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1. The road to Projective Geometry

We compared how to say Euclidean geometry so it parallelled Projective Geom-
etry. The operation of forming a perspective from a point in the plane or in 3-space
arose to represent perspective in renaissance paintings.

(1.1a) Euclidean geometry: What happens to objects under operations rotation
and translation. These operations would change a ruler with markings
on it, but leave it recognizable as the same ruler with the same markings.

(1.1b) Perspective from a point: Using the perspective point P takes a string of
points on it, to any other line with corresponding points on it. Distances
between points changes, but the relation between points does not.

(1.1c) Projective geometry: What is preserved and what is not by composing
perspectives, in R2 or R3, . . . .

Comment on (1.1a): As Matt suggested in class, by composing rotations and
translations we get a group, the topic of Chaps. 19 and 23, with applications of
many kinds in the chapters in between. This is called the Galilean group, which
comes up in the book, but isn’t mentioned as such. The key to groups is that you
get operations that can be composed, and that can be undone (or inverted).

Comments on (1.1b): In Renaissance time the idea was to make a new plane
(that could be represented in a picture) that had new points at ∞ on its boundary
(the horizon). The new points were at first only used there to add a point at ∞,
so that we could say that any two lines meet at a point, even if they are parallel.

We saw in class that any 3 points on a line are projectively related to any other
3 points on a line by a composition of two perspectives.

Comments on (1.1c): Example: A composition of perspectives sends four points
on a line to another four points on another line. Now, however, the image four
points aren’t any arbitrary 4 points on a line; they will have the same cross-ratio
(a function of ratios of distances between the 4 point) as the first 4 points.

Projective geometry, though, wants to consider what happens to all the other
kinds of figures given by equations in the plane, under compositions of perspectives.

2. A reason for Projective Geometry

§1 Comments on (1.1b) were about adding points at ∞. Here we add points in
another way, to consider more easily what happens to objects beyond lines (like
conic sections) if we use perspectives on them. Especially if we add a point at

1



2 M. FRIED

infinity to them. Then, sometimes two things we thought were different turn out
(after adding those points) to be what we would consider to be the same.

Stillwell uses the plane in 3-space given as PPP−1 = {(x, y, z) | z = −1 as a copy of

the usual plane R2. We will find it better to use PPP 1
def
= PPP z=1 where z = 1. Then:

(2.1a) Points in our new geometry are lines through the origin (0, 0, 0) = 000. If
the line is not parallel to PPP z=1, then it hits PPP z=1 at what we used to
consider a point on R2, with coordinates (x, y, 1).

(2.1b) A line parallel to PPP z=1 represents ta point at ∞ on the horizon in §1.
(2.1c) We can now write an equation for figures we know about, that also

includes the new points at ∞.

Comment on (2.1a):Lines in our new geometry are planes through 000. If the planes
are not parallel to PPP z=1, they meet PPP z=1 in what we consider one of our old lines.
Only one plane through 000 is parallel to PPP z=1. That is the (x, y)-plane (the plane
of z = 0). In our new picture, that is a line of points represented by

{(1, y, 0) | y ∈ R} ∪ {(0, 1, 0} = L∞.

Comment on (2.1b): Lines through 000 parallel to PPP z=1 hits L∞ at one point.

Comment on (2.1c): The major advantage: For a figure in the plane described by

C = {(x, y) | F (x, y) = 0}, it replaces F by
f(x, y, z) = 0 = zd(F (x/z, y/z) with d the total degree of F .

The book does one example which I will also discuss in class. It shows why
projectively all conic sections are the same from a projective viewpoint. The idea
includes that instead of taking PPP z=1 as our usual plane, we try with the same
equation the plane PPP y=1. We will discuss whether this is convincing that all conic
sections are actually the same.

A project team should use equations to answer Problem 8.4.1 (p. 140). If you
take a sphere around 000 as your model of the projective plane, instead of, say, z = 1
(as in §8.5), then the different planes used above appear naturally.

A confusing point is that you then must identify antipodal points. Then, a
plane through 000 hits the sphere at a great circle, which then represents a line on
this model of the projective plane.

Using this sphere model, consider Probs. 8.5.1 and 8.5.2 (p. 143) as to why in
this model all lines in a family of parallels have the same point at ∞ and any two
lines meet at a point.

Finally, consider Newton’s Theorem classifying cubics

{(x, y) | Ax3 + Bx2 + Cx + D} into 72 types.

Projectively these reduce to three types (p. 140). Discuss these types, and why this
was an improvement. That topic makes something out of the value of using points
at∞. Yet, it is adding complex points that changes our whole view of mathematics.
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