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1. Simplying the Euclidean Algorithm

The Euclidean Algorithm for polynomials, P (y) and Q(y), finds

(1.1) gcd(P,Q) = M(y)P (y) + N(y)Q(y), for polynomials M and N .

Why can we assume deg(M) < deg(Q) and deg(N) < deg(P )? Two hints.

(1.2a) Unless P (y)|Q(y) or Q(y)|P (y), we have

deg(gcd(P,Q) < min(deg(P ),deg(Q)) and deg(M · P ) = deg(N ·Q).

(1.2b) Suppose deg(M) ≥ deg(Q). Then M = uM (y)Q + rM (y) with

deg(rM (y)) < deg(Q). Rewrite (1.1) as gcd(P,Q) =
(uM (y)Q + rM (y))P (y) + N(y)Q(y) = rM (y)P + (uM (y)P (y) + N(y))Q(y).

(1.2c) From (1.2a):

deg(rM (y)) < deg(Q) and deg(uM (y)P (y) + N(y)) < deg(P ).

2. The case of a quadric

A case of the Euclidean algorithm for polynomials considers counting with mul-
tiplicity when a polynomial has multiple zeros. Here is a case we did in class.

P (y) = p0y
2 + p1y + p2; and Q(y) = 2p0y + p1.

Suppose P and Q have no common zeros – that is P has no repeated zeros. Try
to find M(y) = m0 and N(y) = n0y + n1 such that M(y)P (y) + N(y)Q(y) has
only the constant term. Do this by figuring out what would be the coefficients of
y2, y1, y0 in the result. Write out

(m0)(p0y
2 + p1y + p2) + (n0y + n1)(2p0y + p1) =

(m0p0 + n02p0)y2 + (m0p1 + n0p1 + n12p0)y + (m0p2 + n1p1).

Unknowns: What values of (m0, n0, n1) make this expression a constant? Write
this in linear equation notation:(p0 2p0 0

p1 p1 2p0
p2 0 p1

)(m0

n0

n1

)
=

( 0
0

m0p2 + n1p1

)
.
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As it stands it doesn’t look like the equation on p. 150. If we apply transpose to
both sides of the equation, we get instead the matrix

Mppp =

(
p0 p1 p2
2p0 p1 0
0 2p0 p1

)
applied on the right of (m0 n0 n1) gives (0 0 m0p2 + n1p1). That does give
a special case of the equation on p. 150.

In class we showed the Det(Mppp) = r(p0, p1, p2) is p0(p21 − 4p0p2). That is the
resultant in this case. Cramer’s rule (linear algebra) says Mppp times another matrix
M∗

ppp is r(p0, p1, p2)I3, where I3 is the 3 × 3 identity matrix. if that is not 0, then
you may uniquely solve for m0, n0, n1 by taking the entries of M∗

ppp multiplied by
1

r(p0,p1,p2)
as the inverse of Mppp.

3. Setting up notation to count intersections

We need general notation for a polynomials in y of degree m and n:

P (y) = a0y
m + a1y

m−1 + · · · am−1y + am; and
Q(y) = b0y

n + b1y
n−1 + · · · bn−1y + bn

How would you imitate the case above, to get the matrix on p. 150 to construct
polynomials M,N that gives gcd(P,Q)?

Now assume the cofficients of P and Q are polynomials in x, and when you
homoginize P and Q you get p(x, y, z) and q(x, y, z with coefficients ai s and bi s
that are homogenous of degree m−i (resp. n−i) in (x, z). (Also that p and q have
no common factor in (x, y, z).) Parallel the above for the analog of the matrix Maaa,bbb

and of r(aaa,bbb) = r(aaa,bbb;x, z) = R(x, z), and how that gives the resultant.

Discuss problem 8.7.5 (p. 150) to show Det(Maaa,bbb) is homogeneous in the 2 vari-
ables (x, z) (of degree m · n).

Stillwell does not even try to say why the zeros of R(x/z, 1), and their multiplic-
ities, count the points of multiplicity of intersections of the curves

{(x, y, z)|p(x, y, z) = 0} and {(x, y, z)|q(x, y, z) = 0} in projective space.

§2 gives a hint of this. Another project will look at Newton’s fractional power
series and see what that tells us.
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