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Preface

Math 115 was originally designed as a first course in mathematical modeling for
ghe Computational and Applied Mathematics Concentration of Mathematics ma-
jors at the University of California, Irvine. Currently, it is also designated as an
alternative to Math 113C when the latter is not offered in a particular year. (The
sequence Math 113 A,B,C on Mathematical Models in Biology is an introduction to
mathematical modeling and analysis of phenomena in biological sciences accessible
to undergraduates.) This dual purpose is made possible for a number of reasons.
A principal aspect of mathematical modeling is to identify the particular issues(s)
needed to be addressed for the phenomenon to be investigated and to introduce stu-
dents to the mathematical methods needed to analyze the resulting model. This
aspect of mathematical modeling is shared by different areas of science and engi-
neering and can be illustrated by models for phenomena from physical, biomedical,
engineering or social sciences.

At the phenomenological (as to opposite to cellular or molecular) level, models
for biological phenomena such as the growth rate of a population, are less compli-
cated and thereby provide simpler examples for illustrating the modeling process.
In contrast, models for the kinematics and dynamics of objects in the physical and
engineering sciences involve the rate of change of rates of change and are therefore
less attractive for starters.

On the other hand, precisely because of the existence of Newton’s laws of
motion and other established laws of physics, modeling in physical and engineering
sciences that invoke them are grounded on a firm(er) foundation. There are no
counterpart of such established laws in the biomedical sciences, at least not yet.
there is no counterpart of such laws for modeling of biomedical phenomena. It is
therefore important to discuss in a course on modeling of biomedical phenomena
some models of physical and engineering phenomena to see this major difference
and its ramification.

Finally, mathematical issues common to different scientific phenomena such
as diffusion and propagation are more easily described and visualized in physical
activities than biological phenomena. Diffusion is easily understood though our
daily experience with heat and temperature change. Propagation is easily visual-
ized through waves generated by a fluid in motion. Hence, it is more expedient
to introduce the concept and mathematics of diffusion (so important in biomedical
phenomena) by a discussion of heat conduction (and not the transport of morphogen
protein molecules from their local source).

It should be evident from the observations above that a first course on math-
eamtical modeling would benefit maximally from examining models on both physi-
cal and biological phenomena. The contents of these notes for Math 115 take into
consideration the benefits of examining models from different areas of sciences and
engineering. Students enrolled in the course should keep in mind its intended pur-
poses. Those interested in the course as a replacement for Math 113C should under-
stand the need to consider models not explicitly about a biomedical phenomenon.
On the other hand, students interested in applied and computational mathematics
in general should see the value of learning modeling of biological phenomena more
readily accessible without pre-requisites of more advanced mathematical techniques
such as vector calculus and perturbation methods.
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Much of the useful information that can be extracted from more complicated
mathematical models necessarily requires numerical simulations. Whether we are
dealing with PDE, ODE or even differnece equation models, the required computa-
tion is extensive and often unavoidable. (We saw in Math 113A that it takes more
than a hundred iterations for a simple first order dynamical systems to show sign of
a (two-) cycle.) The required computations are best relegated to a computer code
designed for this purpose. For this reason, students in Math 115 and Math 113
would be well served by a working knowledge of some useful mathematical software
such as Mathematica, MatLab, Maple and others. We will take time out from
modeling to introduce students to the rudiments of MatLab (or Mathematica).

It is a general objective of a first course in mathematical modeling to acquaint
students in the course with simple and highly idealized mathematical models in a
number of areas of science and engineering. While some of the models may seem
unrealistic (just as treating planets and projectiles as mass points in physics), we
nevertheless gain insight from investigating their implications or use them as step-
ping stones toward more realistic models. Moreover, mathematical modeling is
as much an arts as it is a science. There is no single recipe for constructing an
appropriate model for any phenomenon to be analyzed. In fact, the same real life
phenomenon of interest may be modeled in completely different ways depending on
the particular features and issues of the phenomenon of interest of the researcher.
For these reasons, the essential ingredients of mathematical modeling are best ac-
quired by exposure to examples and distill from them what general features need
to be incorporated in different classes of models. Math 115 is designed to meet
this objective.

It is difficult to find a textbook for the intended purpose and curriculum of this
course. Two references [6] and [27] have been listed mainly because some of the
course material appear in them (not necessarily presented in the same way as what
is done in class). To provide students with a coherent summary of the material
to be covered in the course, this set of course notes was developed as the main
reading materials for the prescribed course curriculum for Math 115 (except for
sections whose title has an asterisk, "*", indicating that the material is for optional
reading). However, much of the learning will be through the exercises in the weekly
assignments. It has been documented by research in learning that students learn
better by an active learning process.

Frederic Y.M. Wan
Irvine, CA
March 26, 2013



Part 1

Growth of a Population





CHAPTER 1

Evolution and Equilibrium

1. Growth without Immigration

1.1. Mathematical Modeling. These notes are about mathematical models
of phenomena and the analysis of these models. If you have no prior experience with
mathematical models or the mathematical modeling process, it is natural to ask
what they are about. Instead of giving a general abstract theoretical description, we
begin by illustrating mathematical modeling with a few simple examples from the
study of the growth (or decline) of a single population. While you may be familiar
with some aspects of these examples, they are used here to shows some essential
features of the modeling process and the issues in the applications of mathematics
to study specific phenomena. These features and issues are intended to position
ourselves to talk more sophisticatedly about them in subsequent chapters on more
complex models.

1.2. What is the Question? Mathematical modeling usually starts with a
question on a phenomenon or an acitivity of interest. We may want to know why an
observed phenomenon takes place, or whether our expectation of what should hap-
pen next is justified. In the early days of physics, we have questions such as "Is the
Earth’s orbit around the Sun circular?"When observational data seemed not to sup-
port this expectation, the question was changed to "Is it elliptical?" and "why?" In
the biological sciences, a phenomenon of general interest is the growth of a popula-
tion, which may be the growth of cultured cells, a virus that is attacking cells in your
body, or the human population on Earth. With the Earth’s population reaching 7
billion on October 31, 2011 (see various censure statistics given in sources such as
http://upload.wikimedia.org/wikipedia/commons/1/11/World_population_history.svg),
we are naturally interested in knowing "when will it reach 10 billion?", "What will
it be in year 2050?" and "When will it double the 2011 population of 7 billion?"
Such questions are at the level of those about the Earth’s orbit in physics men-
tioned above and may be investigated by mathematical modeling as Newton did on
planetary motion.

1.3. What Do We Know? In order to explain or predict something about
population growth, we have to know something about what regulates the growth.
In physics, the motion of planets or objects in our daily life is governed by Newton’s
second law. Unfortunately, we do not have a simple universally applicable law for
pupulation growth (or most biological phenomena) analogous to Newton’s. For
a specific environment, the growth rate may be estimated from available census
data or by examining the various birth and death processes. If we want to avoid
plunging immediately into such highly technical activities, we may stay at the phe-
nomenological level by extracting from what is observable a reasonable assumption

3



4 1. EVOLUTION AND EQUILIBRIUM

about the relation between current and future population sizes and then see if its
consequences fit the facts. Historically, Newton’s second laws also started out as
a hypothetical assumption; but its predicted consequences fit the corresponding
actual observations so well (including the highly sensitive space capsules in outer
space flights today) that it was accepted eventually as the law that governs the
dynamics of mass objects (as long as they do not travel near the speed of light).

For population growth, it is an observed fact that people generally beget more
people; the larger the current population the faster the growth of the population. It
is therefore not unreasonable to hypothesize that the rate of change of a population
should depend on its current size. This simple hypothesis (which may or may not
be appropriate) can be translated into a mathematical relation on the evolution
of the population size with time, thereby giving us a mathematical model for the
growth of the human population (or any other population that behaves similarly).

1.4. A Growth Model without Immigration. To formulate a mathemat-
ical model for the growth of a population, let y(t) be the population size (in some
biomass unit) at time t (measured in some unit of time such as second, minute,
hour, day or year. With the human poputation on Earth changing by fractions
of a second (as can be seen from the following website on the changing world’s
population given in a previous subsection), it is not unreasonable to think of the
two variables y and t as continuous variables if we measure y in units of a billion
individuals and t in in units of a year. In that case, we may work with the instan-
taneious rate of change of the Earth’s (human) population dy/dt in developing our
mathematical model.

Working with the rate of change of the population, the phenomenological de-
scription adopted earlier of the growth process (that the rate of change of a pop-
ulation depends on the current population size) is summarized in the following
mathematical relation

(1.1)
dy

dt
= f(y)

where f(y) is the growth rate which has been assumed to depend on the size of the
current population. While we may not know the specific form of the function f(·)
without additional information or further assumptions, the biological facts of the
human population require

(1.2) f(0) = 0, f ·(0) =

∙
df

dy

¸
y=0

> 0.

The first condition characterizes the fact that (without immigration) we must have
people to beget offsprings, while the second reflects our previously stated expec-
tation of how the population size affects the growth rate: the larger the current
population the faster the growth. It should be noted here that the second con-
dition is not always met by all population growths. We know that some fish
populations would extinct when the population size falls below a certain critical
size from overfishing.

1.5. First Order Separable ODE. Normally, we would have to specify the
function f(·) in (1.1) in order to obtain information about future population. In
this case however, we know from our knowledge of ordinary differential equations
(abbreviated as ODE for brevity) that (1.1) is a separable equation. Such a first
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order ODE can be reduced to a calculus problem by re-arranged it to read dy/f(y) =
dt so that

(1.3)
Z y

0

dz

f(z)
= t+ C

where C is a constant of integration. The relation (1.3) gives t as a function of y.
Under suitable condition, we can solve (1.3) for y in terms of t (to be shown below
for some special cases). Whether (1.3) is invertible, the relation describe how one
variable evolves as the other variable changes. Note that we may take a different
lower limit of integration instead of 0 since C is arbitrary at this point.

Evidently, the method for solving the autonomous first order ODE (1.1) can
be extended to the more general first order ODE

(1.4)
dy

dt
= f(y, t)

provided that it can written as

(1.5)
dy

dt
= g(y)h(t)

The first order ODE (1.4) is said to be separable if f(y, t) = g(y)h(t). The first
order ODE (1.4) is said to be non-autonomous if the function f depends explicitly
on the independent variable t. It is an antonomous ODE if f does not depend on
t explicitly as in the case of (1.1). The terminology applies whether the unknown
y is a scalar or vector function of t.

For example, a severe epidemic of deadly disease may deplete a sizable portion
of the Earth’s population at some stage and hence change the growth rate of the
population during the period of the epidemic. As such the growth rate function f
would be different depending on the time period of interest. If the growth process
is the same for all (foreseeable) future, so that for a fixed population size y, f(y, t)
is the same for all t, we would not have the explicit appearance of the variable t in
f(y, t).

For the separable non-autonomous ODE (1.4), we can reduce the solution
process for the equation to a calculus problem by re-arranging it to read

1

g(y)

dy

dt
= h(t).

Upon integrating both sides with respect to t, we obtain

G(y) = H(t) + C

where

G·(y) ≡ dG

dy
=

1

g(y)
, H 0(t) ≡ dH

dt
= h(t)

and C is a constant of integration needed for fitting the initial data.

Example 1. Solve the ODE y0 = sin(t)e−y

Re-arrange the ODE to read

e−yy0 = sin(t).

Upon integrating with respect to t, we obtain

−e−y = − cos(t) + C
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The solution may be taken in the form

e−y = cos(t) + C0

or
y = − ln (cos(t) + C0) .

1.6. Initial Condition and the Initial Value Problem. In a first course in
calculus, the instructor usually takes great pain to emphasize the importance not to
forget the constant of integration when we integrate. We see presently why this is
so. In the question we posed that led to the the relation (1.1), we started with the
knowledge that the Earth’s current population being 7 billion in 2011. Whatever
the model we choose to study the Earth’s future population, its consequences must
be consistent with that fact, i.e., y(t = October 31, 2011) = 7 billions. Since, the
calendar label for time is merely a convention, we may work with a calendar that
start on that date (month or year) so that we have instead

y(0) = 7 (billions).

With the model (1.1) and its consequence (1.3), we can choose the constant C to
meet this requirement: Z 7

0

dz

f(z)
= C

so that

t =

Z y

7

dz

f(z)
.

More generally, if the initial population is Y0 (instead of 7 billion) individuals, we
would have

(1.6) y(0) = Y0

and

(1.7) t =

Z y

Y0

dz

f(z)

The ODE (1.1) and the initial condition (1.6) together constitute an initial value
problem (or IVP for short). Had we forgotten to include a constant of integration in
handling the calculus problem associated with (1.1), we would not have been able
to meet the requirement posed by the initial condition (1.6). Since the study of
the Earth’s human population cannot proceed with out either of these two items,
the growth rate and the initial population, it is the IVP (and not just the ODE
(1.1)) that constitutes the mathematical model for investigating the evolution of
the population with time.

1.7. Scale Invariant First Order ODE. Before we extract more informa-
tion from the exact solution (1.7), it should be noted that the separability of a first
order ODE of the form (1.1) is important beyond yielding the exact solution of
such a first order ODE. It is possible that other first order ODE, not separable as
stated, may be transformed into a separable equation so that the same method of
reduction to finding an antiderivative applies. For example, the first order ODE

(1.8) y0 =
x+ y

x− y
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is obviously not separable as it stands. However, if we set y(x) = xv(x) with
y0 = v + xv0, the ODE (1.8) becomes

v0 =
1

x

µ
1 + v

1− v
− v

¶
=
1

x

1 + v2

1− v
.

The ODE for v(x) is clearly separable and the method for such an equation now
applies. (To become facile with the solution process, the reader should carry out
the remaining steps to obtain the exact solution for the problem.)

The solution process for (1.8) may be extended to the more general class of
homogenous (also known as scale invariant) ODE defined as follows:

Definition 1. The (scalar) first order ODE (1.1) is said to be homogeneous
(of degee 1) or scale invariant if f(x, y) = f(y/x).

Proposition 1. A homogeneous (first order) ODE becomes a separable sepa-
rable equation after a change of variable y(x) = xv(x).

Proof. With y(x) = xv(x) and y0 = v + xv0, the ODE y0 = f(y/x) becomes

v + xv0 = f(v)

which is separable (and thus can be reduced to a calculus problem). ¤

Exercise 1. Obtain the exact solution in the form of y(x) of the IVP

y0 =
x− y

x+ y
, y(1) = 1

2. Exponental Growth

2.1. Linearization. In order to obtain specific consequences of the mathe-
matical model of the last subsection (e.g., the size of the population by year 2050),
we do need to specify the function f(y) in the ODE (1.1). To illustrate how we may
obtain such consequences as well as further developments of the modeling process,
consider the simplest and rather reasonable hypothesis that the rate of population
growth is simply proportional to the current size of the population so that f(y) = ay
where a is the constant of proportionality. In that case, (1.1) becomes

(2.1) y0 = ay

where we have used a prime, 0, to indicate differentiation with respect to t as often
the case in calculus and differential equations literature. Correspondingly, the
relation (1.7) bccomes

t =
1

a
{ln(y)− ln(Y0)} =

1

a
ln

µ
y

Y0

¶
.

In this case, the relation can be inverted to get y as a function of t:

(2.2) y(t) = Y0e
at

which is an explicit solution of the IVP. With the linear ODE (2.1) leading to
an exponentially growing population (2.2), the corresponding model is sometime
referred to as the exponential growth model.
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2.2. The Growth Rate Constant. Given the initial population Y0, we still
need the value of the constant a in order for the solution (2.2) of the IVP defined by
(1.1) and (1.6) to provide specific information on the Earth’s population in future
times. We discuss here the determination of this growth rate constant from known
data on the Earth’s population. (Alternatively, we may take it as prescribed (by
demographers based in demographic data) and proceed with the predicting future
populations.

With Y0 = 7 (billion), we need to specify a numerical value for the growth
rate constant a in order to be able to use the expression (2.2) for determining a
numerical value for the population at any future time t > 0. Any meaningful value
for a should be consistent with available censure data. To illustrate, we know from
censure data that the Earth’s human population in 1974 (or t = −37 if we measure
time in unit of a year and take t = 0 as year 2011) was (almost exactly) 4 billions.
For (2.2) to be consistent with this piece of data, we must have

(2.3) 4 = 7× e−37a or a =
1

37
ln

µ
4

7

¶
= 0.01512475....

2.3. Model Validation. While we can now use (2.3) in the expression (2.2)
to answer more concretely the questions we asked at the start of the modeling
discussion, it may seem prudent to see how good the present exponential growth
model is consistent with available censure data beyond those used up for determin-
ing the two parameters Y0 and a in the linear IVP. In Table 4 below, we show a
repesentative set of censure data from the past in the last line and the prediction
by (??) in the third line.

Table 4
Y ear 1804 1927 1959 1974 1987 1999 2011 2023 2050
tn −207 −84 −52 −37 −24 −12 0 23.58 45.83

y(tn) 0.306 1.97 3.19 4 4.87 5.84 7 10 14
ȳn = data 1 2 3 4 5 6 7 ? ?

The predictions by solution of the linear (aka exponential growth) model, (2.2)
and (2.3), seem reasonable for data shown back to 1927 (over a span of 84 years)
with a maximum percentage error less than 7% . The adequacy of exponential
growth deteriorates dramatically for the remaining data point displayed in the table.
Still, the predictive value of the model should be reasonably good for the next 50
years (after 2011).

2.4. Prediction of Future Population. We can now use (2.2) and (2.3)
to answer more concretely the questions we asked at the start of the modeling
discussion:

• Suppose the Earth’s population reach 10 billiion by year t1. Then we
have

10 = 7eat1

so that

t1 =
1

a
ln

µ
10

7

¶
= 23.5822.....

or in (mid) 2034.
• The Earth’s population in year 2050 is projected to be

(2.4) y(39) = 12.626.....
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• For an estimate of the time when the Earth’s population doubles to 14
billion, we let that year by t2 for which

14 = 7eat2

so that

t2 =
1

a
ln(2) = 45.8286671....

or late in year 2056.

With the model predicting the Earth’s population growing exponentially with-
out bound, it is expected intuitively that it ceases to be appropriate beyond come
year in the distant (or not so distant) future as growth should eventually be limited
by finite resources (such as food. water, land, etc.). We should therefore consider
possible improvement of our model to remedy this deficiency. This we will do in
the last section of this chapter.

2.5. The Least Square Approximations*. Before moving onto an im-
proved mathematical model, it should be pointed out that there are ways to im-
prove on the predictive power of the linear growth model without changing the
actual model. One of these is a better use of the data available from the U.S.
Census Bureau record of annual population for determining the two parameters Y0
and a in (2.2). Up to now, we only made use of only two data points to fix these
two parameters. In the first attempt, the censure data for the population of 2011
was used as the initial condition to determine Y0 and the data for 1974 was used for
determining the growth rate constant a. It would seem that we would get better
accuracy from the same model if we make more use of the available data (even if not
all of them). However, the model (2.1) which gave rise to (2.2) contains only two
parameters that can be used to fit the available data. As such, only two data point
can be fitted exactly. To make use of more data points, we would have to either
modify the model to contain more parameters (possibly as many as the number
of data points we wish to fit exactly) or consider an alternative way to take into
account more data points without change the linear model (2.1). We will do the
first of these in the next and later chapters. In this last subsection of the present
chapter, we illustrate how the second approach may be implemented.

To illustrate the method of least square fit, suppose we want to make use of
the four pieces of census data from the U.S. Census Bureau for 1974, 1987, 1999 and
2011 (in Table 3 or Table 4) to determine the two parameters Y0 and a: Clearly, we
cannot choose Y0 and a to match all four data points exactly. Whatever choice we
make, there would generally be a difference yn − ȳn between the value yn = y(tn)
given by (2.2) and the Census Bureau data ȳn for stage tn. Since we cannot make
all the differences zero, we will do the best we can. To do that, we need to specify
what do we mean by "best"? One possible criterion is to minimize the sum of the
square of these discrepancies:

(2.5) E2N = (yk0 − ȳk0)
2 + ..... + (ykN − ȳkN )

2 =
NX
i=0

(yki − ȳki)
2

(We should not minimize just the sum of all discrepancies as it would allow can-
cellations of large discrepancies with opposite signs.) For illustrative purpose, we
use the four data points corresponding to years 1974 (t1 = −37), 1987 (t2 = −24),
1999 (t3 = −12) and 2011 (t4 = 0). In (2.5), yn is given by (2.2) to be Y0eatn . As
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such, E2N is a function of Y0 and a. Our (least square) minimization criterion is to
choose Y0 and a to render E2N (at least) a local minimum. From elementary calcu-
lus, we know that this minimum is attained at a stationary point of E2N determined
by

∂E2N
∂Y0

= 2
4X
i=1

¡
Y0A

ti − ȳi
¢
Ati = 0(2.6)

∂E2N
∂a

= 2
4X
i=1

¡
Y0A

ti − ȳi
¢
tiY0A

ti = 0(2.7)

where A = ea The first equation can be solved for Y0 to get

Y0 =

P4
i=1 ȳiA

tiP4
i=1A

2ti
=

ȳ1A
t1 + ȳ2A

t2 + ȳ3A
t3 + ȳ4A

t4

A2t1 +A2t2 +A2t3 +A2t4
(2.8)

=
4A−37 + 5A−24 + 6A−12 + 7

A−74 +A−48 +A−24 + 1

where we have used of four pieces of data starting with 1974 (t3 = −37). The
expression (2.8) can be used to eliminate Y0 from the second condition (2.7) to get

(2.9)
P4

m=1 ȳmA
tmP4

m=1A
2tm

4X
i=1

tiA
2ti =

4X
i=1

tiA
ti ȳi

or, with k4 = 0 corresponding to 2011,

7 + 6A−12 + 5A−24 + 4A−37

1 +A−24 +A−48 +A−74
=
(6 · 12)A−12 + (5 · 24)A−24 + (4 · 37)A−37

12A−24 + 24A−48 + 37A−74

which, after cancellation of the A−111 terms, can be written as

x12P86(x) = 0

where x = 1/A = e−a and P86(x) is a polynomial of (x = 1/A of) degree 86. It
can be solved for x using NSolve of Mathematica (or similar software in Maple or
MatLab). Remarkably, there is only one real root corresponding to a real a value:

e−a = x = 0.9852906761558474.... or a = 0.0148186

Correspondingly, we get from (2.8)

Y0 = 7.06244

so that (??) becomes

(2.10) y(t) = 7.06244e(0.0148186···)t

We can now use (2.10) to compute the corresponding yk for different past and future
years:

Table 5
Y ear 1974 1987 1999 2011
y(tn) 4.08... 4.95... 5.91.. 7.08...

ȳn = data 4 5 6 7
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The agreement between the actual data and (??) based on the least squares
method using four data points is evidently "better" than the exact fit with two
data points of the previous section for the period of 1974 - 2011. The error in
the predictions for 1974 is well below 3% while the errors for the other years after
1974 are much smaller than what we got previously using only the data for 1974
and 2011. However, the accuracy of the prediction deteriorates as we move further
away from the years involved in the least square solution (as shown in Table 6).
While census data recorded 1 billion of people in 1804, the least square fit solution
predicts only 1/3 of a billion which is unacceptable as an approximation of the data.
[It is of some interest to note that our linear growth model with the parameters
as determined above predicts the world population to reach 10 billion by 2023 and
14 billion by 2050. On the other hand, United Nation’s best estimate is that
population will march past 9.3 billion by 2050 and exceed 10.1 billion by the end of
the century with the qualification that these estimates could be far more, if birth
rates do not continue to drop as they have in the last half-century. ]

Table 6
Y ear 1804 1927 1959 1974 1987 1999 2011
n −207 −84 −52 −37 −24 −12 0
yn 0.33 2.03 3.27 4.08 4.95 5.91 7.06
data 1 2 3 4 5 6 7

Can we improve on the accuracy of (??) by using more data points from the
U.S. Census Burean data for the least square fits? It could be a possible term
project for those interested in learning more about statistical methodology. Below
is an exercise in this direction:

Exercise 2. Without the benefit of the linear growth rate model, obtain the
values of the two parameters b and c in y(t) = b+ ct by a least square fit using the
same 4 data points (for 1974, 1987, 1999 and 2011.

3. Linear Model with Immigration

3.1. Mosquito Population with Bio-Control. Clinical intervention often
involves drug treatment. The rate of uptale of a drug by different body parts is
important to the patient, the physician and the pharmaceutical company producing
the drug. Knowledge of the distribution of natural biochemcal substances such as
hormones and lipoproteins in the body is also important to health maintenance
Tracking such uptakes and distributions is often done with radioactive tracers with
the substance of interest tagged radioactively and inserted into the body, usually by
injection into the blood stream. Blood is then withdrawn at regular time intervals
to check the level of radioactivity and thereby providing a way to obtain information
of interest, whether it is the absorption or degradation by organs (such as kidney
and liver) or excretion along with the usual wastes.

For a first exposure to this area of investigation, we consider here the following
very simple problem. A drug is administered daily (say by injection into the blood
stream) at the rate of Dn units/day. It is distributed within the body and partially
absorbed by the body tissue through a blood tissue exchange. The amount of drug
in the blood is excreted through urination at the rate of u per day and that in the
tissue is absorbed by the tissue cells and excreted through sweat at a combined
rate s per day. Of interest is the amount of the drug retained in (and consumed
biochemically by) the body.
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3.2. The Mathematical Model. Let M(t) be the mosquito population at
time t and and a its growth rate constant (as defined earlier). Suppose bio-control
agents (such as mosquitofish, dragonflies and/or other natural predators of mos-
quitos) is added to the mosquito habitat at time t = 0 resulting in a lava reduction
rate of p(t) which generally varies with time. Without additional information on
the mosquito growth process, we take the simplest approach by assuming that it is
a linear process so that we can write

(3.1)
dM

dt
= aM − p(t)

At the time of the introduction of the bio-control agents, t = 0, the mosquito
population is known to be M0:

(3.2) M(0) =M0.

The ODE (3.1) is not separable (unless p(t) does not vary with t). To solve the
IVP (3.1)-(3.2), we rearrange the first order linear ODE for M to read dM −aM =
−p or after multiplication by a factor e−at,

(3.3) e−at
µ
dM

dt
− aM

¶
=

d

dt

¡
e−atM

¢
= −pe−at

In the equivalent form (3.3), we have reduced the original ODE to one with a known
right hand side so that we have just a calculus problem. Upon integrating both
side of (3.3), we obtain

e−atM = C −
Z t

0

p(τ)e−aτdτ .

The very important constant of integration from integration allows us to satisfy the
initial condition (3.2):

M(0) = C =M0

so that

M(t) = eat
∙
M0 −

Z t

0

p(τ)e−aτdτ

¸
.

3.3. Consequences and Implications of the Model. In order to obtain
specific consequences of the mathematical model of the last subsection such as the
size of the mosquito population in some future year, we consider the particular
bio-control reduction rate p(t) = p0 with reduction agent introducted performing
reduction of mosquito lavae at the same annual rate p0. In that case, we can carry
out the integration in M(t) to get

M(t) = eat
h
M0 −

p0
a

¡
1− e−aτ

¢i
(3.4)

=
³
M0 −

p0
a

´
eat +

p0
a

Evidently, the mosquito population will grow exponentially (and without bound)
if p0 < aM0. We will return to the adquacy of the linear growth model in the
next section. Here we continue to discuss what the model would tell us for the
complementary case p0 ≥ aM0.
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For p0 > aM0 the solution M(t) given by (3.4) confirms the mosquito popula-
tion starts at M0 and begins to decrease at t increases. The population is reduced
to zero at t = t0 with t0 > 0 determined by

eat0 =
p0

p0 − aM0
> 1.

The solution (3.4) ceases to be meaningful for t > t0 since the mosquito population
cannot be negative. The failure of the model to describe the mosquito population
properly is another issue to be addressed in a later section (on the adequacy of
linear models).

For p0 = aM0, the solution (3.4) simplifies to

M(t) =
p0
a
=M0.

With the attrition rate equal to the growth rate, the mosquito population neither
increases nor decreases but remains at the initial size M0.

Altogether, the model tells us what we should expect intuitively. The reduction
rate of the bio-control agents should be no less than the natural growth rate of the
mosquito population if we do not want it to be higher than what it is already at
t = 0. If we wish to eradicate the mosquito population, then we need to have a
reduction rate p0 > aM0.

While the model characterized by the IVP (3.1)-(3.2) has shown to be capable
of providing useful insight to the eradication of mosquitos, it is not completely
satisfactory except for the special case p0 = aM0. When p0 6= aM0, the prediction
of the model as given by (3.4) is in appropriate beyond certain instance in the
future. The remedy of for these shortcomings turns out to be similar to that for
single population growth without immigration to be discussed in the next section.
In the rest of this section, we extend the method of solution for the first order linear
ODE (3.1) to a general first order linear ODE.

3.4. Integrating Factor for First Order Linear ODE. Separable and ho-
mogeneous equations are only special cases of the general first order ODE (??).
There are many other types of ODE that cannot be solved by separating the de-
pendent and independent variable. To add to our repertoire of solution techniques,
consider the ODE

(3.5) xy0 + y = x2

which can easily seen to be neither separable or homogeneous after recasting it in
the standard form

(3.6) y0 = − 1
x
y + x

with f(x, y) = x−y/x. In its original form (3.5) however, we see immediately that
the left hand side is the derivative of [xy(x)] with respect to x so that the ODE can
be re-written as

(3.7) (xy)0 = x2

or, upon integrating both sides with respect to x,

xy =
1

3
x3 + c0.
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The constant of integration is then determined by the initial condition y(x0) = yo

to be c0 = x0y
o − x30/3 and the solution of the IVP for the ODE (3.5) is then

(3.8) y(x) =
1

x

µ
yox0 −

1

3
x30

¶
+
1

3
x2.

While it is gratifying that we can find the exact solution when the ODE is given
in the form (3.5), it is important for us to have a method for deducing the same
exact solution when the ODE is given in an alternative form such as (3.6). For
(3.6), the method involves finding a multiplicative factor E(x), called an integrating
factor, that when we mulitply both sides of the given ODE by that factor, allows
the two terms involving the unknown and its derivative in the resulting equation
to combine into a single derivative d(Ey)/dx. The method works for (3.6) because
we happen to know E(x) = x with

Ey0 +
1

x
Ey = xy0 + y = (xy)0 = (Ey)0,

so that the ODE (3.6) becomes (3.7) leading to the exact solution for our IVP.
Since we normally do not know E(x) for other more complicated ODE, we need

a method for finding it. To arrive at a general method, suppose we multiply both
side of a given ODE such as (3.6) by E and collect all terms involving y and y0

to get Ey0 + Ey/x on one side of the equation. We want this combination to be
(Ey)0 = Ey0 +E0y or

(3.9) Ey0 +
1

x
Ey = Ey0 +E0y.

To match the two side of this equality, we must have E0 = E/x which is a separable
equation and can be solved to get

E(x) = x.

We have taken the constant of integration in the solution to be 1 since any constant
would be a common factor for every term in the whole equation. The integrating
factor E(x) found this way is identical to the one we need to bring (3.6) into the
form (3.5) and hence (3.7) and the solution of the IVP.

It is not difficult to see now that the same method for finding an integrating
factor E(x) applies to all linear first order ODE defined as follows:

Definition 2. A (scalar) linear first order ODE is of the form

(3.10) y0 + p(x)y = r(x)

where p(x) and r(x) are we integrable functions in some interval 0 < |x− x0| < L.

Proposition 2. The linear first order ODE (3.10) with the initial condition
y(x0) = yo is solved by the integrating factor

(3.11) E(x) = e
x
x0

p(t)dt

which helps to recast the linear ODE as

(3.12) (Ey)0 = E(x)r(x)

and determines the solution of the IVP to be

(3.13) y(x) =
1

E(x)

½
y0 +

Z x

x0

E(t)r(t)dt

¾
.
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Proof. For the general linear ODE (3.10), the matching condition correspond-
ing to (3.9) is

Ey0 + p(x)Ey = Ey0 +E0y

so that we must have
E0(x)

E(x)
= p(x)

which can be integrated to give (3.11). With (3.11), we proceed as in the case of
(3.6) to complete the solution process to get the exact solution (3.13). Note that
our choice of constant of integration for E(x) was to ensure E(x0) = 1. ¤

Exercise 3. To become at ease with the method for a first order linear ODE
(with finding an integrating factor as a first step), readers are encouraged to practice
the method of Proposition 2 on the IVP:

y0 = cot(x)y + sinx, y(0) = 1.

Just as a first order homogeneous ODE can be reduced to a separable equation,
many ODE can be reduced to a linear first order ODE. One such ODE that often
appears in applications is the Bernoulli equation defined as follows:

Definition 3. A (scalar) first order ODE is a Bernoulli equation if it is of
the form

(3.14) y0 + p(x)y = q(x)yα

for any real constant α.

For α = 0, the Bernoulli equation (3.14) is a linear first order ODE (with
r(x) = q(x)). For α = 1, the first order ODE (3.14) is both linear (with r(x) = 0
and p(x) replaced by p(x)−q(x)) as well as a separable. We can therefore consider
only the case α 6= 1 and α 6= 0 for which (3.14) is clearly not of the form (3.6)
and hence not linear. For this case, we have the following result involving an
"integrating factor" that depends only on y (and not on x as before).

Exercise 4. Show that a Bernoulli equation can be transformed into a linear
first order ODE by an integrating factor Ẽ(y) = y−α.

Exercise 5. Solve the IVP x2y0 + 2xy = y3, y(0) = 1.

4. Appendix - An Exact Equation*

4.1. Test for an Exact Equation. The methods of solution developed in
the four previous sections for four different kinds of scalar ODE have one feature in
common. They all aim to reduce the given ODE to a form when the fundamental
theorem of integral calculus can be applied to yield the solution. For a separable
equation for example, we essentially worked to reduce the original ODE to

(4.1)
d

dx
[ϕ(x, y)] = 0,

with

(4.2) ϕ(x, y) = F (y)−G(x), .

In this section, we investigate what first order scalar ODE is of the form (4.1) in
disguise.



16 1. EVOLUTION AND EQUILIBRIUM

Definition 4. A first order ODE of the form (4.1), possibly after some re-
arrangements, is said to be an exact equation.

Evidently, an exact equation can be integrated immediately to get an implicit
form of the solution of the IVP (which is quite an acceptable form of the actual
solution).

Now, the general ODE (??) is not an exact equation; it cannot be written in
the form (4.1). While this seems intuitive, we will develop a proof of this claim so
that we have a procedure to determine if another first order ODE is exact.

Suppose (??) can be written as (4.1). Then upon differentiating ϕ with respect
to x using the chain rule to handle the fact that y is a function of x, we get from
(4.1)

d

dx
[ϕ(x, y)] =

∂ϕ

∂x
+

∂ϕ

∂y

dy

dx
= 0.

If this is in fact the given ODE (??) written as

−f(x, y) + dy

dx
= 0,

we must have
∂ϕ

∂x
= −f(x, y), and

∂ϕ

∂y
= 1.

But with
∂

∂y

µ
∂ϕ

∂x

¶
= −∂f

∂y
,

∂

∂x

µ
∂ϕ

∂y

¶
= 0,

these requirements are inconsistent unless f(x, y) does not depend on y so that
∂f/∂y = 0 (for which the given ODE is already a calculus problem).

The method for demonstrating whether an ODE is an exact equation applies
to any first order ODE of the form

(4.3) N(x, y)
dy

dx
+M(x, y) = 0

(which contains (??) as a special case with N = 1 and M = −f(x, y)). For this
more general form of ODE to be the same as (4.1), we need

d

dx
[ϕ(x, y)] =

∂ϕ

∂x
+

∂ϕ

∂y

dy

dx
= N(x, y)

dy

dx
+M(x, y)

or

(4.4)
∂ϕ

∂x
=M(x, y),

∂ϕ

∂y
= N(x, y).

The two "matching" requirements above lead to the following important necessary
condition for any such first order ODE to be exact :

Proposition 3. For a first order scalar ODE in the general form (4.3) to be
an exact equation, it is necessary that the consistency condition

(4.5)
∂M(x, y)

∂y
=

∂N(x, y)

∂x

be satisfied for all point (x, y) in some region of the x, y−plane containing the initial
point (x0, yo).
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4.2. Exact Equation as a Calculus Problem. We now show how Propor-
tion (3) can be used to solve an exact equation..

Example 2. (x+ y) dydx − (x− y) = 0.

This ODE is actually scale invariant and can be solved by Proposition 1. With
M = x + y and N = −(x − y), it is also straightforward to verify that the
consistency condition (4.5) for an exact ODE is satisfied. We can therefore try to
find a function ϕ(x, y) with

(4.6)
∂ϕ

∂x
=M(x, y) = −x+ y,

∂ϕ

∂y
= N(x, y) = x+ y.

Now, we want to determine ϕ; this can be done by integrating either equation with
respect to relevant argumemt of the unknown while holding the other argument
fixed. Let us integrate the first equation in (4.6) with respect to x to get

(4.7) ϕ(x, y) = −1
2
x2 + xy + C(y)

where we have allowed the "constant" of integration to depend on y since we held it
fixed when we differnetiated ϕ and integrated M(x, y) to get (4.7). To determine,
we make use of the fact that ϕ(x, y) must satisfy the second condition in (4.6).
That condition requires

∂ϕ

∂y
= x+

dC

dy
= N(x, y) = x+ y

or dC/dy = y so that we have after integration

C(y) =
1

2
y2 + c0 and ϕ(x, y) = −1

2
x2 + xy +

1

2
y2 + c0.

The quantity c0 in the expression for C(y) is now a true constant of integration but
can be omitted since the given exact ODE can be written as

(x+ y)
dy

dx
− (x− y) =

d

dx
(−1
2
x2 + xy +

1

2
y2 + c0) = 0

which becomes

(4.8) ϕ(x, y) = C0.

Hence, the constant c0 in C(y) plays no role in the final solution. It is important to
emphasized that the solution process for an exact first order ODE is in the implicit
form (4.8) where ϕ(x, y) is determined by the two relations in (4.6) (and not y as
an explicit function of x).

Example 3. [1− sin(x)− x2ey].y0 = [y cos(x) + 2xey]

With M = −[1− sin(x)− x2ey] and N = [y cos(x) + 2xey], it is also straight-
forward to verify that the consistency condition (4.5) for an exact ODE is satisfied.
We can therefore try to find a function ϕ(x, y) with

(4.9)
∂ϕ

∂y
= N(x, y) = 1− sin(x)− x2ey,

∂ϕ

∂x
=M(x, y) = −[y cos(x) + 2xey].

(Note the correct sign forM(x, y) which is often a source of error in the application
of this method.) Now, we want to determine ϕ; this can be done by integrating
either equation with respect to relevant argumemt of the unknown while holding



18 1. EVOLUTION AND EQUILIBRIUM

the other argument fixed. Let us integrate the first equation in (4.6) with respect
to x to get

(4.10) ϕ(x, y) = y(1− sin(x)]− x2ey + C(x)

where we have allowed the "constant" of integration to depend on x since we held
it fixed when we differnetiated ϕ and integrated N(x, y) with respect to y to get
(4.10). To determine C(x), we make use of the fact that ϕ(x, y) must satisfy the
second condition in (4.9). That condition requires

∂ϕ

∂x
= −y cos(x)− 2xey + dC

dx
=M(x, y) = −[y cos(x) + 2xey]

or dC/dx = 0 so that we have after integration

C(x) = c0 and ϕ(x, y) = −1
2
x2 + xy +

1

2
y2 + ϕ0.

The quantity ϕ0 in the expression for C(x) is now a true constant of integration
but can be omitted since the exact solution of the given ODE is ϕ(x, y) = c0 or

−1
2
x2 + xy +

1

2
y2 = c0 − ϕ0. ≡ C0.

Again, the constant ϕ0 in C(x) plays no role in the final solution.
Returning to the general case (4.3), we see now that when (4.5) is satisfied,

we expect to be able to re-write the given ODE as dϕ/dx = 0 with the unknown
function ϕ(x, y) determined by the matching conditions (4.4) up to a constant
(which plays no role in the final solution of the problem) for the given functions
M(x, y) and N(x, y). The process for finding ϕ(x, y) has already been illustrated
in the two examples above. In general, we can integrate the second relation in (??)
as we did in the second example to get

(4.11) ϕ(x, y) =

Z y

N(x, t)dt+ C(x)

where C(x) is the "constant" of integration which would generally depend on x
since we have held x fixed during the integration of N(x, y) with respect to y. To
determine C(x), we differentiate (4.11) partially with respect to x holding y fixed
to get

∂ϕ

∂x
=

Z y ∂N(x, t)

∂x
dt+

dC

dx

=

Z y

m(x, t)dt+
dC

dx
= M̄(x, y) +

dC

dx
.

But the left hand side must be M(x, y) by the first relation in (??) so that

(4.12)
dC

dx
=M(x, y)− M̄(x, y).

If the original ODE is exact, the difference on the right hand side must depend only
on x and not on y. Since the right hand side of (4.12) is known, we complete the
determnation of ϕ(x, y) after integrating that relation with the resulting C(x) to
be used (4.11). The final solution of the ODE given by the implicit relation (4.8).

We summarize the development above in the following proposition:
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Proposition 4. If the ODE (4.3) is exact so that (4.5) is satisfied, we can
determine ϕ(x, y) by integrating one of the two relations in (??) with respect to one
independent variable while holding the other independent variable fixed and then use
the other relation in (4.3) to find the "constant of integration" associated with that
integration.

4.3. Integrating Factor?*. We recall from Propostion 4 that a Bernoulli
equation can be reduced to a linear first order ODE. Since the resulting linear
ODE can be further reduced to (4.1) by the integrating factor E(x) (known from
(3.11) with p(x) replaced by p̄(x) = (1 − α)p(x)), a Bernoulli equation can be
transformed into an exact equation after we multipy the given ODE through by the
following integrating factor:

Ē(x, y) = y−αE(x), E(x) = e
x p̄(t)dt = e(1−α)

x p(t)dt.

After multiplication by the Ē(x, y), the original Bernoulli equation becomes (4.3)
with

N(x, y) = Ē(x, y) = E(x)y−α,

M(x, y) = Ē(x, y) [p(x)y − q(x)yα] = E(x)
£
p(x)y1−α − q(x)

¤
.

which can be verified to be exact since

∂M(x, y)

∂y
= E(x)(1− α)p(x)y−α,

∂N(x, y)

∂x
= E0(x)y−α = (1− α)E(x)p(x)y−α.

As such, it can be written as

dϕ

dx
=
£
E(x)y1−α −Q(x)

¤0
= 0

with Q0(x) = q(x)E(x) so that

ϕ(x, y) = y1−αe
x p̄(t)dt −Q(x) = y1−αE(x)−Q(x),

where α, p(x), and q(x) are prescribed quantities in the given Bernoulli equation.

Remark 1. We emphasize that ϕ(x, y) is not the solution of the given ODE.
The solution is given by the implicit relation ϕ(x, y) = c0 which defines y as a
function x up to a constant of integration (with the constant determined by the
initial condition). In the case of a Bernoulli equation, this relation gives formally

y(x) = [E(x)]
1/(α−1)

[c0 +Q(x)]
1/(1−α)

.

where E(x) and Q(x) are as previously defined.

For a general ODE already in the form (4.3) which is not exact. i.e., the
given factors M and N do not satisfy the consistency condition (4.5), there is no
assurance that an appropriate integrating factor Ē(x, y) can be found unless one
that is independent of x or y happens to work. While there are some special
techniques that may lead to the desired results (see [3] for example); their success
rate is not sufficiently high to deserve further discussion in a review such as this.
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4.4. Summary. Given a first order ODE in the form (1.1) or (4.3), we should
check to see if it is one of the following five types of equations:

• a separable equation - by the form (1.5)
• a scale invariant (also known as homogeneous of degree 1) equation - by
Definition 1

• a linear equation - by Definition 2
• a Bernoulli equation - by Definition 3
• an exact equation - by the consistency condition (4.5)

If it is, then the equation can be solved the method of solution described in the
relevant section in this chapter. If it is not one of the five types, there are still a
few other specialized techniques (such as integrating factor that depends on both x
and y) which we can also try. Because of the rather technical nature of these other
techniques, we will not pursue a discussion of them in an introductory course such
as Math 227. Instead, we will move on to discuss methods for finding accurate
apprximate solutions for problems not tractable by the five methods above.

It should be emphasized that many important problems in science and engi-
neering have been solved by the five methods introduced in this chapter and many
more will continue to be solved by them. It behooves all of us to become adroit in
identify these equations and in the method of their solutions. As we will see, an
analytical solution in terms of elementary and special functions are very much more
efficient for analyzing the natural or social phenomena of interest than the more
broadly applicable approximate solution techniques such as numerical simulations
which will be discussed in the next chapter.



CHAPTER 2

Stability and Bifurcation

1. The Logistic Growth Model

1.1. Taylor Polynomials for the Growth Function. The linear growth
model (2.1) of Chapter 1 was found to lead to an exponentially growing population
size that fits the censure data well over a period of nearly a hundred years. Yet,
exponential growth or any unbounded growth is not consistent with an environment
of limited resources; we need to improve on the model if we wish to use it for a
longer period of time into the future. We discuss in this section a widely used
model that meets the constraint of limited growth under finite resources; the so
called logistic growth model for the evolution of populations.

To put both the exponential growth model and the logistic growth model in the
context of the general growth model (1.1) of Chapter 1, we apply Taylor’s theorem
to the growth function f(y) about the point y0 = 0 to get

(1.1) f(y) = f(0) + f ·(0)y +
1

2
f ··(0)y2 +R3

stopping after the first three terms with the remainder term R3 proportional to
y3. With the stipulations that i) there can be no growth without an existing
population, and ii) growth is faster with a larger population, we should have (as
indicated earlier)

f(0) = 0, f ·(0) = a > 0.

In terms of Taylor’s theorem, we now see that the exponential growth model is
merely an two-term Taylor approximation of the actual growth function f(y) with
the two stipulated properties, whatever the actual form of f(y) may be. As Taylor
polynomials are accurate only locally, any such polynomial ceases to be appropriate
when |y − y0| = |y| is sufficiently large. A two-term approximation is no exception;
but we can, if necessary, extend the range of adequacy further by working with a
higher order Taylor polynomial.

For the quadratic approximation, it is customary to work with the parameter
Yc by setting f ··(0)/2 = −a/Yc and take as the growth rate differential equation

(1.2)
dy

dt
= f(y) = ay

µ
1− y

Yc

¶
where Yc is known as the carrying capacity of the environment. The negative sign
is chosen as we expect a diminishing return as the population size increases. For
a truly quadratic growth rate (and not as a Taylor polynomial approximation of a
more general growth rate function), the rate of growth actually becomes negative
for a population size greater than the carrying capacity so that population self-
correct to adjust to what the environment would permit. The population growth

21



22 2. STABILITY AND BIFURCATION

associated with the growth rate (1.2) is known as logistic growth in the field of
population dynamics. The ODE (1.2) and an initial condition

y(t0) = Y0

constitute an IVP used extensively in different fields of applications. For an au-
tonomous ODE, the initial time t0 may be relocated to the origin by a change of
the independent variable t = τ + t0. In terms of τ , the ODE becomes

dy

dτ
= f(y) = ay

µ
1− y

Yc

¶
which is the same as the original equation. As such we can work with

(1.3) y(0) = Y0

instead, as we did in (1.6) of Chapter 1.

1.2. Normalization and Exact Solution. The ODE (1.2) for the logistic
growth is separable and an exact solution is assured (but may or may not be in-
formative). Before we embark on the solution process, it is often advantageous to
reduce the number of parameters in the equation whenever possible. In the present
case, we have three parameters, a and Yc in (1.2) and Y0 in the initial condition
(1.3). We can eliminate two of them by introducing the two new variables

(1.4) τ = at, z(τ) =
y(t)

Yc
.

In terms of the two new variables, (1.2) takes the form

(1.5)
dz

dτ
= z(1− z).

while the initial condition y(0) = Y0 becomes

(1.6) z(0) = z0 ≡
Y0
Yc

Note that the new and equivalent ODE (1.5) is parameter free. The process
for its exact solution is to re-arrange it to read

(1.7)
1

z(1− z)

dz

dτ
= 1

Upon carrying out the integration, applying the initial condition (1.6) and re-
arranging the result, we obtain the following exact solution of the IVP for z(τ)

z(τ) =
z0

z0 + (1− z0)e−τ
,

or, in terms of the original variables y and t,

(1.8) y(t) =
Y0

Y0 + (Yc − Y0)e−at
.

Exercise 6. Obtain the exact solution (1.8) for (1.5) and (1.6). (Hint: apply
partial fractions to (1.7).)
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1.3. Implication of the Exact Solution. From the exact solution (1.8),
we see that if Y0 < Yc, the initial population would increase with time tending
toward the carrying capacity Yc from below without exceeding it. On the other
hand, if Y0 > Yc, the population would decrease with time and tend to the carrying
capacity from above. Finally, if Y0 = Yc, then y(t) = Y0 = Yc for all t ≥ 0 so
that the population remains the initial population indefinitely. These conclusions
are certainly more consistent with our understanding of growth and decline of the
human population than the linear model. Instead of unlimited growth, the new
model predicts the human population should tend to a limiting population size
eventually. As such, the logistic model is more reliable for a longer time interval.

The success in obtaining explicit solution for the IVP for both the linear and
logistic model notwithstanding, it is a fact that only a tiny fraction of first order
ODE can be solved exactly. Even for those that can be solved, the resulting
solutions may not always be useful. Many fish populations that has a threshold
population size for extinction Ye are modeled by the separable equation

(1.9) y0 = ay(y − Ye)(Yc − y).

where a, Ye and Yc are three constant parameters characterizing the fish population
and its environment. While we can obtain an exact solution for the corresponding
IVP (again using partial fractions), the result is not at all informative, unlike the
solution for the logistic growth case. For this reason, we will introduce in the next
section a more informative and more widely applicable approach for first order
autonomous ODE.

It should be noted that exponential growth and logistic growth are only two
of many population growth models applicable to the growth of entities, from cells
to human beings. In the development above, they are merely two special Taylor
polynomials of the general growth rate function f(y) which is itself a special case
of the more general growth rate f(y, t). To simplify the investigation, the growth
process is often assumed to be unchanged with time so that f(y, t) = f(y) does
not depend explicitly on t. The assumption is generally adequate for a relatively
short time interval. It is for such autonomous growth rate that the new method is
most useful. In most applications, we really do not know the actual function f(·).
Still, it is important to keep in mind that most growth growth rates are increasing
functions of its argument (so that f ·(y) = df(y)/dy > 0) when y is relatively
small (since a larger population generally produces more offsprings). However, the
growth has a diminishing return caused by limited resources so that f ··(y) < 0 for
large y. Altogether, we generally expect many growth rate functions f(y) to be
similar to the logistic growth rate and have the following four properties:

(1.10) i) f(0) = 0, ii) f(y) > 0, iii) f ··(y) < 0,

and

(1.11) iv − a) f ·(y) > 0 if y < Yc but iv − b) f ·(y) < 0 if y > Yc

where Yc is a measure of the carrying capacity of the population’s habitat. It
is understood that y is non-negative (y ≥ 0) since we cannot have a negative
population. Some of these properties apply to more general growth rate function
that cannot be given in terms of simple mathematical functions such as sine, cosine,
exponential, etc.
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Unlike Newton’s laws of motion, the properties in (1.10) may not hold for all
populations. A growth rate that is not monotone increasing even for small y
including y = 0 is the "depensation growth rate" (1.9) which is characteristic of
some fish populations. But f(y) with the properties (1.10) are sufficiently prevalent
for us to use them for illustrative purposes in a first attempt to investigate the
general growth of a population.

2. Critical Points and Their Stability

2.1. Critical Points of Autonomous ODE. Up to now, our approach to
extracting information from a mathematical model is analytical and quantitative in
nature except for some brief mention of numerical methods (such as those discussed
in Math 107) which is also quantitative. In contrast, the new approach discussed
below is geometrical and qualitative. It is principally useful for autonomous ODE
such as y0 = f(y) where the growth function f does not depend explicitly on the in-
dependent variable t (corresponding to time until further notice). The exponential
growth (2.1), the logistic growth (1.2) and the depensation growth (1.9) (of cells,
bacteria, insects, animals, and human beings) are examples of such growth rates.

For autonomous ODE, it is possible to have (one or more) solutions that do
not change with time, i.e., y(t) = yc, where yc is a constant. For such time
independent solutions, we have dy/dt = 0 so that yc must be a zero of the function
f(y) on the right hand side of first order autonomous growth rate ODE. Such a
time independent solution is called a critical point of the ODE.

Definition 5. A critical point yc of the autonomous ODE (1.1) is a zero of
the growth rate function f(y).

A critical point corresponds to a time independent steady state of the popula-
tion (or whatever the quantity y measures) We note in passing that the definition
of a critical point applies to the more general case of a system of first order ODE
written in vector form with y being a vector function of t.

Depending on the form of the growth rate, f(·), may have any number of
critical points, zero, one or many. The exponential growth model has only one
critical point at the origin while the logistic growth model has two:

y(1)c = 0, y(2)c = 1.

Not all critical points can be found explicitly. However, there several fast root
finding routines on any one of the popular computer software such as MatLab,
Mathematica and Maple for accurate numerical solutions of the single (scalar or
vector) equation f(y) = 0.

On the other hand, to locate the critical points quickly without getting on the
computer or hand held calculator, graphical means are often very helpful. For
example, the two critical points for fe(y) = 1− y − e−y can be found graphically
to be

y(1)c = 0, 0 < y(2)c . 1.
by plotting fe(y) vs. y and looking for locations where the graph crosses the abcissa
(the horizontal y−axis). For very complicated f(y), it may still be possible to locate
the zeros approximately without resorting to computing software. Successes are
often achieved by breaking up the function into two pieces f(y) = g(y)−h(y), plot
the two simpler funcitons g(y) and h(y) and locate their intersections. It may not
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be so easy to visualize the graph of fe(y) = 1−y−e−y or estimate where it crosses
the abscissa, if it does at all. But we have no problem visualizing g(y) = 1−y and
h(y) = e−y and estimating the location yc of their intersection. Note that there
are usually alternative ways to split f(y) as we could have taken g(y) = 1 − e−y

and h(y) = y for fe(y) instead. While there is not much difference in the two
ways in splitting the particular function fe(y), we generally should be flexible in
exploring more than one options to find an effective splitting for obtaining adequate
information about the critical points.

2.2. Stability of a Critical Point. In population growth models, critical
points correspond to possible steady state populations which do not change with
time. In particle dynamics, they correspond to equilibrium configurations or equi-
librium state such as a rigid ball at the peak of a (concave) hill top or the same
ball at the (convex) bottom of a trough. The two particular examples show that
equilibria can be significantly different in nature. At the slightest disturbance,
the ball on top of the hill would roll down the hill, running away from its equi-
librium position. In contrast, the ball at the bottom of a trough would, upon
a relatively small displacement from its critical point, merely oscillate about its
original position. We characterize the trough bottom equilibrium configuration as
a stable equilibrium or a stable critical point and the hill top configuration as an
unstable equilibrium or an unstable critical point. Depending on the surface of the
trough, whether it is smooth or rough (causing frictional resistance), the oscillating
ball about the trough bottom may continue to oscillate with the same maxiumum
amplitude indefinitely or the oscillation may diminish and eventually return to the
resting configuration. In the latter case with the ball returning to equilibrium, the
critical point is said to be asymptotically stable. In the former case, the critical
point is stable but not an attractor that is asymptotically stable.

For many phenomena in science and engineering, we very much want to know
whether a critical point is stable or unstable and, if stable, whether it is asymp-
totically stable. Vibratory motion of an airplane fuselage and wings caused by
localized turbulence may die down (and therefore harmless) if the original steady
foward motion is an asymptotically stable critical point. If the critical point is
unstable, the oscillatory motion would increase in amplitude and eventually exceed
the acceptable stress and strain that can be endured by the aircraft and cause struc-
tural failure. Even if the critical point is stable (but not asymptotically stable),
the rest of the ride before destination could be very uncomfortable if the original
turbulent disturbance should be severe. For these reasons, it behooves the scien-
tists and engineers who design aircrafts to have a way to find out about the stability
of the critical points of their structure to see if the design requires modification.
Usually, the modification is to ensure that all critical points involved would meet
the design goals. For some applications, this may mean an asymptotically stable
critical point; for others, it may mean an unstable critical point.

The situation is not different for biological phenomena. For population growth
models, the stability of an equilibrium (steady state) population is also very im-
portant in policy, design or medical treatment decisions. An asymptotically stable
fish population of adequate size would probably be good for the fishing industry
but an asymptotically stable high virus population would be disastrous for the sick
patient.
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For phenomena that can be modeled by the single first order ODE y0 = f(y),
we may take advantage of the graphical appoach already initiated in the previous
subsection to find th critical points of the ODE and their stability. We illustrate
this approach and describe the graphical method by way of the following example
with ( )´ = d( )/dt throughout this chapter:

Example 4. y0 = y(1− y), y(0) = Y0

For this normalized logistic population growth model with f(y) = y(1−y), the
graph of f(y) is the up side down parabola crossing the abcissas at the critical points
y
(1)
c = 0 and y

(2)
c = 1 as shown in the figure below. To determine the stability of

y
(1)
c = 0, we note that if the initial condition for y is exactly y(0) = y

(1)
c (= 0), i.e.,

Y0 = y
(1)
c (= 0), then y(t) = y

(1)
c (= 0) for all t > 0 (and this is the only solution

possible by the uniqueness theorem for IVP in ODE stated in [3]. But suppose the
initial condition is slightly different from y

(1)
c = 0, say Y0 = y

(1)
c + ε = ε. Will y(t)

stay close to the critical point? approach it with increasing time? or will it run
away from y

(1)
c ? Our graphical method for determining the stability of y(1)c = 0

simply examines the graph of f(y) near the origin to see if f(y) is above or below
the y−axis.

Figure 1
Locating Critical Points

For our example, f(y) is above the y axis to the right of the origin; hence we
have y0 = f(y) > 0 so that y(t) is increasing. That y(t) (is positive and) increases
with t is indicated by arrows on the positive y axis pointing to the right and away
from y

(1)
c . The direction of the arrows shows that y(t) moves further to the right

of the origin as t increases for any Y0 to the right of the origin, Y0 > 0. On the
other hand, f(y) is below the negative y axis so that y(t) is decreasing for any
Y0 to the left of the origin, Y0 < 0 (which is not relevant for population growth
problems). The left-pointing arrows show that y(t) becomes more negative and
moves further to the left of the origin with increasing time. The critical point
y
(1)
c = 0 is seen graphically to be unstable as arrows on both sides (indicating the
direction of increasing time of the state y at time t) are pointing away from the
critical point. Whenever possible, we use a hollow circle "◦" to indicate an unstable
critical point.

Similar observations on f(y) in the neighborhood of the other critical point
y
(2)
c = 1 lead to arrows along both sides of the y axis pointing toward the critical
point y(2)c . Hence, the second critical point is seen graphically to be asymptoti-
cally stable. Asymptotically stable critical points are indicated by a solid round
dot "·". Together, we know everything about the solution of the IVP except for
the numerical details. If the initial value Y0 is positive, then the ODE character-
izing the mechanisms (be it physical, biological or social) that drives the observed
phenomenon being modeled would evolve y(t) toward y(2)c = 1 monotonically. If Y0
is negative, then y(t) would decrease further and monotonically head toward −∞
in the limit as t→∞. There are no other possibilities.

Theorem 1. Starting with an initial measurement, the evolution of any tem-
poral process governed by a single first order autonomous ODE does not oscillate.
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Proof. For the first order ODE y0 = f(y), plot the graph of f(y) vs y and
see that starting from a point Y0 the solution must either increase or decrease
monotonically until it reaches a critical point, ∞ or −∞. ¤

In other words, the solution y(t) of ý = f(y) must be a monotone function.
Damped or undamped oscillatory motions (such as those of the mass—dashpot-
spring systems) do not occur; there are no periodic solutions for such equations.

It is worth repeating that Y0 < 0 is not relevant as an initial condition for
the ODE y0 = f(y) if it is intended to be a mathematical model for population
growth, and it would not make sense to consider y(t) along the negative y axis as
we cannot have a negative population. However, a discussion on the behavior of
y(t) for Y0 < 0 would either be to complete the mathematical analysis or for other
applications of the mathematical model for which allows for negative values of y(t).

3. Linear Stability Analysis

The geometrical approach introduced in the previous subsection determines
completely the qualitative behavior of an evolving population modeled by ý = f(y).
Its effectiveness however is mostly for single first order autonomous ODE. It is
less effective for two or three simultaneous equations as visualization becomes more
difficult in higher dimensions To complement the graphical method for phenomena
modeled by several autonoumous ODE, we note here that the stability of the two
critical points for logistic growth can be determined analytically without the exact
solution for the relevant IVP. Suppose the initial condition is not exactly at a
critical point but at some value near it, say Y0 = yc + . Then the response y(t)
can be written as y(t) = yc + x(t) with x(0) = 1. With f(yc) = 0 for a critical
point yc and (assuming that f(y) is at least twice continuously differentiable) with

f(y) = f(yc + x(t)) = f(yc) + f ·(yc) x(t) +
1

2
f ··(ξ) [ x(t)]2 ,

where f ·(y) = df/dy, the ODE y0 = f(y) may be accurately approximated by

(3.1) z0 = f ·(yc)z(t)

for sufficently small ε so that 12εf
··(ξ)[x(t)]2 ¿ 1. It follows that the critical point

yc is asymptotically stable if f ·(yc) < 0 and unstable if f ·(yc) > 0. (The case
f ·(yc) = 0 will be discussed below.) Thus, for the stability of the critical point, we
need only to know the sign of f ·(yc).

From the view point of the graphical approach, this analytical result tells us that
all we need is to sketch f near yc to see the slope of f(y) at that critical point; we do
not even need to compute the derivative of f(y) if it should be too complicated to do
so. In addition, it saves us from performing the chore of plotting the entire graph
of f(y). On the other hand, the result we get is local in nature as the "linearized"
equation (3.1) is adequate only for the range when the neglected term remains small
(which would not be the case when the critical point is unstable). Global results
for solutions of IVP are generally difficult to get for higher order systems; we often
have to settle for limited local results by the method of linearization, known as
linear stability analysis.

The two critical points of the logistic growth ODE (1.2) exhibit two distinctly
different kinds of stability, y

(1)
c = 0 is unstable while y(2)c = 1 is asymptotically

stable. They correspond to f ·(0) > 0 and f ·(1) < 0, respectively. For a general
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f(y), we noted earlier a third possibility f ·(yc) = 0. In this case, stability is
determined by the sign of f ··(yc) or the next nonvanishing derivative at yc. Near
the critical point, the graph of the growth function is qualitatively as indicated in
Figure 2(a) if f ··(yc) > 0, and as in Figure 2(b) if f ··(yc) < 0. In the first case,
f(y) is increasing on both sides of the critical point and hence stable for initial
values slightly to the left of yc, i.e., Y0 < yc, and unstable for those slightly to
the right, i.e., Y0 > yc. In the second case, f(y) is decreasing on both sides of
the critical point and hence unstable for initial values Y0 < yc and asymptotically
stable for Y0 > yc. In either case, stability is different qualitatively from the two
types exhibited by the critical points of logistic growth with f ·(yc) 6= 0. A critical
point with f ·(yc) = 0 is said to be semi-stable.

Figure 2(a)
Locally convex f(y)

Figure 2(b)
Locally concave f(y)

Another qualitatively different types of stability is illustrated by the following
growth rate function:

f(y) =

⎧⎨⎩ y(0.1− y)(0.9− y)(1− y) (y < 0.1)
0 (0.1 < y < 0.9)
y(0.1− y)(0.9− y)(1− y) (y > 0.9)

.

By plotting the graph of the growth function f(y) above, it is not difficult to
conclude that all initial values Y0 in the range [0.1, 0.9] are critical points and they
are all stable but not asymptotically stable. There are also two other two critical
points 0 and 1; each lies within a small interval where there is no other critical point.
The two critical points 0 and 1 are called isolated critical points. In contrast, those
in the interval [0.1, 0.9] are non-isolated. In these notes (as in most books on critical
points and their stability), we will be mainly concerned with isolated critical points.

4. Harvesting a Fish Population

4.1. The Harvest Problem. When left alone, a fish population grows within
the limit of the carrying capacity of the body of water and the available nutrients.
Typically, the growth process is modeled by the first-order ODE

dy

dt
= f(t, y)

where y(t) is the total tonnage of fish biomass at time t. For y(t) small compared
to the region’s carrying capacity Yc, f(t, y) may be taken to be linear in y, i.e.,
f(t, y) = f1(t)y + f0(t); the undisturbed fish population growth is exponential if
f0(t) = 0 and f1(t) = a > 0. A growth (rate) function adequate for a much wider
range of y(t) is the logistic growth (rate)

f(t, y) = ay

µ
1− y

Yc

¶
Other more complex growth functions have been used in the population dynamics
(see Assignment II). Here, we work with the logistic growth model for the natural
growth of a fish population ro illustrate the modeling and analysis of fishery. Given
the initial population y(0) = Y0, the corresponding IVP for an unharvested fish
population is just the logistic growth analyzed previously.

A commercially valuable fish population is not likely to be left alone to grow
naturally. More often, it is harvested continually at a rate h(t). For a seasonal
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fishery, h(t) may be a periodic function which vanishes over regular intervals. The
actual growth rate of the fish population is then

(4.1) y0 = f(t, y)− h, y(0) = Y0

where ( )0 = d( )/dt. The owner of a fishery with exclusive right to the fishing
ground would naturally want to choose a harvesting strategy ĥ(t) which is most
advantageous for his/her purpose.

4.2. Critical Points and Their Stability. To illustrate the issues and process
related to the harvesting of a fish population, we limt or discussion here to the spe-
cial case of a logistic model for the natural growth of the fish population and work
with a constant harvesting rate h. The evolution of the fish population is then
determined by the autonomous ODE

(4.2) y0 = y(1− y)− h.

The locations of the two critical points (equilibrium size of fish populations) would
now depend on h ; we can determine them by solving the quadratic equation
F (y;h) ≡ f(y) = h = y(1 − y) − h = 0 (with F (y;h) being the growth rate
for the harvested fish population) to getÃ

y
(1)
c

y
(2)
c

!
=
1

2

µ
1−
√
1− 4h

1 +
√
1− 4h

¶
with 0 < y

(1)
c < y

(2)
c < 1 for 0 < h < 1/4. The two critical points coalesce into

one for h = 1/4 and the ODE has no equilibrium fish population for h > 1/4. The
same conclusions can be seen readily from the graph of y(1 − y) and the position
of the horizontal line h as shown in Figure 2 below.

Figure 3
Critical Points of (4.2)

Figure 2 immediately tells us that there are two critical points y(1)c (h) and
y
(2)
c (h) for our fish harvesting model corresponding to the two intersections between
the horizontal line and the upside down parabola y(1−y). The graph of y(1−y) is
seen to be above the horizontal line h for y in the interval between the two critical
points at the location "o" and "·", respectively. We conclude immediately that
y
(1)
c (h) is unstable while y(2)c (h) is asymptotically stable. As h increases from 0
to 1/4, the horizontal line moves up toward to the peak of the growth rate graph
and the two critical points move toward each other. The critical points coalesce
when the line is tangent to the peak of the growth rate curve at h = 1/4 and y(1)c =

y
(2)
c = 1/2 . For larger values of h, the line does not intersect the growth rate
curve and the ODE does not have any critical point in this range of harvest rate.

For h > 1/4, the growth rate F (y;h) = y(1− y)− h < 0 so that y(t) decreases
to zero for any initial condition Y0. Any harvest rate h > 1/4 would overfish the
fish stock and the fish population would dwindle toward extinction.

Evidently, the value of the parameter h not only affects the location of the
critical point of the model but also their count. While effect of changing h is
qualitiatively insignificant as long as h remains less than 1

4 , the change in the
number of critical points as h passes through the threshhold value hc = 1

4 is abrupt
and qualitatively significant, changing from 2 to 0 as hc increases from 1

4 − ε to
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1
4 + ε. An abrupt change in the count and/or stability of critical points of an
autonomous ODE in passing through the threshhold parameter value is said to be
a bifurcation and the threshhold value hc itself is called a bifurcation point.

The particular abrupt qualitative change in critical point count from two to
none, transitioning at the bifurcation point hc = 1/4 (for which there is only one
critical point) is known as a saddle-node bifurcation and is succinctly summarized
by the bifurcation diagram in Figure 3 below.

Figure 4
Saddle−Node Bifurcation

An important observation at this point is that the tangent to the f(y) graph
is horizontal at bifurcation point. At the bifurcation point μc, the slope of f(y;μ)
as a function of y is therefore zero at the critical point y(k)c , i.e.,

(4.3) f,(c)y ≡ f,y (yc;μc) = 0, f,y =
∂f

∂y
.

We will see that this phenomenon of horizontal tangent at the critical point at
bifurcation persists in the next two examples.

4.3. Bifurcation. It is evident from the fishery model that the location of
critical point of an autonomous ODE may depend on the values of the various
system parameters. In the case of the temporally uniform harvest model (4.2), the
only system parameter is the constant harvest rate h. If we had kept the original
form of the logistic growth model and do not re-scale the ODE, we would have
f(y) = ay(1 − y/Yc) − H (with h = H/aYc after normalization). In that case,
there would be three system parameters a, Yc and H. The un-scaled ODE still has
two critical points, but they are at the two rootsÃ

y
(1)
c

y
(2)
c

!
=

Yc
2

µ
1−
√
1− 4h

1 +
√
1− 4h

¶
of

y2 − Ycy +
YcH

a
= 0.

From the fisher problem of the previous section, we now see that system pa-
rameter values affect more than just the locations of the critical points but also
their number and stability. In the model (4.2), the number of critical points
changes from 2 to 1 to 0 as the parameter (combination) h increases from h = 0
to h > 1/4. The phenomenon of the critical points of a differential equation un-
dergoing a change in count, locations, and stability as a system parameter (or a
combination of the system parameters) passes through a threshold value is called
a bifurcation. The a threshhold parameter value itself is called a bifurcation point
of the relevant model ODE. To the extent that these changes can be catastrophic
in real life applications, we describe in the following three subsections three of the
most prevalent types of bifurcation encountered in science and engineering: saddle-
node bifurcation, transcritical bifurcation, and pitchfork bifurcation. For a single
first order ODE, other seemingly different bifurcations are usually a combination of
these three basic types or one of the them in disguise possibly with some cosmetic
modifications/extensions. The exceptions occur so rarely that readers are referred
to [23] and references therein for further reading.
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5. Basic BifurcationTypes

5.1. Saddle Node Bifurcation. We saw an example of this type of bifurca-
tion in (4.2). A canonical form of a first order autonomous ODE with this type of
bifurcation is

(5.1) z0 = μ− z2

where μ is the bifurcation parameter. Equation (4.2) may be reduced to this form
by setting z = y − 1

2 and μ = 1
4 − h.

For the ODE (5.1), there are two (real) critical points y = ±√μ if μ > 0, one
critical point y = 0 if μ = 0 and no (real) critical points if μ < 0. These features
are evident from Figure 5 (a) where we show the zeros of μ− z2 by plotting μ and
z2 separately and locate their intersections. This type of changes in the count
of critical point occurs frequently in applications. It is known as a saddle-node
bifurcation and is captured by the bifurcation diagram in Figure 5 (b).

Figure 5 (a)

Critical points of
Saddle−Node Bifurcation

Figure 5 (a)

Bifurcation diagram for
Saddle−Node Bifurcation

5.2. Transcritical Bifurcation.
5.2.1. The Canonical ODE. The ODE

(5.2) y0 = f(y;μ) = y(μ− y)

has two critical points, now at y(1)c = 0 and y
(2)
c = μ. For a positive value μ,

y
(2)
c = μ is located on the positive y axis (to the right of the origin) as shown in
Figure 1 (of this chapter) except "1" is replaced by "μ". As μ decreases but
remaining positive, the location of y(2)c = μ moves toward the origin while the
stability of both critical points remain unchanged. All the while, the maximum
f(y) decreases until μ = μc = 0. For the particular value μc = 0, the entire graph
of f(y) lies below the y axis but tangent to the abscissa (the y−axis) at the origin
as shown in the first figure below. Further reduction of μ (to negative values)
moves the graph further to the left and raises a portion of it above the y−axis so
that it again crosses the abscissa at two locations. As we can see from the second
figure below, one critical point is again at the origin y(1)c = 0 but now the other one,
y
(2)
c = μ (< 0), is on the negative y axis, illustrating graphically how the location
of critical points may again depend on the system parameters.

Figure 6 (a)

Critical points of
Transcritical Bifurcation

Figure 6 (a)

Bifurcation diagram for
Transcritical Bifurcation

In addition to the location of at least (one of) the critical points, changing μ also
affects the stability of the critical pointsfor the present problem. For μ > 0, y

(1)
c = 0

is unstable and y
(2)
c = μ is asymptotically stable. But for μ < 0, y

(1)
c = 0 is

asymptotically stable and y
(2)
c = μ is unstable. The stability switch takes place

at μc = 0 where the two critical points coalesce into one semi-stable critical point.
The pivotal value μc of a system parameter μ associated with such abrupt changes
is called a bifurcation point of the ODE. Note that at bifurcation, the growth
rate function also has a horizontal tangent at the critical point so that (4.3) again
applies.
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For (5.2), the number of critical points changes from two to one to two as μ
passes through μc = 0; the two critical points also exchange their stability type.
This type of bifurcation is called transcritical bifurcation. The behavior of the ODE
system with this type of bifurcation is succinctly summarized by a bifurcatiaon
diagram that graphs the two critical points {y(1)c (μ), y

(2)
c (μ)} as functions of μ as

shown in Figure 6(a). Again, it is customary to use thick solid curves to indicate
(asymptotically) stable critical points and dashed or dotted curves for unstable
critical points.

5.2.2. Fixed Effort Harvesting. On the open sea, the prescription of a uniform
harvesting rate is not realistic. For a fixed fishing effort E (summarizing the total
equipment and staff available for the fishing period), the catch rate h not only
depends on E, but also on the fish population y(t). Evidently, the large the fish
population at the fishground covered by the fishing boat(s), the larger the catch
will be. At the other extreme, if there is no fish, there would be no fish caught
however large the effort may be. As a first effort, we consider the case that the
harvest rate is proportional to both the effort E and the fish population size y,

h(t) = qEy(t)

with q being a constant of proportionality whose unit is "per unit time per unit
effort." Assuming logistic natural growth in the absence of harvesting, the growth
of the fish population being harvested by a fixed fishing effort is given by

(5.3) y0 = y(1− y)− qEy = y [(1− qE)− y] ≡ fE(y).

Supplemented by an initial condition, we have then a mathematical model for the
growth of a fish population harvested at a fixed fishing effort E.

It is easy to see from fE(y) = 0 that there are two critical points (steady state
fish populations) for this growth model:

(5.4) y(1) = 0, y(2) = 1− qE

Starting from E = 0 for which the fish has its two natural equilibrium configurations
(0 and 1), the non-zero critical point y(2) = 1−qE decreases with increasing fishing
effort but remaings positive as long as qE < 1, while the trivial state y(1) = 0 does
not change with E. The stability of the critical points can be deduced by a graph
of the growth rate function fE(y) but can also be obtained from a linear stability
analysis. With

∂fE
∂y

= (1− qE)− 2y

we have for the range E < 1/q∙
∂fE
∂y

¸
y=y(1)

= (1− qE) > 0,

∙
∂fE
∂y

¸
y=y(2)

= −(1− qE) < 0

so that y(1) = 0 is unstable while y(2) = 1− qE is asymptotically stable.
For E > 1/q, the nontrivial critical point is now negative while the other one

remains zero. However, their stability has changed with .∙
∂f

∂y

¸
y=y(1)

= (1− qE) < 0,

∙
∂f

∂y

¸
y=y(2)

= −(1− qE) > 0.

The two critical points coalesce at E = 1/q ≡ Ec with y(1) = 0 = y(2) at bifurca-
tion.
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The bifurcation diagram is similar to that for the canonical problem showing
that the bifurcation at Ec = 1/q is transcritical.

5.3. Pitchfork Bifurcation. Saddle-node bifurcation involves a change of
the number of critical points from two to (one to) none. (Since all critical points
disappear after bifurcation, nothing can be said about stability type changes after
bifurcation.) In contrast, the number of critical points remains the same after
a transcritical bifurcation, but the stability of the zero and nonzero critical point
changes type after bifurcation. The example

(5.5) y0 = y(μ− y2)

will show a third kind of bifurcation with both count and stability type changes.
For μ > 0, the graph of f(y;μ) = y(μ − y2) is as shown in the Figure 7(a)

below. Three isolated critical points at y(1)c = −√μ, y(2)c = 0, and y
(3)
c =

√
μ with

the one at the origin being unstable while the other two are asymptotically stable.

Figure 7 (a)

Critical points of
P itchfork Bifurcation

Figure 7 (a)

Bifurcation diagram for
Pitchfork Bifurcation

For μ < 0, we have f(y;μ) = −y(|μ|+ y2) so that its graph crosses the y axis
only at the origin as shown in figure below. Hence, there is only one critical point
yc = 0 and it is asymptotically stable. The transition from three to one critical
point occurs at the bifurcation point μc = 0 for which the graph of f(y;μc) =
−y3 is similar to the one for μ < 0 except that it is tangent to the y axis with
f,y (yc;μc) = 0 (and f,yy (yc;μc) = 0 as well). As in the previous examples, the
growth rate curve at the critical point again has a horizontal tangent at bifurcation.

The various changes associated with the bifurcation for this example are differ-
ent from those of the two previous examples and are succinctly summarized by the
bifurcation diagram in figure below. One common denominator permeates through
all three type of bifurcation is that, at bifurcation, the growth rate function also
has a horizontal tangent at the critical point so that (4.3) again applies.

6. Structural Stability and Hyperbolic Points

The three kinds of bifurcation introduced through the three previous examples
in no way exhaust the variety of possible types of bifurcation for single first order
ODE. For example, the depensation population growth model characterized by
the ODE (1.9) has a maximum of three critical points which are reduced to one as
the bifurcation parameter changes. But the bifurcation involved (as shown by the
bifurcation diagram) is not a pitchfork bifurcation.

Exercise 7. Sketch the bifurcation diagram for the ODE

z0 = z(z − 1)(2− z).

However, many of them are composites or cosmetic variations of the three
basic types; others are merely a basic bifurcation in disguise. We will not discuss a
general approach to uncover these relatively straightforward but important cases.
Truly new types of bifurcation do not occur sufficiently frequently in applications
to merit detailed discussion in our introductory discussion of bifurcation. Those
interested are referred to chapters 3 and 8 of [23] for examples of additional types
of bifurcation.
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In order to formulate a general approach to bifurcation when the graphical
method is not effective, we need to have a more quantitative characterization of
this phenomenon that involves only the prescribed ODE and not its solution. So
far, the characterization that helps uncovering any kind of bifurcation is that, at
bifurcation, the count, location and/or stability of the critical points of the ODE
change in a qualitatively significant way as the bifurcation parameter μ passes
through the bifurcation point μc. An ODE with such sensitivity to μ near μc is
said to be structurally unstable at the bifurcation point μc. The three examples in
the previous section is sufficiently simple so that this characterization in terms of the
solution behavior can be checked by graphing the relevant growth rate functions,
But this may be more awkward or difficult for more complex f(y;μ). To seek
an alternative characterization of bifurcation that does not rely on knowing the
solution behavior, we note a distinct feature of the solution at a bifurcation point
in the three examples: At bifurcation, the growth curve has a horizontal tangent at
the (newly coalesced) critical point. We may therefore expect that the critical point
of a general ODE at bifurcation to be a stationary point of the growth rate function
(so that (4.3) holds). We will show presently that in order for the ODE with a
general growth rate function f(y;μ) to be structurally unstable at bifurcation, the
relevant critical point must be stationary point for f(y;μ). In that case, we can
use (4.3) in the last chapter as an appropriate and usable characterization of a
bifurcation point. Such a characterization will make the graphical method more
easily applicable to general growth rate functions.

Consider a general growth rate function f(y;μ) sufficiently differentiable in (an
appropriate range of) both variables. For y near a critical point yc and μ near a
bifurcation point μc, we have from Taylor’s theorem:

f(y;μ) = f(yc + z;μc + r)

= f (c) + zf,(c)y +rf,(c)μ +
1

2

h
z2f,(c)yy +r

2f,(c)μμ+....
i
+ ...

where
z = y − yc, r = μ− μc, g(c) = g(yc;μc).

If α ≡ f,
(c)
y = f,y (yc;μc) 6= 0, then in a small neighborhood of (yc, μc) with

|z| ¿ 1 and |r| ¿ 1, the ODE for y(t) is accurately approximated by

z0 = αz + βr ≡ αz + rβ, rβ = βr = f,(c)μ r.

Evidently, z(t) grows exponentially if α ≡ f,
(c)
y > 0 and decays exponentially if α

< 0. It follows that the (isolated) critical point yc is unstable or asymptotically
stable depending only on α being positive or negative. In particular, no change in
r = μ − μc, large or small, could affect the nature of the stability of the critical
point yc of the ODE. In other words, the ODE is structurally stable for μ = μc as
long as the critical point yc is not a stationary point of f(y;μc).

Definition 6. A critical point yc(μ) of the ODE

(6.1) y0 = f(y;μ)

is called a hyperbolic (critical) point of the ODE if it is not a stationary point of
the growth rate function f(y;μ) and a nonhyperbolic point if it is.

From the development in the preceding paragraphs, we conclude:
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Proposition 5. A first order ODE (6.1) is structurally stable for any value of
the system parameter μ if the corresponding critical point is hyperbolic.





Part 2

The Economics of Growth





CHAPTER 3

Optimization and Control

1. Maximum Sustained Yield

1.1. Fishing Effort and Maximum Sustainable Yield.
1.1.1. The Yield-Effort Curve. Consider again a small fish farm with the nat-

ural growth of its fish population y(t) (after normalization by the carrying capacity
Yc) adequately characterized by the logistic growth model y0 = dy/dt = y(1− y) ≡
f0(y) with time measured in units of the linear growth rate constant a. Fish is
harvested at full capacity at a rate h that depends on the fishing effort E (corre-
sponding to the equipment and labor committed by the owner/management of the
fish farm) and the current size of the fish population. For simplicity, we take this
dependence to be of the form h = qEy. The growth rate of fish population being
harvested is then determined by the first order ODE (see (5.3))

y0 = f0(y)− qEy = y (1− qE − y) ≡ fE(y)

with E = 0 corresponding to the natural growth fate (without harvest) denoted by
f0(y). The two critical points of this ODE are

(1.1) y(1) = 0 and y(2) = 1− qE.

Theese two critical points can also be located by the graphical method.

Exercise 8. Plot natural growth rate curve f0(y) and the harvest curve h(y) =
qEy (for a fixed E) and locate the two critical points and determine their stability
from the intersection of these two graphs.

Location of Critical Point of fE(y) by Graphical Method

The bifurcation of these critical points has been previousl analyzed and can also
be determined by the graphical method. Here we are interested in the critical point
y(2) which provides the fishery management a steady fish population for sustainable
yield hSY at the rate

(1.2) hSY (E) = qEy(2) = qE(1− qE).

The graph of the sustainable yield hSY (E) as a function of E is another upside
down parabola vanishing at E = 0 and Ec = 1/q. Not surprisingly, there would be
no harvest without effort; but too much effort (equal to the bifurcation point 1/q
or larger) would result in overfishing and drive the fish popultionat to extinction.

Exercise 9. Plot y(2) and hSY (E) as functions of E

The graphs of y(2)(E) and hSY (E) vs. E

39
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1.1.2. Maximum Sustainable Yield. One important observation at this point is
that the nontrivial fixed point y(2) = 1 − qE and correspondingly the sustainable
yield hSY = qE(1−qE) varies with the fishing effort E. With the effort parameter
E at our disposal, we may choose it to maximize hSY . It is a simple calculus
problem to show that the maximum sustainable yield, denoted by hMSY , for our
particular growth model is

hMSY =
1

4
,

attained at

EMSY =
1

2q
.

Note that EMSY is different from Ec while the corresponding sustainable (steady
state) fish population

yMSY =
1

2
.

Note that yMSY and hMSY do not depend on E; they are the intrinsic properties
of the natural growth rate function.

Had the harvest rate been a constant and served as the control instrument
and the bifurcation parameter, then the maximum sustainable yield would be 1/4
again and the maximum sustainable (steady state) population would still be 1/2.
However the control instrument (now the harvest rate itself) responsible for the
maximun sustainable yield would be hSYM = hc = (= 1/4).

Early literature on fishery focused on achieving maximum sustainable yield.
At the point of bifurcation , the two critical points (of the logistic growth curve
coalesce (with the system is at bifurcation) and the one remaining critical point is
semi-stable. A slight perturbation to below the equilibrium population would have
the population heading for extinction. The highly productive Peruvian anchovie
fishery was estimated to be at maximum sustainable yield in the early nineteen
seventies. The government did not heed the warning from scientists and allowed
normal fishing effort when hit by the arrival of an El Nino. The fishery never
recovered from that "small" perturbation for the maximum sustainable yield.

Our discussion here is work our way toward a scientifically based fishing strategy
by looking into the various economic issues that contribute to a sensible manage-
ment policy for fishery.

1.2. Depensation and Other Growth Rates.
1.2.1. Depensation Growth with Harvest. Instead of the logistic (natural) growth,

most ecologists would consider the depensation growth rate to be a more appro-
priate characterization of the growth rate of a normal fish population. After
normalization, we take the natural (unharvested) growth rate of the fish to be
f0(y) = y(2− y)(y − 1) so that the actual growth rate is governed by

y0 = f0(y)− qEy = y
£
−y2 + 3y − (2 + qE)

¤
≡ fE(y)

assuming harvest rate is proportional to both effort level and population size (h =
qEy) with E = 0 corresponding to the natural growth rate f0(y). The two critical
points of this ODE are

(1.3) y(1) = 0 and
µ

y(3)

y(3)

¶
=
1

2

h
3±

p
1− 4qE

i
.
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The three critical points can also be located by the graphical method.

Exercise 10. Plot natural depensation growth rate curve f0(y) and the harvest
curve h(y) = qEy (for a fixed E) and locate the three critical points as well as
determine their stability from the intersection of these two graphs.

Location of Critical Point of fE(y) by Graphical Method

At Ec = 1/4q, two of the critical points coalesce. Further increase of effort level
leaves with a single equilibrium population at the origin. resulting in a bifurcation
of the saddle-node type. But unlike the logistic growth case, theanalyzed and
can also be determined by the graphical method. Here we are interested in the
critical point y(2) which provides the fishery management a steady fish population
for sustainable yield hSY at the rate

(1.4) hSY (E) = qEy(3) =
1

2
qE
n
3 +

p
1− 4qE

o
.

The graph of the sustainable yield hSY (E) as a function of E is no longer an
upside down parabola. In particular, there is a finite notrivial sustainable yield at
bifurcation E = Ec but there is no nontrivial sustainable yield for E > Ec. Unlike
the logistic growth case, the disappearing of a sustainable yield (1.4) is abrupt, not
gradual as in the case of logistic growth.

Exercise 11. Plot ySY (E) and hSY (E) as functions of E

The Graphs of ySY (E) and hSY (E) vs. E

Exercise 12. For the depensation natural growth rate, calculate the maximum
sustainable yield hMSY and the corresponding yMSY and EMSY (6= Ec).

1.2.2. General Natural Growth Rate. (to be written)
Why would the fishery owner/management be concerned with the maximum

sustainable yield hMSY ? An obvious answer is to be able to catch more fish for
more consumption whether it is for a higher level of profit or a higher level to
satisfaction (utility) of the consumers, or both. Since we cannot fish at too high
a level of harvest rate (to avoid driving the fish population to extinction), we need
to discuss what looms as a major factor that determines the prudent limit of the
fishing effort of a commercial fishery, namely the economics of commercial fishing.

2. Revenue and Cost

2.1. Revenue for a Price Taker. Fish stocks are harvested for different
reasons, one is for commercial purpose, selling the catches for revenue. For a given
fish population, most small fisheries are price takers. Their catches are not big
enough to have an influence on the market price of the fish they harvest. In the
deelopment of this chapter, we focus our attention on such price takers for whom
the price per a unit biomass of (a particular kind of) fish is a given constant price
p. At equilibrium, let y(2) denote the fish population corresponding to the largest
asymptotically stable critical point point (which is y(2) as given by (1.1) for logistic
growth and y(3) given by (??) for depensation growth). We focus on a fish stock
whose growth is adequately characterized by the logistic growth model to bring out
the issues in this area. In that case, we have y(2) = 1− qE as found analytically
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in (1.1). For a fixed fishing effort E, the sustainable yield hSY has also been found
in (1.4) to be qE(1− qE). The corresponding sustainable revenue is then simply

(2.1) R(E) = phSY = pqE(1− qE).

Its graph is just a scaled up version of the graph for hSY (E).

Exercise 13. Plot Revenue curve R(E) and the effort cost line C = cE and
locate the effort E0 for zero net revenue.

The Graphs of R(E) and C(E) = cE vs. E

Fortuitously, the graph of the yield-effort relation or the revenue-effort relation
(2.1) is also an upside down parabola. But it is only indirectly related to the
parabola of the scaled logistic growth rate f0(y) = y(1− y) (or its unscaled version
ay(1− y/Yc). The latter parabola is about the biological growth of the fish pop-
ulation while the former is about the financial return for the effort invested by the
fishery.

Exercise 14. Put the plot from Exercise 8 side by side with the plot from
Exercise 13 and observe how y(2) and E0 change with E.

While more will be said about this later, we make here the following observa-
tions:

• With R(0) = 0, there would be no harvest and hence no revenue if there
is no effort, .

• The R(E) curve has a positive slope at the origin so that een a low level
of effort produces some revenue.

• However, revenue does not increases indefinitely with more effort. Beyond
a certain effort level EMSY , more effort leads to less revenue.

• In fact, the gross revenue reduces to zero at the bifurcation point Ec = 1/q
(with the bifurcation being of the transcritical type as we found in Chapter
2).

At E = Ec = 1/q, the two critical points coalesce to one y(2) =
y(1) = 0 ; and the nontrivial steady state population dwindles to zero so
that there is no fish available for harvesting at that (or a higher) level
of fishing effort. Evidently, the sustainable yield first increases and then
decreases as effort increases heading toward extinction as E tends toward
Ec from below.

2.2. Effort Cost and Net Revenue. By committing itself to a certain level
of fishing effort E, the fishery has incurred a certain cost, C, for its fishing activities.
This cost certainly varies with the level of effort committed as it requires more
money to purchase more fishing equipment and pay more fishermen to work on its
fishing boat(s). While C may depend also on other factors, we consider here for the
purpose of illustration the simple case of C = cE where the the known constamt c
corresponds to the cost of a unit of effort. The net revenue

P (E) = R(E)− cE = pqE

½
1− c

pq
− qE

¾
then constitutes the actual profit for the fishery.

Exercise 15. Draw the straight line cE on the same plot as the revenue - effort
curve, R(E).
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Plot the graphs of R(E) and C(E) = cE

For a fixed effort level E, P (E) is the vertical distance between the straight line
cE and the revenue curve R(E) for that particular effort level. For a given unit
cost factor c, the special effort level E0 for which the line cE intersects the revenue
curve R(E) is the break even effort level; there is no net revenue (no profit and
hence the subscript 0) if the fishery fishes with effort E0. For the logistic growth
case, we have

(2.2) E0 =
1

q

µ
1− c

pq

¶
.

What is the point of calling attention to this special level of effort, you may ask;
the fishery owner or management would surely not fish with effort E0 since there is
no profit to be made. The simple answer is that investment in equipment and con-
tracting fishermen are fixed commitment that cannot be changed instantaneously.
So it is important to know in advance what is the break even effort level E0 in order
to stay below it.

However, there is a more serious and painful but realistic observation regarding
the break even effort E0 in the case of open access fish populations, not those in a
fish farm but the fish in the seas and oceans. Beyond some finite distance offshore
fishing limit, be it 12 miles or 200 miles, there is no authority having sole control
of the fish (or any assets/properties) in open sea to regulate the fishing effort level.
As long as there is profit to be made, some new fishery would enter and fish (or an
existing fishery would increase its effort to fish) in that region and thereby increase
the overall fishing effort level for the fish there. This increase in fishing effort
would continue (at least) until we reach the zero profit effort level E0 when further
increase in fishing effort would no longer be profitable.

While there appears to be no incentive to increase fishing effort beyond the
break even point, there is also no incentive to reduce it from E0. If E drops below
E0, then there would be profit to be made and effort level would increase by some
entity to take advantage of the opportunity to reap the available profit. Of course,
there may be a better return for investment by fishing elsewhere or getting into
another business, the fact remains that there is always some unemployment which
provides a source of new effort for fishing at our particular fish habitat.

2.3. Economic Overfishing vs. Biological Overfishing. At E0(c), the
net revenue is zero so that there is no profit to be made at this level of fishing
effort. For still higher value of E, net revenue would turn negative. All the while,
a profit can be made at a lower fishing effort than E0(c). For that reason, fishing
at an effort level E ≥ E0(c) is said to be overfishing economically. Evidently, it
is not advisable to engage in economic overfishing. On the other hand, overfishing
economically may still lead to a positive sustainable yield in contrast to fishing at
E ≥ Ec For this higher latter level of fishing effort, not only would the net revenue
be negative (and hence overfishing economically) but the fish population is being
driven to extinction eventually. In this latter case, the fish population is said to
be overfished biologically and referred to as biological overfishing.

In principle, a small degree of economic overfishing (say at the level of E0(c))
may be tolerable since if maintains a positive sustainable yield. But with demand
for fish increasing with time and unit fish price rising with the demand, the expres-
sion for E0(c) given by (2.2) tells us that a higher unit fish price increases the break
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even point fishing effort E0(c) and drives the sustainable yield lower and even-
tual to extinction. No government preaching of public good or conservation could
overcome the forces of economics to prevent overfishing. Central planning and
regulations seem necessary for more sensible management of assets in the common.

2.4. Regulatory Controls. The fish population off the east coast of North
America has been severely depleted by overfishing in the last half of the twentieth
century. This is particularly true for the more valuable fish stocks such as cod,
haddock, and red fish. Various estimates suggested that it would take a 20-year
program of intensive experimental management, including a fishing moratorium, to
rebuild these fisheries to the carrying capacity of the region (Larkin, 1975). The
west coasts of the Americas are also not free from the problem of overfishing. There
were the collapses of the sardine fishery near California, the anchovie fishery in
Peru and the halibut population in the Pacific Northwest. Many similar situations
around the world have given considerable impetus to the insistence of a 200-mile
offshore territorial rights for fishing by various countries with a significant fishing
industry such as U.S. and Canada.

The simple fishery model at the start of this chapter when applied to open
access fish habitats has given us some insight to the reason for overfishing of the fish
populations in such habitat. When left unregulated there, open access inevitably
leads to overfishing both economically and biologically with the latter leading to
extinction or a significantly lower maximum sustainable yield. The push for a longer
offshore limit is intended to allow the host country along the shore to impose some
regulatory policies to prevent overfishing. Options of such regulations include i)
limiting the number of fishing days in a year and ii) imposing a progessive catch
tax, proportionately or dispropotionately higher for larger catches. The former has
the effect of reducing the fishing effort E; the latter would increase the unit cost of
effort. Either way (and there are others) would result in a larger sustainable yield.
However, with equipment in place, fishing staff already under contract and the unit
cost of effort not changing, a reduction of effort level through limitation of a fishing
season would lead to a positive net revenue (profit) concurrent with a reduction
of the harvesting cost (C = cE). Under the same conditions, the imposition of a
catch tax with no restriction on fishing effort would enhance the sustainable yield
but still end in a zero profit scenario (and hence economic overfishing)

Still, our model suggests that regulations such as the two mentioned above
have the desirable effect of increasing the sustainable yield (at least in principle)
and that is good. But experience with such regulations suggests that the expected
outcomes may not be realized; sooner or later, public pressure may force changes or
deviation from these regulatory policies. In the next two chapters, we investigate
the sources of the forces that work against such regulations and their legitimacy.
With some insight to the opposition for such regulations, we show, through some
more sophisticated mathematical modeling, what may be a more reasonable policy
for better management of fish and other offshore renewable resources that can be
subject to regulations.

3. Discounting the Future

3.1. Current Loss and Future Payoff. Why dofishermen and fisheries ob-
ject to regulations that are beneficial them with some degree of public support
(unless there is readily available substitute for the regulated fish population)? One
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reason that readily comes to mind is the immediate loss of current revenue. If
fishing is allowed only for a limited number of days in a year, known as a fishing
season (and usually significantly fewer than the days in a calendar year). We all
can see from our model that this reduction of effort below E0 , say to E1 < E0,
would lead to a positive net revenue through both a higher sustainable yield and
a smaller fishing effort cost. However, it would take time for the fish population
to adjust to the lower effort level before reaching a higher asymptotically stable
equilibrium population size y

(2)
1 > y

(2)
0 . Here y

(2)
0 is the nontrivial equilibrium

state y(2) associated with breakeven effort level E0. It is important to remember
that E0 depends on the cost (for unit effort) to price (for unit fish harvested) ratio
c/p as found in (2.2) for our model. While there would be an immediate increase
in the fish population, it would take a significantly long time (infinitely long in
principle) to get from y

(2)
0 to y

(2)
1 . The central planning board that imposes the

effort reduction must assure the fishermen that when the time comes, the payoff
would more than offset the revenue lost.

The drop of yield due to the reduced effort from E0 to E1 is

∆hL = qy
(2)
0 (E0 −E1) = q(1− qE0)(E0 −E1)

while the gain when we are at (or near) the new steady state y(2)1 is

∆hG = qE1(y
(2)
1 − y

(2)
0 ) = qE1q(E0 −E1)

At the very least, we should have the future revenue gained from the effort reduction
be no less than the loss of current revenue. For a price taker, this requires p∆hG ≥
p∆hL assuming that the price for unit fish does not change over the period of time
involved. This imposes a lower bound on the new effort level E1, namely

(3.1) qE1 ≥ 1− qE0(c).

To be fair, there is also the savings from the reduciton of cost effort since it has
been reduced from cE0 to cE1. A more appropriate requirement would be

(3.2) p∆hG + c(E0 −E1) ≥ p∆hL.

3.2. Interest and Discount Rate. The current loss of revenue ∆hL only
accounts for the one time losss at the moment of effort reduction. To the extent
that it takes time to reach the new steady state y(2)1 , there would be repeated losses
over time as long as y(t) is not yet y(2)1 . Assuming fishing continues indefinitely at
the effort level E1, the net revenue loss would decrease with time as y(t) increases
toward y

(2)
1 . Before we try to calculate these intervening losses, there is another

issue that needs to be addressed.
If you win a lottery, you would be given a choice of receiving all the winning

P0 up front or in a number of installments over a period of time. Typically the
total of all the installment payments would be somewhat more than the lumpsum
payment P0. If you select the lump sum payment, you can put all of it in the bank
and earn interest at some annual interest rate of δ percents. At the end of the
installment payment period, say t years, the money in the bank would grow to

P (t) = P0(1 + δ)t

if compounded annually.
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You may get a better deal at a different bank offering you the same interest
rate per annum but compounded monthly (or even daily). With this new deal,
your account at the end of t years would be

P (t) = P0

"µ
1 +

δ

N

¶N#t
= P0

µ
1 +

δ

N

¶Nt

where N = 12 for monthly compounding and N = 365 for daily compounding.
A mathematician would drive a hard bargain by insisting on instantaneious com-
pounding to get

(3.3) P (t) = lim
N→∞

"
P0

µ
1 +

δ

N

¶Nt
#
= P0e

δt

so that a dollar today is worth eδt dollars at the end of t year (assuming an annual
interest rate of δ% compounded instantaneiously).

Exercise 16. Prove (3.3).

Turning it around, the result (3.3) can be taken to say that a dollar pay-
ment/income received t years from now is equivalent to only the fraction e−δt of a
dolloar given to me now. As such, the effort reduction requirement (3.2) should
be modified to read

(3.4) e−δt [p∆hG + c(E0 −E1)] ≥ p∆hL.

keeping in mind that only the loss incurred initially (when the effort level is reduced
from E0 to E1) is considered in arriving at this requirement. To account for the
ensuing losses prior to reaching y

(2)
1 (or being close enough to it for all practical

purposes) will be addressed in the next section.



CHAPTER 4

Optimization over a Planning Period

1. Calculus of Variations

1.1. Present Value of Total Profit. Whether you are the sole owner of a
fish farm or the central planning board of a regulated fishing industry fishing over
an open access fish habitat, it seems more sensible to developa strategy for the
optimal exploitation of the fish population ab initio (from scratch), unencumbered
by existing practices (except for the size of the fish population at hand). The goal
of this section is to examine the best policy for that purpose instead of trying to
tinker with current practices piecemeal while trying to anticipate possible adverse
effects downstream. When we have such a policy for optimal exploitation of the
resource, we can then adopt appropriate strategies and regulations to implement
that policy.

For such an approach we start with the (by now) familiar notion of the dis-
counted net revenue (known as the present value of future return for fishing effort)
from the harvest at some future time t:

(1.1) L = e−rt (p− c)h

As before, h(t) is the harvest (also called catch, yield, etc.) of our fishing effort
at time t , p is the price for a unit biomass of fish harvested and r is the known
discount rate. We continue to consider the fihsery involved to be a price taker
so that p remains a constant throughout our discussion of fish harvesting policy.
However, c here is the cost of harvesting a unit of fish biomass and may vary with
t, directly or indirectly through the harvest rate h(t) and/or the population size
y(t). Until further notice, we take

(1.2) c = c0 + c1h ≡ c(h)

where c0 and c1 are constants.
The present value from the stream of profits over a period of T years (starting

from t = 0) is

(1.3) PV =

Z T

0

L(t)dt =

Z T

0

e−rt [p− c(h)]hdt

As before, the harvest h in this expression is related to the fish population by the
growth rate relation

(1.4) y0 = f(y)− h

where f(y) is the natural growth rate of the unharvested fish population. At the
initial time t = 0 of the plannng period [0, T ], the fish population is known to be

(1.5) y(0) = Y0

47
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Several scenarios are possible at the end of the planning period. Until further
notice, we limit our discussion to the case of leaving a prscribed stock of fish for
the next planning period (beyond year T ) so that

(1.6) y(T ) = YT

The goal is to maximize the present value of the total profit from the revenue stream
over the planning period [0, T ] subject to the growth dynamics (1.4), and the end
conditions (1.5) and (1.6). Such a problem can be transformed into one in an area
of mathematics known as the calculus of variations.

1.2. A Problem in the Calculus of Variations. In the integrand of the
integral (1.3), the harvest rate h(t) is related to the fish population by the growth
rate relation (1.4). By writing the (1.4) as

(1.7) h = f(y)− y0,

we may use this relation to eliminate h from the integrand of PV , wherever it may
appear, to be from (1.3)

(1.8) PV =

Z T

0

e−rt [p− c(f(y)− y0)] [f(y)− y0]dt.

The alternative form (1.8) of the present value of future profit stream shows that
the integrand to depend only on the independent variable t, the unknown y(t) and
its first derivative y0(t). The maximization problem is now free of any side relation
except for the one prescribed condition in terms of fish population at the two ends
of the time interval. This is typical of what is known as the basic problem of the
calculus of variations.

In general, the minimum value of J depends on the set S of eligible comparison
functions specified. For example, we may limit the eligible comparison functions
y(x) to n times continuously differentiable functions, denoted by Cn, or continuous
and piecewise smooth functions, denoted by PWS. Given that y0 appears in the
integrand F (x, y, y0) of J [y], we begin the theoretical development rather naturally
with C1 comparison functions, also known as smooth comparison functions. The
choice of comparison functions may be modified and enlarged in different ways to
be discussed below. A comparison function is called an admissible comparison
function if it also satisfies all the prescribed constraints on y(x) such as the end
conditions.

1.3. The Basic Problem. In many areas of science and engineering, we often
need to find a function Y (x) defined in the interval [a, b] so that the value of an
integral of the form

(1.9) J [y] ≡
Z b

a

F (x, y(x), y0(x)) dx , ( )0 ≡ d( )

dx
.

is extremized (maximized or minimized) when y(x) = Y (x). In the integrand, we
have used x as the independent variable (to convey the message that the indepen-
dent variable needs not be time only) and designated the integral involved as J [y] to
indicate the fact that the value of the integral varies as we change the function y(x).
The quantity J [y] is called the performance index and the integrand F (x, y, v) is
called the Lagrangian of the problem.
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There are countless problems of this type in science and engineering and many
others which can be recast into the same form. The mathematical theory for this
type of optimization problems is called the calculus of variations. In most cases,
the value of the extremizer y(x) is specified at one end so that we have the initial
condition :

(1.10) y(a) = A.

The situation at the other end, x = b, is less standardized. For this chapter, we
limit our discussion to a prescribed value for extremizer at terminal time, i.e.,

(1.11) y(b) = B.

Whenever the problem of extremizing J [y] is subject to the two end constraints
(1.10) and (1.11), we have a basic problem in the calculus of variations.

For definiteness, we (go against the popular practice and) talk specifically about
minimization problems unless the context of a specific problem requires that we do
otherwise. (Note that a maximization problem for J [y] may be restated as a
minimization problem for −J [y].) In that case, the basic problem is state more
succinctly as

(1.12) min
y∈S

{J [y] | y(a) = A, y(b) = B}

where S is the set of eligible comparison functions to be specified by the problem.
Given that y0(x) appears in the integrand, the set of eligible comparison functions
must be at least differentiable (either continuously differentiable denoted by C1 or
piecewise smooth denoted by PWS). A comparison function is called an admissible
comparison function if it also satisfies all the prescribed constraints on y(x) such
as the end conditions.

When the condition at an end of the solution interval (the planning period of
the fishery problem) is prescribed in terms of the unknown y(x), e.g., y(a) = A), it
is commonly called a Dirichlet condition. If instead, we have an end condition in
terms of the derivative of the unknown such as y0(a) = V , we have what is known as
a Neumann condition. End conditions that are combinations of y and y0 are also
possible and appropriate for problems from different applications. It is important
to remember that a problem in the calculus of variations may or may not have a
solution as shown in some of the exercises.

As stated in (1.12), the minimization problem poses a humanly impossible task.
Taking it literally, the problem requires that we compare the values of J [y] for all
admissible comparison functions to find a minimizer Y (x). In general, there are
infinitely many admissible comparison functions as it is for the case of smooth (C1)
functions that satisfy the prescribed end conditions. What makes the calculus
of variations a vibrant approach for science and engineering is that it manages to
reduce this impossible search problem to another task that is humanly possible.

2. An Illustration of the Solution Process

2.1. The Action of a Linear Oscillator. The reduction process mentioned
above is rather length to implement for the fishery problem. For the purpose of
illustrating the solution process, we consider first the linear mass-spring oscillating
system with an object of mass m at one end of a (linear) spring fixed at the other
end. Suppose y(t) is the distance of the mass stretched from the at rest position at
time t and the spring resists the stretching with a restoring spring force proportional
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to the length of the stretch y, i.e., restoring force = −ky for some spring constant
k.

There are generally two approaches to (a mathematical model for) determining
the motion of the mass as it oscillates about its resting position y = 0. One is to
apply Newton’s laws of motion to formulate the mathematical model in the form
of the differential equation (already encountered in Math 3D)

(2.1) my00 + ky = 0.

Together with some initial conditions on y, the motion of the mass is completely
determined by the solution of the corresponding IVP.

An alternative approach to the same problem (advocated by mathematicians-
physicists Hamilton and Lagrange) is to minimize an energy expression for this
spring-mass system. The kinetic energy of the oscillating mass ismass×(velocity)2 /2 =
m(y0)2/2 , where ( )0 = d( )/dt, while the potential energy (= − work done by
the resisting spring force) is ky2/2. Hamilton’s principle asserts that among all
possible modes of oscillations that starts at y(0) = Y0 and ends in y(T ) = YT , the
one that actually takes place minimizes the action (integral) of the system, namely

(2.2) J [y] =
1

2

Z T

0

{m[y0(t)]2 − k[y(t)]2}dt

where the Lagrangian F (t, y, y0) =
n
m (y0)2 − ky2

o
/2 is the difference between

the kinetic energy and potential energy.
The problem of minimizing the integral J [y] in (2.2) subject to the end condi-

tions y(0) = Y0 and y(T ) = YT is similar to that for fish harvesting problem. This
new problem may appear simpler since there is no added constraint of a differential
equation (such as (1.4) for PV ) on the process of extremization of J [y]. They are
however of the same type of problem in the calculus of variations after we use (1.7)
to express h in terms of y and y0 in PV . Also, the mathematical modeling part
of the oscillating mass-spring systems appears to be much more straightforward
than the fishery problem. In the first instance, we have Newton’s laws of motion
known to be applicable to such a system. The second law of motion, immediately
gives the governing differential equation (2.1) after the usual assumption on the
restoring force. The alternative (action minimization) approach is more subtle. It
requires the introduction of the concept of energy and characterization of kinetic
and potential energy and what combination of these is to be minimized. However,
the comparison left out the then new and equally subtle concept of momentum,
reaction to action, etc., which took years of education for Newton’s of motion to
gain general acceptance. In any case, kinetics and potential energy are now basic
concepts in physics and engineering familiar to most undergraduate in the physical
sciences so that the action integral of a dynamical systems is no more difficult to
write down than its particular second law of motion.

2.2. The Condition of Stationarity. To motivate and illustrate the general
(implementable) method of solution for the minimization problem, we consider the
basic problem for the linear mass-spring system with the performance index (2.2)
and the two Dirichlet end conditions (1.5) and (1.6). Suppose we have found a C1

function Y (x) which satisfies the two Dirichlet end conditions and renders J [y] a
minimum value so that J [y] ≥ J [Y ] for all admissible comparison functions. Let
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y(x) = Y (x) + εz(x), where ε is a (small) parameter and z(x) is a smooth function
in (0, T ) with

(2.3) z(0) = z(T ) = 0.

The stipulation that z vanishes at the end points is necessary for any comparison
function y(x) to satisfy the two end conditions (1.5) and (1.6), For any particular
z(x), the value of J [y] now depends on the value of the parameter ε. We indicated
this dependence by writing J [y] ≡ J(ε):

(2.4) J [y] =
1

2

Z T

0

n
m [Y 0 + εz0]

2 − k [Y + εz]
2
o
dx ≡ J(ε).

Since Y (x) minimizes J [y], we have J(ε) ≥ J(0). For ε = 0 to be a local minimum
point of the ordinary function J(ε), we know from elementary calculus that ε = 0
must be a stationary point of J(ε), i.e., J ·(ε) ≡ dJ/dε must vanish at ε = 0. For
J [y] given by (2.4), we have

J ·(0) =
dJ

dε

¯̄̄̄
ε=0

=

Z T

o

{mY 0z0 − kY z} dx(2.5)

= [mY 0z]
T
0 −

Z T

0

n
(mY 0)

0
+ kY

o
z dx

= −
Z T

0

n
(mY 0)

0
+ kY

o
z dx = 0

where we have used the end conditions z(0) = z(T ) = 0 to eliminate the terms
outside the integral sign. To proceed to our principal result for determining Y(x),
we need a mathematical tool that is probably new to most of the readers. It
deserves a separate section of development.

2.3. The Euler Differential Equation. As a consequence of Lemma 1, we
conclude from (2.5) that the minimizing function Y (x) must satisfy the second
order ODE

(2.6) (mY 0)
0
+ kY = 0.

and the two Dirichlet end conditions in (??). As such, we have, with the help
of a general mathematical result (Lemma 1), accomplished rather spectacularly a
seemingly impossible task posed by (??). More precisely, we have narrowed the
search for Y (x) among an uncountably many candidates to among the solutions of
the Dirichlet problem defined by the Euler differential equation (2.6) for the given
performance index and the two end conditions Y (0) = A and Y (T ) = B. If a
solution exists, solving BVP, numerically if necessary, is a feasible task (given what
we have learned in Part 2 of these notes).

A solution of the simple BVP for Y (x) associated with the Hamilton’s principle
for the linear mass-spring system above is easily found to be

(2.7) ŷ(x) =
A sin(ω(T − t)) +B sin(ωt)

sin(ωT )
, ω =

r
k

m

provided ωT 6= nπ for any integer n. The problem has no solution otherwise. In
addition, we know from theoretical results in Part 2 of these notes that the solution
is unique for T < π. It would be tempting to conclude for this range of T that
the ŷ(x) given by (2.7) minimizes J [y] since it is the only candidate that meets
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the requirements of J ·(0) = 0 and the prescribed end conditions. However, J ·(0)
is only a stationarity condition and J(0) may be a maximum, a minimum or an
inflection point. To see whether a solution ŷ(x) of (2.6), called an extremal of the
J [y], renders J at least a local minimum, we examine the sign of J ··(0). With

J ··(0) =
d

dε

(Z T

0

{m [ŷ0 + εh0]h0 − k [ŷ + εh]h} dx
)¯̄̄̄
¯
ε=0

=

Z T

0

©
m(h0)2 − kh2

ª
dx,

it appears that J ··(0) can be of either sign. However, an application of Jacobi’s
rather ingenius technique shows that J ··(0) is in fact positive (see Chapter 5 of
[27]) so that J [ŷ] is a local minimum at least for T < π. Given that the solution
of the Dirichlet problem for (2.6) is unique so that there is no other extremal for
the problem, J [ŷ] is actually a global minimum relative to the set of admissible
comparison functions for the mass-spring problem.

The more subtle aspect of the solution obtained above for the linear mass-
spring system pertains to the relevant set S of comparison functions. We agreed
earlier to take S to be the set of C1 functions. These are functions that has a
continuous first derivative also called smooth functions for brevity. However, in
applying Lemma 1, we require that g = − [(mY 0)0 + kY ] to be continuous in the
interval (0, T ). For a constant mass m, this mean Y 00(t) should be continuous, a
more stringent requirement for the comparison functions than just being smooth.
For this specific spring-mass problem, it turns out that Y (t) being a C2 function is
a consequence of the requirement of a continuous first derivative and the process
of minimization; it does not require g to be continuous (as we did in Lemma 1).
More specifically, the property of Y (t) being twice continuously differentiable is not
an additional restriction on the admissible comparison functions or the minimizer.
The situation is analogous to the fact that analyticity of a function of a complex
variable follows from the requirement of the existence of a first derivative (as shown
in Chapter 2 of [26]).

3. The General Basic Problem

3.1. The Fundamental Lemma. Condition (2.5) is of the form

(3.1)
Z b

a

g(x)h(x) dx = 0

with g(x) = − [(mŷ0(x))0 + kŷ(x)] and h(x) is any admissible comparison function,
i.e. h(x) is any C1 function with h(a) = h(b) = 0.

Lemma 1. If g(x) is continuous in [a, b] and (3.1) is satisfied for every choice
of admissible comparison function, then g(x) ≡ 0 in [a, b].

Proof. Suppose g(x) is not identically zero but is positive for some point x̄
in (a, b). Since g(x) is continuous, we have g(x) > 0 for all x in some interval
(c, d) with a ≤ c < x̄ < d ≤ b. Now, (3.1) must hold for any C1 function with
h(a) = h(b) = 0. In particular, it holds for the function

(3.2) h(x) =

½
(x− c)2(d− x)2, c ≤ x ≤ d
0, otherwise
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which is C1 with h(a) = h(b) = 0 and therefore an admissible comparison function.
For this particular h(x), the integral on the left-hand side of (3.1) is positive which
contradicts the hypothesis (3.1). Hence, g(x) cannot be positive in [a, b]. By a
similar argument, g(x) also cannot be negative in [a, b]. The basic lemma in the
calculus of variations is proved. ¤

It is not difficult to see that this conclusion remains valid if h is Cn for n ≥ 2;
it is only necessary to choose a similar but smoother comparison function h(x) in
(3.2).

Unfortunately, the minimizer ŷ(x) is not always a C2 function for other prob-
lems, not even C1 function in some cases. The minimizer for some problems may
be a PWS (piecewise smooth) function (see [27]). .

Definition 7. A function y(x) is PWS in the interval (a, b) if it is C1in
(a, b) except for a finite number of points in the interval where it has a finite jump
discontinuity.

In these notes, we limit our discussion to comparison functions that allow the
application of the fundamental lemma of the previous subsection and refer readers
to the literature for more complex cases.

3.2. Euler Differential Equation for the Basic Problem. The reduction
of the basic problem to solving an Euler differential equation carried out for the
spring-mass problem is also possible for a general Lagrangian F (x, y, y0). For this
purpose, we narrow our set S of comparison functions to C2 functions and again
set y(x) = Y (x) + εz(x) in (1.9) so that

J [y] =

Z b

a

F (x, Y + εz, Y 0 + εz0) dx ≡ J(ε).

We assume in the following calculations (as we will throughout this volume) that
all second partial derivatives of F are continuous. With F,ξ indicating a partial
derivative of F with respect to an argument ξ, we have

J ·(0) ≡ dJ

dε

¯̄̄̄
ε=0

=

Z b

a

[F,y (x, Y, Y
0)z + F,y0 (x, Y, Y

0)z0] dx

=

Z b

a

½
F̂ ,y (x)−

d

dx

h
F̂ ,y0 (x)

i¾
z dx ≡

Z b

a

G(x, Y, Y 0)z dx = 0

where

F̂ ,y (x) ≡ F,y (x, Y, Y
0(x))|y=ŷ(x) ,

and

F̂ ,y0 (x) ≡ F,y0 (x, Y, Y
0) = F,ν (x, y, ν)|ν=Y 0(x) .

The vanishing of J ·(0) must hold for all comparison functions with z(a) = z(b) = 0.

With S restricted to C2 functions and F also C2 in all arguments, F̂ ,y −
³
F̂ ,y0

´0
≡

Ĝ(x) is continuous in (a, b), . Hence, Lemma 1 applies and we have proved the
following fundamental result in the calculus of variations:
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Theorem 2. Under the hypotheses that S = C2 and F (x, y, v) is C2 in the
infinite layer L∞ = {a ≤ x ≤ b, y2 + v2 < ∞}, a minimizer ŷ(x) for the basic
problem (1.12) with the Lagrangian F (x, y, y0) must satisfy the Euler differential
equation

(3.3) (F,y0 )
0 − F,y = 0

and the two prescribed Dirichlet end conditions for the basic problem.

Corollary 1. If F̂ ,y0y0 (x) = [F,vv (x, Y (x), v)]v=Y 0(x) exists and is continu-
ous, then (3.3) can be written in its ultra-differentiated form:³

F̂ ,y0y0
´
Y 00 +

³
F̂ ,y0y

´
Y 0 + F̂ ,y0x= F̂ ,y .

At any point x where F̂ ,y0y0 6= 0, we can write the above ODE for Y (x) as

Y 00 =
1

F̂ ,y0y0

h
F̂ ,y −F̂ ,y0x−

³
F̂ ,y0y

´
Y 0
i
= f(x, Y, Y 0).

It should be noted that Y (x) and Y 0(x) are not known until we have solved the
BVP. Hence, F̂ ,y0y0 (x) is known to be nonvanishing a priori only for some rather
special Lagrangians, e.g., F (x, y, v) = e−(x+y+v).

Though we have informally introduced the term extremal previously in this
chapter, it seems appropriate at this point to define it formally:

Definition 8. A solution Y (x) of the second order Euler DE (3.3) is called
an extremal of the given Lagrangian.

Just as in the special case of the mass-spring system, an extremal is the coun-
terpart of a stationary point in ordinary optimization problems in calculus. It may
render the performance index a minimum, a maximum or a stationary point. In
many applications, what kind of an extremum is the extremal may be clear from
context or can be checked by direct verification. In others where the situation may
be more delicate, a more general theory will need to be developed to give results
corresponding to the second order conditions for the optimization of functions in
calculus. Different aspects of such a theory may be found in [27] and elsewhere.

4. Catch-Dependent Unit Cost of Harvest

4.1. The Euler DE and BVP. We now apply the general result of the
previous section to find the extremal(s) for the optimal harvest problem. With

F (t, y, y) = e−rt (p− c0 − c1h)h, with h = f(y)− y0

where we have kept h in the Lagrangian F instead of expressing it in terms of y
and y0 for brevity. For the Euler DE, we need the following two expressions:

F,y0 = −e−rt (p− c0 − 2c1h) ,
F,y = e−rtf ·(y) (p− c0 − 2c1h) .

We need also
ert (F,y0 )

0
= r(p− c0) + 2c1 [f

·(y)y0 − y00 − rh]

The Euler DE is then formed from (F,y0 )
0
= F,y to give for the extremal Y (t)

(4.1) r(p− c0) = f ·(Y )(p− c0) + 2c1 [Y
00 − rY 0 + f(Y ){r − f ·(Y )}]
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The ODE (4.1) is evidently a second order ODE generally nonlinear only in the
unknown Y (t). A nontrivial general solution for this equation is likely to be
complicated and requires some careful analysis. We contend ourselves here with
examining a few special cases of the general problem to show that more work is
required toward an appropriate solution for the optimal harvest policy.

4.2. Linear Growth Rate. Consider the special case f(y) = ay where a > 0
is the growth rate constant, a model where the fish population is small compared
to the carrying capacity of the environment. In that case, we have f ·(y) = a and,
assuming that c1 > 0, the Euler DE becomes

(4.2) Y 00 − rY 0 − a(a− r)Y =
1

2c1
(r − a)(p− c0)

which is a second order linear ODE with constant coefficients with a constant
forcing. The method of solution learned in Math 3D leads to the following general
solution:

Y (t) = D1e
−at +D2e

(a+r)t + p∗ with p∗ =
p− c0
2ac1

.

The two constants of integration D1 and D2 are then chosen to satisfied the two
Dirichlet boundary conditions (1.5) and (1.6).

Though it is possible to do so, we will not write down the complete solution
for the problem after determining the two constants of integration. Instead, we
examine presently two special cases of terminal fish stock.

4.2.1. YT = T0 . If the current generation of consumers wants to be fair to
the next generation, it should leave behind a fish stock at least equal to their own
endowment from the previous generation. For this special case, we have from

Y (0) = D1 +D2 + p∗ = Y0(4.3)

Y (T ) = D1e
−aT +D2e

(a+r)T + p∗ = YT = Y0(4.4)

. Together they determine D1 and D2 to be

D1 = (Y0 − p∗)
e(a+r)T − 1

e(a+r)T − e−aT
, D2 = (Y0 − p∗)

1− e−aT

e(a+r)T − e−aT

The corresponding extremal Y (t) is well defined. However, (as an exercise) we must
check to be sure that both Y (t) and h(t) = aY − Y 0 should be non0negative.as the
fish poplation cannot be negative nor can there be a negative harvest rate. .

4.2.2. YT = 0. At the other extreme, the current generation may be so selfish
that the entire fish stock is so heavily harvested and consumed so that there will be
nothing left for the next generation beyond the current planning period. In that
case, we have i) from (4.3)

D2 = (Y0 − p∗)−D1

and ii) upon using this result in (4.4) with YT = 0

D1 =
(Y0 − p∗) e(a+r)T + p∗

e(a+r)T − e−aT
.

With the result for D1, the expression for D2 becomes

D2 = −
(Y0 − p∗) e−aT + p∗

e(a+r)T − e−aT
.
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Again the extremal is well defined and infinitely continuously differentiable. How-
ever, we need to verify that both Y (t) and h(t) are non-negative.

4.3. Constant Unit Harvest Cost (c1 = 0). Consider a different special
case with c2 = 0 (so that c = c0) but now the growth rate is not restricted or
specified (except for the purpose of illustrations). The Euler DE for a constant
unit harvest cost degenrates to

(4.5) f ·(Y ) = r.

With all the derivative terms disappeared, the Euler DE reduces to an equation
determining one or more levels of optimal population size Ys that do not change
with time.

For example, if the growth rate is (normalized) logistic with f(y) = y(1 − y).
In that case, we have f ·(y) = 1− 2y with the "Euler DE" (4.5) having the unique
solution

Ys =
1

2
(1− r)

with the corresponding optimal harvest rate

hs = f(Ys)− Y 0
s = f(Ys) =

1

4
(1− r2).

If the discount rate is zero (r = 0), the expression for hs is just the maximum
sustainable yield for the logistic growth we encountered a while back.

While all that is satisfying, this extremal is not acceptable as an optimal solu-
tion unless the initial and terminal fish stocks are both exactly Ys.



CHAPTER 5

Constrained Optimization

1. The Most Rapid Approach

If Y0 > Ys, the only way to begin implementing the optimal policy required
by the Euler DE of the method of calculus of variations to drop the fish stock
instantaneously from Y0 to Ys to get on the optimal trajectory Y (t) = Ys for the
problem. But this can only be done by an infinitely large harvest rate initially,
e.g.,

h(t) =

½
(Y0 − Ys)δ(t) (−ε < t < ε)
f(Ys) (ε < t < t∗)

where t∗ = T if YT = Ys. If YT < Ys, the terminal condition Y (T ) = Ys can again
be met only by instantaneous harvesting of the difference Ys − YT to bring the fish
stock at terminal time down to the prescribed level.

In practice, the fishery has only a finite harvesting capacity. Instantaneous
harvesting of a finite tonage of fish biomass is simply not an option. A realistic
solution would be to fish at the maximum allowable harvesting rate hmax from the
start until Y0 is brought down to Ys after a finite (interval of elapsed) time [0, t0],
hopefully for t0 < T . Since the optimal policy calls for Y (t) = Ys , we should stay
with that policy as long as possible once we reach the optimal stock level. We
should get off the optimal stock level at the last possible moment and fish at the
maximum harvest rate hmax starting at (the latest possible moment) tT to get to
the prescribed lower terminal stock YT . Such a policy is obviously feasible and
optimal given the practical constraints. It is appropriately called the most rapid
approach (to the optimal solution) strategy.

The situation is problematic in a different way if the initial fish stock is below
the prescribed level so that we have Y0 < Ys instead or when the terminal fish stock
is above the optimal level so that Ys < YT . To implement the optimal policy and
also meeting the stock constraints at the two ends in this case, we need to harvest
at a negative rate (by adding fish to the fishing ground for example). An infinite
negative harvest rate (for instantaneous growth to the optimal fish stock level) is
not possible; and a finite negative harvet rate is also not in the cards since it is not
profitable over the period of negative fishing.

If fishing is regulated, a realistic strategy for the case Y0 < Ys < YT would be
to impose a fishing moratorium so that the fish stock can grow from the initial stock
Y0 up to the optimal level Ys over a finite time interval [0, t∗0], hopefully t∗0 < T .
Once Ys is reached, we should again stay on the optimal trajectory Y (t) = Ys as
long as possible until the very last moment t∗T when we must get off by not fishing
in order for the fish stock to grow the prescribed terminal level at t = T .

If the initial fish stock cannot be brought up to the optimal fish stock level Ys
by a fishing moratorium, there would be no solution to our optimal harvest problem

57
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since the prescribed terminal fish stock YT (> Ys > Y0) cannot be reached for the
case in question. However, for the case YT < Ys, we may have a solution by fishing
at maximum harvest rate to bring Y (t) down to YT starting at some t∗ < T .

Evidently, for case the prescribed intial /or terminal fish stock is not the optimal
stock level required by the Euler DE, there is still a feasible harvesting policy that
is optimal within the constraints of a non-negative finite harvest rate,

(1.1) 0 ≤ h(t) ≤ hmax.

We have arrived at such an optimal policy by intuitive reasoning. It seems reason-
able to expect that such a policy be the consequence of a mathematical theory. The
theory of optimal control to be described in the next few sections of this chapter
is the mid 20th century answer to this quest. Since the optimal harvest policy is
pretty well understood from the most rapid approach discussion, the more general
theory of optimal control will be introduced using a couple of other examples in
the next few sections.

2. Optimal Investment Rate for Terminal Payoff

2.1. Unconstrained Investment Rate. Consider again the R & D problem
of investing on a long term project at a spending rate u(t) and with the fraction
of the project completed y(t) is a function f(u) of the spending rate u(t), typically
with the properties i) f(0) = 0, ii) f ·(u) > 0 and iii) f ··(u) < 0 the last signifying
diminishing return of a higher rate of investment. For illustrative purposes, we
consider the specific production function f(u) = α

√
u to result in the following

IVP:

(2.1) y0 = α
√
u, y(0) = 0.

with t = 0 being the time when investment begins.
The investment is over a fixed period with whatever completed delivered at

t = T . At the time of delivery, there will be a payoff B for each unit completed.
The optimzaiton problem is to find an optimal spending rate U(t) that maximizes
the net return for the total investment:

(2.2) J [u] = Be−rT y(T )−
Z T

0

e−rtu(t) dt

As stated, the problem can be solved by the method of calculus of variations.
For this purpose, we use the ODE (2.1) to eliminate u from J to get

(2.3) J [y] = Be−rT y(T )−
Z T

0

e−rt [y0/α]
2
dt.

With the terminal payoff term Be−rT y(T ) and no terminal end condition, the
problem is not quite a basic problem in the calculus of variations. We will start
from scratch and consider a variation from the optimal solution Y (t) assuming one
exists. With y(t) = Y (t) + εz(t), the integral J [y] = J(ε) become a function of ε.
The stationary condition may be rearranged to read

J ·(0) = Be−rT z(T )−
∙
2

α2
e−rtY 0(t)z(t)

¸T
0

+

Z T

0

∙
2

α2
e−rtY 0

¸0
z(t)dt

= e−rT
∙
B − 2

α2
Y 0(T )

¸
z(T ) +

Z T

0

∙
2

α2
e−rtY 0

¸0
z(t)dt = 0
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after integration by parts and application of the end condition.z(0) = 0.
The condition J ·(0) = 0 holds all admissible comparison functions now widened

to allow for those with z(T ) 6= 0 as well as those with z(T ) = 0. Suppose we apply
the stationary condition to those with z(T ) = 0 (and there are plenty of those).
In that case the fundamental lemma of calculus of variations apply and we get the
expected Euler DE

(2.4)
∙
2

α2
e−rtY 0

¸0
= 0

It can be integrated twice to get

Y (t) = c1 + c2e
rt

where c1 and c2 are two constants of integration. The initial condition y(0) = 0
then allows us to elminiate one of the two constants leaving us with

Y (t) = c2
¡
ert − 1

¢
.

To determine the second constant, we need another end auxiliary condition.
For that we return to J ·(0) = 0 now simplified by the Euler DE to

J ·(0) = e−rT
∙
B − 2

α2
Y 0(T )

¸
z(T ) = 0.

Now, we make use of the fact that the condition must also hold for all comparison
functions with z(T ) 6= 0. This requires

(2.5) Y 0(T ) =
1

2
Bα2

since e−rT > 0. The condition (2.5) is known as an Euler boundary condition (or
Euler BC for brevity). It provides the auxiliary condition needed to determine the
remaining constant of integration to be

(2.6) Y 0(T ) = c2re
rT =

1

2
Bα2

or

c2 =
1

2r
Bα2e−rT

so that

Y (t) =
1

2r
Bα2e−rT

¡
ert − 1

¢
(2.7)

Y 0(t) =
1

2
Bα2e−r(T − t)(2.8)

The corresponding optimal investment rate is then

(2.9) U(t) =
1

4
B2α2e−2r(T−t)

It is always a good idea to check to see if the results optimal make sense. In
this problem, we can calculate the total investment be evaluating the integralZ T

0

e−rtU(t) dt =
1

4
B2α2e−2rT

Z T

0

ertdt(2.10)

=
1

4r
B2α2e−2rT

£
erT − 1

¤
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The expression (2.10) is only half of the terminal payoff for what is completed given
by

(2.11) Be−rTY (T ) =
1

2r
B2α2e−2rT

¡
ertT − 1

¢
.

As such the optimal policy is definitely worth pursuing.
In order for the payoff to double our investment, we must invest at the optimal

rate given by (2.9). What if there is a limit on your bank account or credit that
is below the required investment rate. The highest investment rate occurs at the
terminal time T . What if

1

4
B2α2 > umax

where umax is the maximum investment rate allowed.
At the other end of the spectrum, it is possible that with a different production

function f(u),even the best investment strategy cannot earn a net profit. Since we
cannot have negative investment (at least no one would send you cash on demand),
the best we can do under the circumstances would not to invest. In practice, there
is typically constraint at both end of the investment rate. In the simplext case, we
would have the inequality constraint

(2.12) 0 ≤ u(t) ≤ umax

on the investment rate with the possibility that the lower bound be some positive
number greater than zero. The U.S. tax law requires any organization in the
category of a tax free foundation to spend at least 5% of is asset each year to
qualify for its tax free statursfor free. In the next subsection, we develop a more
general theory that takes into account the inequality constraints (2.12).

2.2. Euler Boundary Conditions. A new element in the problem of op-
timal investment rate for a terminal payoff that it is not a basic problem in the
calculus of variations. No terminal value of the principal unknown in the calculus of
variations formulation of the problem is prescribed. For that reason, we re-worked
the development leading to the stationary condition J ·(0) = 0 and obtained, in
addition to the usual Euler DE, another necessary condition for stationarity in the
form of an Euler boundary condition. This new necessary condition is not unique
to the optimal investment rate problem but true in general for the modified basic
problem without a prescribed terminal condition as shown below.

For the performance index J [y] with the Lagrangian F (x, y, y0), a comparison
function y(x) = Y (x) + εz(x) nearby an extremal Y (x) leads to the stationary
condition

J ·(0) ≡ dJ

dε

¯̄̄̄
ε=0

=

Z b

a

[F,y (x, Y, Y
0)z + F,y0 (x, Y, Y

0)z0] dx

= [F,y0 (x, Y, Y
0)z(x)]

b

x=a +

Z b

a

½
F̂ ,y (x)−

d

dx

h
F̂ ,y0 (x)

i¾
z dx

≡ [F,y0 (b, Y (b), Y
0(b))] z(b) +

Z b

a

Ĝ(x)z(x) dx = 0(2.13)

where we have made use of the initial condition z(0) = 0 (which follows from
y(0) = Y (0) = 0) and simplifying notations

G(x) = F̂ ,y (x)−
d

dx

h
F̂ ,y0 (x)

i
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with P̂ (x) = P (x, Y (x), Y 0(x)) for any P (x, y, v).
The difference between the expression J ·(0) here and that for the basic problem

is the first term of the expression. Since there is no prescribed condition at x = b,
the class of admissible comparison function z(t) is now larger they include those
with z(b) = 0 as well as those with z(b) 6= 0. If we restrict comparison first with
those z(t) that vanishes at the end point x = b so that z(b) = 0, the first term
in (2.13) disappears and the situation is the same as that for the basic problem
encountered in Section 3 of Chapter 4. Application of the fundamental lemma
of calculus of variations again requires the Euler DE be satisfied as a necessary
condition for stationarity. Returning now to the more general case that includes
comparison functions not vanishing at x = b with

J ·(0) = [F,y0 (b, Y (b), Y
0(b))] z(b) = 0

Since J ·(0) = 0 must hold also for comparison function with z(b) 6= 0, we must
have the following requirement for the extremals of the problem:

Theorem 3. In the extremization of the performance index J [y] with the La-
grangian F (x, y, y0) as given by (1.9), the extremal Y (x) must satisfy the Euler
BC

(2.14) F,y0 (c, Y (c), Y
0(c)) = 0.

at an end point x = c where there is not a boundary condition.

The Euler BC provides us with a second boundary conditions needed for the
Euler DE which is a second order ODE. In general, there should generally be an
Euler BC whenever an end condition is not prescribed.

When the problem involves a terminal payoff (known as a salvage value) such
as the one in the optimal investment problem, the performance index typically
contains a non-integrated term evaluated at an end point:

J [y] ≡
Z b

a

F (x, y(x), y0(x)) dx+Q(b, y(b))

where Q(b, y(b)) is a known function of b and y(b)..The Euler BC can be derived in
the same way to get the inhomogeneous end condition

(2.15) F,y0 (b, Y (b), Y
0(b)) +Q,yb (b, Y (b), Y

0(b)) = 0

where yb = y(b).
For the optimal investment rate problem, we have F (t, y, y0) = − e−rt(y0/α)2

while Q(T, y(T )) = Be−rT y(T ).The inhomogeneous Euler BC (2.15) gives

− 2

α2
e−rTY 0(T ) +Be−rT = 0, or Y 0(T ) =

1

2
α2B

identical what we found previously in (2.5)

2.3. Adjoint Variable and Adjoint Equation. For the more general the-
ory, we return the profit integral (2.2) without using the production rate (2.1) to
eliminate the investment rate u, the controlling agent for optimal planning. In-
stead, we write the latter in the form α

√
u − y0 = 0 and incorporate it into the

former to get

J [u] = Be−rT y(T ) +

Z T

0

©
−e−rtu(t) + λ(t)

£
α
√
u− y0

¤ª
dt
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with nothing added to the integral whatever the still unspecified (differentiable)
function λ(t) may be. Suppose Y (t) and the corresponding U(t) should extremize
PV with only one initial condition y(0) = 0 associated with the maximization.
Then for any comparison functions y = Y (t)+εz(t) and u(t) = U(t)∗εv(t) nearby,
J(ε) must be stationary at Y (t) and U(t). It follows again that,

J ·(0) =
£
Be−rT − λ(T )

¤
z(T ) +

Z T

0

½∙
αλ

2
√
U
− e−rt

¸
v(t) +

£
λ0
¤
z(t)

¾
dt

where we have integrated by parts and used the initial condition z(0) = 0 to simplify
J ·(0).

We now choose the yet unspecified function λ(t) to further simplify the integral
above. In particular we choose it in such a way to eliminate all terms multiplying
z(t). For the present problem, this requires λ(t) to satisfy the ODE

(2.16) λ0 = 0 or λ(t) = λ0

for some unknown constant λ0. The ODE satisfied by λ(t) for the purpose of
eliminate all terms multiplied by z(t) is known as the adjoinct equation for the
problem and the function λ(t) itself is called an adjoint variable (though some
other names such as co-state variable, Lagrange multiplier, etc., are also used in
the literature).

With (2.16), he expression for J ·(0) now simplifies further to

J ·(0) =
£
Be−rT − λ(T )

¤
z(T ) +

Z T

0

∙
αλ

2
√
U
− e−rt

¸
v(t)dt.

By allowing v(t) to be any admissible comparison function with z(T ) = 0 agian
gives us the following Euler DE

(2.17)
√
U =

α

2
λ0e

rt or U(t) =
α2

4
λ20e

2rt

This leaves us with
J ·(0) =

£
Be−rT − λ(T )

¤
z(T ).

For the comparison functions with z(T ) 6= 0, the condition above gives us an Euler
BC

(2.18) λ(T ) = λ0 = Be−rT

It determines the constant λ0 to completely specify λ(t). With (2.18), we can
re-write the extremal U(t) as

U(t) =
1

4
α2B2e−2r(T−t)

which is identical to (2.9) obtained by the method of calculus of variations.

2.4. Constrained Investment Rate. What prompted the discussion lead-
ing the adjoint variable and adjoint equation is the fact that the optimal investment
rate may except the investment capacity available, i.e., U(t) > umax for some subin-
terval of the planning period [0, T ]. With U(t) a monotone increasing function of
time with U(t) ≤ U(T ) = α2B2/4, there exists an instance ts for which

U(ts) =
1

4
α2B2e−2r(T−ts) = umax
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or

ts =
1

2r
ln

∙
4umax
α2B2

e2rT
¸

with

U(t) =

½
≤ umax (t ≤ ts)
> umax (t > ts)

.

Given that we cannot invest at the optimal rate for t > ts, we need to revisit the
expression that led to the stationary condition (which not be met as required by
the calculus of variations.

Even if the stationary condition cannot be met, the admissible comparison
functions can still be used to require the Euler BC be met. In that case, we have

2erT

αB
J ·(0) =

Z ts

0

∙
1√
u
− 2e

−r(t−T )

αB

¸
v(t)dt

+

Z T

ts

∙
1√
u
− 2e

−r(t−T )

αB

¸
v(t)dt

assuming ts > 0. Otherwise, we have U(t) ≤ umax for the entire planning period
so that only the second integral applies over the [0, T ].

In the first integral, the factor in bracket is positive if u(t) < U(t) given

1√
U
=
2e−r(t−T )

αB

In that case, the integral can be made positive (for a higher profit) by taking
v(t) > 0 and hence a large u(t). This argument continues until u(t) reaches U(t).
This is possible for the first integral since we know U(t) ≤ umax in [0, ts]. It follows
that u(t) = U(t) for optimal investment rate in [0, ts]. It should be no less (because
we can make the integral positive by taking v(t) > 0) and no more (because we can
make the integral positive by taking v(t) < 0) in order to attain the most profit
independent of what we do for the rest of the planning period.

For the second integral, it is still true that the factor in bracket is positive if
u(t) < U(t) and that the integral can be made positive (for a higher profit) by
taking v(t) > 0 and hence a large u(t).This argument requires us to increase u(t)
until either it reaches umax given that U(t) > umax in [ts, T ]. As such, we do
not have stationarity for the second time interval. The important result from this
optimal control approach is that the best strategy, optimal or not, is a consequence
of our mathematical analysis and not an intuitive argument.

2.5. Corner Controls.

(2.19) û(t)(t) =

½
U(t) = B2

4α2 e
−2r(T−t) (t ≤ ts)

umax (ts < t < T )
,

3. Medical Use of Stem Cells

3.1. The Variational Notations. In developing the method of solution for
the basic variational problem (1.9), (1.10) and (1.11), our approach is to vary the
extremizer (extremal) Y (t) by considering comparison fumctions y(t) = Y (t)+εz(t)
nearby. With J [y] = J [Y (t)+ εz(t)] = J(ε), it is necessary that J ·(0) = 0 for Y (t)
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to be an extremal. It is customary in this area of mathematics not to work with
a different and more efficient notations by working with

J(ε)− J(0) = J ·(0)ε+
1

2
J ··(0)ε2 + · · ·

so that J ·(0) = 0 may be considered first order increment in the Taylor series:

∆J ≡ J ·(0)ε =

Z b

a

£
F,y (x, Y, Y

0)∆Y + F,y0 (x, Y, Y
0) (∆Y )0

¤
dx

=

Z b

a

½
F̂ ,y (x)−

d

dx

h
F̂ ,y0 (x)

i¾
∆Y dx ≡

Z b

a

G(x, Y, Y 0)∆Y dx = 0

with ∆Y ≡ εz(t) and with the integrated term vanishing due to εz(a) = εz(b) = 0.
The vanishing of the first variation ∆J for any comparison function (and therefore
any admissible variation ∆Y from the extremal, not surprisingly. leads again to
the Euler DE to be satisfied by the extremal Y (t) as required by the fundamental
lemma of calculus of variations.

The use of variatonal notations is essentially universal in the calculus of varia-
tions and optimal control. Nevertheless, we take the intermediate of introducing
the notations first through ∆J, ∆Y, ∆(Y 0) = (∆Y )0,etc.with the understanding
that they should be replaced by the conventional δJ, δY, δ(Y 0) = (δY )0, etc. To
the extent that the variation ∆( ) is the linear terem of the Taylor series, the usual
rules of differentiation and integration apply:

∆(v(t) + w(t)) = ∆v +∆w, ∆f(v(t)) = f ·(v(t))∆v

∆(v(t)w(t)) = v(t)∆w + w(t)∆v

∆(w(t)/v(t)) = [v(t)∆w − w(t)∆v] /v2Z b

a

f(v(t))∆w0dt = [f(v(t))∆w]
x=b
x=a −

Z b

a

df

dt
∆wdt

etc. These rules will be used throughout the rest of this chapter (but gradually
switching over to the conventional δJ, δY, δ(Y 0) = (δY )0, etc., in the latter parts.

3.2. Maximizing Stem Cell Treatments. Clinical use of stem cell has
gained ground for medical problems with no conventional treatments. For a med-
ical center with a population of stem cells of size Y0, a decision needs to be made on
what fraction of it should be used for medical treatment of patients (and thereby
destroyed) with the rest of the population be used for generating more stem cells
for future medical use. Let y(t) be the size of the stem cell population at time
t and u be the fraction of that population saved for producing more stem cells at
a rate proportional to the current population size so that ed for medical use (and
lost).

(3.1) y0 = αuy, y(0) = Y0

where α is some positive growth rate constant. We want to find u(t) that maximizes
the total amount of stem cells available for medical applications over a planning
period T , i.e., we want to maximize

(3.2) J [u] ≡ βy(T ) +

Z T

0

(1− u)y(t) dt
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subject to the constraints (). The term βy(T ) comes from the need to maintain
the stem cell line for future use beyond the planning period. Since u is a fraction,
we must have

(3.3) 0 ≤ u(t) ≤ 1
Proceeding as in the problem of optimal investment rate of the previous section,

we introduce an adjoint variable λ(t) for the single equation of state to append it
to the performance index and then use it to simplify the first variation to

(3.4) δJ =

Z T

0

σ0(t)y(t) δu dt, σ0(t) = αλ(t)− 1

by selecting it to satisfy the following adjoint differential equation and Euler bound-
ary condition

(3.5) λ̇+ λαu+ (1− u) = 0, λ(T ) = β.

where, in keeping with the conventional practice, we continue to use lower case
y(t) and u(t) for the extremizers Y (t) and U(t) (the extremals). We have also
chosen to work with σ0(t) = [αλ(t)− 1] instead of the usual sign function σ(t) =
[αλ(t)− 1] y(t) since y(t) is a nonnegative quantity..

The stationary condition

(3.6) σ0(t) = αλ(t)− 1 = 0
does not identify an "interior" control as it does not involve u. Its application
would require λ(t) = 1/α which does not satisfy the Euler boundary condition
λ(T ) = β since β 6= 1/α in general. To the extent that stationary condition (3.6)
is not appropriate for the problem, we must look for a more appropriate solution.
Whatever the appropriate method of solution may be, it must be in accordance with
the goal of making the benefit J as large as possible. This requirement directs us
to what I call "Do Your Best Principle" as a mathematical consequence.

To simplify our discussion, let us specify β = 1/2, α = 3/2 and T = 1. Since
we must satisfy the end condition λ(1) = 1/2, we have

σ0(1) = αλ(1)− 1 = −1
4
< 0.

By continuity of λ(t), we have σ0(t) < 0 for some interval t∗ < t ≤ 1. To make
J as large as possible requires δJ > 0 or, given σ0(t) < 0, δu < 0. This means we
should decreases u(t) as long as σ0(t) remains negative, as least until we reach the
lower bound on the control u so that we cannot decrease u(t) further, i.e., we have
reached the lower limit of the control which is the lower corner control u = 0 for
our problem.

(3.7) û(t) = 0 (= umin) (t∗ < t ≤ 1) .
Note that we do not label this optimal solution U(t) as it is not an extremal of the
Euler DE. It is the optimal policy given the constraint û(t) ≥ 0.

We now make use of (3.7) in the adjoint BVP for λ (3.5) to obtain

(3.8) λ(t) = −t+ 3
2
, (t∗ < t ≤ 1)

The corresponding ŷ(t) is obtained from (3.1) to give

(3.9) ŷ(t) = y∗, (t∗ < t ≤ 1)
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where y∗ is some constant to be determined.
To determiine t∗, we note that the expression (3.8) for the adjoint variable

determines σ0(t) to be

(3.10) σ0(t) =
5

4
− 3
2
t.

It shows that σ0(t) > 0 for t < 5/6 and hence t∗ = 5/6.
With σ0(t) > 0 for t < 5/6, Proposition ?? leads to Y (t) = 1(= umax) for

t1 < t < t∗ for some t1 ≥ 0. In that interval, the adjoint DE and the continuity of
λ(t) at t = t∗ = 5/6 (requiring λ(t∗) = λ(5/6) = 2/3) determine

(3.11) λ(t) =
2

3
exp

∙
−3
2
(t− 5/6)

¸
, t1 ≤ t ≤ 5

6

Correspondingly,we have

σ0(t) = exp

∙
−3
2
(t− 5/6)

¸
− 1

µ
t1 ≤ t ≤ t∗ =

5

6

¶
with σ0(t) > 0 for all t < t∗ = 5/6 so that we have

t1 = 0

To complete the problem, we obtain y(t) from the IVP (3.1)

(3.12) y(t) = Y0 exp

∙
3

2
t

¸
,

µ
0 ≤ t ≤ t∗ =

5

6

¶
We now have enough information to find the constant y∗ in (3.9). The total number
of stem cells y(t) should be a continuous function so enforcing continuity on (3.9)
and (3.12) at t = t∗ = 5

6 gives us

(3.13) y∗ = Y0e
5/4

To summarize, the optimal strategy for our problem is

(3.14)

⎧⎨⎩ U(t) = 1
λ(t) = 2

3 exp
£
−32 t+ 5/4

¤
Y (t) = Y0 exp

£
3
2 t
¤ ,

µ
0 ≤ t ≤ 5

6

¶

(3.15)

⎧⎨⎩
U(t) = 0
λ(t) = −t+ 3/2
Y (t) = Y0e

5/4
,

µ
5

6
≤ t ≤ 1

¶
4. The Maximum Principle
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CHAPTER 6

Car Following

See Chapter 6 of [FW 89][26]
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CHAPTER 7

Traffics on a Congested Road

See Chapter 7 of [FW89][26]
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Part 4

Diffusion





CHAPTER 8

Random Walk and Heat Conduction

1. Brownian Motion and Random Walk

The motion of a group of small objects, such as protein molecules floating in
a fluid medium (gas or liquid) and dust particles in a beam of light, is generally
governed by Newton’s laws of particle dynamics, when the deformation of these
objects are not relevant to the investigation. Formulated as a set of ordinary dif-
ferential equations and initial conditions, the evolving motion of the particles may
be analyzed by mathematical methods discussed in Math 227A. The size of these
already small objects or macromolecules however are still relatively large compared
to the nano size molecules of the medium surrounding them. While it is not prac-
tical to compute or analyze the IVP in ODE that determines the trajectory of each
of the macromolecules, it is impossible with the today’s computing power to for-
mulate and calculate the forces exerting by the even more abundant surrounding
nanomolecules colliding with them and impact the trajectories of the (more than a
hundred times) larger objects of interest. To an observer at the level of vertebrates
(of the order of magnitude of an inch in length or larger), the motion of the protein
molecules or dust particles being observed appears to be random and can be so
treated for the purpose of understanding a broad outline of their motion without
computing their actual trajectories. Such observed random motion of a collection
of macromolecules (or simply particles when there is no possible confusion with the
nano molecules of the surrounding medium) is known as Brownian motion, named
after the botanist Robert Brown, who first observed it exhibited by pollen grains in
water in 1827. Brownian motion is one of the most important sources of collective
motion at the molecular level.

In a mathematical investigation of this random motion, known as random walk,
we think first of the motion of particles in discrete time steps of duration ∆t. At
each instance in time, a particle takes a discrete step of average length ∆L in
any of the six (mutually orthogonal) directions in a Cartesian coordinate system
with a given probability for each direction. (For simplicity, staying put at the
same location is not an option for the particles in this particular investigation.)
Among the possible formulations of the random walk problem, we can ask for
the probability P (x, t) of a particle which started at the origin at time t = 0 to
be located at point x = (x, y, z) at time t. Alternatively, we may ask for the
probability Q(x, t) of having a particle from the collection at location x at time t.
One appraoch for studying such questions is to formulate for these probabilities one
or more partial difference equations supplemented by suitable initial and boundary
conditions. We illustrate this approach to obtain statistical information for the
random motion of particles being observed by working out in the next section a
spatially one-dimensional theory of random walk.

75
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2. Random Walk in One Spatial Dimension

Consider a macromolecule allowed to move only along a horizontal straight line
either to the left or to the right of its current location with probability p and pr,
respectively. Such a particle is said to execute an unbiased random walk (without
the option of standing still) if p = pr = 1/2 . This one-dimensional random walk
model may also be thought of as a projection of the three-dimensional random walk
onto a line. The probability of having the particle at the location x at time t+∆t is
given by the sum of the probability of the molecule one step to the right moving to
the left and the probability of the molecule one step to the left moving to the right.
For an unbiased random walk, this results in the following relation for P (x, t):

(2.1) P (x, t+∆t) =
1

2
P (x+∆L, t) +

1

2
P (x−∆L, t)

This relation governs the change of

P (x, t) = P̄ (m,N)

where P̄ (m,N) is the probability that a particle initially at the origin reaches m
spatial steps to the right of the origin after N time steps, with x = m∆L and
t = N∆t.

In order for the relation (2.1) to determine P (x, t) for t > 0 and all x in the
interval where movement of the particle is allowed, we have to specify the position
of all molecules in the collection at some initial time, taken to be t = 0. For the
simplest case of a single particle starting at the origin, we have

(2.2) P (x, 0) =

µ
1 (x = 0)
0 (x 6= 0)

¶
.

If the single molecule is restricted to the range a ≤ x ≤ b (where a and b
may be negative or positive), we need to know what happens when the particle
reaches an end point by prescribing an appropriate boundary condition at each
of the two ends of the interval. When the particule reaches the end point a, it
cannot go further to the left at the next move. While it can move to the right, it
is customary to allow for the particle some finite probability ρa to stay put (which
is not allowed at points between the two ends). In that case, we have

(2.3) P (a, t+∆t) = ρaP (a, t) +
1

2
P (a+∆L, t)

(which typically does not play any role in the determination of P (x, t) for a < x < b
and t > 0) and

(2.4) P (a+∆L, t+∆t) = (1− ρa)P (a, t) +
1

2
P (a+ 2∆L, t)

For the extreme case of a being is a sink with the particle captured or dis-
integrated upon reaching that location (analogous to a drunkard reaching home
and stops moving again), we have an absorbing end and take the (absorbing) end
condition to be

(2.5) ρa = 1,

and
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(2.6) P (a+ L, t+ t) =
1

2
P (a+ 2 L, t).

At the other extreme, if the particle hits a wall and bounced back (or the
drunkard reaches a dead end and must turn around), we have a reflecting end and
take the (reflecting) end condition to be

(2.7) ρa = 0,

and

(2.8) P (a+ L, t) = P (a, t) +
1

2
P (a+ 2 L, t).

corresponding to the particle being reflected by the wall back to a+ L. Physically,
the particle reaches a dead end and is being bounced from a wall when it tries to
cross either end of the straight path of travel. We have then what is known as a
reflecting boundary condition at the end x = a.

The in between case of 0 < ρa < 1, we have a porous wall between a sink
and the adjacent interior point. It is analogous of a understaffed check point for
unauthorized entries that do not screen out all those without athorization. Such
an end point is sometime called a leaky end.

When (a, b) = (− ∞,∞), the boundary conditions (??) do not apply as the
motion of the particle is not restricted to a finite interval. Such a random walk
model is sometimes called an unrestricted random walk.. It can be verified by direct
substitution that the solution of the initial-boundary value problem for P (x, t) =
P̄ (m,N) is .

(2.9) P̄ (m,N) =
CN
q

2N
, q =

1

2
(N +m).

where

CN
s =

N !

s!(N − s)!
, (s = 1, 2, 3, ...., N)

are the binomial coefficients. This single particle one-dimensional random walk
problem is often considered a model for determining the fate of a drunkard stag-
gering down a street with equal probabilities of stepping forward or backward.

It appears to be a simple matter to extend the formulation above of a one-
dimensional random walk of single molecule to one for a collection of such molecules
by taking as the initial condition to be

(2.10) P (x, 0) = H(x− xk), (k = 1, 2, ....,M)

along with appropriate boundary conditions for the interval of allowed motion.
However, some issues regarding what is physically permissible must be addressed
before we can arrive at an acceptable multi-molecule model. For example, depend-
ing on whether we would allow more than one molecules to be located at a physical
position x along the horizontal line, we may have a different model for the problem.
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3. A Diffusion Approximation

Suppose we are interested in the solution of the one dimensional random walk
problem after a large number of time steps. It appears from the relation N = t/∆t
that as N → ∞, we must have either t → ∞ or ∆t → 0 while t remains finite.
Since we wish to examine the solution at an arbitrary time t, we will consider the
second alternative with

(3.1) ∆t→ 0 as N →∞ while t remains fixed.

In the random walk model developed in the previous section, a large number
of time steps would normally induce a large number of spatial moves corresponding
to a large m while the corresponding physical distance from the initial position at
the end of the N time steps may be large or small to result generally in a finite
coordinate value x. With x = m∆L being finite after a large of number of spatial
moves, we must have ∆L small with

(3.2) ∆L→ 0 as m→∞ while x remains fixed.

With ∆t→ 0 and ∆L→ 0, Taylor expansions of the three terms in (2.1) result
in

(3.3) P,t (x, t) +O(∆t) =
D

2
P,xx (x, t) +O(D∆L2)

(after dividing through by ∆t) where the diffusion coefficient

(3.4) D = lim
∆t,∆L→0

∆L2

2∆t

is assumed to remain finite. In the limit as ∆L→ 0 (and hence ∆t = ∆L2/2D =
O(∆L2)→ 0), (3.3) becomes

(3.5)
∂P

∂t
= D

∂2P

∂x2
.

For small but finite ∆L, terms omitted are of order ∆L2.
While (3.5) is the well-known one dimensional diffusion equation (also known

as the one dimensional equation of heat conduction) in mathematical physics, it
is not acceptable as it stands. The quantity P (x, t) is not an appropriate de-
pendent variable because the probability of finding the particle being observed
at a particular point is expected to approach zero as the number of time steps
(and, as a consequence, also the number of spatial moves) becomes infinite. Let
u(x, t) = P (m∆L, t)/∆L with

nrX
m=n

u(m∆L, t)∆L =

nrX
m=n

P (m∆L, t)

being the probability of the particle at any of the location in the interval (Y , Yr) =
(n ∆L,= nr∆L). This probability should be non-zero for sufficiently large n
and/or nr In the limit of ∆L→ 0 and nk →∞ while Y and Yr remains finite,
we haveZ Yr

Y

u(x, t)dx = Probability of the particle located in the interval [Y , Yr].
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for Y < Yr. (Note that Y or both limits may be negative as the locations may be
to the left of the origin.) Thus we should work with the probability density function
u(x, t) instead of P (x, t) as the former does not, for a fixed t, tend to zero for all
x. (Probability density function will play a significant role in Math 227C In fact,
it permeates throughout the course material for that quarter.) Divide both sides
of the relation (3.5) by ∆L and letting ∆L → 0, we obtain formally a diffusion
equation for the density function:

(3.6)
∂u

∂t
= D

∂2u

∂x2
,

with

(3.7)
Z Y

Y

u(x, t)dx = U(Y , Y ; t)

being the probability of finding the particle in the interval (Y , Y ). By allowing Y
to vary, we have

(3.8) u(Y, t;Y ) =
dU

dY
where t and Y are taken as fixed parameters.

4. Random Walk of Many Particles

In most biological phenomena, we are interested in random walk of a large
number of macromolecules in the physical space. For these phenomena, we need
a new perspective and mathematical formulation. For the purpose of comparing
the results with those for the one particle model, we stay with the one dimensional
random walk but now for a collection of particles. One approach would be to take
the one dimensional random walk as the projection of the motion of a collection
of particles in three dimensions onto the x axis. This needs the idealizations
and justification to resolve issues such as whether two or more particles can be
located at the same point along the x axis. Instead, we consider here the one
dimensional problem of a collection of drunkards staggering along on a very wide
streets, taking at each imit time a step to the left with probability p or to the right
with probability pr. For problems in the biological sciences, we are more interested
in the density of drunkards at position x at time t (than the previous probability
density of a single drunkard starting at the origin to be located at x at time t).

Let v(x, t)∆x be the number of particles (drunkards) inside the segment [x, x+
∆x] at time t. At the next time step, the present model allows a fraction p of
the particles in the segment [x, x+∆x] to move an increment ∆x to the left and a
fraction pr of them to move one increment ∆x to the right while the rest to remain
at the same location. At the same time, the same segment gains new particles
coming in from the two adjacent segments, [x−∆x, x] and [x+∆x, x+ 2∆x]. In
that case,the number of particles in the same segment at time t+∆t is given by

v(x, t+∆t) = prv(x−∆x, t) + p v(x+∆x, t) + (1− p − pr)v(x, t)

where we have eliminated the common factor ∆x. For small ∆t and ∆x, Taylor
expansions in these two increments give

v,t (x, t) +O(∆t) = [p − pr] v,x (x, t)
∆x

∆t
+
1

2
[pr + p ] v,xx (x, t)

∆x2

∆t
+O

µ
∆x3

∆t

¶
.
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For an unbiased random walk with pr = p = 1/2 so that no standing still is allowed,
we have from the relation above in the limit as ∆t → 0 and ∆x → 0 the diffusion
equation:

(4.1) v,t (x, t) = Dv,xx (x, t)

where the diffusion coefficient D = κ2 is again given by (3.4). However, the
unknown is now the concentration (density) of particles at the location x (instead
of the probability density at that location).

Diffusion limit of random walk is found to be a part of many phenomena in
science and engineering, particularly biological phenomena. Often known as the
Fick’s Second Law of Diffusion in the biomedical community, the principle of diffu-
sive transport was first formulated by Fick in 1855 for transport in fluids. With his
principle, he devised a technique for measuring cardiac output which, as originally
formulated, was invasive and not particularly accurate. Though Robert Brown
observed and described the phenomenon of random motion of particles earlier in
1827, Fick’s conceptualization and quantification of the underlying principles made
it possible for others to apply it in a variety of clinical situations. For that reason,
references to Fick’s second law are frequent by clinicians and biomedical researchers
even for the more sophisticated form of PDE such as

(4.2) v,t (x, t) = [Dv,x (x, t)] ,x

which follows from Fick’s first (or basic) law (see also (5.7) below) if the diffusion
coefficient is not uniform in both space and time.

Before doing that, we show that heat flow in homogeneous solids (such as
metals and ceramics) and fluid (such as liquids and gas, including air) with uniform
properties is also governed by the same diffusion equation. This example of heat
conduction offers a simple derivation of the diffusion equation in higher spatial
dimensions.

5. Heat Flow in Continuous Media

The partial differential equation (4.1) corresponding to the diffusion limit of
one-dimensional random walk, is the same as the governing equation for (one-
dimensional) heat conduction in a long thin wire previously discussed in Math
227A (see Chapter 6). Modeling the more general problem of heat conduction in
homogeneous continuous media (including solids such as metals and ceramics and
liquids such as water and air) provides a more intuitive and direct derivation of the
diffusion equation in higher dimensions (than that for the random walk problem).
Results for the heat conduction problem also are also easier to interpret in the
context of daily life experience.

For heat flow in a fixed region R in space enclosed by the surface ∂R. The
boundary ∂R may consist of more than one non-intersecting closed surfaces such as
the two concentric spherical surfaces of a spherical shell. Let ch be the specific heat
of the material occupying the region R (defined to be the amount of heat energy
needed to raise the temperature of a unit of mass of material by one degree Kelvin,
10K). The value of ch has been measured experimentally for some materials
frequently encountered in applications. Denote by T (X, τ) the temperature at
time τ and at a point X = (X,Y,Z) in R. The rate of increase of the heat
(thermal) energy H(τ) inside any closed surface S lying completely inside R is
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given by

(5.1)
dH

dτ
=

d

dτ

ZZZ
V

chT (X, τ)ρ dV

where ρ is the mass density of the material in R and V is the volume enclosed by
S lying inside the region R.

Another way of calculating the net rate of change of heat energy due to 1) the
outward flow of heat energy per unit surface area per unit time through the surface
S with a unit outward normal n, and 2) the rate of heat generated by a unit mass
of the material in V by chemical, electrical, or other processes. With the heat flux
outward through S given by Qn = Q(X, τ) · n and the rate of heat per unit mass
volume generated inside V given by F (X, τ), we have

(5.2)
dH

dτ
= −

ZZ
S

Qn(X, τ)dS +

ZZZ
V

F (X, τ)ρdV.

The two expressions (5.1) and (5.2) for dH/dτ must be the same. The rate
of increase in heat in the segment (calculated by the way of the temperature of
material points inside S) must be equal to the rate of heat gained (calculated by
the net heat flow plus the rate of heat generated inside). We have therefore

(5.3)
d

dτ

ZZZ
V

chT (X, τ)ρ dV = −
ZZ

S

Qn(X, τ)dS +

ZZZ
V

F (X, τ)ρdV

where ch and ρ may vary with X and τ . Suppose both T and Q are smooth
functions and ρ is independent of τ . In that case, we may use the divergence
theorem to write (5.3) as

(5.4)
ZZZ

V

∙
c0ρ

∂T

∂τ
− ρF (X, τ) +∇ ·Q

¸
dV = 0.

If the integrand is continuous in X and the integral condition is true for any volume
V inside R (enclosed by S), we must have from a familiar argument

(5.5) chρT,τ = −∇ ·Q+ ρF, ( ),z =
∂( )

∂z
,

for all X in R and all τ > 0.
Equation (5.5) is a partial differential equation for the unknown functions

T (X, τ) and Q(X, τ) and their derivatives T,τ and ∇ · Q. As in the one di-
mensional case, (5.5) is one equation for two unknown functions. To determine
both unknowns, we again make use of Fourier’s law, now in three spatial dimen-
sions, giving a relation between the temperature gradient at a point in a body and
the heat flow rate (per unit area) across that position:

(5.6) Q = −K0∇T
where the coefficient of thermal conductivity K0 is a measure of the ability of a
material to diffuse or conduct heat and may vary with location and time. For
some materials, it may even vary with the temperature of the material. Upon
substitution of (5.6) into (5.5), we get a single second-order PDE for T (X, τ):

(5.7) chρT,τ =∇·(K0∇T ) + ρF (X, τ)
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for all X in R and τ > 0. If ch, ρ and K0 do not vary in space or time (and are
hence all constants), the PDE (5.7) simplifies to

(5.8) T,τ = D∆T + F̄ (X, τ), F̄ (X, τ) =
1

ch
F (X, τ)

where ∆ is Laplace’s operator in physical Cartesian coordinates

(5.9) ∆( ) = ( ),XX +( ),Y Y +( ),ZZ

and D = κ2 = K0/chρ is the thermal diffusivity of the conducting material. Values
of D for some typical materials is given in Table 1.

In either form, (5.7) or (5.8), the PDE is supplemented by an initial condition
at (some reference time taken to be) τ = 0 and a boundary condition on (every
component of) ∂R. We normally know the temperature distribution at τ = 0
throughout R so that

(5.10) T (X, 0) = T0(X) for X ε R.

On (a component ∂Ri of) the boundary ∂R, we may also prescribe the temperature
distribution:

(5.11) T (X,τ) = Tb(X)

for X on (∂Ri of) ∂R and τ > 0. In the theory of PDE, a boundary condition is
said to be a Dirichlet condition when the unknown is prescribed on a boundary as
in (5.11).

Another type of boundary conditions occurring frequently in practice corre-
sponds to prescribing the heat flux across a bounding surface,

(5.12) Q = Q0(X,τ) (X ε ∂Ri)

whereQ0(X, τ) is a prescribed vector function on a part ∂Ri of the boundary surface
∂R. With the Fourier’s law (5.6), the boundary condition (5.12) is effectively a
condition on the gradient ∇T on that part of the boundary:
(5.13) −K0∇T = Q0(X, τ) , (X ε ∂Ri) .

The special case of an insulated surface for which Q0(X, τ) = −K0∇T = 0 corre-
sponds to a reflecting end in one dimensional random walk. In the language of the
mathematics of PDE, a boundary condition is said to be a Neumann condition if
the derivative of an unknown is prescribed on a boundary as in (5.13).

Other boundary conditions such as a linear combination of the temperature and
the heat flux (as in the case of a leaky boundary) can also be prescribed instead.
In any case, (5.8), (5.10) and (5.11) (or some other admissible boundary condition)
define an initial boundary value problem (IBVP) for the PDE for T (x, τ).

In actual biological phenomena, diffusion is often operating concurrently with
a number of other mechanical, chemical and/or biological processes. To illustrate,
we describe in the next chapter a particular phenomena in developmental biology
in which diffusion plays an important role along with several other biochemical
processes.
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Table 1. Values of the Thermal Diffusivity for Some Common Materials

Material D = κ2 (cm2/ sec)
Silver 1.71
Copper 1.14
Aluminum 0.86
Cast iron 0.12
Granite 0.011
Brick 0.0038
Water 0.00144





CHAPTER 9

Separation of Variables

1. Product Solutions and Eigenvalue Problem

Given the various superposition principles established in the last chapter, we
develop in this chapter a powerful method of solution for general linear PDE. The
main idea of this method (and of the general approach to linear PDE) is to solve
separately a number of special and simpler problems and combine their solutions
to form the solution of the actual problem. For the purpose of developing and
illustrating this solution technique, we consider first the Initial Value Problem for
the simple diffusion equation in one spatial dimension associated with (??) - (??)
in the last chapter, re-stated below for convenient reference:

u(i),t = u(i),xx (0 < x < , t > 0)(1.1)

u(i),x (0, t) = u(i)( , t) = 0, u(i)(x, 0) = U(x)(1.2)

While the dependence of u(i)(x, t) on x and t can be in many different forms,
we focus our effort by seeking a solution of the product form u(i)(x, t) = Φ(x)Ψ(t)
for some functions Φ(x) and Ψ(t) to be determined by the PDE. For example, if
U(x) = cos(λx), then the product solution u(i)(x, t) = e−λ

2t cos(λx) would satisfy
the PDE (1.1) as well as the first and third auxiliary condition in (1.2). The same
solution would also satisfy the remiaing (second) auxiliary condition if λ = π/2L
and thereby solves the Initial Value Problem. For a more general U(x), we consider
the general product solution u(i)(x, t) = Φ(x)Ψ(t) for which the governing PDE
(1.1) becomes Φ(x)Ψ,t (t) = Φ,xx (x)Ψ(t), or

(1.3)
Φ,xx (x)

Φ(x)
=
Ψ,t (t)

Ψ(t)
.

With the left hand side only a function of x and the right hand side only a function
of t, equality of the two sides is possible only if both sides are equal to the same
constant, denoted by −λ2 (with the negative sign imposing no special restriction
since λ2 is unknown and may be negative). In that case, we have from (1.3)

(1.4) Φ00 + λ2Φ = 0, Ψ· + λ2Ψ = 0, (0 < x < , t > 0)

where a prime, ( )0, indicates differentiation with respect to x, a dot, ( )·, indicates
differentiation with respect to t and is the length of the solution interval. The
general solutions for these two ODE are

(1.5) Φ(x) = A cos(λx) +B sin(λx), Ψ(t) = Ce−λ
2t

where A, B and C are unknown constants of integration.
The two boundary conditions on u(i)(x, t) in (1.2)

(1.6) Φ0(0) = 0, Φ( ) = 0.

85
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The first condition in (1.6) is met by B = 0 so that Φ(x) = A cos(λx). The second
condition in (1.6) requires

Φ( ) = A cos(λ ) = 0.

Since we want a nontrivial solution and therefore should have A 6= 0, the condition
above is satisfied only if

(1.7) λ = λn ≡ (2n− 1)
π

2
(n = 1, 2, 3, ....).

(In particular, λ = 0 is not admissible as it does not lead to a nontrivial solution.)
Thus, except for these special values λn of the parameter λ given by (1.7), the
homogeneous BVP for Φ(x) has only the trivial solution Φ(x) ≡ 0. The set of
special values {λ2n} constitutes the eigenvalues (or the characteristic values) of
homogeneous BVP problem. The problem of finding all possible values {λ2n}
for which the homogeneous BVP has a nontrivial solution is called an eigenvalue
problem; the different nontrivial solutions associated with the different eigenvalues
are called eigenfunctions (or characteristic functions). For a particular λ2k from
the set specified by (1.7), we have the product solution

(1.8) uk(x, t) = Φk(x)Ψk(t) = Dk cos(λkx)e
−λ2kt, (k = 1, 2, ....)

where Dk is a constant of integration (= AC for λk).
Historically, the parameter λ (instead of λ2) was first used in (1.4) as the

eigenvalue parameter. Today both λ and λ2 are being used in different texts and
research articles. If λ2 is used as in these notes, the eigenvalues are the collection
{λ2n} (and not {λn}).

2. Fourier Series Solution and Orthogonality

For the product solution uk(x, t) to be a solution of the IBVP (1.1) - (1.2), it
must still satisfy the initial condition u(i)(x, 0) = U(x), or, in the language of PDE
theory, u(i)(x, 0) should fit the initial data U(x). With

uk(x, 0) = Φk(x)Ψk(0) = Dk cos(λkx),

uk(x, t) could satisfy the prescribed initial condition only if the initial data has
exactly a cos(λkx) distribution in x, i.e., U(x) = Ūk cos(λkx) for some constant
Ūk. For that special initial data, the Initial Value Problem is solved by setting
Dk = Ūk.

For other forms of the initial data, uk(x, t) is not a solution for the problem of
interest since, for any fixed k, it clearly could not fit the prescribed initial data. To
obtain a solution for a more general distribution U(x), we consider the combination

(2.1) uM (x, t) ≡
MX
m=1

Dm cos(λmx)e
−λ2mt

of the collection of particular solutions{um(x, t)} which satisfies the PDE (1.1) and
the two boundary conditions in (1.2): The initial distribution

uM (x, 0) ≡
MX
m=1

Dm cos(λmx)
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is obviously more general and would fit more general initial data U(x). But it is
equally clear that for a fixed M , the combination uM (x, t) cannot fit all possible
initial data, not even continuous data or differentiable data.

Take for example the initial data U(x) = cos(λM+1x). If uM (x, 0) = cos(λM+1x)
for some selected set of constants {Dm}, then we would have

MX
m=1

Dm cos(λmx) = cos(λM+1x).

and therewith

(2.2)
MX
m=1

Dm

Z
0

cos(λmx) cos(λkx)dx =

Z
0

cos(λM+1x) cos(λkx)dx.

However, we know from elementary calculus

(2.3)
Z
0

cos(λmx) cos(λkx)dx =

½
0 if m 6= k
/2 if m = k

.

For any value m ≤M, the orthogonality relation (2.3) reduces (2.2) to

(2.4) Dm =
2 · (0) = 0, (m = 1, 2, ...., M)

(since m 6=M + 1) so that (2.1) becomes

(2.5) uM (x, t) = 0 (0 ≤ x ≤ L, t ≥ 0).

which clearly does not fit the initial data U(x) = cos(λM+1x). Hence, the expression
(2.1) for uM (x, t) cannot be the solution for the Initial Value Problem with the
initial data U(x) = cos(λM+1x).

The observation on the initial data U(x) = cos(λM+1x) suggests that we should
consider an even more general solution which is a linear combinations of all the
particular product solutions as given by (1.8):

(2.6) u(i)(x, t) =
∞X

m=0

um(x, t) =
∞X

m=0

Dm cos(λmx)e
−λ2mt.

Such a solution would at least cover all initial data of the form U(x) = cos(λjx).
However, unlike the case of a finite combination of {um(x, t)} such as (2.1), the
infinite series solution (2.6) is meaningful only if it can be shown to converge for
the relevant ranges of x and t . Furthermore, it must converge to the prescribed
initial data for the ranges of x of interest. An infinite series

P∞
m=0 am converges

to "a" if ¯̄̄̄
¯
MX
m=0

am − a

¯̄̄̄
¯ <

for any chosen if M is sufficiently large.
We will not dwell into the convergence of the infinite series solution here and

will limit our discussion to a few observations without proof. The following are
evident from (2.6):
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• With e−λ
2
mt → 0 as m → ∞ for a fixed t > 0 and as t → ∞ for a fixed

m > 0, it suffices then to establish the convergence of the Fourier series
solution at t = 0 to the initial data:

(2.7) u(i)(x, 0) =
∞X

m=0

Dm cos(λmx) = U(x).

• If equality in (2.7) holds and term-by-term integration is permitted, then
applications of the orthogonality condition (2.3) leads to the uncoupled
relations

(2.8) Dm =
2

L

Z L

0

cos(λmx)U(x)dx (m = 1, 2, ...)

for an explicit determination of the individual coefficients {Dm}. (Other-
wise, we would have to solve an infinite system of simultaneous equations
for {Dm}.) Note that the orthogonality relation (2.3) with k 6= m is
critical to the uncoupled determination of the Fourier coefficients Dm.
Evidently, it applies to any set of initial data for the particular problem.

Example 5. If U(x) = x (0 ≤ x ≤ ), the Fourier coefficients {Dm}
can be obtained by evaluating the integral in (2.8) to get:

Dm =
2

L

Z
0

cos(λmx)xdx =
2

λm
sin(λm )− 2

λ2m

=
4

π

(
(−)m−1
2m− 1 −

2

π

1

(2m− 1)2

)
(m = 1, 2, ...)

3. Convergence of Fourier Series Solution

Regarding the convergence of the Fourier series solution (2.6), the following
facts and their proofs can be found in most texts on the theory of Fourier series
such as [4], [18] and [28]:

• The continuity of U(x) is neither necessary nor sufficient for the conver-
gence of the infinite series (2.7).

• Suppose U(x) is a piecewise smooth (PWS) function with a finite jump
discontinuity at only a finite number of points in the interval (0, ). For
such initial data, the corresponding infinite series (2.7), with the Fourier
coefficients {Dm}, calculates from (2.8), converges to U(x) at any location
x in (0, ) where the initial data is continuous and to the average of the
two one-sided limits at points of finite jump discontinuity:

u(i)(x, 0) =
1

2
{U(x+) + U(x−)}(3.1)

=
1

2
lim
→0
{U(x+ ) + U(x− )} .

• Given that the Fourier series solution solves the Initial Value Problem
in the sense described above, we can now make a rather obvious but
very important observation. Since the solution components um(t) =

Dm cos(λmx)e
−λ2mt → 0 as t → ∞, it follows that the solution of the

Initial Value Problem tends to zero for any initial data U(x). As such,
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the solution of the Initial Value Problem for the diffusion equation is a
transient phenomenon. The system (whether it is biological, chemical or
mechanical) returns to quiescence (a resting state) eventually.

While we are mainly concerned with the infinite series solution in the 0 < x < ,
it turns out to be relevant to the discussion of convergence, especially at the end
points x = 0 and x = , to extend U(x) to the entire real line in a way consistent
with the behavior of the Fourier series solution u(i)(x, 0) beyond the basic interval
(0, ). For an appropriate extension of the initial data, we observe from the
properties of cos(λmx) that u(i)(x, 0) as given in (2.7) is an even function of x with

u(i)(x, 0) =

⎧⎨⎩
u(i)(−x, 0) (− ≤ x ≤ 0)
−u(i)(2 − x, 0) ( ≤ x ≤ 2 )
−u(i)(−2 − x, 0) (−2 ≤ x ≤ − )

and periodic with period 4 for −∞ < x < ∞. Accordingly, we define for our
problem the extended function U∗(x) of the PWS U(x) to be

(3.2) U∗(x) =

⎧⎪⎪⎨⎪⎪⎩
U(x) (0 < x < )

U(−x) (− < x < 0)
−U(2 − x) ( < x < 2 )

−U(−2 − x) (−2 < x < − )

with U∗(x) periodic of period 4 for −∞ < x <∞. The following fact can also be
proved:

• The infinite series solution (2.6) converges to U∗(x) wherever it is continu-
ous and to the average of the two one-sided limits at points of simple jump
discontinuities of U∗(x) as in (3.1). The series is periodic with period 4 .

4. Time-dependent Distributed Heat Sources

If the internal distributed heat sources f(x, t) vary with time, we can still
make use of the Fourier series technique to obtain the solution for the IBVP, (??)
- (??). Given the Superposition Principle I, we need only to solve the relevant
Forced Problem by setting

(4.1) {u(f)(x, t), f(x, t)} =
∞X
n=0

{un(t), fn(t)} cos(λnx)

where λn is given in (1.7) and

(4.2) fn(t) =
1
Z
0

f(x, t) cos(λnx)dx (n = 1, 2, 3, ....)

Upon substituting the expansion for u(f) in (4.1) into the PDE (??) for u(x, t) and
making use of the orthogonality condition (2.3), we obtain

(4.3)
dun
dt

+ λ2nun = fn(t) (n = 1, 2, 3, ...).

The initial condition u(f)(x, 0) = 0 requires

(4.4) un(0) = 0 (n = 1, 2, 3, ...).

The solution of the IVP (4.3)-(4.4) is

(4.5) un(t) =

Z t

0

e−λ
2
n(t−τ)fn(τ)dτ (n = 1, 2, 3, ...),
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which completes the solution process with u(x, t) = u(f)(x, t) + u(i)(x, t).

5. Uniqueness

In the preceding sections, we showed that a solution of IBVP (??) — (??) can be
obtained by a combination of the method of separation of variables and the method
of eigenfunction expansions. The general approach actually applies to problems for
other PDE and more general auxiliary conditions (such as inhomogeneous mixed
boundary conditions of the form

(5.1) αu(x0, t) + βu,x (x0, t) = γ

where α, β and γ are known constants). As in the theory of ODE, we need to know
if there are other solutions not found by the method of Fourier series. We illustrate
one general approach to uniqueness for parabolic type PDE (with parabolicity to
be defined later) such as the heat equation by proving the following uniqueness
theorem for the typical problem (??) — (??).

Theorem 4. The solution of the IBVP (??) — (??) is unique.

Proof. Suppose there are two solution u1(x, t) and u2(x, t). Let u = u1 − u2
be their difference. Then u(x, t) is the solution of the homogeneous IBVP

u,t = u,xx (0 < x < , t > 0),(5.2)

u,x (0, t) = u( , t) = 0 (t > 0),(5.3)

u(x, 0) = 0 (0 ≤ x ≤ ).(5.4)

Form Z
0

uu,t dx =

Z
0

uu,xx dx

and integrate by parts to get

∂

∂t

Z
0

u2

2
dx = [uu,x ]x=0 −

Z
0

(u,x )
2dx

= −
Z
0

(u,x )
2dx ≤ 0

where we have made use of the homogeneous boundary conditions (5.3) to elimi-
nated the term [uu,x ]x=0 on the right hand side. Now integrate both side with
respect to t from 0 to τ to get

(5.5)
Z
0

1

2
[u(x, τ)]

2
dx = −

Z τ

0

Z L

0

(u,x )
2dx ≤ 0

where we have made use of the homogeneous initial condition (5.4) to eliminate
the "constant" of integration. The right hand is non-positive while the left hand
side is non-negative. Equality of these two terms holds only when both vanish.
Since τ > 0 is arbitrary, the vanishing of the right hand side requires (u,x )2 = 0 or
u(x, t) = u(t) is a function of time only. In that case, (5.5) becomesZ L

0

1

2
[u(t)]2 dx = 0,

which implies u(x, t) = u(t) = 0 or u1 = u2 and hence uniqueness. ¤
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The technique for proving uniqueness above can also be used to establish
uniqueness theorems for problems involving the heat equation but with more gen-
eral boundary conditions (including the mixed boundary condition (??)) and for
other PDE similar in type to the diffusion (heat) equation (known as parabolic PDE
to be defined later).





CHAPTER 10

Sturm-Liouville Problems

1. Regular Sturm-Liouville Problems

The method of separation of variables applies to many other linear PDE prob-
lems as we shall see in the next few chapters. In many such applications, it also
leads to one or more eigenvalue problems similar to the one encountered in Section
2.2 but often more complicated. For the simple one-dimensional diffusion prob-
lem with uniform properties in that section, we were able to obtain explicit exact
solution for the eigen-pairs. This is not always possible for other problems. For in-
stance, when the coefficient of thermal conductivity K0 is not spatially uniform, we
saw in the course notes for Math 227A that the governing PDE for the temperature
distribution T (x, t) in the straight thin wire is

(1.1) c0ρT,t= [K0 (x)T,x ] ,x+ρF .

For a product solution T (x, t) = φ (x)ψ (t), the ODE for φ (x) is a special case of
the general self-adjoint equation

(1.2) L [φ (x)] + λ2r (x)φ (x) = 0 , a < x < b

where

(1.3) L [φ] =

½
d

dx

µ
p (x)

dφ

dx

¶
− q (x)φ

¾
.

for some known functions p (x) , q (x) and r(x). As usual, the ODE is augmented at
each of the two ends of the solution interval by a boundary condition appropriate
for the phenomenon being modeled by the PDE. Each of these may be a Dirichlet,
Neumann, or mixed condition. In case where these conditions are homogeneous,
they correspond to special cases of the following general mixed boundary condition

(1.4) αcφ(c) + βcφ
0(c) = 0

where c is an end point (a or b).

Definition 9. The eigenvalue problem for the second order self-adjoint ODE
(1.2) with λ2 as the eigenvalue parameter, together with one condition of the form
(1.4) at each end of the solution interval (a, b), is known as a Sturm-Liouville (S-L)
problem.

Definition 10. A Sturm-Liouville problem is regular if p (x) > 0, r (x) > 0
and q (x) ≥ 0 are continuous functions and p (x) is also differentiable in (a, b).

1.1. Some Facts on Regular S-L Problems. While an exact solution of
the ODE (1.2) is generally not possible, we can nevertheless establish many im-
portant properties for the eigen-pairs of Sturm-Liouville problems. Three of these
properties known to be very useful in applications are presently established in this
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section for reglar S-L problems with a homogeneous Dirichlet condition at both
ends:

(1.5) φ (a) = 0, φ (b) = 0.

It should be evident that many of the results obtained continue to hold if either
Dirichlet end condition is replaced by a homogeneous Neumann condition. Some-
what less obvious is the validity of the results for homogeneous mixed end conditions
(1.4) as well.

Theorem 5. If λ2 is an eigenvalue of a regular S-L problem (with Dirichlet
condition (??)), it must be simple, i.e., there is only one eigenfunction (up to a
multiplicative factor) for the eigenvalue.

Proof. Suppose there are two eigenfunction φ(1) (x) and φ(2) (x) for the eigen-
value λ2 with

(1.6) L
h
φ(i) (x)

i
≡ L

h
φ(i) (x)

i
+ λ2r (x)φ(i) (x) = 0, (i = 1, 2).

Consider the bilinear form

(1.7) B
h
φ(1), φ(2)

i
= φ(2)L

h
φ(1) (x)

i
− φ(1)L

h
φ(2) (x)

i
= 0.

After some cancellation, we have

(1.8) B
h
φ(1), φ(2)

i
=

d

dx
[pW (x)] = 0,

where

(1.9) W (x) = φ(2)
h
φ(1)

i0
− φ(1)

h
φ(2)

i0
.

It follows from (1.8) that
p(x)W (x) = C0.

Given φ(i)(a) = 0, i = 1, 2, we have W (a) = 0 so that C0 = 0 and therewith

(1.10) W (x) = φ(2)
h
φ(1)

i0
− φ(1)

h
φ(2)

i0
= 0

keeping in mind that p(x) > 0.
Now, (1.10) may be re-arranged ash

φ(1)
i0

φ(1)
=

h
φ(2)

i0
φ(2)

or
φ(2) (x) = c0φ

(1) (x) .

¤

Corollary 2. Theorem 5 holds if the homogeneous Dirichlet condition (1.5)
at an end point is replaced by a mixed condition (1.4).

Proof. (exercise) ¤

Theorem 6. If λ2 is an eigenvalue of a regular Sturm-Liouville problem (with
Dirichlet condition (??)), it must be real.
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Proof. Suppose that there is a complex eigenvalue λ2 = Λ with ϕ (x) the asso-
ciated eigenfunction. Then their complex conjugates Λ∗ and ϕ∗ (x) also constitute
an eigen-pair. By the bilinear relation (1.7), we have

(Λ− Λ∗)
Z b

a

r (x)ϕ (x)ϕ∗ (x) dx =

Z b

a

{ϕ∗L [ϕ]− ϕL [ϕ∗]} dx

=

Z b

a

n
ϕ∗ (pϕ0)

0 − ϕ
¡
p [ϕ∗]0

¢0o
dx

=
£
ϕ∗ (pϕ0)− ϕ

¡
p [ϕ∗]0

¢¤b
a
= 0.

where we have made use of the homogeneous Dirichlet condition (1.5) in the last
step. Since ϕ (x)ϕ∗ (x) = |ϕ (x)|2 > 0 and r(x) > 0, we must have Λ∗ = Λ so that
λ2 must be real. ¤

Corollary 3. Theorem 6 holds if the homogeneous Dirichlet condition (1.5)
at an end point is replaced by a mixed condition (1.4).

Proof. (exercise) ¤

Theorem 7. The eigenfunctions for two different eigenvalues of a regular S-L
problem are orthogonal relative to the weight function r (x), i.e.,

(1.11)
Z b

a

r (x)ϕm (x)ϕn (x) dx = 0 (λm 6= λn)

Proof. (The proof is left as an exercise since it is similar to that for the one
dimensional heat conduction problem.) ¤

2. The Rayleigh Quotient

3. Variational Formulation

In addition to the three properties above, we can also prove that not only the
eigenvalues of a regular S-L problem are real; they must also be non-negative. For
that we need to introduce a quantity called the Rayleigh Quotient for the problem.

Definition 11. The Rayleigh Quotient of a regular Sturm-Liouville problem
is the ratio

(3.1) R[u] =

R b
a
p(x) [u0]2 dx+

R b
a
q(x) [u]

2
dxR b

a
r(x) [u]

2
dx

≡ N [u]

D[u]
.

where p, q and r are the coefficients of the ODE (1.2).

As we know from Section 2.2, a function u(x) that satisfies the prescribed
boundary conditions (1.5) generally does not satisfy the differential equation (1.2)
for any value λ2 unless λ2 is an eigenvalue and u(x) is the corresponding eigenfunc-
tion.

Theorem 8. If {λ2, u(x)} is an eigen-pair for a regular Sturm-Liouville prob-
lem, then λ2 = R[u] ≥ 0.
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Proof. Multiply (1.2) by u(x) and integrate over (a, b). After integration by
parts and application of the boundary conditions (1.5), we obtain

λ2
Z b

a

r(x)u2dx−
Z b

a

p(x) [u0]
2
dx−

Z b

a

q(x)u2dx = 0.

Since r(x) > 0 and u(x) is an eigenfunction (which is not identically zero by defini-
tion), the relation above may be re-written as λ2 = R[u]. With p(x) > 0, r(x) > 0
and q(x) ≥ 0, we have R[u] ≥ 0 for any eigenfunction u(x), the corresponding
eigenvalue must be nonnegative. ¤

Remark 2. {λ0 = 0, u0(x) = 1} is an eigen-pair for the eigenvalue problem
u00 + λ2u = 0, u0(0) = u0(1) = 0. This is consistent with the relation λ2 = R[u]
since q(x) ≡ 0 for the given ODE.

Corollary 4. If the more restrictive homogeneous Dirichlet condition (1.5)
is prescribed at one end point, then λ2 = R[u] > 0 so that all eigenvalues of such
regular S-L problems are positive.

Proof. (exercise) ¤

The following proposition is another application of the calculus of variations
discussed in Math 227A.

Proposition 6. If û(x) is an extremal of R[u] and satisfies a Dirichlet condi-
tion (??) at both end points a and b, then û(x) is a solution of the Sturm-Liouville
problem (with Dirichlet condition (??)) for λ2 = N [u]/D[u].

Proof. With δR = (DδN −NδD)/D2 = (δN − λ2δD)/D where Lemma 8 is
used to set N/D = λ2, we obtain

δR =
2

J2

(Z b

a

p(x)û0δu0dx+

Z b

a

{q(x)− λ2r(x)}ûδudx
)

=
2

D
[p(x)û0δu]

b
x=a −

2

D

Z b

a

{(pû0)0 + (λ2r − q)û}δudx.

With û(a) and û(b) as prescribed by (1.5) in order for û(x) to be an admissible
comparison function, we have δu(a) = δu(b) = 0. The requirement δR = 0 for a
stationary value of R leads to the Euler DE

(pû0)0 + (λ2r − q)û = 0

which is the Sturm-Liouville ODE (1.2). ¤

For many Sturm-Liouville problem for which there is not an explicit exact solu-
tion, the Rayleigh Quotient formulation enables us to obtain accurate approximate
solution for the eigen-pairs. To illustrate, consider the simple eigenvalue problem

(3.2) u00 + λ2u = 0, u(0) = u(1) = 0.

The C2 comparison function u1(x) = x(1 − x) satisfies both end conditions for u.
The corresponding R[u1] is

R[u1] =

R 1
0
(1− 2x)2dxR 1

0
x2(1− x)2dx

= 10
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(and there is no freedom in u1(x) for possible extremization). The result is very
close to the exact solution λ21 = π2 (= 9.8696...). If we try to improve on the
approximation by taking u2 = u1 + cx2(1− x), then we have

R[u2] =

R 1
0
[1− 2x+ cx(2− 3x)]2dxR 1

0
[x(1− x) + cx2(1− x)]2dx

=

¡
5 + 5c+ 2c2

¢
/15

(7 + 7c+ 2c2)/210
=
14
¡
5 + 5c+ 2c2

¢
7 + 7c+ 2c2

= R(c).

For a stationary value of R, we require dR(c)/dc = 4c(2 + c)/(7 + 7c + 2c2)2,
R(c) attains its stationary value at c = 0 and at c = −2, with R(0) = 10 as the
minimum again, this time relative to the the larger class of admissible comparison
functions. (R(−2) = 42 is a maximum and, by the theory to be developed, is
not relevant in estimating the smallest eigenvalue.) If we use a more symmetric
function ũ2 = u1 + cx2(1− x)2, the minimum R[ũ2] would be 9.8697496... which is
accurate to 0.001%!

4. A Discrete Spectrum of Eigenvalues

In all the theorems established in the previous subsections, we had to assume
that one or more eigen-pairs exist. While they do exist for the eigenvalue problem
associated with ithe Fourier series solution for the heat conduction problem, we
have yet to prove that they exist for a general regular S-L problem. The following
theorem on the existence of an infinite sequence of eigenvalues can in fact be proved:

Theorem 9. For a regular Sturm-Liouville problem with the Dirichlet end con-
ditions (1.5), there exists an infinite sequence of positive simple eigenvalues

©
λ2m
ª

that can be ordered as 0 < λ21 < λ22 < λ23 < . . . . with the sequence increasing without
bound.

While we will not prove the theorem here, it should be noted that we have
already proved in the previous section the simplicity and positiveness of the eigen-
values (since Theorem 9 is for the restricted regular S-L problem with at least one
Dirichlet conditions at an end). Hence, the eigenvalues, if they exist, should form
an increasing sequence. It remains to prove that there exists a countably infinite
number of eigenvalues and that λ2n tends to ∞ as n→∞. The most difficult part
of proof is proving the existence of at least one eigen-pair. This is accomplished
by proving that there exists a minimizer for R[u]. (For a proof of this fact, see
Chapter 12 of [28].)

We can (but will not) prove also that an extremal u(x) of R[u] actually mini-
imizes R[u] and R[u1] corresponds to the minimum eigenvalue λ21. We state this
as the following theorem:

Theorem 10. The smallest eigenvalue λ21 is the minimum value of R[u] over
all admissible C2 comparison functions u(x).

Having found an approximate solution for the smallest eigenvalue with the help
of the Rayleigh Quotient, the key to finding the other eigenvalues approximately
is the orthogonality condition of Theorem 7, requiring two different eigenfunctions
for the general Sturm-Liouville problem to satisfy (1.11). With this requirement,
we can state (without proof) the following theorem which can be used to determine
(usually approximately) the second eigenvalue:
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Proposition 7. The second eigenvalue is determined by minimizing the func-
tional R[u] subject to the admissible comparison functions that are orthogonal to
the first eigenfunction.

Proof. (omitted) ¤
To illustrate this solution process, we can consider again the simple Sturm-

Liouville Problem (3.2). Let u1(x) be the exact eigenfunction sin(πx) and take
u2(x) = x(1−x)(c−x). To get the second eigenvalue λ22 by R[u2], we need to have
u2 orthogonal to u1:Z 1

0

u2(x)u1(x)dx =

Z 1

0

x(1− x)(c− x) sin(πx)dx = 0

or

c

Z 1

0

x(1− x) sin(πx)dx =

Z 1

0

x2(1− x) sin(πx)dx

which determines an appropriate constant c = c∗. The corresponding approximate
value for λ22 is then given by R[u

∗
2].

As we have seen previously, an eigenfunction is determined up to a multiplica-
tive factor. It is sometime convenient to choose the available constant to normalize
the associated eigenfunction by

(4.1) C[u] =

Z b

a

r(x)u2dx = 1.

In that case, R[u] becomes

(4.2) J1[u] =

Z b

a

n
p(x) [u0]

2
+ q(x)u2

o
dx

with the u(x) normalized as in (4.1). If (4.1) is suppressed, the Euler DE of J1[u]
as given in (4.2) generally has only one extremal: û(x) = 0. This can be seen from
cases when p(x) = p0 > 0 and q(x) = q0 > 0. To account for the constraint (4.1),
we may use the method of Lagrange multipliers (as in Part 3 of the course notes
for Math 227A) by working with the modified performance index

I[u] = J1[u] + λ2{1− C[u]}

=

Z b

a

n
p(x) [u0]

2
+
£
q(x)− λ2r(x)

¤
u2
o
dx+ λ2

with δI[u] = 0 leading to (1.2) as the Euler DE. In this approach, the eigenvalue
corresponds to the Lagrange multiplier which together with the extremal û(x) ren-
ders the performance index J1[u]− λ2C[u] stationary.
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