
Alternating Groups and lift invariants
3 PM, April 21, 2015: Mike Fried, Emeritus UC Irvine [conn-comp]

Start with computing Geometric Monodromy of moduli space
covers using the (G ,C) collection cover, Gcol.
Given a braid orbit O on Ni(G ,C) ∃ minimal Gcol,O → G
satisfying these properties:

1 All classes of C lift uniquely:
2 One cover in Ni(Gcol,O ,C) maps to all covers in O over zzz0.
3 Monodromy Automorphism: Each q ∈ Hr acts as an

automorphism Aq ∈ Aut(Gcol,O) on {ggg ∈ O}.
Geometric Monodromy of ΦG ,C is {Aq | q ∈ Hr}/Gcol,O .

Example: Collection cover for (Dp,C34) is

Gcol,p = (Z/p)2 ×sZ/2 : GL2(Z/p) preserves Nielsen classes.
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Geometricmonodromy of H̄(Dp,C24)abs,rd→P1
j

Genus of deg p2 covers in Niabs =Ni(Gcol,C24)/GL2(Z/p) :

gp : 2(p2 + gp − 1) = 4(p2 − 1)/2 or gp = 0.

Geometric monodromy of H̄(Gcol,p,C24)in,rd → P1
j : Check

automorphism action, Aq of braids. With 〈vvv2,vvv3〉 = (Z/p)2,
what do these braids do to M(vvv2,vvv3)?:∗0
Nielsen classes for Gcol.p by substituting vvv s in (Z/p)2 for b s:

M(vvv2,vvv3)
def
= (
( −1 0

0 1

)
,
( −1 vvv2

0 1

)
,
( −1 vvv3

0 1

)
,
( −1 vvv4

0 1

)
)

〈vvv2,vvv3〉 = (Z/p)2,vvv4 = vvv3 − vvv2.
∗1

Aq2 : (
( −1 0

0 1

)
,
( −1 2vvv2−vvv3

0 1

)
,
( −1 vvv2

0 1

)
,
( −1 vvv3−vvv2

0 1

)
)).

Ash : ((
( −1 0

0 1

)
,
( −1 vvv3−vvv2

0 1

)
,
( −1 vvv3−2vvv2

0 1

)
,
( −1 vvv2

0 1

)
)).
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Components of H(Gcol,p,C24)in,rd = X (p) minus cusps

Find Aq2 =
( 2 −1

1 0

)
,Ash =

( −1 1
−2 1

)
:〈Ash,Aq2〉=SL2(Z/p).

Conjugate M(vvv2,vvv3) by
( −1 0

0 1

)
to get M(−vvv2,−vvv3).

!Geometricmonodromy ofH(Gp,C24)in,rd→P1
j :SL2(Z/p)/〈±1〉.

Conclude: H(Gp,C24)in,rd has (p − 1) components
given by unbraidable outer automorphisms.
These components are conjugate over Q(ζp).
Traditional interpretation is the Weil pairing; Another
interpretation comes with Hurwitz spaces.∗2
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Inner vs Absolute spaces

K , L,K ′, K̂ , . . . , number fields; X a variety, X (K ) are K points.
Inner spaces: Equivalence Galois covers (X , ψ) with group G .
ψ : Aut(X → P1

z) ≡ G mod inner automorphism.

Thm (Fried-Voelklein 1991)

Natural map Ψin,abs : H(G ,C)in → H(G ,C)abs.
Restrict to component H′ ≤ H(G ,C)in gives Galois cover:

H′ → H′′ group ≤ NSn(G )/G .∗3

ppp ∈ H′′(K )↔Wppp → P1
z has geometric (resp. arithmetic)

monodromy G (resp. G ar, G ar/G ≤ Aut(H′ → H′′)):
a (G ar,G ) realization.∗4

Alternating Groups and Lift Invariants 3 PM, April 21, 2015: Mike Fried, Emeritus UC Irvine [conn-comp]



CM and GL2 fibers

CM: fppp a solution of Prob1 over K ↔ ppp ∈ Habs(Dp,C24)(K ).
But not a (Dp,Dp) (or involution) realization over K .∗4

H(Gcol,p,C24)(K )abs = Uj = P1
j \ {∞}

Arithmetic monodromy of
H(Gcol,p,C24)in → H(Gcol,p,C24)abs

over Q is GL2(Z/p)/〈±1〉.

GL2: fppp a solution of Prob2 over K ↔ ppp ∈ Uj(K )
an (Mp,Gp) realization with 〈Mp,Gp〉 ≤ Sp2 primitive
(Mp irreducible on (Z/p)2).∗5,[Fr05, §6.3]
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Enriched Comments on CM and GL2 fibers

CM ↔ complex quadratic j-invariant. Minimal fields over
which an elliptic curve can have a degree p isogeny.∗6
ppp ∈ H(Dpk+1 ,C22u)in(K )↔ pk+1 cyclotomic points on
Hyperelliptic Jacobians: involution realization of pk+1.
None known beyond pk+1 = 7 (requires r ≥ 6).[DFr94, §5]

Exceptional (f ,K ), f indecomposable rational function:
1 f cyclic, Chebychev, Redei, CM;
2 GL2 ↔ ∃M ∈ Mp/Gp with 〈M,Gp〉 primitive ↔ f

exceptional.∗7,[Fr05,Prop. 6.6] (equivalence for degree p2 as
solutions for Prob1 and Prob2); or

3 deg(f ) ≤ N ′, an explicit integer.[GMS03]

Exceptional primes for exceptional (f ,K ): Euler (F∗q cyclic)
=⇒ in union of arithmetic progressions,

except for the GL2 case.∗8,[Fr05, §6.3]
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Schur multipliers and Lift Invariants

Denote the conjugacy class of g ∈ G by Cg = CG ,g .

Frattini cover G ∗ → G : Group cover with restriction to any
proper subgroup of G ∗ not a cover.
Schur-Zassenhaus: If g ∈ G and (|g |, | ker(G ∗/G )|) = 1, then
Cg lifts uniquely to Cĝ , ĝ ∈ G ∗ 7→ g ∈ G with |g | = |ĝ |.
Central Frattini extension: ψ : R → G : ker(R → G ) is a
quotient of the Schur multiplier, SMG , of G .
Representation cover if ker(R → G ) = SMg .
Lift invariant if C is |SMG |′ : ∗9 For ggg ∈ H(G ,C),

sR/G (ggg) =
r∏

i=1

ĝi ∈ ker(R/G ).
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Special case: R/G is Spinn/An

Spin+n : (unique) nonsplit degree 2 cover of

O+
n = ker(Det : On → R).

Regard Sn < On (orthogonal group); An < O+
n .

Spinn: Pullback of An to Spin+n : ker(Spinn → An) = {±1}.∗10

g ∈ Sn with |g | odd, then g ∈ An. Our case:

C is |Spinn/An|′ = 2′: C has only odd order elements.
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A Formula for the Spin-Lift Invariant

For odd order g ∈ An, let w(g) be the number disjoint cycles
of length l in g with l2−1

8 ≡ 1 mod 2.

Thm (Fried-Serre)

If φ : W → P1
z in Ni(An,C3n−1)abs (deg(φ) = n and gggW = 0),

then sSpinn/An
(φ) = (−1)n−1.

For ggg = (g1, . . . , gr ) ∈ Ni(G ,C), genus 0 Nielsen class, C is 2’:

sSpinn/An
(ggg) = (−1)

∑r
i=1 w(gi ).∗11,[Ser90a] ,[Fr10, Cor. 2.3]
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Meaning of Spin lift invariant

For φ : W → P1
z , deg(φ) = n and odd order branching ;

φ̂ : Ŵ → P1
z its geometric Galois closure. Then:

sSpinn/An
(φ) = 1 =⇒ ∃µ : Y → Ŵ unramified :

φ ◦ µ is Galois with group Spinn.

Exercise: Genus 0 assumption doesn’t apply to
ggg1 = ((1 2 3)(3), (1 4 5)(3)), or to
ggg2 = ((1 2 3)(3), (1 3 4), (1 4 5), (1 5 3)),
Yet, easily compute s(ggg1) = 1, s(ggg2) = −1.
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Constellation of spaces H(An,C3r )
∗, *=abs/in

⊕ (resp. 	) for a component ↔ lift inv. +1 (resp. -1).

g≥1 → 	⊕ 	⊕ . . . 	⊕ 	⊕ ←1≤g ,[Fr10,Th.1.3]

g=0 → 	 ⊕ . . . 	 ⊕ ←0=g ,[Fr10,Th.1.2]

n ≥ 4 n = 4 n = 5 . . . n even n odd 4 ≤ n

1 The lift invariant is a braid invariant.
2 H(An,C3r )in → H(An,C3r )abs, degree 2, both irreducible.∗12a

3 n = 4: C±32 = C34 , two each of classes of (1 2 3) and (3 2 1).
4 Ni(A4,C±32) contains ggg4,+= ((1 3 4), (1 4 3), (1 2 3), (1 3 2))

(H-M rep. ∗12b) and ggg4,−= ((1 2 3), (1 3 4), (1 2 4), (1 2 4)).
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