constant, K, for the binding reaction to form a signaling complex as

follows:

N

(#) (&) |
w @) G 2
Vi
Then they claimed that K; does not depend on V;,, and localization of only the target
proteins does not affect the number of signaling complexes. After calculation of Eq.
[235)), they then considered another system in which the signaling molecules and their
target proteins are both anchored in the layer and only anchored signaling molecules
can bind to the target proteins. Define RAT as the total number of the signaling com-
plexes formed by the anchored signaling molecules and their target proteins. Assuming
the number of molecules that can anchor signaling molecules in the layer is in excess,

Kholodenko et al. obtained the dissociation constants for the formation of the signaling
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complex as follows

A (L
KgppWKd- (%) (1+a), (2.6)

where « is a dimensionless factor. « was claimed to be less than one. Therefore, they
insisted that Kgp P < K, and localization can increase the number of signaling complexes.
In the calculation of Eq. (2.5)))and (2.0])), the concentration of the signaling species was
assumed to be spatially uniform. However, the concentration of the signaling species
within the layer is different from the one outside the layer. Similarly, the dissociation
constant K is different for binding reactions within/outside the layer. As a result,
the dependence of K; on the layer may lead to the dependence of AT on the layer.
Moreover, it was assumed the dissociation constant for the binding between anchored
signaling molecules and targets proteins is the same as K in the calculation of Eq. (2.6]).
Since the localization of signaling molecules can change the orientation of the signaling
molecules and thereby change the association rate, the assumption is not appropriate.

Wofsy and Goldstein considered a system with a binding layer around the cell mem-
brane [50], in which receptors are located and ligand diffusion is slowed. Wofsy and
Goldstein quantified the effect of the binding layer by estimating the effective associa-
tion and dissociation rate coefficients for binding between the ligands and the receptors.
Their effective rate coefficients were used to approximate the system with the binding
layer by a model with surface binding but without a binding layer. Define R, as the
total number of receptors in the binding layer. Define ky as the transport-limited for-
ward rate for the ligand to bind to the surface as the concentration of the receptors goes
to infinity to make the surface perfectly absorbing. Define k, as the intrinsic association
rate between ligands and receptors. Define v as the ratio of the height of the binding
layer to the mean path for the ligand molecule to travel within the layer before binding
to any receptor. Then they derived a formula for the effective association rate between
ligands and receptors, k, as follows:

g — T()
“ 1+ T(’Y)kaRtot/k—i- “

(2.7)

where T'(y) = tan,];’(y) is a decreasing function of v and approaches to one as v goes

to zero. Therefore, Wofsy and Goldstein claimed that when v = 4/ % < 1, the

7
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binding layer can be neglected and the binding reaction can be modeled as the one
on the surface. Since T'(y) < 1 for v > 0, T'(7) plays a role as a reduction factor on
ko, and the binding layer slows the effective association rate. In the system of Wofsy
and Goldstein, the concentration of the ligand approaches to its maximal level far away
from the binding layer and decreases towards the binding layer. If the ligand is produced
around the binding layer, the effect of the binding layer on k¢ is different from the one
in the system of Wofsy and Goldstein, as we will discuss in this chapter.

In addition to the above work on the formation of the signaling complexes, there
exists work on the effect of localization on the spatial and temporal evolution of signal-
ing from the macroscopic perspective. Bollenbach et al. studied how the localization
of morphogens by transcytosis mediates morphogen transport and the formation of the
concentration gradient of the morphogen [42]. They have formulated effective nonlinear
transport equations for the total concentration of morphogens present in all forms, in-
cluding the free morphogens, the receptor-bound morphogens in the extracellular space
and in the intracellular space. They have derived how the effective transport and degra-
dation rates depend on the total concentration of the morphogen. They also showed
that morphogen gradients can be extremely robust to changes in the morphogen pro-
duction rate if morphogen transport is dominated by transcytosis. However, they did
not discuss how transcytosis affects the effective transport and degradation rates. As
a result, the effect of transcytosis on the concentration gradient formation is not clear.
Umulis (2009) discussed the temporal evolution of the concentration gradient of the lig-
and in a one-dimensional line with an input flux of ligands at one end of the line and a
uniform level of receptors everywhere [51]. He gave conditions under which the system
can achieve dynamical scale invariance, i.e., the concentration gradient of the ligand
can keep the same proportion regardless of the size of the system during its transient
approach to equilibrium. However, he did not consider the effect of localization. If
receptors are only localized in some part of the system with adapter receptors nearby,
can the conditions for the scale invariance of the system with uniformly distributed re-
ceptors still work? Apparently, there are some extra requirements for scale invariance.
For example, the distributions of receptors and adapter receptors have to be spatially

scale invariant.
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Using different approaches and different settings of the systems, all the above pre-
vious work indicates that localization plays a diverse role in the signal transduction
process. Their results can only apply to specific situations and some may even lead
to contradictory conclusions about the effect of localization. Furthermore, the effect of

localization on the temporal and spatial evolution of the signal is not clear.

2.1.3 Overview

In this chapter, our objective is to systematically explore localization mechanisms and
gain a better understanding of how localization regulates signaling, from the temporal
and spatial evolution of the signal at the macroscopic level to the motion of signaling
molecules and the formation of signaling complexes at the microscopic level. To this
end, we consider the system with ligands, receptors and membrane proteins, with the
potential to be extended to other localization systems. Here membrane proteins are
defined as any proteins that stay near the membrane and can bind to ligand molecules.
We incorporate the important factors for localization in our deterministic and stochas-
tic models of the system, including the distribution region of the membrane protein,
the diffusion coefficient of the ligand, the on/off rate of binding reactions between the
ligand and the membrane proteins, and the on/off rate of binding reaction between
free/localized ligand molecules and receptors. We aim to examine how these factors
interact with each other to determine the effect of localization on signaling.

To understand how localization adjusts the temporal and spatial scale of the evolu-
tion of the signal, we look the concentration of the ligand with spatially varying diffusion
coeflicients and degradation rates in the deterministic model in Section To under-
stand how localization affects the noise propagation along the signal pathway, we look
at the stochastic motion of a single ligand molecule in Section 2.3l In Section 2311
and Section 2.3.2] we add membrane proteins in the system and analyze the effect of
localization on the distribution of the ligand molecule in a stochastic model. In Section
2.3.3] we first assume only the free ligand molecule can bind to receptors and receptors
can catch the free ligand molecule once it touches receptors. With this assumption, we
estimate the extent to which the localization by the membrane proteins can slow the

association between the receptor and the ligand. Then we consider the case that when
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the ligand molecule and receptors are close enough, they can react with a finite proba-
bility per unit time. We discuss under what conditions the localization can enhance or
inhibit the association between ligands and receptors. At the end of Section 2.33] we

analyze the effect of the membrane proteins on signal specificity.

2.2 Deterministic Model

In the section, we study how the localization of the ligand affects the temporal and spa-
tial evolution of the extracellular signal by constructing deterministic diffusion-reaction
models. Ligand diffusion is restricted by the membrane proteins around the cell mem-
brane in the extracellular space. Once internalized, ligand can be transported via tran-
scytosis, get recycled to the cell membrane or decay intracellularly. Therefore, the rate
at which the ligand spreads around the cell membrane is different from the rate far away
from the membrane. Moreover, due to recycling and different degradation mechanisms
within/outside the cell, the decay rate of the ligand around the cell membrane is differ-
ent from the decay rate far away from the cell membrane. Therefore, we can consider a
two-layered system to differentiate the domain near the cell membrane and the domain
far away.

Fig. 2.1 shows our general two-layered rectangular system, where the lower layer
corresponds to the domain near the cell membrane and the upper layer corresponds to
the domain far away. For the signaling in the lower layer, Bollenbach et al. have shown
that the evolution of the total morphogen concentration can be described approximately
by a diffusion-reaction equation with an effective diffusion coefficient and an effective
degradation rate [42]. The effective diffusion coefficient and degradation rate are com-
plicated functions of the system kinetics, the total morphogen concentration and the
total receptor concentration. However, the effective diffusion coefficient and the effective
degradation rate approach finite values in the limit of low morphogen level. As the sig-
naling molecules are usually present in small numbers in signaling systems, we assume
that the diffusion coefficient and the degradation rate for the ligand concentration are
constants. In the upper layer, the ligand diffuses with a different diffusion coefficient
and decays with a different degradation rate.

In Fig. RJl, the input flux of the ligand on the y = 0 boundary corresponds to
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cell secretion, while the input flux on the z = 0 face corresponds to the flux from the
concentration gradient of the ligand. First assuming the ligand is uniformly distributed
in the x- and z-directions in Section 2.2.1] we consider a one-dimensional system with
the input flux in the y-direction and study the effect of localization on the time for the
system to evolve to the steady state. Then assuming the ligand is uniformly distributed
in the z-direction, we consider the two-dimensional system in the x — y plane with
the input flux in the x-direction to understand the effect of localization on the spatial

pattern of the signal at the steady state.

Input flux 1 ] } I 1 /'Z
0 X

Figure 2.1: The schematic of a biological system with ligands binding to surface recep-
tors

2.2.1 One-dimensional model

In this section we study the concentration of the ligand in the y-direction. We consider
the one-dimensional system consisting of two layers with heights H; and Hs. In the
lower layer, the ligand diffuses with diffusion constant D; and decays with rate kq, while
in the upper layer, the ligand diffuses with diffusion constant Dy and decays with rate
ko. At y = 0, there is an input flux of the ligand j. At y = H; + Hs, the boundary
is reflective. Here D; and k; are the effective diffusion coefficient and the effective
degradation rate for the signal level around the cell membrane. In this section, we
study the time for the ligand concentration to relax to the steady state given different
Dy’s and ki’s. Let C(y,t) denote the concentration of the ligand at y at time ¢t. We
have the governing equations of C(y,t) as follows:

Cw.t) _ p, PCly,1)

= . k1C(y,t) fory € [0, Hy) (2.8a)
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aC (y,t 0%C(y,t
# - Dg% — koCy,t)  for y € (Hy, Hy + Ho) (2.8b)
oC(y,t) .
D, = = 2.
=y J aty=0 (2.8¢)
—Dg%z’t) =0 aty=H +H (2.8d)
im0, 280 oy, p, 2w (2.8¢)
y—H, ay y—>Hfr 8y
lim C(y,t) = lim T'C(y,t) (2.8f)
y—>H; y—>HiF
C(y,0)=0 (2.8g)

where I' is the partition coefficient that reflects the equilibrium partitioning between

two different domains. We assume that there is no capacity or transport resistance at

the interface, and set the equal flux at the boundary between two layers in Eq. (2.8e).
To simplify the system, we define the following dimensionless variables and coordi-

nates as in [52]:

c _ Yy

Co T H +Hy

Cy is a reference concentration of the ligand. To explore how the different reaction

u= T=1tXky,

and diffusion time scales in the two layers affect each other and influence the temporal

evolution of the whole system in Eq. (2.8]), we define the scaled parameters as follows:

§ = Ky 5= Dy €= H,
ke’ T Dy T Hi+Hy
7= Hy + Ha) _ D,
B Dy ’ ~ ki(Hy+ H2)?*
We express the equations in Eq. (2.8)) in terms of the scaled variables and parameters
as follows:
2
8“2:_’ 7) = AL 13(77772, T _ u(n,7) when n € [0,¢)
ou(n,T) A d%u(n, ) 1
5y = T o Eu(nﬂ') when 7 € (e, 1]
LU R —
on
0
u(n,7) = 0 atn=1

on
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. Oun,T) . 10u(n,7)
lim 2807 gy, 22T
ninelf 877 17121+5 677
lim u(n,7) = lim Tu(n,7) (2.9)
nN—e— 77_’5+
u(n,0) = 0.

For the transient evolution of u(n,7), we compute the Laplace transform of u(n, 7)

with respect to 7 and obtain the following results:

1. for n € [0,¢)

Llu](n, s) (2.10)
J\/Kcosh((l—g)ﬁ\/s—i-_l)
Vst

{chosh<aq/s+l) (s+1)sinh( \/3—1—71) tanh((l—%),@@)}
{chosh (ay/s+5) sinh(Bv/s+1) +\/ s+% smh(a,/s—i—%)cosh(ﬁ\/s-i-_l)}

2. for n € (¢, 1]

Llu](n, s) (2.11)
JV6v/A cosh <7(1n)1a v S+%>

—€

S{F\/g\/s-l—l cosh(a s+%) sinh(ﬁ\/s—i-l)-l—\/(s—i-%) sinh(ay/ s—i—%) cosh(ﬁ\/s—i-l)}

Here o = 4/ 5(1 < and G =4/ [f 1,7) can be obtained using the inverse Laplace

transform. Due to different degradatlon mechanisms in the two layers, we can assume
that # # 1. Then L[u](n, s) is a single-valued function of s with poles at s = 0 and at

s’s satisfying the following equation:

I'V6ys + 1 cosh <oq/s+ %) sinh (8vs + 1) (2.12)

n (S n %) sinh <am> cosh (BVs +1) =

To estimate the rate at which u(n, 7) relaxes to the steady state, we look at the smallest
pole (in magnitude) of L[u](n,s). In our system, n < 1 and we assume that o < 1
and 0 < 1. In fact, « < 1 and § < 1 are true in many biological systems. One

example is Dorsal-Ventral patterning in Drosophila embryo where BMP is the signaling
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species and collagen is the extracellular matrix protein [53]. In Drosophila embryo, the
height of the collagen layer is only 0.1 um [54], i.e., e(H; + Hy) = 0.1 um. To decide
k1 and ko, we consider the following reactions which can lead to the degradation of
BMP eventually: the degradation of BMPs, the association reaction between BMPs
and receptors, and the association association between BMPs and collagens, which may
result in the intracellular degradation. In [53], the reaction rate between BMP and
collagen is only 3.9 x 107 nAM ~1 sec™!. The concentration of collagen is much less than
the maximal level of the collagen 3.5 x 106 nM, which we estimate. The reaction rate
between BMP and receptors is only 4 x 1074 nM ! sec™! and the maximal level of free
receptor is 320nM [5]. The maximal degradation rate of free BMP is 3 x 1072 sec™!

[5]. Therefore, we get

ki < ((3.5x10% x (3.9 x 107%) + (4 x 107*) x 320 + 3 x 107?) sec™! = 13.8sec™*

ks < 3x10 2sec .

From [5], Dy = 73 um?sec™!. Thorne et al. show that the extracellular matrix

protein heparan sulfate can slow Lf diffusion by 30% [35]. Therefore, we let D1 = 0.7D5.

62(H1 + H2)2k1 0.12 x 13.8
= 2 005 < 1. 213
p \/ D < Vmxor = (213)

Using the fact that the total height of the PV space is less than 1 um, we get

Then we get

1 — 2(H, + Hy)2k 12 x 13.8
a:\/( SUL+ Hal ko J12X138 e ) (2.14)

Dy 73
In Appendix [6.1.1] assuming @ < 1 and [ < 1, we estimate the smallest nonzero real
pole, Smin, (in magnitude) of L[u](n, s) as follows:
For n € [e, 1),
1-1 N Ip3(1— %)
3
L+Tp  3A(1+p)2(1 +T2)(1 +Tp)

Smin A~ —14 (2.15)

€
l—e"

When I goes to infinity in Eq. (215, Smin approaches to —1 in Eq. ([2I5) and u(n, 7)

approaches to zero for n > € from Eq. (2.9). As a result, u(n,7) can be considered as

where p =
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a solution of a single-layered system with 7 € [0, ¢]. Moreover, —1 becomes an essential
singularity of L[u](n, s) in Eq. (2.I0]) as I" goes to infinity. As a result, sy, = —1 cannot
be used to estimate the relaxation time of the system to the steady state. In fact, as I'

goes to infinity, the exact temporal solution for n € [0, €) is given as

J\/Ksmh( 1-1 1+A (2nzim) ]t (2nm 4+ m)n
A,e 26
uln,7) = cosh(f3 + Z o8 < € >
A B _1\n )2

where A,, = —Jgj}ﬁ;)ﬂén;lgf +162)] ] Therefore, the relaxation time depends on 1 +

2nm4m )2
A( n2e ) :

Similarly to I', when p (or €) goes to zero, Spmin = —% is an essential singularity

of Eq. (2II)) and u(n,7) can be considered as a solution of the one-layered system in
y € [¢,1]. The temporal solution of u(n, 7) for n € [e, 1] can be obtained in the same way
as when I' approaches to infinity. When 8 = 1, i.e., k1 = ko, Smin = —1 is an essential
singularity and cannot be used to estimate the relaxation time.

When L[u](n, s) does not have any essential singularity, i.e. 6 # 1, I' < oo, and
n # 0, Smin can be used to estimate the relaxation time. In our system, e < 1 and
this gives p < 1. Since p < 1, the relation between sy, and 6 depends on the second
term in the right side of Eq. (ZI3]), which is an increasing function of #. Note that
0 = Z—; and sy is the pole of the Laplace transform of w with respect to 7 = kqt.
Therefore, fixing k; and increasing ko decreases smin and the relaxation time, i.e, faster
degradation in the upper layer leads to faster relaxation to the steady state. On the
other hand, decreasing k; and fixing ko decreases s. As a result, |s| increases due to the
fact that s < 0, while |sk1| may not. Therefore, it is hard to tell how k; influences the
relaxation time from Eq. (2I5]). To understand the effect of k1 on the steady state, we
can normalize the time ¢ by k—12, follow the above procedure to obtain sy, and analyze
the effect of k1 on spyin as we do for kg here.

Similar to 6, the relation between s and p (or €) depends on the second term in
the right side of Eq. (ZI5]). The effect of p (€) on Smin depends on §. When 6 > 1,
Smin 18 approximately an decreasing function of p (or €), i.e., the relaxation time is a
decreasing function of € when ko < k1. Increasing e enlarges the lower layer, where the
ligand molecule decays faster than the upper layer. Therefore, the relaxation time may

decrease due to the amplification of the fast degradation by increasing e. Similarly, when
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0 < lj.e., k1 < k2, Smin 1S approximately an increasing function of p (or €). Increasing
€ enlarges the domain of the slow degradation, which may increase the relaxation time.
In addition to degradation, changing € also changes the domain for diffusion. However,
the effect of diffusion on the relationship between € and sy, is very small. This is due
to the small effect of § on spin, as we discuss below.

In Eq. (2I3), we substitute A by kl(ffl,% , fix Dy and change § by changing
D1, in order to study the effect of § on spui,. We first assume that ¢ is independent
of I', 8 and p. Then sy, is a decreasing function of § and the effect of § on s, is
very small, since ¢ only appears in the third term on the right side of Eq. (2.I5]) and
p < 1. However, 6 and I' may be related. For example, if we decrease D1, the ligand
molecule diffuses more slowly in the lower layer and It will take longer time for the
ligand molecules to enter the upper layer on average. So decreasing D can increase the
concentration of the ligand in the lower layer and hence increase I'. Therefore, § and
the partition coefficient I' are related. The effect of the relation between § and I' on
Smin Will be discussed in the stochastic model in Section 2.3l

Since p < 1 in Eq. (2.15)), the relationship between $,,;, and I" also depends on the
second term in the right side of Eq. (Z.I3]). Therefore, the effect of I" on s,,,;, depends
on # in the same way as the effect of p on s, does.

In Fig. [Z2] we plot how the solution of Eq. (ZI2]) depends on the scaled variables
€, 0, I', and 6, which gives the smallest pole in magnitude of L[u](n, s). The numerical
solution is the value where the left side of Eq. (2.I5]) changes its sign, and the ap-
proximate solution is from Eq. (2I5]). As we expect, the approximate solution in Eq.
[2I5) gives a good estimation for the numerical solution, and the dependence of s,
on the scaled parameters in Fig. is consistent with our previous analysis. Here all
parameters used in Fig. are given in Table 2.1l whose values are estimated based on
Dorsal-Ventral patterning in Drosophila [5]. In each figure of Fig. 2.2 we change one
of the parameters and fix the remaining parameters as given in Table 21l Fixing Do
and ko, we change D; and k; by changing ¢ and 6 respectively. When 6 = 1, L[u](n, s)

has an essential singularity. Therefore, we avoid § = 1 when calculating sy, in Fig.

-(a).
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Figure 2.2: The pole closest to zero.
Parameters | Hy + Hy | Do 7 ko 'l e= 0= 0 =
H, Dy k1
Hi+H> Do ko
2
pm mol 1
Values 0.5 um 735 | 15 1 0.03; |1 0.2 0.7 100

Table 2.1: The parameters for the one-dimensional system.

2.2.2 Two-dimensional model

In this section we study the steady-state concentration of a locally produced ligand in
the x — y plane to study the spatial distribution of the signal. We consider the two-
dimensional system of dimension L x (H; + Hsz) consisting of two layers of dimension
L x Hy and L X Hs. In the lower layer, the ligand diffuses with diffusion constant D; and
decays with rate k1, while in the upper layer, the ligand diffuses with diffusion constant
Dy and decays with rate ks. There is an input flux of the ligand at x = 0. All other

boundaries are reflective. Here we study how the concentration gradient of the ligand
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depends on all parameters.
Let C(z,y) be the steady-state concentrations of the ligand at (z,y). Then C(x,y)

obeys the following equations:

DiAC(z,y) — k1C(x,y) = 0 for (z,y) €[0,L] x [0, H;)
DQAC(.Z’,:U) - kQC(.’L’,y) = 0 for (.’L’,y) S [OaL] X (HlaHl + HQ]
_Dlw = 45 atx=0,y¢€ [O,Hl)
ox
_DQW = j atx=0,y€ (Hy,H + Hy
M =0 atxr =1L
ox
%Z’y) = 0 aty=0andy=H;+ Hs
y—H; Ay y—Hy Ay
lim C(z,y) = lim I'C(x,y),
y—H y_’H;F

Let Cy be a reference concentration of the ligand. Similar to the one-dimensional
model in Section 2.2.7] we define the dimensionless variables, coordinates and parame-

ters as follows:

_Co’ - L’ 77_H1+H2
jL D, k1 Hy
Dy’ Dy’ ko’ ‘ H, + Hy’
D1 Do H, + Hy
A= T = = .
L2 2 F L

Therefore, T = A * g. The governing equations of u(&,n) become
Pu 1 0%
A<8—6‘2+p8—n2>—u =0 for (S,U)E[O,l]x[(),e)

82u 1 82u
T<8—£2+F8—7’]2>_u = 0 for (S,U)E[O,l]x(gl]

ou
% T J at&=0,n€l0,¢)
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_g_z = J§ at&=0,n¢€ (1]

ou
= tE=1
5 0 at¢
9 _ ) atp=Oandn=1
on
ou ou

lim 60— = lim —

n—e— 877 n—et 877

17_>€7 ’]’]—>E+

Letting o, = 1/ w and 3, = \/“2(1_6)2(%+n27r2ﬂ forn =0,1,2,..., we solve

the above equations of u and represent u as follows:

For n € [0, ¢)
J e
u = —(E-1)"+ ZAn(n) cos (nm) (2.16)
2 n=0
where
JVA (A —6T'Y) sinh h (a2
A = JA-Z_ .‘F( ) sinh(fh) cos (O‘Oé) , forn =0,
6 0T/ sinh(ag) cosh(By) + VA cosh(ag) sinh(fF)
2J
An(n) " n2m2(1 4 n2x2A)
2J €03, sinh(B,) cosh (1) (1+n/2\7r21\ - 1+(1511;2£2T) ‘ 0
" T6(1 — €)ay, sinh(ay ) cosh(B,) + €83, cosh(ay ) sinh(3,)’ orm =0
For n € (e, 1], we have
= D12+ Y Bumcosut) (2.17)
U= 2 (1) cos(nm :
where
Js J6v/Y (A — 6T'Y) sinh(ayg) cosh <ﬁo 11:757)
B,(n) = JéY ——+ , forn=0,
6 T/ sinh(ag) cosh(B) + v/A cosh(ag) sinh ()
2Jo
Ba() " n272(1 + n?x2T)
2J(1 — €)ay, sinh(ay, ) cosh ﬁn(l:z) nAW - ‘;FEE
+ < . )(1+22A 1+22T> for n > 0.

I'6(1 — €)ay, sinh(ay,) cosh(By,) + €6y, cosh(a,) sinh(5,)
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Using Eq. (ZI6) and Eq. (ZI7) we first discuss how the system can achieve scale-
invariance, i.e., the concentration gradient of the ligand can keep the same proportion
regardless of the system size. From Eq. (2.I6) and (2.I7), the following expressions

have to be independent of L, Hy and Hs for the system to be scale-invariant:

JL H,y L
J = =, 77 =, Iu =
Dy H, + Hy H, + Hy
D1 Dy A Dq T2 Do

A

Ty L2 L2 2&  aHY 21— €?2  koH]

Scale-invariance related to J = % has been discussed by Umulis in [51]. The fact

that n = ﬁ is independent of Hy; and Hs indicates that the caption region of

L
Hi+Ho>

independent of L and Hy + Hs is natural, since u represents the ratio of two sides of

the receptors occupy a certain proportion of the system. The fact that p = is
the system.

A= % is the ratio of two characteristics times: k_11 is the characteristic life time
of the ligand molecule in the lower layer; and 5—21 is the characteristic diffusion time for
the ligand molecule in the lower layer. If % is small, then the ligand molecules spread
to a small region of the system, since the ligand molecules decay so quickly that they

can not diffuse far away. For the two-dimensional system to be scale-invariant, k%g has

to be independent of L. Similarly, the independence of k?fg and kﬁ;% and kfl_}% can be
explained.

In Fig. 23] using Eq. (2.16]), we observe how u changes at 7 = 0 as we change the
values of the parameters. Since the downstream signal transduction pathway is initiated
by a signaling complex forming near the receptors, we only consider the concentration
of ligand at n = 0. All parameters used in Fig. 23] are given in Table 2.2] whose values
are estimated based on Dorsal-Ventral patterning in Drosophila [5]. In each figure of
Fig. 23] we change one parameter and keep the remaining parameters as in Table

In Fig. 23-(a), we fix ks and increase 0 by increasing k. Fig. [2.3}(a) shows that as 6
(k1) increases, the maximal level of u decreases and the concentration gradient becomes
sharper (data not shown here). Please note that the degradation in the lower layer
is the ligand degradation mechanism around the cell membrane, which consists of the
extracellular degradation around cell membrane and the intracellular degradation of the

internalized ligand molecules. Therefore, increasing the extracellular degradation rate,
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the internalization rate or the intracellular degradation rate of the ligand can increase
k1 and decrease the life time of the ligand, which sharpens the concentration gradient
and decreases the level of u.

In Fig. 23k(b), we fix Do and increase § by increasing Dp. Fig. 23H(b) shows that
changing ¢ does not change the level of « much, which is consistent with our result about
the relationship between ¢ and spyi, in Section [Z2ZIl In fact, as § (D;) decrease, the
characteristic times 5—21 and g—f increase so it takes longer time for the ligand molecule
to leave the lower layer. As a result, the ligand molecules have more chance to decay
before diffusing away. Therefore, the concentration gradient of the ligand becomes
sharper, which is shown in Fig. 23F(b).

In Fig. 23H(c), as € increases, u decreases and the concentration gradient of w
becomes sharper. As the lower layer becomes large, the region for the ligand to decay
fast becomes large. Moreover, the region for the slow diffusion of the ligand becomes
larger.

In Fig. 2:3+(d), we fix L and increase p by increasing H; + Hy. We find the overall
level of the concentration decreases as u increases. As pu increases, Hy and Hs increases
and the characteristic times of diffusion, g—lj and g—zz, increase. Therefore, the ligand
molecules in the lower layer leaves the lower layer more slowly and it takes longer
time the ligand molecules in the upper layer to diffuse into the lower layer. Then the
molecules in the lower layer have more chance to decay before diffusing away. Therefore,
the overall level of the ligand in the lower layer decreases. One more important thing is
that changing p rarely changes w if u is small enough. This implies that as the height of
the rectangular system becomes small enough relative to the length and the width, the
concentration becomes robust to the change of u. This is because that the rectangular
system becomes thin enough so that it can be considered as a one-dimensional line.

In Fig. 2.3}(e), when we increases I', which concentrates the ligand molecules in the
lower layer, the gradient of © becomes sharper.

In this section, we show that if the ligand degrades faster in the lower layer than
it does in the upper layer, localization can decrease the relaxation time of the ligand
concentration to reach the steady state in the one-dimensional model and can sharpen
the concentration gradient in the two-dimensional model. However, since the number of

ligand molecules involved in the signaling process is small in general, the fluctuations of
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the number of ligand molecules may play a significant role in signaling process. Therefore
in the next section, we consider stochastic models of the signaling systems with ligands,

membrane proteins, and receptors.
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Figure 2.3: The steady-state concentration, u(§,n), at n = 0.
Parameters | L D, 7 ko I'|lp= €= o=|0=
Hi+Ho H,y Dy k1
L Hi+Ho Do ko
2
pum mol 1
Values Sum | T35 - | 1527 1 003 | 1|02 0.7 0.1 | 100

Table 2.2: The parameters for the two-dimensional system.
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2.3 Stochastic Model of ligand movement and reception

We look at the effect of localization on signaling by analyzing the transport of an in-
dividual ligand molecule in two-dimensional two-layered systems. The two-dimensional
two-layered systems are chosen as the signaling systems in the x-y plane in Fig. 2.1, in
the lower layer of which lie the membrane proteins and the receptors. First, we consider
the system with a ligand molecule and the membrane proteins to understand the extent
of localization by the association between the ligand and the membrane protein. Then
in the next system, we add receptors to study the interaction among ligands, recep-
tors and membrane proteins. At the end, we analyze the effect of the localization on

signaling specificity.

2.3.1 The residence time of a ligand molecule

We consider a two-dimensional two-layered system with the ligand (B) and the mem-
brane protein. We denote as BC' the immobile complex of the ligand molecule and the
membrane protein located in the lower layer. We compute the mean time for a ligand
molecule starting in each layer to enter into the other layer, in order to evaluate how
the motion of the ligand molecule is restricted by the membrane protein.

Fig. [24] shows the two-layered system with the ligand (B) and the membrane
protein. In the lower layer [0, L] x [0, H1], denoted as Region I, a ligand molecule of
species B diffuses with diffusion coefficient D;. Moreover, the ligand molecule becomes
an immobile molecule of species BC' with rate k5 and a molecule of species BC becomes
a molecule of species B with rate k_. In using k1, we are assuming that the membrane
protein is uniformly distributed in the lower layer and is in excess. In the upper layer
[0, L] x [Hy, Hy + Hs|, denoted as Region I, the ligand molecule of species B diffuses
with diffusion coefficient Ds.

For simplicity, we assume the boundary between the two layers is 'perfectly absorb-
ing’: in the sense that, once the ligand molecule of species B reaches the line y = H; from
Region I, it automatically moves into Region II. Similarly, once the ligand molecule
reaches the line y = H; from Region 11, it moves into Region I automatically. All the
other boundaries of the system are reflective.

We analyze two separate cases when the molecule of species B is located in Region [
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Figure 2.4: The schematic of the two-layered system with binding to immobile proteins

or Region I7 initially. First, assume the molecule of species B starts at position (xg,yo)

in Region I. Define pyy(x,y, t|zo, yo,0) and pipe(z,y, t|xo, yo,0) as the probability den-

sity functions such that pyy(z,y, t|zo, y0,0) dz dy and pip.(x,y, t|xo, yo,0) dx dy are the

probabilities that without leaving region I, the molecule stays in (z, 2+ dx] x (y,y + dy]

as a molecule of species B and species BC' at time t respectively.

Then for y € [0, H;], we have the governing equations as follows:

Op1p(, y,t|xo, yo,0)
ot

- Dlex+yyp1b(x7 Y, t‘x07 Yo, 0)

- k-i—plb(wa Y, t’f]ﬁo, Yo, O) + k—plbc(wa Y, t’x07 Yo, 0)7

apll)C(:Ev Y, 7f|$07 Yo, 0)
ot

plb(:Ev Y, 7f|$07 Yo, 0) = 5(33 - xO)é(y - y0)7

= k+p1b($7y7t|$07y070) - k—plbc($7y7t|$07y070)7

plbc($7y7t|$07y070) = 07
Ipwy(z, Y, t[7o, Yo, 0)
Ay
plb(wayat’a;nuy(ho) - 07 at Yy = Hl

apll)(:Ev Y, 7f|$07 Yo, 0)
ox

=0, aty=0,

=0, atz=0andz=1L,

(2.18a)
(2.18D)

(2.18c¢)
(2.18d)

(2.18¢)
(2.18f)

(2.18g)

where Agyiyy is the Laplace operator acting on  and y. Let Si(t|xo,yo0,0) be the

probability that the ligand molecule never leaves Region I before ¢ given it starts at

(z0,y0) in Region I. Define T} as the random variable of the time when the molecule



51
leaves Region I for the first time. Then

Hy L
Sl(t‘x07y070) - / / {plb(xayﬂt’x07y070) +p1bc(x7y7t’x07y070)} dx dy
0 0
P(Th > t|lzo,y0,0) = S1(t|zo,Y0,0)

Letting
L
pib(yat’x07y070) = / plb(x7y7t‘x07y070)dx
0
and

L
pl_bc(y7t|x07y070) = / plbc(ﬂf,y,ﬂﬂfo,yo,())dﬂf,
0

Eq. (218) leads to

8pib(y7 t’x07 Yo, O)

= DlApib(yg t’x07 Yo, O)

ot
- k+pib(y7 t’x07 Yo, 0) + k—pfbc(ya t’x07 Yo, 0)7 (2193‘)
0 16c (Y, t|Zo, 70 _ —
Pite(y 8|t 0.30,0) _ k+pin(y, tlzo, o, 0) — k—pibe(y, tzo, Yo, 0), (2.19Db)
p16(Ys tzo, Yo, 0) = 0(y — o), (2.19¢)
pl_bc(yvt|$07y070) = 07 (219d)
1 t
8plb(y7 "T07y070) _ O, at y = 07 (2196)
Ay
pib(yat’x07y070) = 07 at Yy = Hl (219f>

where A, is the Laplace operator acting on y. So p1,(y, t|zo, yo,0) and pipe(y, t|zo, yo,0)
do not dependent on zy. As a result, S; and P (T} > t|zg,y0,0) do not depend on
xg. We only have to consider the evolution of the y-coordinate of the position of
the ligand molecule. For simplicity, we denote p1(y, t|xo,%0,0) as p1p(y,t|ye,0) and
Pive(Y, t|z0,Y0,0) as pipc(y, tlyo, 0). In addition, A, is denoted as A.

In Appendix [6.1.2] we compute p1p(y,t|yo,0) and pipe(y, t|lyo,0), from which we

obtain S7 as follows:

Sl(t‘yQ,O)

i 2(—1)" (2n 4+ 1)myo
cos

ot (2n + 1)mvy, 2H,

X [6/\”+t(vn —wpDi+ky + ko) + (v, +wp Dy —ky — ko)), (2.20)



52

where w,, = %, vp = /(kt + k_ +w2D1)? — 4k_w2D; and Ay = _(k++k’2‘”’%D1)iv”.
Moreover,
E[Tl‘yo,()] = / Sl(ﬂyo,O) dt
0
16H? (ky + k) i (1" @nt Dy
Dqk_ “— (2nT + )3 2H,

Assuming that the position of the liand molecule is uniformly distributed in Region [
initially, the expected value of T} is

1 m

Bl = o /0 E [Ti]y0. 0] dyo
71(1+ Kp)
3 )

H? ky
where 7 = o and Kp = *.

Next we consider the stochastic motion of the ligand molecule in region /7. Similarly,
we only have to consider the evolution of the y-coordinate of the position of the ligand
molecule. Assume the molecule starts in yy in Region II as a molecule of species B.
Define po(y, t|yo,0) as the probability density function such that pa(y,t|yo,0)dy is the
probability that without leaving Region I1, the molecule stays in (y, y+dy| as a molecule
of species B at time ¢t. Then the governing equation of pa(y, t|yo,0) is

ap?(yv t‘y07 0)

p = D2Apa(y, t[yo,0), (2.21a)
p2(y,0ly0,0) = 6(y — vo), (2.21b)
p2(y,tlyo,0) =0, at y= Hy, (2:21c)

%jyo,o) =0, aty=H;+ Ho, (2.21d)

We solve Eq. (2.2I) in Appendix[6.1.21 Define Ss(t|yo,0) as the probability that the
molecule never leaves Region I1 before time ¢ given it starts at yg in Region I1. Then
we have Sa(t|yo, 0) as follows:

Hi+H>

Sa(tlyo,0) = /H pa(, . tly0, 0) dy
1

! In the calculation of E [T1], we use nz:% m = 9_16
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o _D2<2n7r+ﬂ')2t
B . AW TR T A S

Define T3 be the random variable of the time when the molecule leaves Region 17

for the first time. Then the expectation of T5 is E

E[Tg‘yo,O] = / Sg(t’y(),()) dt
0

2
yo—Hi 1 (yo—Hy
CARE S i C—— 2.23
& { 0y 2 < H, > } (223)
2
where 7o = g—i. Assuming that the position of the ligand molecule is uniformly dis-

tributed in Region IT initially, we have

1 Hi+H
E[D] = F/ E [Tz]yo,0] dyo

2 JH,
T2

= = 2.24
£ (224)

Therefore, we have
E [T 1+ K
1) _ n(l+Kp) (2.25)

B[] Ty
where 71 (72) is the characteristic time for a ligand molecule to diffuse freely throughout
a one-dimensional system of length H; (Hs) with diffusion coefficient Dy (D3). The
association between the ligand and the membrane protein increases the time for the
ligand molecule to stay in the lower layer by 1 + Kp times. Therefore, the membrane
protein holds the ligand molecule in the lower layer.

Here, we assume the interface between the two layers is perfectly ’absorbing’ for sim-
plicity. However, when the molecule reaches the interface, it may not cross the interface
and stay in its starting layer. As a result, due to the assumption that the interface is
perfectly absorbing, Sa(t|yo,0) is underestimated in the case that the molecule starts
at yo in Region II. Similarly, Si(t|yo,0) is also underestimated in the case that the
molecule starts at gy in Region I. We have to compare the underestimation amounts of
S1(tlyo,0) and Sa(t|yo,0) and the frequencies of the ligand molecule hitting the inter-

face from two layers, in order to find whether the perfectly absorbing boundary at the

oo 2
2 Tn the calculation of E [Tz |yo, 0], we use that for = € [0, 2], E @ 1?_ E sin (2n71'2—|— T _ x— %
T+ )

n=0
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interface causes underestimation or overestimation of the probability that the molecule
stays in each layer.

For example, we approximate the exit rates of the ligand molecule from the lower
and upper layers as ﬁ and ﬁ Denote By and By as ligands in the lower layer and
in the upper layer, respectively. Then we can approximate the movement of the ligand

between two layers as the following first-order reactions:

k1
Bl = BQ,
ko
where k1 = ﬁ and ko = ﬁ In the case that ggﬂ > 1, i.e., k1 < ko, the ligand

molecule from the upper layer hits the absorbing interface more frequently than that
from the lower layer. Assume the underestimation amounts of Sy (¢|yg, 0) and Sa(¢|yo, 0)
are the same. Then we can conclude that the perfectly absorbing condition leads to

underestimation of the chance for the ligand molecule to become a species By in the

E[Ti]
E[T3]

become a species B; in the lower layer is underestimated.

upper layer. Similarly, in the case that

< 1, the chance for the ligand molecule to

2.3.2 The ligand density at the steady state

In Section 2.3.T] we consider the two-layered system with the perfectly absorbing bound-
ary condition at the interface between two layers. Due to the perfectly absorbing bound-
ary condition, once the ligand molecule hits the interface, the ligand molecule leaves its
starting region and enters the other region. However, when the ligand molecule reaches
the interface, it can cross the interface to enter the other region or return to its start-
ing region. So here we introduce an artificial layer around the interface to model the
possibility that the ligand molecule does not cross the interface at the interface. With
the help of the artificial layer, we can evaluate the effect of membrane proteins on the
distribution of the ligand molecule more accurately.

To model how the ligand molecule crosses the interface by diffusing from one of the
layers, we introduce an artificial layer of height 2h as shown in Fig. We denote
[0,L] x [0, Hy 4+ h] as Region I’ and [0, L] x [Hy — h, H; + Hs] as Region II'. If the
molecule starts in [0, L] x [0, H1], then the molecule is a molecule in Region I’ where
the molecule can be diffusing species B with diffusion coefficient D1 or immobile species

BC until it hits y = Hy + h. Once the molecule in Region I’ hits Hy + h, it becomes
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diffusing species B in Region II" with diffusion coefficient Dy until it hits y = Hy — h.
Once the molecule in Region II’ hits y = H; — h, it becomes a molecule in Region
I'. Then the molecule repeatedly switches between Region I’ and I1’. If the molecule
starts in [0, L] x (Hy, Hy + Hs], it is species B with diffusion coefficient Dy in Region I’
until it hits y = H; — h. Once it hits y = Hy — h, it becomes a molecule in Region I’.
Then it repeats the process as it starts in Region I’. Since the molecule has to diffuse
to Hy + h to enter Region II’, our model requires the ligand cross the interface to leave
the lower layer. Therefore, our model includes the possibility that the molecule arriving
at y = H;y from the lower layer returns to the lower layer. Similarly, it also includes the
case that the molecule arriving at y = H; from the upper layer returns to the upper
layer.

Similarly to Section 2.3 we only have to consider the evolution of the y-coordinate
of the molecule position if we are only interested in which layer the molecule lies.
Define p14(y, t|y0,0) (p1ve(y,t|yo,0)) to be the probability density function such that
p16(Y, tlyo,0) dy (p1ee(y, tlyo,0) dy) is the probability that the molecule of species B
starting at yo in Region I’ lies in [y, y + dy) as a molecule of species B (BC') at time
t without leaving Region I’ before. Similarly, define ps(y,t|yo,0) as a probability den-
sity function such that ps(y, t|yo,0) dy is the probability that the molecule of species
B starting at yo in Region I’ lies in [y,y + dy) at time ¢ without leaving Region I’
before. Then the governing equations for p15(y, t|yo, 0), P1ec(Yy, tlyo,0) and pa(y, t|yo, 0)
are the same as Eq. (219) and (Z:21]) except that the absorbing boundaries in (2.191))
and (22Ic) are replaced by the ones at y = Hy; + h and y = Hy — h, respectively.
Therefore, p1,(y, t|yo,0), P1ec(y, t|yo,0) and pa(y, t|lyo,0) are obtained the same way as
in Appendix

Define Sp(t|yo,0) as the probability that the molecule starting in yo in Region I’
stays in Region I’ at time ¢ and never leaves Region I’ before time . Similarly to
Section 231l we obtain Si(t|yg,0) as follows:

Sl(t|y07 0)

Hi+h
_ / (9161, H190,0) + p1oe(y, o, 0)} dy
0

o
2(=1)™ (2n + D)myo [ At 9
" —w:Dy +ky + ko
Z Gn o cos oH, et (v —wi Dy + ky + ko)

n=0
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Figure 2.5: The two-layered system with an artificial layer.

+ e)\nft(l)n + wng — k‘+ — k‘_)] , (226)
n+1)m - —Fw? Un
where wy, = é?HTi)h)’ vn = /(ky + k_ + w2D1)? — 4k_w2D; and A,y = —FethtenDijton,

Define Sy(t|yo,0) as the probability such that the molecule starting in yy in Region
IT'" stays in Region II" at time ¢ and never leaves Region II' before time t. Similarly

to Section [Z31] we obtain Sa(t|yp,0) as follows:

SQ(t’y()vO)
Hi+Hsy

= / p2(y, t[yo, 0) dy

Hi—h

2

O 4e_<22H2jrr2h> Dot (2n+ )7 (yo — (H1 — h)) 59
= 2 @n+r o0 2(Hs + h) (227)

n=0 2

We consider the probability that the ligand molecule starting in Region I (IT) ends
in Region I’ (IT") at time t after switching between Region I’ and Region I’ several
times. For y € [0, H1+h) and yg € [0, H1], define G4 (y, t|yo, 0) as the probability density
function such that Gi(y,t|yo,0)dy is the probability that the molecule starting at yo
as a molecule of species B lies in [y,y + dy) of Region I’ as a molecule of species B or
BC at time t. Similarly, define G15(y,t|yo,0) as the probability density function such
that G1p(y, t|yo,0) dy is the probability that the molecule starting at yo as a molecule
of species B lies in [y,y + dy) of Region I’ as a molecule of species B at time t. For

y € (Hy — h, Hy + Hs], define Ga(y, t|yo,0) as a probability density function such that



57
G2 (y, tlyo,0) dy is the probability that the molecule starting in [yo, yo+dy) as a molecule
of species B lies in [y,y + dy) of Region II' as a molecule of species B at time t.

Now we focus on the case when the ligand molecule starts in region I. But the
following results and procedure can be extended to the case when the molecule starts
in region I1. If the ligand molecule starts in Region I, it will switch between Region I’
and II' after it reaches y = Hy + h for the first time. Therefore, for yo € [0, H1] and
t > 0, we have

G1s(y,tlyo) (2.28)

= pu(y,tlyo) (2.29)
t—T /

/ / { 051 T|y0)} {——852(78|f1+h)}GlB(y,t—T—7'/|H1 — h)dr' dr.

{—%} dr gives the probability that the molecule starting at yy leaves Region
I’ for the first time in [r,7 4+ d7). Upon entering Region II' at y = H; + h, the
molecule diffuses with diffusion coefficient Dy and leaves Region 11’ for the first time in
[T+ 7,7+ 7' 4 dr’) with probability {—W} d7'. Then the molecule starts at
y = Hy; — h in Region I’ and stays in [y,y + dy) as a molecule of species B after time
t — 7 — 7’ with probability G15(y,t — 7 — 7'|H1 — h).

Similarly, for yo € [0, H1] and ¢ > 0, we get

G1(y,tlyo)
= pu(¥, t|yo) + P1ve(y, tlyo)
+f0 t—1 {_851(7\@/0)} {_852(7’5571"‘}0 } Gl(y,t s 7—/|H1 _ h) dr' dr.

or

Ga(y, tlyo)
= Iy { 251 alyo) }[pz(y,t — nlyo)
+ fg K t T {—6S2(T|y°)} {—651%‘5]1_}}) } Ga(y,t —n—7—7'|Hy + h)dr' dr| dn

or T

Using the calculation in Section [6.1.3] we get

1
Dy

lim lim G ,t = — < Hy,
lim lim G15(y, tlyo) A(¥Kp) | Fs Ty
(1+Kp)
_ Dy
flllin hm Gi(y,tlyg) = WKy | 1 for y < Hy,

Dy + Do
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1
. . . Day
lim lim G (y,tlyo) = Hi0+Kp] | Hy’
1 2

forH1<y<H1+H2.

Therefore, the ratio of the steady-state concentrations of molecules in Region I and

Region I17 is as follows:

lim Tim Gy (y, t[yo)

lim Tim G (y, t[yo)
= D (2.31)

In 231)), 1 + Kp shows that the association between the ligand and the membrane
protein can hold the ligand in the lower layer and increases the concentration of the
ligand in the lower layer by 1 4+ Kp, which is consistent with our conclusion about the

time for the ligand molecule to leave the lower layers in Section 2.3.11

2.3.3 The context-dependent effect of localization on signaling

From the analysis of the transport of a ligand molecule in Section 2.3.2] we conclude
that the membrane protein can concentrate the ligand molecules around the receptor
surface. However, once the ligand molecules bind to the membrane protein, they are
not free any more. The ligand molecules may not be as accessible to receptors as there
is no membrane protein. As a result, the signal transmitted to the downstream reaction
network may be changed. In this section, we consider how the time for a ligand molecule
to bind to the receptors is influenced by interactions among the ligand, the membrane
protein and the receptor. We first study a system with perfectly absorbing receptor
surface, which absorbs the ligand molecule immediately once the ligand molecule hits
the surface. After that, we look at the system in which the receptor can react with the

ligand with only a finite rate in the lower layer.

Signaling through perfectly-absorbing receptors

In Section 2.3.2] we consider the two-layered system with membrane proteins in the
lower layer. In this section, we add receptors at y = 0 in the two-dimensional rectangle

[0, L] x [0, H; + Hs] and assume the receptor surface are perfectly absorbing, i.e., the
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ligand molecule gets absorbed once it hits the receptor surface. Then we compare the
first passage times for a ligand molecule to get absorbed in the systems with and without
the localization layer. In system (a) of Fig. [2.6] the ligand molecule of species B can
diffuse freely in [0, L] x [0, H; + Ho] with diffusion constant Dy and can get absorbed
immediately when it hits y = 0. In system (b) of Fig. [2.6, the molecule can diffuse
with diffusion coefficient D; and attach to/detach from the membrane protein with
rate ki /k_ in the lower layer. Once the molecule of species B hits y = 0, it gets
absorbed immediately. In the upper layer of system (b), the ligand molecule diffuses
with diffusion coefficient Dy. As in Section 2.3.2] we set an artificial layer around the
interface in system (b) in order to reflect the fact the ligand molecule may stay in
the starting layer even though it hits the interface. As defined in Section 2321 let
[0,L] x [0,Hy + h] be Region I' and [0, L] x [Hy — h, Hy + H3] be Region II'. The
ligand molecule switches between two regions as in Section except that the ligand

molecule may get absorbed by the perfectly absorbing receptor surface at y = 0 in

Region I’
Yy Yy
H, + Hy Hy + Hy
Il
H,y
Ky
| B<=——=8C
YYYVYVYVYYYYVYYY YYYYVYVYYVYYYY
ofrrr1r 111 T TTT L x OIIIIIIIIIIILX

Figure 2.6: Systems with perfectly absorbing receptors.

We first estimate the first passage time for the ligand molecule to bind to receptors
in system (b). Similarly to Section 231l we only have to consider the evolution of the y-
coordinate of the molecule position. Let pgz;) (y,t|yo0,0) (pgl;)c(y, t|y0,0)) be the probability
density function such that pglz) (Y, tlyo, 0) dy (pglz)c(y, t|yo,0) dy) is the probability that the

molecule starting at yo in Region I’ as a molecule of species B lies in [y,y + dy) as a
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molecule of species B (BC) at time ¢t without leaving Region I’ before. Therefore, if
Yo € [0, Hy + h], the governing equations for pgl;) (y,t|lyo,0) and pg?c(y,ﬂyo,O) are the

same as Eq. (2.18]) except that pg? (y,tlyo,0) = 0 at the boundariesy = 0 and y = H1+h

Using the similar procedure in Section[6.1.2], we can obtain pg? (y,t|lyo,0) and pglz)c(y, t|y0,0).
Define Sib) (t]y0,0) as the survival probability such that the molecule starting at yo in
Region I’ is still in Region I’ at time ¢ without leaving Region I’ before. We get

S (tyo,0)

Hi+h
b b
L {0+ 900 th.0)} dy

o) - (2n+)7yo
4 sin Hh

(2n + 1)mo,

n=0
x [e’\"+t(vn — WD)+ ky + k) + (v, +wPDy —ky — k—)]

where w,, = (213:3,)?, v = /(kt + k— +w2D1)? — 4k_Djw?, and \,1 = _(k++k*+§)3D1)2iv”.
Define T 1(2) as the random variable of the time when the molecule starting at yo in
Region I’ leaves Region I’ for the first time either by being absorbed at y = 0 or at

y = Hi + h. Then we hav

P (Tl(z) > t|$07y07 0) Sib)(ﬂy()v 0)7
E |:T1(Z)|330,y0,0:| = /0 Sib)(ﬂyo,()) dt

(1+ Kp)(Hy + h)?
4D,

200 1( 2y \?
Hi+h 2\Hi+h

Define T. 2(2) as the random variable for the time when the molecule starting at yg in

Region II’ leaves Region II’ for the first time. To calculate F [T 2(2)|:E0,y0, 0], we can
use the result in Section 2311 The difference between Region I in Section 23] and
Region II' in system (b) is that the absorbing boundary is at y = Hj in Region IT

% The boundary conditions at y = 0 and y = H; + h are the homogeneous Dirichlet boundary

condition.

. > 16sin 2tz z2
4 In the calculation of F [Tl(h)|yo70]7 we use that for z € [0, 2], Z W =z

Jj=0
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while the absorbing boundary is at y = Hy — h in Region II’. Therefore, based on Eq.

[223), we have
5 [rln.0] = <H2+h>2{yo—<H1—h>_1<w>2}.

Do Hoy+h 2 Hy+h

To connect the motion of the molecule between Region I’ and II’, we define P +n,0(y0)
as the probability that the molecule starting at y = yo in Region I’ hits y = Hy + h
before getting absorbed at y = 0. Using the calculation in Appendix [6.1.4], we have

Yo
P = . 2.32
Let T} 1(2) (T 2(2)) be the random variable of the time that the molecule spends in Region

I' (II') during its ith visit. Let y1; (y2,;) be the starting position when the molecule
enters Region I’ (II') for the ith time. Assume that the molecule starts at yo. Then if
yo > Hi, y2.1 = yo and y1.1 = Hy — h. Similarly, if y < Hy, y1,1 = yo and yo1 = Hy + h.
Define T(® as the random variable of the time when the molecule gets absorbed by the

receptors at y = 0. When yo > [, we have
B [T®]y,,0]
= lim {E {Tg(ﬁ)!yo,o] +E [Tl(,bl)\Hl - hvo}
+§; B 1)1+ h,0] + B [T~ 1,0]}
= 1im {5 [ 190,0] + B [1)H — 1,0]

—I—f: Py n0(Hy — B’ <E [Tz(z)|H1 * h,O} +E [Tl(z)|H1 —h, OD}

i1
(1+Kp)n = HiH» yo—Hi 1 (yo—H1\>
_ _1 , 2.
2 M R 2\ M (23
When yo < Hy, we have
b 1 (b) b
E [T< >yy0,0] = lim {E [Tlh yyo,o} + P, vno(yo) E [T( )|Hy + h, 0]}

Hiyo v3 Hoyo
- (1+K — . 92.34
(+D)<D1 2D, ) T D, (2.34)
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Assuming that yg is uniformly distributed in [0, H; + H3|, we have

E [T(b)} SR / e [T(b)|x0 %o 0} dyo
H1 —|—H2 0 5 Y05
. 1 {(1—|—KD)(3H2—|-2H1)T1 n HlHQ(Hl—I—ZHg) n HQTQ}
H, + Hy 6 2D, 3 '

In system (a) of Fig. 26, there is no membrane-protein layer. Let p{®(y, t|yo,0)
be the probability density function such that p(®(y,t|yo,0)dy is the probability that
the molecule starting at yg lies in [y, y + dy) at time t. Then given the molecule starts
from g initially, the governing equation for p(® (y, t|yo, 0) is the same as Eq. (ZZI) in
Section 23] except that Eq. (2.21d) is replaced by p'® (y,t|yo,0) = 0 at y = 0. Using
the same procedure to obtain E [T»|yp,0] and E [T3] in Section 231l we get the mean

time for the ligand molecule to get absorbed in system (a) as follows:

2 2
(a) _ (Hi+H,) yo 1 Yo
E |:T |y0’ 0] D, Hq + Hy 2 \ Hi + Hy (235)
2
@] — (it H)
E [T } D (2.36)

If we let Dy = Dy and ky = 0, then system (b) in Fig. [26(b) becomes the
same as system (a) in Fig. 2.6l(a). Hence, for any yo € [0, Hy + Hs|, E [T(“)|y0,0] =
E [T® |y, 0], which is obvious from Eq. (233), @34) and (235). Therefore, our
approach to estimating F [T(b)] is consistent with the one for F [T(“)].

Letting p = % and 0 = g—;, we can have the ratio of the average life time of the
molecule in system (b) to the average life time in system (a) as follows:

E[TO) 24 3p(p+2) + 5(1+ Kp)(3p” +20°)
E[T@] 2(1+p)3

Since p < 1, E[T®]/E[T®] is close to one if (1+ Kp)/d is small. Therefore, the role
of the lower layer in signaling can be important only if it can hold the ligand molecule

effectively. If Kp =0 and § < 1, i.e., there is no membrane protein and Dy < D5, then

E[T®] 20 4+6p2 +6p+2

> =1.
E[T@] 2(1+ p)3
Similarly, if § =1 and Kp > 0, we have
E[TO] 20> +6p> +6p+2 .

E[T@] 2(1+ p)?
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Since the ligand molecule can only bind to the receptor when it is free, the membrane
protein (Kp > 0) and slow diffusion (when D; < Ds) holds the ligand molecule from
receptors and decreases the diffusion flux of the ligand towards the receptor surface,
slowing the association between ligands and receptors. However, as shown in Section
232, the membrane protein and slow diffusion can increase the concentration of the
ligand around the receptor surface. Therefore, if the localized ligand molecule can pass
the ligand molecule directly to the receptor, the diffusion flux of the ligand towards the
receptor can be increased and the association between the ligand and the receptor can
be accelerated. For example, in dorsal-ventral patterning in Drosophila, the collagen
protein can bind to Sog and to Dpp/Scw, and Sog and Dpp/Scw can bind to each
other both in solution and when attached to collagen. If we consider Dpp/Scw as the
ligand and Sog as the receptor, the collagen protein localizes Sog and Dpp/Scw around
the embryo surface, which can increase the encounter chance of Sog and Dpp/Scw and
enhance the formation of Sog/Dpp/Scw complex. Moreover, experiments have shown
collagen proteins can enhance the formation of Sog/Dpp/Scw complex [53]. In the
following section, we consider the case when the ligand-binding protein can transfer the

ligand molecule to receptors directly.

Signaling through partially-absorbing receptors.

In this section, we assume that the membrane protein can pass the ligand molecule
directly to the receptor. Moreover, when the ligand molecule is close enough to bind
to receptors, we assume that the ligand molecule can bind to a receptor with a finite
probability per unit time. As a result, the ligand molecule may diffuse away before it
binds to the receptor. We investigate under what conditions the membrane protein can
promote signaling. We find that the membrane protein has to pass the ligand molecule
to the receptor fast enough, in order for the membrane protein to enhance signaling.

Furthermore, we introduce another kind of species that the membrane protein can
pass the ligand molecule to, in order to study the effect of the membrane protein on
signal specificity.

Here we consider four systems which have different reactions among ligand molecules,
membrane proteins, and receptors. In system (a), we assume that there is no membrane

protein and that the ligand molecule binds to the receptor directly. In system (b), we
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assume that there are membrane proteins which can pass the ligand molecules to the
receptors. In system (b), the ligand molecules can bind to the receptors only through the
membrane proteins. In system (c), as in system (b), there are membrane proteins which
can pass the ligand molecules to the receptors. In addition, in system (c), the ligand
molecule can directly bind to the receptors. In system (d), all settings are the same as
those in system (c) except that there is an additional reaction in which the membrane
protein can pass the ligand molecule to another signaling pathway. We consider the
mean time for the ligand molecule to bind to receptors in these four systems.

Systems (a) and (b) are described in Fig. 2Z7(a) and Fig. 277H(b). We denote B as
the signaling ligand, BC' as the complex of the membrane protein and the ligand, and
BR as the ligand-bound receptor. In system (a) of Fig. 27 the ligand B can diffuse
throughout the domain [0, L] x [0, H; + Hs| with diffusion coefficient Dy and bind to
the receptor on the receptor surface with rate k,. In the system (b) of Fig. 27 we
only allow the ligand molecule to bind to the receptors after binding to the membrane
proteins in order to find the net effect of binding proteins on signaling. Then, the motion
of the ligand in the system (b) is the same as that in Fig. except that the ligand
molecule cannot bind directly to the receptors and that the complex of the ligand and

the membrane protein, BC', can become the ligand-bound receptor, BR, with rate k.

y y
Hy + Hy Hyv i
I
H,y
ka | . .
B—"— BR —-BC  BC-BR
YYYYYYYYYY
o T TTTTT T T T % 0 L X

(a) (b)

Figure 2.7: Systems with and without localization layers.

We first consider the average time for the ligand molecule to bind to the receptors

in system (a). Similarly to Section [Z3.1] we only have to consider the evolution of the
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y-coordinate of the molecule position. Define p(® (y,t|yo,0) as the probability density
function such that p(® (y, t|yo,0) dx dy is the probability that the ligand starting at o

at time O stays at y at time ¢. The governing equations are

ap'@ (y, t|yo, 0)

5 = Dy AP (y, t|yo, 0) (2.37a)

Py, tlyo, 0) = 3(y — wo), (2.37b)
DQWJWO’O) = kap@ (y,t[y0,0), aty =0, (2.37¢)
%j%’o) =0, aty= H;+ Ho. (2.37d)

Define Tb(f ) as the random variable of the time when the ligand molecule binds to the
receptor in system (a). Then given that the molecule starts at yp, the conditional

expected value of Tb(f ) can be derived from the following equations:

02E [T |yo, 0 )
! l__ - 2.38
OF | T 0,0 .
Dyt = kaF [Tbr |y0,0} . atyo =0, (2.38b)
OE [T\ |yo, 0
T = 0, at Yo = Hl + HQ. (2380)
Solving (2.38]), we obtain
a 1 H, + Hy H, + Hy
BT y0,0| = —55-vf .
Assuming that yg is uniformly distributed in the domain, we have
a Hy + H2)2 Hy + Hy
E [T( ’] _ ! . 2.39
br 3D2 + ka ( )

We then derive the average time for a ligand molecule to bind to the receptors in sys-
tem (b). Similar to the systems in Section 2.3.2] and Section 2.3.3] let [0, L] x [0, H; + h]

be Region I’ and [0,L] x [Hy — h, H; + Hs] be Region II'. Define p&?(y,t|y0,0),

pglz)c(y, t|y0,0), and pg?r (y,t|lyo,0) as the probability density functions such that pg? (y,tlyo,0) dx dy,

pglz)c(y, t|yo, 0) dx dy, and pglz)r(y, t|yo, 0) dx dy are the probabilities that the ligand start-

ing at yo in Region I’ as a molecule of species B stays at y at time ¢ as a molecule of
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species B, BC or BR without leaving Region I’ before time t. For yo € I’, the governing

equations are

op'® (y, t]yo, 0)

G = Didpy) (4,010, 0) — kipiy) (4. 0lyo, ) (2.400)
+k-p$3) (4, 0lyo, 0), (2.40D)

—ap%)c%ﬂyo’ D k8 (0 0000.0) = (k- + ko0 O3, 0, (2.40¢)
w = ko (4. Olyo, 0), (2.40d)
P (5,0090,0) = 5(y — o)y (. 0y0,0) = 0, P (y,0lyo,0) =0,  (2.40e)
opsy (y, tly0,0) _ 0, aty=0, pP(ytlyo,0)=0, aty=H +h. (2.40f)

dy
Assuming the initial position of the molecule is uniformly distributed, we obtain the

mean time for the molecule to bind to the receptor in (E4) of Appendix [6.I.5] as shown

below:
®) HHy 1 H < A
E\T = — 2.41
|: br } > {2k+kb H1+HQZ(2i7T+7T)2 ( )
Dy A i=0
i=0
ky+k_ +ky H3
kyky 3Dy (H; + Ho)
where A; = L

2H

We apply the system (a) and (b) to the biological system of dorsal-ventral patterning

B k+kb+(2m—+1ﬂ)2D1(k7+kb).

in Drosophila, in which BMP is the signaling ligand, SBP acts as the membrane protein,
and the BMP receptor is the receptor [30, [5]. We compute FE [T b(f )} in Eq. (239) and

E [Tb(f)] in (247]) using the parameters given in Table 23]

Parameters | Dy | Dy Hy | Hq kq k_
Values 73 0.73 1045 | 0.05 | 0.53 | 2
2 2
1
e | e | pm | | G | se
Table 2.3: The parameters for E(Téf ) and E(Tb(f ) in Fig.

27
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In Fig. 2.8, we compare F [Tb(f )] and F [Tb(f)] with different values for ky and k.
Based on whether [Tb(f )] > F [T b(f)] or K [Tb(f )] < FE [T b(f)], we determine whether
the ligand-binding proteins promote or inhibit signaling. In Fig. 2.8 F [Tb(rb)} decreases
as ky and ky increase. In Fig. 2.8 (a), where k; is small, the binding reaction will always
inhibit signaling. This is because the membrane protein holds ligand molecules from
receptors. Furthermore, in Fig. 2.8 (b), where ki is small, the binding reaction will
always inhibit signaling. This is because it takes longer for the ligand molecule to bind to
membrane proteins than binding to receptors directly. Therefore, when k, = 2.7 sec™!
in Fig. 28 (c), there is a threshold of k4 for E [Tb(rb)} to be less than E {Tb(f )}. If kit
is smaller than this threshold, it takes less time for the ligand to bind to the receptor
directly than through binding to membrane proteins and in this case, the ligand-binding
protein acts as an inhibitor. If ky is bigger than the threshold, i.e., the ligand-binding
protein recruits the ligand molecule fast enough, it takes less time for the ligand to
bind to the receptor through the membrane protein. In this case, the membrane protein
will promote signaling. Similarly, k; should be larger than the threshold to enhance
signaling in Fig. 2.8-(d).

In system (b), the ligand molecule first binds to the membrane protein and then
gets transfered to receptors. The association between ligands and receptors involves
two steps, as what is assumed in dimensionality reduction. In the system with di-
mensionality reduction, people assume that the ligand molecule first performs three-
dimensional diffusion until it hits the cell surface and then the ligand molecule performs
a two-dimensional diffusion to approach receptors on the cell surface. As suggested in
[45] and [46], the enhancing effect of dimensionality reduction on signaling is very little
when receptors are perfectly absorbing. Our estimation of the expected times in system
(a) and (b) can help us understand their conclusion. System (b) can be considered
as the system with dimensional reduction, and system (a) can be considered as the
three-dimensional direct diffusion to receptors. Letting ki go to infinity, Eq. (241
gives

1 H3
Jim [Tb(b)] = ot m.
Then, k; becomes the effective rate for the ligand molecule to bind to the receptor on

the cell membrane. In order that the surface diffusion combined with three-dimensional
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diffusion is favorable over the free three-dimensional diffusion to receptors,
: (b) (a)
Jim B[R < B[]
+—00

which leads to the following inequality:

i < H% H.H, +H1+H2
ky 3Dy(H; + Ho) Dy ko '

(2.42)

Then, as k, increases to infinity, the region for k; to satisfy inequality (2.42])) becomes
smaller. Therefore, the assumption that the receptors are perfectly absorbing gives a

restrict condition for the reduction of dimensionality to enhance signaling.

(a),when k,=0.27/sec (b), when k,=0.1/sec
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Figure 2.8: The mean time for the ligand to bind to the receptor in system (a) and (b)

Next, we consider system (c) in which we add the direct association between ligands
and receptors to system (b) of Fig. 27 In the lower layer, the ligand B can bind to the
receptor with rate k,.. Define Tb(:) as the random variable of the time when the ligand

molecule binds to the receptors in system (c). Similarly as in system (b), we assume
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that the initial position of the ligand molecule is uniformly distributed in the system

and compute the expected value of Tb(: ) in system (c) as follows:

© HiHy 1 H < 4V
E|T,Y| = — 4
|: br ] > { 2(k‘)ack’b + kack— + k+kb) Hy + Hy Z(:) (2’L7T + 77)2 3)
Dy Vi -
1=0
ky +ky + k_ Hg’

ey + Fack + knky | 3D5(H, + Ha)’

where
1

Vi —
v . 2
Fack + Kack— + ik + (2552 ) " D (ky + ko)

If there is no binding layer, then system (c) should be the same as system (a).
Therefore, letting k4 go to zero and letting Hy go to zero in Eq. (239) and (2.43), we
should have

: : @] _ 5 (a)
I}igo kliIEOE [be } N I}illloE {Tb’l‘l } ' (244)

Using Eq. ([2.44]), we estimate the reaction rate of the ligand binding to the receptors

H
directly in system (c). Assuming I}imo D—l =G # 0,from Eq. (Z44) we get
1— 1

kacH2

ka == Ha . 1" (245)
e T1

In the Robin boundary condition of Eq. (2.31) for system (a),

(a)
D, I\ (y, t|yo, 0)

= kap @ (y, t
ay p (y7 ‘y070)

at y = 0. In Eq. (243), k, is proportional to the reaction rate between the receptor
and the ligand molecule, which implies that the faster the receptor surface absorbs the
ligand, the sharper the concentration gradient of the ligand in the system. H; can be
considered as the capture radius of the receptor and D; is the diffusion constant of
the ligand inside the capture region of receptors. Therefore, Eq. (2.45]) shows that the
larger the capture radius of the receptor or the more slowly the ligand molecule moves
in the capture region, the faster the ligand molecule can be caught by the receptor

surface. The dependence of k, on the slow diffusion near receptors indicates the effect
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of localization on the association reaction between receptors and ligands, i.e., the more
slowly the ligand molecule diffuses in the capture region, the bigger chance the ligand
molecule has to get absorbed before diffusing away. Furthermore, if we consider the
reaction between the receptor and the ligand as a bimolecular reaction, Eq. (2.43]) also
implies that the reaction rate between two molecules is an increasing function of their
relative diffusion constant when two molecules are far away from each other, but is a

decreasing function of their relative diffusion constant when they are close enough.

(a), k,=0.27/sec (b), when k, =0.1/sec
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Figure 2.9: The mean time for the ligand to bind to the receptor in system (a) and (c)

Using the parameters given in Table 23] in Eq. (245]) and approximating G by
%, we get koo = 1.28 sec™!. Using k., we compare the expected time for the ligand
molecule to bind to the receptor in system (a) and system (c). As shown in Fig.
(a), when ky = 0.27sec™ < kqe, E [Tb(:)] increases as ki increases. When ky is less
than k4., the binding protein inhibits signaling by holding the ligand molecules from

the receptors. Therefore, increasing k; promotes competition between the membrane
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proteins and the receptors for ligand molecules, where the membrane protein inhibits
the association between the ligand and the receptor. However, in Fig. 2.9-(c), when
ky =2.7sec™t > koo, E [T b(:)} decreases as k4 increases. If kj is larger than k., it takes
less time for the ligand molecule to bind through the membrane protein to the receptors
than to bind directly to the receptors by itself. Then, increasing k; will enhance the
promoting effect of the ligand-binding protein on signaling.

In Fig. Z9-(b), when ky = 0.1 sec™! < kqe, it is much easier for the ligand molecule
to bind to the receptor than to the ligand-binding protein. Therefore, increasing k; does

not change F [Tb(:)} very much. In Fig. BOH(d), when ky = 10sec™ > kg, there is

a threshold of k; where F [Tb(: )] =F [Tb(: )]. In order that the ligand-binding proteins
enhance signaling, k; has to be larger than the threshold.

In conclusion, to enhance signaling, k; has to be large enough so that the ligand-
binding proteins do not sequester the ligands from the receptors. At the same time, k
has to be large enough so that the ligand-binding protein can catch the ligand molecules
and localize the ligand molecules around the receptors efficiently.

One example of increasing k. is the increasing level of SBP in dorsal surface pattern-
ing in Drosophila, where SBP is produced in proportion to the level of the ligand-bound
receptors. Then increasing the concentration of SBP will increase the rate for the mem-
brane protein to catch the ligand molecule. However, SBP can get internalized into the
embryo, which remove signaling molecules from the system. As the concentration of
SBP increases, the amount of removed signaling molecules increases. As a result, the
signal can be inhibited when the level of SBP is high enough.

In addition to SBP, there are other proteins such as scaffold protein that can collect
signaling molecules and pass them to different signal pathways. Now, we consider the
case the role of membrane proteins in signal specificity. In addition to receptors in the
system, we assume that the ligand molecule can be passed by the membrane protein to
a molecule of another species to become BD. Once the ligand molecule becomes species
BD, it will be removed from the system. Then in system (d), we add the following

reaction occurring in the lower layer to system (c):

kq
—

BC BD.

Other reactions and diffusions in system (d) are the same as those in system (c). To
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estimate the extent to which the membrane protein removes the ligand molecules , we
look at the probability that the ligand molecule gets removed before binding to the re-
ceptors in system (d). Let ppp as the probability that the ligand molecule gets removed
before binding to any receptors. Since the reaction from BC to BD is irreversible, we
consider the probability that the ligand molecule becomes a molecule of species BD
eventually. Therefore, we estimate ppp at steady state as follows:

kykq
Kac(k— +kp + ka) + ki (kp + ka)

pPBD =

Obviously, ppp is an increasing function of k1 and ky. As the concentration of the mem-
brane protein increases, the fraction of the ligand molecules removed by the membrane
proteins increases. Moreover, pgp is a decreasing function of kj, which is proportional
to the concentration of free receptors. Then, as the number of ligand-bound receptors
increases, kp decreases and ppp increases. Therefore, the increase of the membrane
protein and the consequent increase of the ligand-bound receptors make more ligand

molecules get removed before binding to the receptor.



Chapter 3

Noise propagation in
transcription and translation

processes

3.1 Introduction

The appropriate regulation of gene expression is essential for cells to proliferate, adapt
to environmental conditions, and function within organisms. However, reactions during
the process of gene expression often involve small numbers of molecules, leading to
large fluctuations [8, 65, 56, B7]. Stochasticity in gene expression has been identified
as a major factor underlying the observed phenotypic variability of genetically identical
cells [58]. Therefore, understanding how noise propagates in gene expression processes
is very important in systems biology.

Stochasticity in gene expression comes from the transcription and translation levels.
Transcription happens through three steps: initiation, elongation and termination. Dur-
ing initiation, transcription factors can regulate the recruitment of RNA polymerases
(RNAP) to promoters by binding to specific DNA sequences. As a result, the promoter
switches between active and inactive states, depending on whether a transcription factor
is on or off its functional site of the DNA sequence. After binding to promoters, RNAP

opens the double helix and uncovers the template strand for elongation. Elongation

73
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begins with the formation of the transcription elongation complex (TEC) which con-
sists of the RNAP, the DNA and the nascent mRNA. The TEC slides along the DNA
sequence and extends the transcript one nucleotide each time until the TEC destabilizes
from the DNA sequence. After destabilization, the mRNA is released from the DNA
sequence and the transcription process terminates.

Stochasticity in transcription can arise in several steps. For example, the switch of
the promoter status is stochastic, due to the small numbers of gene copies and transcrip-
tion factors. In bacteria, gene copies typically number in one or two, and the number
of transcription factors is in tens [59]. Moreover, during elongation, the motion of the
TEC can be interrupted by random pauses. In fact, the movement of the TEC along the
DNA sequence is a series of bursts of rapid and continuous elongation interrupted by
pauses [60]. The lifetime and location of the TEC pauses along the DNA sequence are
stochastic and biased by the template sequence [60} [61], [62]. It has been suggested both
the switch of the promoter status and TEC pausing can lead to the burst of mRNA pro-
duction, i.e. the amount of mRNA produced is much larger in some time intervals than
the production in other time intervals[63]. How the fluctuations in the promoter sta-
tus and TEC motions affect the production bursts is very important for understanding
stochasticity in gene expression.

Previous studies have been only focused on one of the initiation and elongation
steps. Most of the models of the initiation step consist of a telegraph input for the
switch of the promoter status and a simple first-order reaction for the production of
mRNA[64], 65, 66, 67]. None of them has investigated how the motion of the TEC in
the elongation step inherits the stochastic fluctuations from the random switch of the
promoter status. For the elongation step, Voliotis et al and Depken et al have focused
on the DNA sequence with only one TEC on it and studied the lifetime of the TEC
pause [60} [68]. For the DNA sequences with multiple TEC’s on them, Voliotis et al and
Dobrzynski and Bruggenman have used stochastic simulations to show how the pause
leads to the bursts of mRNA production [63] 68]. However, none of them have given
any analytical results for the level of mRNA produced in a given time interval.

In this chapter, our objective is to understand how the fluctuations in the promoter
status and the TEC motion affect the level of the mRNA produced in a given time

interval. To realize our goal, we have studied: 1) the number of mRNAs produced
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from the TEC with a random telegraph forming rate and a deterministic motion along
a chain in Section B.2.I} 2) the number of mRNAs produced from the TEC with a

Poisson production and random pauses at specific sites of a sequence in Section [3.2.2]

3.2 Reaction chains driven by a random telegraph signal

3.2.1 Noise propagation in linear and deterministic elongation chains
Formulation of the deterministic chain

In this section, we study the statistics of mRNA produced from the TEC with a random
production and deterministic downstream steps in a chain as shown in Fig. B.Il In Fig.
B the TEC arrives at X; with rate S(¢) and jumps from X; to X;;1 with rate p until

it reaches R.

@)
S R G N Ly -

Figure 3.1: The deterministic elongation chain.

A TEC arrives at the 1st site of the DNA sequence and proceeds along the DNA
sequence until the terminal site to produce a mRNA. Therefore, we can consider X; as
the TEC at the ith site and R as mRNA. To study a biological system with a large
number of identical cells, we let x;(t) be the concentration of X; at time ¢t and r(¢) be
the concentration of the mRNA produced before t. Assuming z;(¢) = 0 for all i’s and
r(t) = 0 at time ¢t = 0, the kinetics in Fig. BIllead to the following system of stochastic

ordinary differential equations:

z(t) = Az(t) +S(t)er,

M) = pan(t), (3.1)
z(0) = 0,

r(0) =0,

where
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=R
and e is a n-length vector such that its kth component is 1 and all other components
are zero.

During transcription, the recruitment rate of RNAP depends on the promoter status,
which switches randomly between the active and inactive states. Therefore, we assume
S(t) is a random process switching between sy and s;. In particular, S(¢) is a 2-state
Markov chain, with exponentially distributed waiting times between jumps. The process

S(t) can be characterized by its infinitesimal generator

—Xo A1
Q =
A =M\
and probability transition matrix

1 ( A+ )\06_(>‘0+)‘1)t A — )\16—()\04-)\1)1& >

P(t)= ——
®) Ao+ A1\ Ng — Nge=QotAnt \ o4 N e~ (ot

which satisfies the Kolmogorov differential equation P’(t) = QP(t), and the initial
condition P(0) = I [65]. Let p(t) = (po(t), p1(t))” be the probability vector such that the
probabilities of S(t) = sg and S(t) = s1 are po(t) and p1 () at time ¢, respectively. Then
p(t) = P(t)p(0). If p(0) = (ﬁ, ﬁ), then p(t) = (, ﬁ) For simplicity,

we assume p(0) = (ﬁ, ﬁ) for the following calculation Then, we have

BE(S®) = w
S0A1 + 810 2 )\0)\1(80 — 81)26_(>‘0+)‘1)|t_7‘
BSOS = (2FEEe) ke |

The first two moments of X,

From Eq. 31, we have
t
x(t) = / S(s)et=%)e ds,
0

1 Please note that our method can be extended to any value of po.
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which leads to

Therefore,

k—l(t _ S)k—l

¢ —p(t—s) ¥
I ]
S A+ s1A —ut Nt
a (0/\114-/\01 0<1_ HZ ! >
Var(zg(t)) = E(xi(t)) — E*(zi(t))
2X0A1 (50 — 51)?

P2 (A1 + Ao)?

Ao+
k-1 —(1+—°# 1>:v

X/O (k1) /0 k—1) dydz.

n
Proposition 1 Defining CF = ( N ), we have

. s0A1 + s1A0
1. lim F t) = ——"—;
A PO =
k—1 ;
Ao (s1 —80)2 C+k 1# o .
2. lim V t) = E . . tially;
Jim ar(xk(t)) 200 )2 > ST (0 1 Ny ) exponentially

lim lim Var(zg(t)) = 0;

k—oo t—0o0o

4. 1f Ao+ A1 >,

2

W :
ot M= 2 tll)lglo Var(zg(t)) + tllglo Var(zgs1(t))

decreases as k increases;
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5. 4f Ao+ M <,
2

M .
12— Dot )2 Jim Var(zy(t)) — Jim Var(zg1(t))

decreases as k increases.

Proof : The first assertion is easy to see. Here we focus on the remaining assertions.
Define

B e F e
V(t) = .

Q /0 k—1)! /0 CE

To show the exponential convergence of Var(x(t)), it suffices to show that
av(t) 50
dt
exponentially as t — oo.
dV(t) _ Iu(lut)k—le—(,u—l—)\o+>\1)t /ut yk_16<1—A0:*1>Qd
dt (k—1)! 0 x—1r Y
/L(/Lt)k_l e~ (utAo+A)t _ —2put Z (1 — /\0 _ >\1
(k=D — o — A1)*

So Var(z(t)) converges exponentially. Letting t — oo in Eq. ([8.2]), we have

AgtA Ao+
2X0A1(s9 — 81)2 /OO :Ek_le_(l+ t 1)96 k—le_(l_%)y
0

Y
200 + o) ] A CE

tlim Var(zg(t))

2001 (50 — 81)2 [ yFle” <1_A0:A1>y o0 a:k_le_<1+L“A1>m
el B e e
B 220\ (80 _ 81)2 ’fz—f Iuk—i 0 e—2yyk+z’—1 p
PN )2 il Ao+ AR /0 ®-nr Y

k—1

o 2 01 (80 — 81)2 Z ,uk_i(k‘ +1i— 1)'
N ,u2()\1 + )\0)2 2k+i(,u + Ao + Al)k_lzl(k‘ — 1)'
_ /\0>\1 (s1 — s0)? %:1 T

w2 (Ao + A1)? 22+k1/\0+/\1+,u)

To verify the last three assertions, we define

Ao + A1
I

0=
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and

1+9 Z+k
Ap(0) = 1+9k+1z

Then

AoA1 (s — s1)2

lim Var(x 1)) = Ap(0) x
tl 7‘( k+1( )) k)( ) 2()\1 )\0)2
Furthermore, fOI’ a1y 9,

k+1 k+1

1 (1+0)Ci
Apa(0) = FI(] 1 g)h+2 ) 9
i=0

1 1 KL (1+0) (Ot + CFy)

2k+1(1 + 9)k+2 + 2k+1(1 + 9)k+2 — i

1 (14 6)'Cf,,, Co
2kF1L(1 + 9)k+2 Z 2 * 22k+2(1 4 0)

1 i (1+0)CHl!
2k+1(1 + 9 k+2 Z 9t

(1 + e)z—l—lck—i-l

. 1 C2k+1 1 i+k+1
- Ak(e) X 2(1 +9) + 22k+2(1 + 9) + 2k+1(1 + 9 k+2 Z 9i+1
1 Co 1 (1+96) 051:;
= A(0) 2110) "R (110) Apn (0) x =3 92k+3
1 (1+90) Cjoi19
= A A -
w0 X sy H A O) X 5~ s gy
where Cg,j +12 = C% gt Cg,j +11 = 2C§k 41 is used in the last step. Therefore,
1. if0 =1,
C2k+1
Ap(1) = 92k+1°
2. if 0 # 1,
1 0
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Then,
k+1 k+1
Ag(1) = Cokr1 _ Corro
k 92k+1 > 92k+1

Stirling’s approximation shows that

22k+2
Crk-i—l

2k+2 i+ D)
as k — 00. So Ai(1) — 0 as k — oo. Moreover, it is easy to see that
Ap(1)  2(k+2)
Ak41(1) 2k +3
So Ay (1) decreases as k increases.
Since Ag(0) is a decreasing function of § and Ag(6) > 0, klingo Ag(1) = 0 leads to
kll—>Hc;lo Ag(0) =0 for > 1. To prove klgglo Ag(0) =0 for 6 < 1, we first assume that when
6 < 1 there exists a nonnegative number £(6) such that Ax(f) > £(6) for all k’'s. We

show the assumption leads to a contradictory. Using Eq. (B.3)), we have

1 0
T2 Aptm—1(1) X =)

1 0 0
m — Apym—2(1) x m — Apym—1(1) x m

Ak-i—m(e) = Ak-i—m—l(e)x

= Ak+m—2(9) X

— 0
= 4O g Zkﬂ A

m—

1 ! 0
T & MO g

1=0

> g(0) x

since Ag(1) decreases as k increases. When k is large enough, Stirling’s approximation

leads to

9 m—1
Agem(0) > (0) x G—T VE ; 1— 92
— ) x— : b
= ¢ (1 — 92)7” 9(1 _ 92)m—1\/E 9\/E \/E

B 1 £(0) 1 1 0

S - (1—02 B 9\/E> TovE VR
£0)
1-62
Ajym(0) — oo. However, Ay(f) < 1. Letting 6 = 0 in Eq. B3] gives Ax4+1(0) = Ax(0).

k can be chosen large enough so that -3 f > 0. Then letting m — oo leads to
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Ar(0) = A;(0) =1 for all k’s. Since A(0) is a decreasing function of 6, Ax(#) < 1 for
0 > 0. Then the third assertion is proved.
Moreover, if § > 1, Eq. (83]) leads to

ﬁ = Ap+1(0) + Ag(6) % L

Ak(l) X 02_1.

Since A (1) decreases as k increases, Ag1(6) + Ap(0) % ﬁ decreases as k increases.

Therefore, the fourth assertion is verified. Similarly, if 8 < 1, the fifth assertion can be

proved.

In the above proof, Ax(0) = 1 leads to the following equation

k
Z Cik-i-k _ 9k
2 T

1=0

Moreover, kh_}ngo tll)I?O Var(zk(t)) = 0 indicates that the fluctuations can be ignored when
the length of the reaction chain is long enough. This implies that noise may be atten-
uated along the deterministic chain. Furthermore, when Ao + A1 > pu, the fact that
increasing k decreases

2

I . )
(Ao +A1)? — p? Jfim Var(zy(t)) + im Var(zy (1))

also implies the attenuation of noise. To understand why the variance approaches zero as
k — oo, we can consider a molecule whose arrival time at X7 is exponentially distributed
with rate s. The molecule jumps from X; to X, at rate pu. Then the time for the
molecule to reach X} increases linearly as k increases. The fluctuations in the arrival
time at X} comes from the fluctuations in the arrival time at X;. Therefore, the ratio

of the fluctuations to the arrival time at X} decreases as k increases.

The first two moments of R

Using r(t) = fot pxn(s)ds and following the procedure of calculating E(x(t)) and

Var(zk(t)), we obtain the first two moments of r(¢) as follows:

e_p’t n—1

~ SoA1 + 810 n (n —i)(ut)’
PO = G TRt S

1=0
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n—1ln—1 J j—b—1
. )\0)\1(80 — 81)2 2t H_b/l]
VaT‘(T(t)) - ()\1 +)\0)2 ()\0 +)\1) )\0 _|_)\1 ;;);% 2@+b N )\0 _ )\1)3 b+1
I ]
(>\0 + >\1) (h—=20—A)" (= Ao— M) (1 + Ao+ Ap)"

26 (Ao+A1)t < m )
)\0 + A1) 2 \p—X— M\t
20— ut n—1

5 (ut)! [2<n—z> (=) 1

- ~ +
(Ro+ M) = ! % Ao+ A1) —Xo— A=) Ao+ Ay

2¢~ (B+Xo+A1)t 7§ ,ut
(Ao + A1) (p — >\o — )"

1=

n—1ln—1 7 +b i —b— a
D33y Lo 1<2~f2+1 .

i=0 j=0 b= G a0 2 (1 =20 = A1) a:

Letting
Br() = DS (1 1)
" (A1 + o) Ju
and
vy = b)) 2 B D)) P
" B (A1 4+ Xo)? Mo+ A1) )\o+)\1 P e 20 (p — Ao — M) bt
N 9 < Iun B 'uZn B 1>}
(Ao +A)2 \ (=2 —A)™ (= Ao — A1) (e + Ao+ A1) ’

we have

Proposition 2 1. tlim |Ey(t) — E(r(t))| = 0;
2. lim |Vo(t) = Var(r(t))| = 0;

E.(t) # V,.(t) implies the production of mRNA cannot be a Poisson process.

3.2.2 Noise propagation in stochastic reaction chains
Formulation of the stochastic reaction chain with TEC pauses

Sequence-specific pausing of TEC is broadly involved in transcription elongation. For

example, RNAP pausing in a proximal upstream sequence of the transcription starting
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site called the promoter-proximal region has been detected as a general feature of tran-
scription in mammalian cells and numerous cells of other eukaryotes [61] [62]. Moreover,
in E. coli, A32 and C37 have been identified as the sequence-specific sites for TEC
pausing [61]. Once a TEC pauses, the elongation of the incoming upstream TECs will

be blocked until the pausing TEC gets reactivated and leaves its current site.

SO v o
k:+' ‘k_
P,

Figure 3.2: The reaction chain with pauses.

In this section, we study how the TEC pause blocks the incoming downstream signal
by analyzing the statistics of mRNA produced in a DNA sequence of length 2 as shown
in Fig. In Fig. B2l X represents the TEC formed at site 1 and can pause to become
P,.. Moreover, X can jump to site 2 to become a molecule of R. If an upstream TEC
arrives at site 1 and site 1 is free, the TEC can occupy site 1 and become X. Otherwise,
the TEC will leave. Here we assume that the wating times of the occurrences of all
reactions in Fig. are exponentially distributed. In particular, the times for a TEC
at site 1 to switch between X and P, are exponentially distributed with rates ky and
k_. The time for a TEC of species X to become R is exponentially distributed with
rate u. The upstream TEC arrives at site 1 in a Poisson process with rate S(¢). Here
we assume S(t) = s1 for any time. Without considering the switch of the promoter site,
we focus on the effect of TEC pausing on the production of mRNA here.

Let (0,14) represent the situation when there is no X and i molecules of species R in
the system. (1,%) is the situation when there is one molecule of X and ¢ molecules of R
in the system. (1,,1) is the situation when there is one molecule of P and i molecules

of R in the system. Then the evolution of the system can be expressed as in Fig. B.3]
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Figure 3.3: The transition of the system status.

(
( 1,1) (1,2)
ky L kil |k_

The first passage time to produce an mRNA

We first consider the system starting at (1,0). Let p( o)(t) and p(;, 0)(t) be the proba-
bility that the system is at (1,0) and (1,,0) at time ¢ respectively. Then we have the

governing equations of p(; o)(t) and p(1,, 0)(t) as follows:
i( P(1,0) ) _ <—(k’++#) k_ )( P(1,0) )
dt Pa,,0 k4 —k_ Pa,,0
1
( PuD ) _ ( ) at t—0.
P(1,,0) 0

By solving the above equations, we obtain

VAN kA ki —p gy VA—ko—kiHp g,
p(170)+p(1p,0) - 2\/Z € + 2\/Z € I

where A = (k+ —|—Iu,—|—k_)2 —4k_p, B = M7 and 3y = M
Let T, be the random variable for the waiting time for a transition from X to R. Let

f@)(t) be the probability density function such that the probability of T}, € [t,t + dt) is
f@) (t)dt. Then we have

. d[1 — (pa0) +Pa,.0)]
f( )(t) — ( d)t (1p,0)

= Aifie M 4 AyfBre™ P2,

1 kdki—n 1 kdAki-n
WhereA1—§—|— VA andA2—§—T.
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Next we consider the system starting at (0,0). Define T, as the random variable of
the time for the system to switch from (0,0) to (0,1). Define f(")(t) as the probability
density function such that the probability of T} € [t,t 4 dt) is f(")(t)dt. Then we have

t
f(T) (t) = / Sle—s1ﬂ'f(x)(t _ T)dT,
0
Afrsi(e Pt —em1)  Ayfas (e — 1)

- s1— A " s1— 2 (34
1A A
E(Tr) = g + E + E
1 Ay Ag\?
Var(T,) = 2 + <6_11 - 6_22> .

The time to produce the nth mNRA

Let T;, be the random variable of the time for the system to switch from (0,7 — 1)

to (0,4). Then T;, are independent and have the same distribution as 7}.. Therefore,
n

letting Q(v) and @, (v) be the characteristic functions of 7, and ZT’F’“’ respectively,

i=0
we have

S1

Q) = <A1 .

p
Sl—ilj

1 fa
—w +A2ﬁ2 —iy>
Qu(v) = Q)"

— - n k An—k S1 " 061 k B n—=k
- k0<k>A1A2 <31_iy> <Bl_iV> <ﬁz—il/>

n
Let f,(t) be the probability density function of Z T; . Noting that the character-
i=0

.. . —s1t(g )1 .
istic function of 1&_1(51t) is ( =

n
) , we have

(n—1)! 51—V
n—1 n
falt) = > < L ) AVATF (ginst) * 90k.80) * Gt po) () »
=1

+ A?g(n,sl) * g(n,ﬁl)(t) + Agg(n,sl) * g(n,ﬁg)(t)

where * represents the convolution operator, g g)(t) = Be Pt

distribution for k£ > 1.

((ﬁ,f)_klgi is the Gamma
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The number of mRNAs produced in [0, t]

Let N(t) be the random variable for the number of R molecules produced in [0,¢]. Using

Strong Law for Renewal Sequences in[69], we have
PN(t) > n) = / fulr
N(t
tll)lglo # = m, with probability 1.
Therefore, the number of mRNA produced in any finite time interval is bounded with
probability one. The mean production rate of mRNA defined as the number of mRNA

produced in a time interval divided by the length of the time interval is approximately

constant when the length of the time interval is large enough.

The bursty production of mRNA

Here we propose a condition to define whether such a biological system as in Fig. [3.2can
generate the bursts of mRNA production. A burst of the production of mRNA occurs
when the system begin to generate mRNA molecules at fast rates after a relatively long
pause. Therefore, a burst can happen if the time between two successive productions
of mRNA is small with a large probability and large with a small probability. Eq.
(B4]) shows the production of a single mRNA involves two time scales, so we define the

following probabilities:

1 1
P = PT,>—+—
' T 51 ﬁl)
P, = P(T, < ! + ! )
? " st B
Then the following condition is defined for the production bursts
P
— 1
7, <
which can be satisfied by the following inequalities
B ﬁ1 Ay
— <1 —<1, —x1L
B2 A
VA
R 4k _
biglo BRI g P «1

A 2
B2 e e (kt + k- + )
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Similarly, ﬁ—; <1l& (4”67*”2 < land k_+k4 < p. Therefore, k_ < p and kL < p.

k—+kqy—p)
Furthermore,
B (ke tktw) - VA
S1 N 251
ak_
N (ky +k_4+p) — (kyr + k- +p) [1—m
~ 281
2k_p

s1(ky + k- +p)

Since k_ < p and ky < p, f—ll < 1 leads to k_ < s7.

In conclusion, k_ < s1, k- < p and k4 < p can lead to the production bursts of
mRNA. ky < p implies that TEC pausing happens rarely at the DNA site. k_ < s1
and k_ < p implies once the TEC pauses, it takes much longer time for the TEC to
release than the arrival of new TECs and the jump of the free TEC to the terminal
site. As a result, releasing from the pausing status is a limiting step of transcription.
Once one TEC pauses, it prevents the incoming upstream TEC’s elongating and blocks
transcription. After the TEC releases from the pause status, transcription happens at

a larger rate than L—ll— with a large probability P, and a burst of mRNA production

s1 0 B2
may occur.

In this chapter, we first examine how the fluctuations from a random switching
input propagate along a deterministic first-order reaction chain with the same reaction
rate at each step, in order to understand how fluctuations from the initiation step of
transcription propagate in elongation. We find that the fluctuations measured by the
standard deviation of the number of molecules approach a constant at the steady state
exponentially and the fluctuations in each reaction step are bounded by a constant.
Therefore, fluctuations from initiation are controlled in elongation. Moreover, if the
length of the deterministic chain increases the fluctuations approach zero, which implies
that long elongation sequences may be a noise attenuating step in transcription. Then
we consider a stochastic elongation chain of length two and TEC can pause at the
first step, with the objective to understand the effect of the TEC pausing on mRNA
production. Our analysis shows that the mean production rate of mRNA increases
linearly with probability one when the length of the observed time interval approaches

infinity. Moreover, we find that TEC pausing has to happen rarely and the pausing
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time has to be long enough in order for the system to demonstrate bursts of mRNA

production.



Chapter 4

Stochastic fluctuations in dorsal

surface patterning in Drosophila

In this chapter we study how fluctuations propagate at different reaction steps in dorsal
surface patterning in Drosophila. To realize this goal, we look at the stochastic temporal
evolution of the extracellular signal in the slice of the half PV space in Section A1l
Furthermore, we propose a downstream biological network in nuclei for the feedback
loop and examine the propagation of fluctuations in the downstream network in Section
4.2l

During the pattern formation process, a field of cells is exposed to a graded signal
and responds in a concentration-dependent manner. For reliable patterning, the cells
have to choose a proper response mechanism. Therefore, to characterize fluctuations in
patterning, we have to first identify the response and then study how the fluctuations
are processed in the response step. During dorsal surface patterning, bound receptors
can phosphorylate Mad to pMad, which specifies the amnioserosa at the highest level.
Therefore, in Section [£1] we focus on how the fluctuations in bound receptors in the
PV space affect the determination of the amnioserosa boundary. Since the absolute
difference of the signal among cells is important to differentiate the cell fates, we first
use the standard deviation of the number of Dpp/Scw molecules and bound receptors
to compare the signal fluctuations in different locations. Then we define a response

mechanism for the determination of the amnioserosa region and study the distribution

89
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of the amnioserosa boundary. To understand noise propagation in the pathway, we
compare the fluctuations in Dpp/Scw and bound receptors. However, the number of
Dpp/Scw molecules and bound receptors lie in different ranges. Dpp/Scw numbers in
ten per nucleus while the bound receptors number in hundreds as shown later. We use
the coefficient of variation (CV) that is defined as the standard deviation divided by
the mean to scale their fluctuations.

In Section [4.2] we study how reactions and molecular transport of different time
scales affect the fluctuations in the production of SBP in the feedback loop. To this
end, we consider the amount of SBP in the downstream biological system with dif-
ferent settings. Moreover, to understand the effect of multi-scale reactions on noise
propagation, we compare the CV of different species in the downstream network.

As in Section [[L4.4] Dpp/Scw, bound receptors and SBP are denoted as B, BR and

C respectively for simplicity.

4.1 Dorsal surface patterning in Drosophila

To study fluctuations in the dorsal-surface pattern formation process, we discretize
the slice as shown in Fig. [[8 and use the Gillespie simulation method to simulate the
stochastic dynamics of the biochemical system in Fig. Using our simulation results,
we study the effect of the upstream biological network and the feedback loop on signal
fluctuations. Each system in each situation is simulated for 50 times, i.e. , we generate

50 realizations.

4.1.1 The effect of the upstream biological network on signal fluctua-

tions

In this section, we study how the pattern formed in the upstream network affects the
fluctuations in the dorsal surface pattern formation process. Before dorsal surface pat-
terning, the PV space is divided into the three sections: the M, the NE and the DR.
Dpp, Tld and Tsg are expressed in the DR, while Sog is expressed in the NE. Sog
and Tsg can form a heterodimer Sog/Tsg, which has a high affinity for Dpp/Scw (B).
The complex formed, Dpp/Scw/Sog/Tsg, can be cleaved by Tld, which releases B. As
a result, there exists a flux of Dpp/Scw/Sog/Tsg towards the DM, preventing B from
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diffusing far away from the DR. Here we study how the shuttling system constrains the
spread of B.

Fig. 4.1l shows the statistics of BR and B in each compartment at 60 minutes. In
Fig. A1l the yellow bar represents the compartments in the DR, the blue bar represents
the compartments in the NE and the red bar represents the compartments in the M.
Fig. AIH(A) and Fig. A1}(B) show the mean number of B and BR molecules in each
compartment. The sharp decrease of the BR level occurs around 50, where the am-
nioserosa boundary lies. However, the sharp decrease of the B level occurs around 30,
where the boundary between the DR and the NE lies. Therefore, the density gradient

of B inherits the spatial pattern formed in the upstream network.
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Figure 4.1: The statistics of BR and B in each compartment at 60 minutes.

We use the standard deviation to study the fluctuations in B and BR. Fig. [L.1}H(C)
and Fig. [LIH(D) show the standard deviations of the numbers of B and BR molecules in
each compartment at 60 minutes, respectively. In compartment 1-30, the small standard
deviations of both species indicate that the probability of having B and BR molecules

in compartment 1-30 is very small. In the other words, the probability that there are
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no B and BR molecules in the NE and M is big. Therefore, the shuttling system plays
a very deterministic role in confining signaling molecules in the DR.

Although the standard deviations of B and BR in compartments 31-55 are much
larger than those in compartments 1-30, the boundary of the amnioserosa is well defined
due to the large difference of the levels of BR between different compartments. The

details of fluctuations in compartments 31-55 will be discussed in the following sections.

4.1.2 The effect of the feedback loop on signal fluctuations

In this section, we study the effect of the feedback loop on signal fluctuations. In [5],
endocytosis of molecules is treated as degradation, i.e., molecules are removed from
the system once they get internalized. As the level of SBP (C) in the feedback loop
increases, more B molecules can bind to C and thus get removed from the system.
To keep the total level of signaling molecules consistent, the degradation rate of B
is decreased when the endocytosis rate is increased in[5]. Here we focus on how the
feedback loop and endocytosis interplay to affect signal fluctuations. In particular, we
look at the precision of the amnioserosa boundary and the temporal evolution of the

noise of B and BR in the compartment near the boundary.

The precision of the boundary location

To simulate the specification of the amnioserosa boundary, we define a threshold con-
centration of BR. If the concentration of BR is above this, the compartment is defined
as type I; otherwise, it is defined as type II. The threshold compartment is defined as the
compartment that is of type II and is closest to the DM. We obtain the distribution of
the threshold position in the system with/without the feedback loop and with/without
endocytosis at 60 minutes.

The simulation results are shown in Fig. @2 where +f (+e) represents the system
with /without the feedback loop (endocytosis). Fig. [£.3] shows the mean number of BR
molecules in each compartment at 60 minutes. From Fig. and 4.3, we reach the

following conclusions:

1. With the feedback loop, the amnioserosa contracts. Moreover, in the system with

feedback and endocytosis, the threshold position is concentrated in the same one
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Figure 4.2: The distribution of the threshold positions.

compartment given the two different threshold concentrations. On the contrary,
without the feedback loop, the threshold position is more broadly distributed and
more sensitive to the threshold concentration. This implies that the feedback loop
can help stabilize the aminoserosa boundary. This is because BR in compartments
of type I can lead to more C molecules than BR in the compartments of type
II. More C molecules in compartments of type I can bind to more B molecules,
preventing B from binding to receptors in compartments of type II. As a result, the
difference of the numbers of BR molecules between the two types of compartments
is amplified by the feedback loop. Then as shown in Fig. 43l the gradient of the
number of BR molecules is sharper and the boundary is better defined in the

system with feedback.

Without endocytosis, the threshold moves towards the DM, i.e., the amnioserosa is
smaller than the amnioserosa in the system with endocytosis. Moreover, without
endocytosis, the threshold position varies more. This can be explained by the
temporal evolution of the signal in each compartment. Without endocytosis, we
increase the degradation rate of B for the consistency of the signal level as in
[5], which decreases the number of B molecules in the early stage of patterning
and hence slows the growth of the numbers of BR and C molecules. The smaller
number of B molecules in each compartment leads to a narrower signal band
around the DM. Furthermore, the difference of the numbers of BR molecules
between the two types of compartments is not amplified as much as the difference

in the system with endocytosis. So the boundary is less well defined.
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Figure 4.3: The mean number of BR molecules in each compartment at 60 minutes.

The biphasic effect of the feedback loop on noise propagation

In this section, we study the temporal evolution of the signal in the threshold compart-
ments. The threshold compartment is defined as the compartment where the threshold
position concentrates. We choose 10nM as the threshold concentration. So from Fig.
42 the threshold compartment of the system with endocytosis and the feedback loop
is compartment 51. The threshold compartment of the system with endocytosis and
without the feedback loop is compartment 44. The threshold compartment of the sys-
tem without endocytosis and with the feedback loop is compartment 53. Fig. [£.4] shows

the mean and the CV of the numbers of B and BR molecules in these compartments.

From Fig. @4 we can reach the following conclusions:

1. The differences between the mean number of B molecules and the mean number of
BR molecules are larger in the systems with the feedback loop than the differences
in the system without the feedback loop. This is because C produced in the

feedback loop can bind to B and reduce the number of free B molecules.

2. The CV of B is always larger than the CV of BR, which implies the fluctuations
are attenuated along the signal pathway. The number of B is around ten per
nucleus,and the numbers of receptors and C molecules are over one thousand [5].
The large amount of receptors and C can ensure B molecules are caught effectively,

which may attenuate the fluctuations in B.

3. In the systems with the feedback loop, the CV of B first decreases and then
increases, while in the system without the feedback loop, the CV of B and the
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Figure 4.4: The statistics of B and BR in the threshold compartment

CV of BR always decrease. This can be explained by the dual effect of C on
signaling. At low levels, C molecules can hold B molecules around receptors and
enhance the association between B and receptors, augmenting signaling. However,
as the number of C molecules increases, C will compete with receptors for B, which
reduces the number of free B molecules and increases the noise. Furthermore, in
the system with endocytosis and the feedback loop, C can remove B molecules
through endocytosis. As a result, the numbers of B and BR molecules decrease

and the fluctuations in them increase.

4.2 The multi-scale downstream biological network in nu-

clei

In this section, we propose a single cell model to characterize the downstream biological
network. By conducting a detailed scale analysis of reaction frequencies and stochastic
simulations of the biological system, we aim to understand how reactions of different

time scales affect the propagation of fluctuations in the network. Our system is a very
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prototypical TGF-g3 signaling network system, and our conclusions may hold over to
other signaling networks. Here we use the same notations as in Section. [Tl i.e.,
Dpp/Scw is denoted as B, receptors are denoted as R and SBP is denoted as C. In
addition, to differentiate molecules in different locations, we use *p, *c and *n to denote
the species in the PV space, the cytoplasm and the nucleus respectively. For example,

Bp represents B in the PV space and Bc represents B in the cytoplasm.

4.2.1 Single cell model
Biological network

The single cell model consists of three different domains: the PV space, the cytoplasm,
and the nucleus. B diffusion, production and degradation occur all over the PV space.
Near the embryo membrane, the reactions are the insertion of R at a constant rate, the
secretion of C from cytoplasmic translation, the binding reactions between B, R and C
as in [5], endocytosis and exocytosis of R, C, BR, BC and BCR, and the phosphorylation
of the cytoplasmic Mad by BR. We use the endocytosis and exocytosis mechanism from
[70], in which internalized BR can phosphorylate Mad, and B will disassociate from
R and C when BR, BCR and BC get recycled. Moreover, without any quantitative
information about intracellular degradation so far, for now we assume the intracellular
degradation of BR, BCR, BC, C and R occurs at the same rate as it does in the PV
space.

In the cytoplasm, we use the structure of the Smad pathway in humans. Through
transgenic experiments, Smad2 in humans is found to function in the same way as Mad
in Drosophila, and Smad4 works in the same way as Madea [71]. The Smad pathway in
humans can be summarized as in Fig. In the absence of signaling, the Smad proteins
can shuttle between the nucleus and cytoplasm. During signaling, the occupied receptor
phosphorylates Smad2, which facilitates the complex formation of Smad2/Smad4 and
Smad2/Smad2. Smad2/Smad4 and Smad2/Smad2 can be transported into the nucleus,
while Smad2 can only be capable of export in the monomeric form [0 [72]. The unidirec-
tional translocation leads to the accumulation of Smad2/Smad4 and Smad2/Smad2 in
the nucleus, where they can bind to DNA, regulate transcription and control feedback

reactions. Therefore, the reactions in the cytoplasm are the phosphorylation of Mad,



97
the association and dissociation reactions between pMad and Madea, the synthesis of
C from mRNA translation, the degradation of mRNA, and the intracellular degrada-
tion of BR, BCR, BC and C. For simplicity, we denote pMad/Madea as pMMe and
pMad/pMad as pMad2. Near the nuclear membrane, the reactions are the nuclear ex-
port and import of Mad, pMad, and Madea, the unidirectional import of pMad2 and
pMMe, and the nuclear export of mRNA.

SB-431542

Cytoplasm 5
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regulation
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Figure 4.5: The Smad pathway [6].

However, the exact structures of the Smad oligomers have not been fully determined.
It has been suggested that the transcription factors should not be Smad2/Smad2 or
Smad2/Smad4 but the hetero-trimers consisting of two Smad2’s and one Smad4 [73].
Moreover, our estimation in the following section shows the amount of Mad and Madea
is much larger than it is necessary for pMad2 and pMMe to activate the downstream
gene expressions. Here, we first reduce the amount of Mad and Madea and stick to
previous models in [0 [72]; and then we increase the amount of Mad and Madea to the
level suggested in [6] and use the trimer as the transcription factor. We compare the
temporal evolution of the signal in these two settings.

Then the reactions in the nucleus are the dephosphorylation of pMad, the associa-
tion and dissociation reactions between pMad and Madea, the binding and unbinding

reactions between the transcription factors and the promoter site, and the production
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of mRNA. In the nucleus, we assume there exists only one promoter site for the tran-
scription factors to bind to. During transcription, we divide the production of mRNA
into two steps: 1) RNAP binds to the DNA sequence to form an elongation complex
TEC; 2) TEC proceeds to become mRNA. Depending on the status of the promoter
site, the formation rate of TEC switches between the basal rate and the enhanced rate,

while TEC always proceeds at the same rate.
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Figure 4.6: The signal transduction pathway in the single cell model.

The model is shown in Fig. !lﬁ In addition, we make the following assumptions:

1. Only the species that can be produced undergo degradation. Therefore, B, R, C,
BR, BC, BCR and mRNA undergo degradation, and the total amount of Mad

and Madea in all forms is constant.

2. Proteins synthesized from mRNA translation can be transported actively and
rapidly to their end-destination. So we assume that proteins synthesized from
mRNA translation can be transported immediately to the embryo membrane for

secretion.

3. All species except DNA and proteins synthesized from mRNA translation diffuse.

! This figure is from Christina Brakken-Thal and modified by Likun Zheng.
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4. All the species near the embryo membrane, such as R, C, BC and BCR, are treated
approximately as being distributed over all the PV space as in [5].

Initially, the concentration of each species is set to zero except the following ones:

1. The concentrations of the receptors in the PV space and the cytoplasm are chosen
to be 160 nM and 1600nM respectively, so as to be consistent with the endocytosis

and exocytosis rates [5, [70];

2. The concentrations of the cytoplasmic Mad and Madea are one fourth of the
concentrations from [6], i.e., the concentrations of the cytoplasmic Mad and Madea
are 15.15 nM and 12.7 nM respectively ;

3. The concentrations of the nuclear Mad and Madea are one fourth of the concen-
trations from [0], i.e., the concentrations of the nuclear Mad and Madea are 7.125

nM and 12.7 nM respectively.

Parameter values

We present the values of all parameters in the attached tables in Appendix Pa-
rameters are estimated based on experiments and published papers. Here we discuss
how we apply known parameters to our system and estimate the parameters that lack
references.

Diffusion coefficients: For species that lack published data of diffusion coefficients,

we use the following equation from|[74] to estimate their diffusion coefficients

T
D =834%10"8« < M1/3> em?s™ !,
n

where T is the temperature, 1 is the viscosity of the medium and M is the molecular
weight. Moreover, for species embedded in the membrane, such as receptors and C,
recent studies show their diffusion coefficients are less than 0.02um?sec™! [75], which is
much less than those of the species in fluid. Therefore, for simplicity, we do not consider
the diffusion of membrane species here.

Insertion rate of receptors: We assume that the production of receptors in the
system is at the steady state and make the insertion rate of receptors the same as their

degradation rate in the PV space. The degradation rate of receptors in the PV space is
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chosen from [5].
Nucleo-cytoplasmic transport rates of Mad, pMad, pMad2, Madea, pMMe
and RINA: The nucleo-cytoplasmic transport rates of Mad, pMad, pMad2, Madea and
pMMe are estimated based on the data from [6]. In [6], whole compartment FRAP
of nuclear EGFP-Smad2 showed a monophasic and exponentially recovering curve of
Smad?2 in photo bleached cells. As a result, Shimmer et al concluded that the nuclear
transport is governed by mass action kinetics and obtained the transport rates to make
their model best fit experiment data. In particular, they treated the nuclear transport

as the following first-order reaction:

ki
Smade == Smadn,

out

where Smadc and Smadn represent Smad2 in the cytoplasm and nucleus respectively,
and k.,+ and k;, are the nuclear export and import rate constants. The deterministic
governing equation of the temporal evolution of the concentrations of Smadc and Smadn
can be expressed by using the mass action rate law. Then k,,; and k;,, were estimated
so that the solution to the equation can best fit the averaged data from experiments.
Similarly, the nuclear import and export rates of other species were obtained in [6].
Without considering diffusion and spatial inhomogeneity, it was assumed that nu-
clear transport can happen everywhere in [6]. However, we will only allow the nuclear
transport to occur near the nuclear membrane, as spatial inhomogeneity may play an
important role in signal transduction. During import, molecules bind to cargoes via
their nuclear localization signals and then molecular cargoes bind to cognate soluble
transport factors that facilitate the passage of the resulting transport factor-cargo com-
plexes through the nuclear pore complexes [76]. Assuming molecules can be localized
around the nuclear membrane once they reach there, we divide the import process into
two steps: 1) in the first step, the molecule diffuses freely to the nuclear membrane
and gets localized; and 2) in the second step, the molecule near the nuclear membrane
undergoes a first-order reaction to become a nuclear molecule. To obtain the first-order

reaction rate, we solve the following equation

1 1
—=FKT)+ —,
where kj, is the import rate from [6], &/, is the first-order transport rate across the

nuclear membrane, and F(T') is the expected time for a molecule to reach the nuclear
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membrane given its initial position is uniformly distributed in the cytoplasm. Similarly,
we obtain the other nucleo-cytoplasmic transport rates.

mRNA transport from the transcription site to the nuclear pore complexes is charac-

terized as nucleoplasmic diffusion with diffusion coefficient ranging over 0.005—0.03m?s™
[77,[78]. The time for a mRNA molecule to travel throughout a nucleus of radius 5—8um
is 20 — 30 min [77]. However, the export of a mRNA molecule proceeds rapidly (about
0.5 s) once the mRNA molecule is attached to the nuclear envelope [(7]. Therefore,
we let mRNA get exported immediately once mRNA reaches the nuclear membrane by
nucleoplasmic diffusion.
The rate of pMad2 and pMMe binding to the promoter site on DNA: We use
1x109M~tsec! and 1.11 x 10~ 3sec™! from [79] as references for the on and off rates of
pMad2 and pMMe binding to the promoter site. In [79], experiments were carried out
under the pseudo-first-order condition, in which the free DNA concentration remains
constant. The number of DNA-target-bound proteins was counted over time and was
fitted by a monoexponential equation.

In our system, we assume there is only one promoter site for pMad2 and pMMe.
Since the binding reactions between the promoter site and transcription factors are
much faster than diffusion-limited associations, we increase the size of the promoter site
to account for the fast association reaction. In particular, we discretize the nucleus into
identical compartments of dimension 3um x 3um x 3um and put the promoter site in
the central compartment. The transcription factor in the central compartment can bind
to the site at rate 1 x 1090 ~1s~ 1.

Basal and enhanced transcription rates: As far as we know, there is no quan-
titative information about transcription and translation steps in the feedback loop.
We use the known quantitative information of other species to estimate the transcrip-
tion rates. In bacteria and mammalian cells, the basal transcription rate ranges over
0.01 — 0.05sec™! and the transcription rate can be increased by 8-30 times by tran-
scription factors binding to promoter sites [80, [81], 82]. Therefore, in our system, we
choose the basal transcription rate as 0.03 sec™! and the enhanced transcription rate as
0.3 sect.

System dimensions: The average nucleus diameters during nuclear cycles 10-14 are

10 pm, 10.5 pm, 9.2 pm, 8.2 um, and 6.5 um [32]. For simplicity, we approximate the

1
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nucleus as a cuboid of dimension 9um x 4um x 9um. The cytoplasmic space is approx-
imated as a cuboid of dimension 9um x 0.5um X 9um between the embryo membrane
and the nuclear cuboid, and the PV space is approximated as a cuboid of dimension
9um x 0.5um x 9um above the embryo membrane. The system is shown in Fig. 7]
which consists of three cuboids: the PV cuboid, the cytoplasmic cuboid, and the nuclear
cuboid. Here the x-axis is along the D-V axis. The PV cuboid is built based on [5]. We
discuss our settings of the cytoplasmic cuboid and the nuclear cuboid as below.

the PV
cuboid

the
cytoplasm
/4‘ cuboid

the nucleus
cuboid
y
z
0 X

Figure 4.7: The cuboid approximation of the single cell system.

\

The volume of the cytoplasmic cuboid is smaller than the volume of the cytoplasmic
space and the amount of cytoplasmic Mad and Madea may be underestimated. However,
our analysis in Section shows that phosphorylation occurs so slowly that only a
small amount of Mad can get phosphorylated. Therefore, underestimating the amount
of Mad has little effect on downstream signaling. Underestimating the volume of the
cytoplasmic space also changes the time for molecules to reach the nuclear membrane
E(T). However, our analysis of nuclear import in Section indicates that E(T") ~
4 sec and ﬁ ~ 300 sec. So the transport across the nuclear membrane is the limiting
step of nuclear import. Therefore, the effect of E(t) on nuclear import is small.

The volume of the nuclear cuboid is the same as the volume of the nucleus in the 14th
cycle. Therefore, the amount of signaling molecules is well approximated. In addition,
similar to nuclear import, the limiting step of the export of pMad, Mad and Madea is

the transport across the nuclear membrane. Therefore, the effect of the dimension of
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the nuclear cuboid on the nuclear export of pMad, Mad and Madea is small.

Next, we discuss the effect of the nuclear cuboid on mRNA export. Since nucleoplas-
mic diffusion of mRNA is very slow and the nuclear envelope can export mRNA once
mRNA gets attached to it, the limiting step of mRNA export is nucleoplasmic diffusion.
As a result, the dimension of the nuclear cuboid, where mRNA can get exported, and
where mRNA is located after export is important for mRNA export. In our system,
we let the nuclear membrane at y = 0 and y = 4 um export mRNA immediately once
mRNA reaches there and the remaining part of the nuclear membrane is reflective. As

a result, the expected time for mRNA to get exported is , where D,,rn 4 is the

Do
diffusion coefficient of mRNA. If mRNA is produced at the center of a sphere of diam-
eter 6.5 um and can get absorbed once it hits the surface of the sphere, then the mean
time for mRINA to get absorbed is #}281“. Therefore, the mean export time of mRNA
is well approximated.

After export, the location of mRNA is determined based on Fig. E.8 which is a
cross section of the cytoplasm. In Fig. A8 the rectangle representing the cytoplasmic
space contains a circle representing the nucleus in its center. Here the cytoplasmic
space is approximated as a cube of dimension 9um x 9um x 9um and the nucleus is
approximated as a sphere with its diameter equal to 6.5um. If we divide the cytoplasmic
space into 3 identical compartments as in Fig. L8] then the length of the side of each
compartment along the x-axis is 3 pm. Given a mRNA molecule starting at the center
of the nucleus, the probability for it to locate in the middle compartment above the
dashed line after export is %, where 6 is the angle corresponding to a cord of length

3um in a circle of diameter 6.5 um. The probability to locate in any one of the other

two compartments above the dashed line after export is i — %. If the mRNA molecule
locates below the dashed line after nuclear export, it takes at least % = 100 sec

for it to reach the embryo membrane, which is much larger than the mean life time of
mRNA (10sec) in our system. Therefore, we assume that mRNA locating below the
dashed line always stays below the dashed line. Moreover, we assume that proteins
synthesized below the dashed line can be transported with equal probability to each
compartment above the dashed line. Therefore, the fraction of mRNA to produce
proteins in the middle compartment is % + %. The fraction of mRNA in any one of

the other two compartments is % — %. Therefore, after export, we locate a mRNA
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molecule in the middle compartment with probability % + %. The probability to locate
it in any one of the other two compartments is % — %. If we divide the cytoplasmic
space into any number of identical compartments, the determination of the location of
mRNA follows the similar way. Moreover, after export, the mRNA molecule is put close
to the embryo membrane. Since we assume synthesized proteins from translation are

transported immediately to the embryo membrane for secretion, the y-coordinate of the

position of the mRNA molecule will not affect signaling.

N

Yy

Figure 4.8: The cross section of an embryo in the cytoplasm.

4.2.2 Time scales of reactions

In this section, we compare the time scales of different reaction steps to understand
the temporal scale of the signal evolution. We first estimate the maximal numbers of
molecules of different species based on literature and then use them to estimate reaction
frequencies. We find that the major rate limiting steps are the phosphorylation of Mad
and the nucleo-cytoplasmic transport of mRNA.

We estimate the maximal number of molecules of each species in its respective
cuboid. For example, the PV cuboid is of dimension 9um x 0.5um x 9um, and the
concentration of free BMP is in the range of 0-5nM [5]. So the maximal number of B

molecules in the PV cuboid is

lecul
5nM x 6.02 x 1082 g x 9um x 0.5um = 122 (4.1)

mol

For simplicity of modeling it is assumed receptors are distributed in the whole PV cuboid
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as in [B]. Therefore, the maximal number of receptors in the PV cuboid is

023 molecules

160nM x 6.02 x 1 X 9um x 9um x 0.5um = 3900, (4.2)

mol

where the concentration of receptors 160nM is taken from [5]. Similarly, the maximal
numbers of molecules of other species can be estimated. Table. [£.]] shows the maximal
number of molecules of species in different cuboids. The total amount of receptors and
C molecules is much larger than the amount of B. So that C and receptors can catch B

molecules effectively and attenuate the fluctuations in B.

Variable | Space Concentration | Number of Molecules | Reference
B PV 5nM 122 5]
R PV 160nM 3900 [5]
C PV 340nM 8400 5]
Mad Cytoplasm | 60.6nM 1477 6]
Madea | Cytoplasm | 50.8nM 1238 6]
Mad Nucleus 28.5nM 5559 [6]
Madea | Nucleus 50.8nM 9908 [6]

Table 4.1: Maximum estimated numbers of molecules
To estimate reactions frequencies, we calculate the maximal propensity function of

each reaction, which gives the largest probability of the occurrence of the reaction during

unit time. In particular, we calculate the propensity function by Eq. (£3])
X1 x X x rate x V x 6.02 x 10, (4.3)

where X7 and X5 are the concentrations of the reactant species in a bimolecular reaction
(X2 = 1 for a unimolecular reaction), rate is the reaction rate constant, and V is the
volume of the respective cuboid. X7 and X, are chosen as the maximal concentrations
of the reactant species in the cuboid. Table summaries the propensity functions of
the reactions. There is a two orders of magnitude difference between the slowest and
fastest reactions in the PV space. Forming active signaling complexes by B binding to
R is very slow, but the formation of active signaling complexes through binding to C is
very likely, leading to almost all active signaling complexes forming through C. In the
intracellular space, the major rate limiting step appears to be the phosphorylation of
Mad to pMad.
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Reaction Species 1 | Species 2 | Rate Propensity

B+C — BC B C 1 4051
(5nM) (200nM)

BC — B+C BC o 2411
(30nM)

BC+ R — BCR BC R 0.5 9751
(30nM) | (160nM)

BCR— BC+R BCR 101 3321
(80nM)

BR+C — BCR BR C 1.3x107 L | 317 L
(30nM) | (200nM)

BCR — BR+C BCR 101 3321
(80nM)

B+ R— BR B R 24%1072 L | 8L
(5nM) (160nM)

BR— B+R BR L 490-L
(30nM)

BR+ Mad — pMad | BR Mad 24x1072—L— | 17-L
(30nM) | (60.6nM)

2xpMad — pMad2 pMad pMad 1.1% 107! n]\/[imin 1648%c
(60.6n.M) | (60.6n0M)

pMad + Me — pMMe | pMad Me 1.1 % 10_1n1\/]imin 1378%c
(60.6nM) | (50.8nM)

pMad2 — 2pMad pMad2 - 121
(30.3nM)

pMMe — pMad+ Me | pMMe mlm 20%
(50.8nM)

pMad — Mad pMad 3.96 x* 10_1ﬁ 37$
(28.5nM)

Table 4.2: Propensity functions for reactions.
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The maximal propensity function for the nucleo-cytoplasmic transport is calculated

by Eq. ([@.4)
X| x rate x V x 6.02 x 10% (4.4)

where X7 is the maximal concentration of the respective species, rate is the transport
rate constant from [6], and V' is the volume of the cuboid where the transport starts.
In [6], all species are assumed to be evenly distributed in the system. Therefore, we can
use the total number of molecules in the cuboid in Eq. (£4]). Table [4.3] summarizes the
propensity functions for transport across the nuclear membrane, where *c and *n present
species in the cytoplasmic and nuclear cuboids. The transport rate is several orders of
magnitude smaller than the maximal rate of reactions between pMad and Madea, but
is in the same order as the phosphorylation rate. Due to the slow phosphorylation
step, the number of pMad increases slowly and hence all the cytoplasmic reactions may

happen slowly. As a result,large fluctuations may arise in the cytoplasm.

Species | Concentration | Rate Propensity Function
Madc | 60.6nM 51610731 | 7.6-=

Madn | 28.5nM 0.29-1 3627-L

pMadc | 60.6nM 51610731 | 7.6-1

pMadn | 28.5nM 0.29-L 3627-L

pMad2c | 30.3nM 0.0204-L 22-L

pMMec | 60.6nM 0.0204-L 441

Medeac | 50.8nM 0.00516-L 6.4-=

Medeac | 50.8nM 0.00305-2 681

Table 4.3: Propensity functions for transport across the nu-

clear membrane

We estimate the time scale for a molecule to diffuse throughout the cuboid where it
lies. In particular, the time scale is estimated by Eq (4.5)
12
D

where D is the diffusion coefficient, and L is the maximum length of the cuboid. Table

(4.5)

[4.4] summarizes the time scales for molecules of different species to diffuse throughout
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the respective cuboid. The diffusion of mRNA is several orders of magnitude slower
than all other diffusion processes. Therefore, the transport of mRNA can also be a

limiting step of the signal evolution.

Species | Diffusion Constant | L?/D

B 7.3 % 10’?232 1.1sec

Madc 1.6 * 10’?2:2 5.06sec
pMadc 1.6 * 10’?2? 5.06sec
pMad2c | 1.3 1042 6.23sec
Medeac | 1.4%10 “;25 5.79sec
pMMec | 1.2 % 10“;25 6.75sec
mRN Ac | 3.0 % 10242 2700sec
Madn 1.6 * 10“;2; 5.06sec
pMadn 1.6 % 10% 5.06sec
pMad2n | 1.3 1042 6.23sec
Medean | 1.4 % 10% 4.57sec
pMMec | 1.2 % 1042 5.33sec
mRN An | 3.0 % 102472 2130sec

Table 4.4: The time scales of diffusion

Therefore, the downstream network is a multi-scale network, which allows us to
reduce the system for stochastic simulations. Since the diffusion time of Mad and Madea
is much less than the time of phosphorylation and nuclear transport , we can assume
that Mad and Madea are always well mixed in the nucleus and cytoplasm. By making
this assumption, we can reduce the simulation time by half to one third. Moreover,
the phosphorylation of Mad is much slower than other reactions, which implies a small
number of pMad molecules and large fluctuations in the cytoplasm. Furthermore, the
nucleo-cytoplasmic transport of mRNA is much slower than other reactions and diffusion

processes, which may play an important role in the propagation of fluctuations.



109
4.2.3 Stochastic Simulation

In this section, we use the Gillespie simulation method to understand how reactions of
different time scales affect the propagation of fluctuations in the single cell system with

different settings. 50 realizations are generated for each case.

Simulation settings

To apply the Gillespie simulation method, we discretize the three cuboids into compart-
ments and assume each compartment is well mixed. In particular, we divide the PV
cuboid into Px x Py x Pz identical compartments. Px, Py and Pz are the number of
discretizations along the x-axis, the y-axis and the z-axis, respectively. The cytoplasmic
cuboid is discretized into Cx x Cy x Cz identical compartments. Cz, Cy and Cz are
the number of discretizations along the x-axis, the y-axis and the z-axis, respectively.
The nuclear cuboid is divided into Nz x Ny x Nz identical compartments. Nz, Ny and
Nz are the number of discretizations along the x-axis, the y-axis and the z-axis, respec-
tively. Letting Px = Cx = Nx = Pz = Cz = Nz, each compartment in each layer is
of dimension % pm X Ly x %, where [ is the length of the side along y-axis. Here we
choose Cz = 3, Py = Cy = 1 and Ny = 3. So the compartments in the PV, cytoplasmic
and nuclear cuboids are of dimension 3um x 0.5um x 3um, 3um x 0.5um x 3um and
3um x 1.3um x 3um respectively.

Since we are only interested in patterning in the D-V axis, we assume that the
system is uniform in the z-direction. We focus on a slice of the single cell in the x — y
plane. Fig. shows the discretization of the system and the slice of the single cell we
study.

In order to study fluctuations caused by a small number of signaling molecules, we
assume B is only produced in one compartment in the PV cuboid at rate 1nM/min

and the boundaries of the PV cuboid are reflective.

The temporal evolution of the system

Using the parameters from tables in Appendix [6.2, we simulate the biochemical system
presented in Section M.2.Jl The mean number of molecules of each species in each

compartment is given in Fig. 10l Ctotal equals the total number of molecules of
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Figure 4.9: The discretization of the single cell system.
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BC, BCR and C. The status of the promoter site presents whether the promoter site is
free or occupied. If it is one, the site is free; and if it is zero, the site is occupied. So
averaging the status of the promoter site over all the realizations gives the probability

that the promoter site is free. From Fig. .10, we can reach the following conclusions:

1. The signal level in the single cell system is consistent with the signal level in the
half PV space in Section {1l In particular, the levels of B, BR and Ctotal are
consistent with results in Section [4.1] and [5]. For example, the mean number of
BR molecules is 2 in a PV compartment and 18 in a cytoplasmic compartment.
So the total average number of BR molecules that can phosphorylate Mad in a
cytoplasmic compartment is 20, which is equivalent to a density of 7.5nM. In
Section 1], the concentration threshold of BR for the amnioserosa boundary is
around 10nM. Therefore, our single cell can be considered as a cell around the
amnioserosa boundary. Similarly, Ctotal and B can be found to be consistent

with previous results.

2. In spite of the local production of B and transport of molecules across membranes,
all species except mRNA are well mixed in each cuboid. This can be explained
by comparing two time scales: 1) B diffusion is much faster than the downstream
reactions and 2) except mRNA, transport of other species across the nuclear mem-
brane is much slower than diffusion. Therefore, we focus on one compartment in
each cuboid in the following discussion. In particular, in the PV and cytoplasmic
cuboids, we focus on the middle compartments. In the nuclear cuboid, we focus

on the Central compartment, where the promoter site is located.

3. From 5 minutes on, the promoter site stays occupied and rarely becomes free any-
more. This can be explained by comparing the propensity functions of the binding
and unbinding reactions between transcription factors and the promoter site. The
binding rate (ko) is 60nM/min and the unbinding rate (kofr) is 0.067/min.
Therefore, once there is one transcription factor in the Central compartment, the
propensity function of the binding reaction is 25. If the promoter site is occupied,
the propensity function of the unbinding reaction is 0.067. So once the promoter

site is occupied, it can be occupied most of time.
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4. The mean number of B molecules in PV compartments first increases but decreases
later. As more C molecules are produced, more B molecules will bind to C and
endocytosis of BC decreases the amount of B. Since internalized B cannot get
recycled, C can inhibit signaling at its high level. In addition, since internalized

B cannot signal and cannot get recycled, we do not consider B in the cytoplasm.

So the mean number of Bp is zero in all cytoplasmic compartments.

Signal sensitivity to transcription parameters

Since the propensity function of the binding reaction between transcription factors and
the promoter site is much larger than that of the unbinding reaction, the promoter
site will stay occupied once it is occupied. Here we study how the signal evolves if
we increase the unbinding rate. Fig. [4.11] shows the temporal evolution of the status
of the promoter site, the mean number of RNAn and the mean number of Ctotalp in
the systems with different unbinding rates. As the unbinding rate increases, the times
for the promoter site and RNAn to approach their quasi steady states increase. The
increase of Ctotalp becomes slower, too. However, as k,¢s increases from 0.067min~!
to 6.7min~!, the change of the temporal evolution of the signal is much smaller than
the change caused by increasing k,s; from 6.7min~! to 67min~'. This implies that
the unbinding rate has to be increased enough to cause change in the downstream gene
expression. To understand this, recall that the propensity function of the promoter site
being occupied is 25 once there is a transcription factor in the central compartment. So
the mean fraction of the occupancy status of the promoter site is larger than 25‘5720“
The transcription rate is increased by 10 times when the promoter site is occupied by
transcription factors, so the mean transcription rate is at least

kopr +10 %25

k
" korr + 25

where Ky is the basal transcription rate. As a result, k¢ has to be increased substan-

Kog p+10%25
kors+25

of unbinding rates. To study the fluctuations in the promoter site and the downstream

tially to cause reduction in . Therefore, the system is robust to the change

gene expressions, we choose 6.7min ! as the unbinding rates in the following sections.
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Noise propagation

Here we study how noise propagates along the signal transduction pathway by consid-
ering the CV of the number of molecules in one compartment. Fig. [£.14] shows different
functions of the CV, depending whether the CV is around one or zero. The CV’s of the
numbers of molecules of Bp, BRp, BR¢, pMadc, pMadn,P2¢c and P2n are represented
by the exponential function of them. P2c¢ (P2n) is the total number of molecules of
pMad2 and pMMe in one cytoplasmic (nuclear) compartment. The CV’s of the num-
bers of molecules of Ctotalp, RNAc, RNAn, and the promoter site (Site) are represented
by the logarithm function of them. Fig. [4.14] shows the noise of BRc is smaller than
that of BRp, which may be explained by the accumulation of BR in the cytoplasm by
endocytosis. However, the noise of pMad is much larger than that of BRc, which can
be caused by the slow phosphorylation step. In the nuclear compartment, the the noise
of RNAn is much smaller than that of the promoter site, which can be explained by
fast transcription. The noise of RNAc is larger than that of RNAn, due to the slow
export of RNAn. The noise of Ctotalp is much smaller than that in RNAc, which may
be explained by fast synthesis of C from cytoplasmic translation and rapid transport to
the embryo membrane. In conclusion, the fast synthesis of C, cytoplasmic accumulation
of BR by endocytosis and fast transcription may reduce noise while the slow phospho-
rylation of Mad and nuclear export of mRNA increase noise. However, the difference
between the noises of pMadc, P2c, pMadn and P2n cannot be seen. Therefore, the
effect of the nuclear accumulation of pMad, pMad2 and pMMe on the propagation of

noise is little.

The hetero-trimers

It has been suggested that the transcription factor should be the hetero-trimer (pMad2/Madea)
consisting of 2 pMad’s and one Madea [73]. To test this hypothesis, we add the following

reactions in the cytoplasm and nucleus:
k k
pMad + pMDMe k:s pMad2/Madea k:s pMad2 + Madea.
—8 —8
Moreover, pMad2/Madea can only be transported from the cytoplasm to the nucleus

as pMad2 and pMMe. pMad2/Madea acts as the transcription factor that can en-

hance transcription, while pMad2 and pMMe are not transcription factors. Due to the
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slow phosphorylation of Mad, the formation of pMad2/Madea is much lower than that
of pMad2 and pMMe. Therefore, for the consistency of the signal level, we increase
the initial concentrations of Mad and Madea by four times. We simulate the system
with pMad2/Madea and compare it with the basal system in Sectiond.2.3l As the sys-
tem in Section [£.2.3], molecules of species except RNAn are well-mixed in each cuboid.
Therefore, we focus on the middle cytoplasmic compartment and the central nuclear
compartment. We compare the mean and CV of the numbers of pMad2 and pMMe
molecules in the two systems. The comparison results are shown in Fig. 413 In Fig.
[413] figures with the title +¢ show the results of the system with pMad2/Madea as
transcription factors, and the remaining ones show the results from the system in Sec-
tion 23]l Fig. I3l shows the CV’s of the nuclear pMad2 and pMMe are less than
those of the cytoplasmic pMad2 and pMMe in the system with the trimer formation,
which can not be observed in the system in Section .23l It may be because that
the unidirectional transport of pMAd2/Madea can enhance the nuclear accumulation
enough to attenuate the fluctuations in the nucleus, which can be seen from the mean
numbers of pMad2 and pMMe molecules in Fig. 4131

Fig. [14 shows how the downstream signal responds to the change of the transcrip-
tion factor. In Fig. [£14 PMAD2MEc and PMAD2MEn represent pMad2/Madea in
the cytoplasm and the nucleus respectively. The system labeled with +¢ is the system
with the formation of the trimer and the system labeled with b is the system in Sec-
tion 23l Fig. [LI4] shows the nuclear accumulation of pMad2/Madea leads to the
reduction of the fluctuations of pMad2/Madea in the nucleus. However, due to the
slow phosphorylation of Mad, the trimers pMad2/Madea are formed at a much lower
rate than pMad2 and pMMe. As a result, the promoter site and RNAn approach their

quasi-steady state more slowly.



Chapter 5

Conclusion and Future Work

Biochemical systems are stochastic due to random motion and collision of signaling
molecules, and environmental fluctuations. Stochasticity is identified as the major rea-
son for the phenotypic difference among genetically identical cells. However, the devel-
opment of organisms is highly reproducible. How the biological system filters noise is
the major topic we study in this thesis.

First, we have studied the effect of the localization of signaling molecules on the sig-
nal transduction pathway, in the deterministic and stochastic views. Using sensitivity
analysis of the deterministic models, we have found slow diffusion and the fast degra-
dation of the ligand near the receptor surface can interact with each other to sharpen
the gradient of the signal and accelerate the relaxation of the biochemical system to the
steady state. By analyzing the stochastic motion of a ligand molecule in a system with
locally distributed receptors and membrane proteins, we have estimated the extent of
localization in terms of diffusion coefficients and binding reaction rates. Our results also
demonstrate that although the membrane protein can concentrate the ligand molecule
around receptors, it has to pass the localized ligand molecule to receptors fast enough, in
order to enhance signaling. Otherwise, the localization will inhibit signaling. The effect
of localization on signal specificity has also been discussed. So far, we have assumed
that the receptors and the membrane proteins are in excess, which leads to first-order
reaction-diffusion systems. In the future, we plan to consider the change in the levels
of free receptors and membrane proteins.

Ligand molecules bind to receptors to initiate downstream networks that may lead
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to gene expression. Therefore, we study how the noise from the initiation step of
transcription evolves along the elongation step and affects the production of mRNA. Our
analysis shows that if the transcription complex forms at a random telegraph rate and
the complex proceeds deterministically along the DNA sequence, the noise can approach
zero as the length of the DNA sequence is long enough. During elongation, the complex
pausing at the DNA sequence is commonly observed in transcription. We consider a
system in which the complex arrives at the promoter site in a Poisson process and can
pause at specific sites of the DNA sequence. We show that the transcription pause has
to happen rarely and lasts long enough to lead to the bursts of mRNA production. In
the future, we will study how the randomly switching of the status of the promoter site
and the complex pausing interplay with each other to affect the production of mRNA.

During the process of determining the amnioserosa boundary in Drosophila, recep-
tors bound by Dpp/Scw initiate the downstream network, which leads to the expression
of an auxiliary membrane protein SBP (C). C can localize Dpp/Scw around receptors
and affect signaling as a coreceptor, thereby forming a feedback loop. The feedback
loop has been demonstrated by deterministic models in [5]. Here we use stochastic
simulations to show how the feedback loop can help the system specify the amnioserosa
boundary among a field of cells. Moreover, we propose a detailed single cell model
for the downstream network. Our estimation of the time scales of reactions identifies
the phosphorylation of Mad and nuclear export of mRNA are the two limiting steps in
signal transduction. Our stochastic simulations imply that fluctuations are amplified at
these steps. Moreover, we consider the system with the heterotrimer pMad2/Madea as
the transcription factor and compare it with the system with the dimers as the tran-
scription factor. The formation of the trimer can enhance the nuclear accumulation of
pMad2 and pMMe, and reduce the fluctuations in the nucleus. However, due to the
slow phosphorylation of Mad, the formation of the trimer is slow and the temporal evo-
lution of the signal is slower than the system with the dimer as transcription factors.
In the future, we will implement the single cell system in the whole pattern formation
process, to understand how reactions of different time scales affect the communication
between cells. However, the computation time can become a problem. Since the single
cell system is a multi-scale reaction network, we may be able to simplify the system in

an appropriate way to reduce the simulation time.
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Chapter 6

Appendices

6.1 Ligand signaling in a complex medium

6.1.1 The smallest pole (in magnitude) for L[u|(y,s)

When 6 = 1, L[u](g, s) has an essential singularity and the smallest pole (in magnitude)
can not be used to estimate the relaxation time of u to the steady state. Therefore, we
assume 6 # 1. Here we find the smallest pole (in magnitude) for # > 1 and the result

can be extended to the case when 6 < 1. For 6 > 1, there exists a nonzero real pole of
Eq. I0) in (—1,—%). For any real s € [(—1,—%)], Eq. (Z12) becomes:

I'Vv/s + 1 cos (oz —(s+ %)) sinh (8v's + 1)

—/—8(s + %) sin <oq/ —(s+ %)) cosh (8v's +1) = 0. (A1)

When s = —1, the left-side term in Eq. (A is less than zero. On the other hand, when
s = —0, the left-side term in Eq. (Al is greater than zero. Therefore, at least one real
zero of Eq. (&) exists in (—1,—%). Let s be a real zero of Eq. (AI) in (—1,—35).

Let = + yi be the smallest pole of Eq. (ZII) in magnitude. Then, |z + yi| < 1,
|z| <1 and |y| < 1. Now, we will show that |y| < 1 . For simple notation, we set

(a + bi)2 = (x+1)+ i, (A2)
(m+ i)’ = (o4 5)+yi (A3)
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Therefore, |al? + |b]? = /(2] + 1)2 + [y|2 < Vb and |m|? + |n]? < /(Jz] + 1)2 + [y]2 <
V/5. Moreover, a + bi and m + ni satisfy the following:

T'V6(a + bi) cosh {a(m + ni)} sinh {B(a + bi)}

+(m + ni) sinh {a(m + ni)} cosh {B(a + bi)} = 0. (A4)
Multiplying the complex conjugate of the second term in Eq. (A4]) to both sides of Eq.
(A4), we get

S(a + bi) cosh {a(m + ni)} sinh {B(a + bi)}

X (m — ni) sinh {a(m — ni)} cosh {B(a — bi)}] =

where < is the ideal part of a complex number. For simple notation, we set

m=am, A=oan, a=/pa, b=/b.

Then Eq. (AD) gives
{msinh(2m) — fisin(2n)} {bsinh(2a) + asin(20)}
= {nsinh(2m) 4+ msin(2n)} {asinh(2a) — bsin(2b) } . (A5)
Moreover, |m| = |a|lm| < 5i|oz| < 1. Similarly, |7| < 1, |a] < 1 and |b| < 1. Using
Taylor expansion in Eq. (Af]), we have
{m(2m+0 (m*)) —n(2a+0 (7%))} {b(2a
={n(2m+0 (m®))+m(2n+0 (n))}{a(2a
Therefore,
{m2 -n?+0 (ozz)} {2ab+ 0O (ﬁ2)} ={2mn+0O (a2)} {a2 ~*+0 (ﬁ2)} . (A6)
Since a? — b? = x + 1, m? —n? = x + 0, and 2ab = 2mn = y from Eq. (A2) and (AJ),

Eq. (A6]) becomes

{x+;+0 }{y+052} {y+0(}{z+1+0(B*)}. (A7)

Simplifying Eq. (A7) for a? and 32 gives

y ~ O(az)(a:+1—y)+0(52)(y—x—%)+0(a2ﬁ2).
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Since |z| < 1 and |y| < 1, using o < 1 and § < 1, we get y < 1.
We find the smallest pole of Eq. (211 below. Plugging = + yi in Eq. (2.12]), we

have

I'V6é+/z 4+ 1+ yicosh {a\/x—k % —i—yz’}sinh {ﬁ\/az—l— 1 —i—yi}

—H/x—i—%—i—yz’sinh{m/x—i—%—i—yi}cosh{ﬂ\/x—i-l—i-yi}

~0. (A8)

Therefore, the left hand side of Eq. (AS) only depends on x4+ 1+ yi and = + % + yt.
Due to y < 1, we can consider  + 1 and = + % to find the smallest nonzero pole in
magnitude, i.e., we can estimate the smallest nonzero real pole, syin, of Eq. (211 in
magnitude. Letting y = 0 in Eq. (AS)), for any = > —%, the left hand side of Eq. (AS])

is always positive. So spin < —% and spin obeys the following equation

P\/gx/s—kltanh(ﬁ\/s—i-l)—H/—é(s—k%)tan(a —(s+%)> = 0. (A9)

Since there exist at least one real pole of Eq. (ZII) in [—1, — 5], we have |syin| < 1. Due
to a < 1 and § < 1, we have ay/—(Smin + %) < 1 and Bv/Smin + 1 <€ 1. So Taylor
expansion of Eq. (A9)) gives

3
n@ﬁﬂﬁ{mﬁi——@l§ﬂl}
3
ay/—(s+ 3
+ V=(s+0)S a —(s+$)—< (3+€)> ~0

which is a quadratic equation for $,,;,. Solving Eq. (AIQ) for s, we get

) <%o¢3 + 1“63\/5) +3 (a + Fﬁﬁ) + /A
s ~ 2 TTRVD) (A10)

where

A = 9(a+TpVE)? + 4apTVE {3(a2 —6H(1 - 1

PP Pt
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Using o < 1 and f < 1 and v/1+ 2z =~ 1+ £ for |z| < 1, we approximate /A as

follows:

VA ~ 3(a+T8V5) | 4 oBIVE(1L— ) {3(c? ~ 87) — o321 - )}
18 (o + TBV0)

Since |spin| < 1, we get

~2(3® +T#VE) +3 (a +TBV3) - VA
= 2(a® 1+ T 3V5)

S

(A11)

Using a = 1 /6(1/;6)2’ B= 1/%, and g = % where p = 1%, we rewrite Eq. as
1-3 Lp’(1—g)°

Smin ~ —1+ + To3 .
1+Tp BA(L+p)*(1+ ) (1 +Tp)

6.1.2 The solution to the immobilization equations

The system governed by Eq. (ZI8]) can be rewritten in the following vector form

<p1b> _ <DlA )(plb)+<_k+ k/’—)(l’lb). (B1)
Pbe /, 0 Plbe ky =k Plbe

subject to the following initial and boundary conditions:

p15(y,0[yo,0) 5y — vo)s
plbc(y70‘y070) = 07

Op1p

2y, tlyo,0) = 0 ty=0
8y (y’ |y07 ) 5 at y 5
P1v(ys t|Yo,0) 0, aty=H.

D —ky k_
Let D = < ! 0 > and K = ( N * ) ) Then the solution to Eq. (BI)
+ - —

P1ib

Pibe
eigenvalue. Therefore, ¥, (y) is the solution to

has the form < ) = Z et (y), where W, (y) is the eigenfunction and A, is the
n=0
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ov,

DAY+ (K = MD)W =0, 5 8lym0 =0, Waly=riy =0.

Vin

Then it is easy to check that ¥, = < )1/17“ where 1), is a solution to the

Von
following scalar eigenvalue problem

On
wy ly=0 =0,  Un(y,tlyo,0)ly=m, = 0. (B2)

Ay, +with, =0 for y € [0, Hy),

Vin

Moreover, v, =
Von

) satisfies the algebraic eigenvalue problem

(K —w2D — M\, 1)v, =0, (B3)

where [ is the 2 x 2 identity matrix.
From Eq. (B2), we obtain w, = (zgz)w and v, = cos % From Eq. (B3)), we
have det(K — w2 — A\, 1) = 0 and obtain

—(kg +k_ 4+ w2Dy) £ v,
)\n:l: = 2

, where

vp =/ (ky +k_ +w2D;)? —4k_w2D,

o

. Define v,,+ such that P1b = Z e/\”+t1,bn1/n+ + e/\”*tq/)nyn_. Then we have (K —
DP1be n=0

w2D — X\yx Nvpy = 0 and (K — w2D — \,_I)v,, = 0. Using the initial condition of

Py , we obtain
P1be

k. —ky —w?:Di +v,

1 (2n + 1)myo
V. =
nr Hl’Un o8 2H1
2k,
ky —k_ +w’D) +v
1 (2n + 1)mwyo N " "
Up— = cos
" Hlvn 2H1

—2k,
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Following the above procedure, we solve Eq. (Z2I)) and get py as follows:

o 2
2 _(_2’””) Dot . 2n+D7m(yo— H1) . (2n+ 1)w(y — Hy)
t 0 — _ 2H. .
p2(y,tlyo,0) = ngzo ng 2 sin ST, sin 51,

6.1.3 The probability density function of the molecule at the steady

state

The Laplace transform of Eq. (2Z.28) with respect to ¢ gives

L[G1B](s, ylyo)
= Llpsl(s,ylyo) + LIG1B](s, y[H1 = h)
x {sL[S1](s]yo,0) — S1(0lyo, 0)} {sL[S2](s|H1 + h,0) — S2(0[Hy + h,0)}, (C1)

where L[f](s) represents the Laplace transform of f(¢). Based on the definition of
S1(t|yo,0) and Sy(t|Hy + h,0), we have S1(0]yp,0) = 1 and Sy(0|Hy + h,0) = 1.
Letting yo = H; — h in Eq. (CIl), we obtain

L[G1B](s,y|Hy — h)
Llpis](s,y|H1 — h)
Sﬁ[Sl](S‘Hl — h) + SE[SQ](S‘H:[ + h) — 825[51](8‘];[1 — h)ﬁ[SQ](S‘Hl + h)

Therefore, for any yo € [0, H; + h], we have

L[G1B](s, ylyo)

L s,y|H1—h){sL[S1](s —1}{sL[S2]|(s|H1+h)—1
= Llpsl(s,ylvo) + S e S s e e (C2)

Then we get

Jim Gig(y.tlyo) = lim sL{Gi5](s, ylyo)

Lp1p](0,y|Hy — h)
L[S1)(0|Hy — h) + L[S2](0|Hy + h)

By computing Laplace transforms of Eq. (C3]), we get

lim G1g(y,t|yo)
t—oo
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o

Z (Hi+h) o (2nm +7)(Hy — h) o (2nm + )y
D1(2’I’L7T + 7T)2 2(H1 + h) 2(H1 + h)

e} [e.e]

Z 2(—1)"(Hy + h)?(ky + k) o (2nm +7)(Hy — h) Z 2(Ho + h)? sin h(2nm + )
ler_(2n7r + 7'1')3 2(H1 + h) D2(2’I’L7T + 7'(')3 Hy+h

n=0
Using the similar approach of deriving lim;—.., G15(y, t|yo), we get

lim G (y, tlyo) (C4)

t—o0

i (Hy 4+ h)(ky + k=) o (2nm 4+ m)(Hy — h) cos (2nm 4+ m)y
— k-Di(2nm +7)? 2(H, +h) 2(Hy +h)

i 2(—=1)"(Hy + h)? (ks + k) cos 2nm +7)(Hy — i 2(Hy + h)?  sin h(2nm + )
—~ Dik_(2nm + 7)3 2(Hy + h) D2 (2nm 4 m)3 Hy+h
= (14 Kp) lim Gip(y, t[yo)
and
Jim G2(y, tlyo) (C5)
i (Ha2 + h) sin h(2nm + ) sin (2nm +7)(y — H1 + h)
= D2(2’I’L7T —|-7T)2 H2 +h 2(H2 + h)
T ()M (Hy + h)2 (ke + k) (2 )(H < 2Hy +h)? . h(2 '
3 (=1)"(H: + )(+3+ )Cos(mr+7r 1 - Z 2+ sin (2nm + )
vt Dik_(2nm + 7) 2(Hy +h) D2 (2nm 4 m)3 Hy+h

Letting h go to zero in Eq. (C4)), we get H

0o (_1)n oS (2nm4m)y

L 2H
D Z (2nm + )
lim lim Gig(y,tlyo) = n=0
h—0t—00 ’ Hi(1+Kp)

4Dq + 4D2

(2nm+m)y
2Hq

(27 + )

—1)" cos
To calculate Z S

, we consider a function f(x) such that for any integer
k,
1, ifzxe(dk—-1,4k+1),

flz) = —1, ifz € (4k + 1,4k + 3),
0, ifx=4k—1,4k+1or x =4k + 3.

1 = 1 . w2
Here, we usez m =3
n=0
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The Fourier expansion of f(z) is as follows:

Therefore for y € (0, Hy), we have

i (=)™ (2nm + )y 1

“— (2nm + ) 2H, 4

So
Hy i G0 tlo) = FrarRo)

Similarly, letting h goes to zero in Eq. (C4) and (CH), we get

(1+Kp)
lim lim Gy(y, tlye) = — D
h—0Qt—o0 1(y ’yo) Hl(ll)'i'lKD) + g_z
1
lim lim G t = D2
h—0t—o0 2(y7 |y0) H1(1[)+1KD) + g_z

6.1.4 The probability of escaping a perfectly absorbing surface

Define P, .(b) as the probability that the molecule starts at y = b hits y = a before
hitting y = ¢. To connect Region I" and I1”, we consider the probability P, 41 0(yo) that
the molecule starting at y = yo in Region I’ reaches y = H; + h before getting absorbed
at y = 0. We consider the steady-state probability density function of a molecule in a
one-dimensional system with absorbers at y = 0 and y = H; + h. Since the system (b)
in Section [2.3.3] is uniform in x-direction, we only need to consider the one-dimensional
system here. Then Pp,1p0(yo) is the ratio of the outward flux at y = yo to the total
flux at y = yo. Define C(y|yo) as the steady-state probability density function such
that C(y|yo) dy gives the probability of the ligand molecule starting at yo to stay at
[y, y + dy) in the steady-state. The governing equation is given as

d*C(ylyo)
DlTyQ = —5(3/—310)

C(0lyo) = 0 (D1)
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C(H1+h\yo) = 0.

By using Fourier transform, we solver the above equation and get

— 1 .
Co pratymy + o7 ) ¥ iy < wo,

Cylyo) = N .
C’0 Dl(]?[?ﬁ_h) + ly)_ol 5 if ) p Yo,
where C is a constant.
Then we get
lim —D, dC (y|yo)
Pty 1,0(Y0) Ll d

1 )
lim — Dy dC (y|yo) © lm Dy dC(y|yo)
y—yg dy Y=Yy dy

_ Yo

Hi + h

To test Py, +n0(y0), we assume that Hy = (2 — 1)h, where N is an integer.
Prytno(H1i —h) = 1—PFypg+n(Hi—h). (D2)

Since the molecule starting at y = Hy — h should pass y = H; — 3h to reach y = 0, we
rewrite the right-side term in Eq. (D2]) as

EQ'(m) = 1- PH1—3h,H1+h(H1 — h)PO,Hl—i-h(Hl — 3h) (D3)

Since y = Hy; — 3h and y = Hy + h are symmetric with respect to y = H; — h, we get

1
Priy—sn,m+n(H1 = h) = 5. (D4)
Using Eq. (D4)), we rewrite Eq. (D3) as
1
Eq.(ﬂﬂ) = 1- §P07H1+h(H1 - 3h) (D5)
Repeating the procedure in Eq. (D2))-(D3l), we compute P, 4 0(Hi — h) as
1\ V-1
P ino(Hy—h) = 1- <§> Po.mryvn(Hi — 2V = D)h). (D6)
Since Hy; = (2 — 1)h, we get
1\ V-1
Py, ipo(Hy—h) = 1-— <§>
Hi—h

Hy+h
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6.1.5 The mean time for the ligand molecule to bind to receptors.
Following the procedure in Section [6.1.2] we solve Eq. (2.40) and obtain
b
pgb) (‘Ta Y, t’ﬂl‘07 Yo, O)

kytk_+kp—Cyj

- Z nije_(f)t cosh(w;;t) + —hy + k4 + G si

inh(w;;t)
i-§=0 i)

imx (27 + )my

— - 7 2 E1l
X COS 17 cos 2(H1+h)’ (Ela)

b

pgb)c(x> Y, t|3§'0, Yo, 0)

0 ky+k_+ky—C;; . ;

Mij — (=g, i (27 + D)y

= k+ E wLi]je ( 2 ) smh(wijt) COS T COS m (Elb)

1,7=0

b
pgb)r(x> Y, t|3§'0, Yo, 0)

> 1ij T (25 + )y
ki k — 7
o Z Wij 0 L o 2(H1 + h)

B —ky+k_+ky—Cyj ‘ e‘*’”t
e 2

ky — (k‘_ + kb) + Cz'j + 2&),']'

e—wijt

Wij
_ El
ki — (k= + k) + Cij — 2w } " kiky — Cij(k— + kb)] ’ (#1)

<

where Cyj = — [(%)2 + (;?g_%ﬂ Dy, w? = (%)2 +k_ky, and

4 g im0 @i+Dmyo .
T, TRy €08 “L €O 50 ifi#0

Mij = 2 (2i+1)my e
T Ty €08 2(H1+h)0, if i =0.

Let P1(tl:) (t,20,Y0), Pfgg(t, x0, Yo) and P1(tl:7)« (t,20,yo) be the probabilities that the molecule

starting from (zg,yo) at time 0 lies in Region I’ at time ¢t as a molecule of species B,

BC and BR respectively, without leaving I’ before time ¢. Using Eq. (EIl), we get

Pl(g) (t7 zo, yO)

L rHi+h )
- / / Py (T, Y, tlwo, Yo, 0) dy dx
o Jo

e}

(—1)j7]ojL(H1 +h)
Z 2wij(2j + 1)7‘1’

—kp—k_—kp+C 2w, )t
2

(—ky+Ek_+ky+ Cij + 2wij)e<
=0
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( —k_ —kp—kp+Cj—2w;; )t
2

—(—k’+ +k_+ky+ Cij — 2wij)e

1([)2 t » L0, ?JO)

Hi+h
= / / plbcwy,tlwo,yo,())dyd:ﬂ

—kjp—k_—kp+Coj+2wg; kg —k_ —kp+Cp;—2wp.
= k+z( )noéL(}{l1+h) e< - 2 0J>t_e<+ b0 01>t
j=0 wOJ( J + )

PO (t, 20, o)

L rHi+h )
- / / Pivy (T, Y5 120,90, 0) dy dz
o Jo

0 ; <k+7k7*kb+coj+2w0j>t
k. k Z 2(_1)]770jL(H1 + h) e 2
= b .
" =0 woj (27 + D) ki —k— — ky + Coj + 2wy,

t

<k+7k, —kp+Coj+2wq )
(& 2 woj

ke — k_ — Ky + Coj — 2wo; * kiky — Coj(k— +ky) |’

Let TRg;L) be the random variable of the time when the molecule leaves Region I’
for the first time or the molecule becomes of species BR before leaving Region I’. Let

T 1(2) be the time when the molecule leaves Region I’ for the first time. Then we have
P (Tfi? < 75|1170,y0> = 1- (Pl(g)(tvlﬂo,yo) + be2<t,wo,yo) + Pl(b,)«(tyﬂfo,yo))
P (TR&I;Z < t]a:o,y0> = 1- (Pl(g) (t,z0,y0) + Pl(bz(t,xo,yo)>
Let T,Eb) be the time when the molecule becomes of species BR. Then
E 1”0, o] (E2)
B | TRy

0 (®)
+ /0 {E [Tz(z)]Hl + h} VB [T,ﬁb)\Hl - h} } il <T”;t< t‘yo) dt  (E3)

where TQ(Z) is the random variable for the time when the molecule starting in Region

. : dpP(T{) <tlyo) .. .
IT' leaves Region II' for the first time and Tdt is the probability that the

molecule leaves Region I’ during time interval [t,t + dt). Letting yo = Hy — h, we have

E 17| — ]



141

(b)
= F [TR§I;L)\H1 - h] + /000 {E {Tz(Z)‘Hl _i_h} L E [T,Eb)‘Hl B h]} dP (Tlh < t’y()) .

- / {Pl(g)(t, Hy —h)+ PO, H - h)} dt
0

dt

+{ B [T+ h] + B |10 - ]/de< < )dt

+0{E T+ n] + B Ty = b lim (1= PR H - R)

dy
- /Oo {pf?(t,ﬂl_mww (t, Hy — }
i

Therefore,

E [T(b) \Hy — h]

[T(b) |H1 +h] hmtﬂoo( Pl(é’z (t,H1— )+fO°°{P1(§) (t,H;— P(b) tH—

dt

}dt

lbc
lim¢— oo Pl(bz‘(t’Hl_h)

If (x0,90) is in Region II’, we have

apgb)(x>y>t|x07y070) (b)

= DQAp2 ($,y,t|$07y070)

ot
P (2,9, 0120,90,0) = 8(z — w0)8(y — yo).
(b)
Opy”(2,y, t]70, Y0, 0) = 0, atxz=0andz=0L,
ox
péb)(:c,yi\xo,yo,()) = 0, aty=H;—h,

apgb) (33‘, Y, t|3§‘0, Yo, 0)
Ay

= 0, at y = Hi + Ho.

Similar to Section 2:3.1] we can get

R 16(H2 + h)2 sin (2i+1)m(yo—(H1—h))

(b) _ 2(Ho+h)
FE |:T2h ‘yO] - gl D2(2Z7T + 7T)3

Then the average time for the molecule starting at y = H; — h is

(1| — ]

t
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> 16(Hy + h)? sin 2L
> D2(2m+w)§]2+h 1- k‘+k‘bZX + (kg + ko + ) ZX
i=0 =0

k. ky Z X;
i=0

(2i4+1)w(Hy—h)
2(H;+h)
kykp— COL(]C +k‘b))

If yg < Hy, we can substitute E [T |Hy — ] into Eq. and get E [T,Eb)|y0]. If

yo > Hi, we have

h 4(—1)* cos
where X; = RS

E[10| = B[] + B |[1)1H: - ]

If the initial position of the molecule is uniformly distributed in the whole domain,

we have the average time for the molecule to become of species BR as follows:

ity E [T,Eb)|y0}

B[R] = ¥ Plvn],
br hlg%) 0 Hy + Hy Yo
H\ H. 1 H ad A;
- e {2k+kb T H +1H2 2 (2im + 77)2} (E4)
Dy A i=0
i=0
l<:++k:_+kb+ 32H3 >
kyky Dy(Hy + H3) z:O (2im + )4

where A; = 1

k+kb+<2”t”) D1 (k—+kyp)

6.2 Stochastic fluctuations in dorsal surface patterning in

Drosophila
Parameter | Description Value Reference
Diffusion Diffusion
Coefficients
. 2
Dp B in the PV space 7.3 102 [5]
2
Do Mad in the cytoplasm 1.6 + 102 estimated
and in the nucleus
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Dpiiad pMad in the cytoplasm 1.6 % 10 ’?gj estimated
and in the nucleus

D rNA mRNA in the cytoplasm 3 x 10_2% [T, 78]
and in the nucleus

Dprtade pMad2 in the cytoplasm 1.3 %10 ’?gj estimated
and in the nucleus

Dyye Madea in the cytoplasm 1.4 % 10% estimated
and in the nucleus

Dyninre D pMad/Madea in the cytoplasm | 1.2 % 10 ’?gj estimated
and in the nucleus

Dyriademe | PMad2/Madea in the cytoplasm 1.05 % 10% estimated
and in the nucleus
Production / Degradation

ks g — B 7’;‘1—% estimated
in the PV space

Eap B — @ in the PV space 3.3%1072 L 5]

ker @ — R in the PV space 5% 1074 %Vfl estimated

Kar R—o 510741 [5]
in the PV space and cytoplasm

Kde C—o 1.67 %107 L [5]
in the PV space and cytoplasm

Edbr BR — & 1.67 %1074 L 5]
in the PV space and cytoplasm

Kabe BC — @ 16710711 | [5]
in the PV space and cytoplasm

Eaver BCR — @ 1.67 % 10741 5]
in the PV space and cytoplasm

kdmrna mRNA — & 6.6 [83]
in the cytoplasm

kse MRNA — Ceyso + mMRN A L estimated

man




in the cytoplasm
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kdmrnan mRNA — & 0 estimated
Kt DNA—TEC + DNA L [81]
Basal transcription rate
ket DNA— TEC + DNA 20— [81]
Transcription enhanced by
transcription factors binding
Receptor Interactions
k4 B + ¢ — BC nMimin [5]
k_4 BC — B+C L 5]
ks B+R— BR 24%1072 L | 7]
ks BR— B+R L 5]
ke BC+ R— BCR 0.5 5]
kg BCR— BC+R 101 5]
k7 BR+C — BCR 13107 —1— | [5]
k_7 BCOR— BR+C 101 [5]
Cytoplasmic Interactions
kad BR+ Mad — pMad + BR 24%1072 L — | [0]
ks 2pMad — pMad2 11x107 L | [6]
pMad+ Me — pMMe
k_g pMad2 — 2pMad L [6]
pMMe — pMad+ Me
Nuclear Interactions
k_pMadn pMad — Mad 3.96 « 10711 [6]
ks 2pMad — pMad2 11107 21— | [6]
pMadn + Me — pMMe
k_g pMad2 — 2pMad L [6]
pMMe — pMad+ Me
Kon pMad2 + DNA — pMad2DNA | 60—z [79]
pMMe+ DNA — pMMeDN A
kof pMad2DNA — pMad2n + DNA | 6.7 % 102 -% [79]
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pMMeDNA — pMMe + DN A

krnaprod TEC — mRNA 6.7 * 10_2ﬁ estimated
Movement Across Membrane

kendo Endocytosis rate of 3.33 x 10_1ﬁ [70]
BR, BCR, C and BC

ke Exocytosis rate of 3.33 %1072 mlin 7]
BR, BCR, C and BC

kmin Nuclear import rate of 1.56 % 10_1ﬁ [6]
Mad,pMad and Madea

Ein Nuclear import rate of 9%1071-L 6]
pMad2 and pMME

kout Nuclear outport rate of 3.36 x 10_1ﬁ [6]
Mad and pMad

kmout Nuclear import rate of Madea 1.56 IO_Iﬁ [6]

sec C’cyto —C L estimated

Secretion rate of C

min
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