
MATH 4820/5820-3: 8TH–12TH WEEK SYLLABUS

2:00 – 2:50 MWF ECCR 139

PARTS OF CHAPS. 10, 11 AND 14, AS A GROUP, PARTS OF

15, 19 AND 22, THEN PARTS OF 21 AND 24: THE GEOMETRY

OF COMPLEX SOLUTIONS, AND FINDING RATIONAL

SOLUTIONS AMONG THOSE
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1. Rational functions and joining the end of Syllabus Part 2

§10.5 takes up the topic of fractional power series solutions of P (x, y) = 0. We
start with the special case P (y)− x where

P (y) = ym + a1y
m−1 + · · ·+ am

with the ai s in Q. This is a different kind of solution, than given by radicals. Still,
we can always do it. From it we get the notion of the genus of an (irreducible) curve
defined by a homogeneous polynomial p(x, y, z). Stillwell does not define genus,
but uses it in special cases. This requires finishing the Fundamental Theorem of
Algebra, §14.6.

§11.6 discusses rational points when deg(p) = 3 and the curve has genus 1. There
is a lot of history here that simplifies the big picture. Stillwell mentions Andrey
Weil, but not the big Theorem of Weil’s 1921 thesis. Exercises 11.6.1, 11.6.2 show a
cubic that is not of genus 0. It therefore could not have its solutions parametrized
as Diophantus did for conics.

2. Equations and their groups

In Chap. 15 we will get the full notion of genus for a homogeneous polynomial in
projective 2-space, CP2. It is due to Riemann, who died in 1866, but whose work
was as profoundly influenced by Gauss as was anyone’s. (The famous Riemann
Hypothesis a tiny part of it.) For example, a profound fact is that if an equation
has genus 0 then a transformation of its coordinates puts in the form of

{(x, y) | P (y)− x = 0} with P (y) a rational function.

Yet, Stillwell says that he is certain that whatever it was that Galois did was likely
superceded by Riemann (p. 413). For good reason I doubt that.

We must return some to primes, but for polynomials rather than integers, and
that allows us to write a formula for the genus. It also allows us to say something
about what Galois did when he defined the group of an equation. Stillwell flirts
with this but not successfully.

Using irreducible polynomials make sense for several reasons.
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(2.1a) If P (y) = P1(y)P2(y), then the zeros of P (y) are the union of those for
P1 and P2, but you might as well treat them separately.

(2.1b) A P (y) irreducible over Q, say, defines a field extension of Q. In field
extensions that you can calculate with the roots of P (y).

(2.1c) If P (x, y) is a polynomial in x and y, we define its genus only if P is
irreducible.

Chap. 22 introduces Riemann surfaces as topological spaces, and with this says
more about the genus. Especially it brings up the Fundamental group of a topo-
logical space. To the best of my ability I am avoiding this chapter because the
topics are treated too superficially, giving little to latch onto. Instead we will define
Galois’ group of an equation which allowed Galois to state his theorem on when an
equation can be solved in radicals §19.5. This is where we use the fields that arise
from irreducible polyonomials.

3. The effect of groups in creating areas

With that, there are many ways to go. One is the pure study of finite (simple
especially) groups, and their infinite analogs called Lie Groups. I will do one topic
that ties to our previous topics – groups of Linear Fractional Transformations §19.8
– on groups, since this example is related to projective geometry, rational functions,
and modular equations which are the main topic of the solution of Fermat’s Last
Theorem. Indeed, with some exception, modern people who know something about
groups and modular equations are rare.

Group theory first seriously took off after Galois with the study of Algebraic
Number Theory (Chap. 21), which takes equations like Pell’s and turns their solu-
tions into a big machine. The deepest part of the study of algebraic number fields –
and their ring of integers – is classifying those for which the Fundamental Theorem
of Arithmetic holds. It was once hoped that this was a road to the solution of
Fermat’s Last Theorem. Another big study there was the description of abelian
extensions of a number field. Since we have the idea of the group of an equation,
we can state the result of Kronecker and Weber (see p. 457), which ties together the
collection of numbers {e2πik/n, 0 ≤ k ≤ n−1 | n ≥ 1} and the abelian extensions of
the rationals. For 100 years it has been a big industry extending these results, and
again modular equations are at the center.

On the topics above, I feel sufficiently expert. On the last topic, Chap. 24,
Gödel’s Incompleteness Theorem and the impossibility of deciding for all equations
whether or not they have a solution, I am not. Still, we can relate the meaning of
being unable to solve equations in radicals and this latter problem, and consider
what are some problems that modern mathematicians face. For example, there is
an unsolved problem as to whether, if p(x, y) is irreducible, p(x, y) = 0 has many
solutions in the numbers you get from adjoining all radicals to Q.

When we have approached finishing these topics we will be able to start the
projects. I said at the beginning of the semester that I would suggest six projects
and let you choose from them. At this time we will be doing just that.
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