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1. USE A MATRIX IN ROW REDUCED FORM. 20 pts

5 pts: Suppose A; : R’ — R? is a linear transformation. Show it cannot
have null space

N = {@ € R® | u; = 3ug and uz = uy = us}.

Ans: If Ay exists then its range is spanned by < 2 linearly independent
vectors, so its null space is spanned by > 5 — 2 = 3 linearly independent
vectors. Here though the nullspace is

{Ugﬁl + U5’l72 | (UQ,1L5) € RQ},

witha;=(3 1 0 0 0)  andd=(0 0 1 1 1)

7 pts: Give a linear transformation A, : R> — R3 that has the null
space N of (1.a).

Ans: Use an A, in row reduced form.

-3 -1
AQ = (€1|&2|€2|€3|&5) 5 with (,_1:2 = 0 and 6:5 = -1
0 -1

8 pts: Use your answer in (1.b) to give a description of all matrices
A : R = R3 that have null space N.

Ans: Row reduction of a 3 x5 matrix A is affected by multiplying on the
left by 3 x 3 invertible matrices. That doesn’t change the null space, just
the range. The collection of matrices A with IV as null space consists of

{DpA3 | Dy, is a 3 x 3 invertible matrix}.

2. RELATING TWO BASES OF A VECTOR SPACE. 20 pts

Denote the vector space of polynomials of degree at most 3 by

2 3
Py ={ao + a1z + asx® + a3z’ | ag, a1, az,a3 € R}.

Consider the function T : Py — P4 by

fE'P4I—>JJﬁ—f.
dx
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(2.a) 5 pts: Find the matrix A; of T' with respect to the basis
{1,z,2% 23} of Py.

Ans: Compute: T(2°) = —2°,T(2}) =2 — 2 = 0,T(2?) = 22% — 22 =
22, T(23) = 323 — 2% = 223, So, if we take ¥; = 2'~1, then the matrix
that expresses the affect of T' on these vectors is

-1 0 0 0

def 0 000
A = A:,‘,‘171';‘2,173,’l74 = 0 0O 1 0
0O 0 0 2

(2.b) 8 pts: What is the matrix As of T with respect to the basis
{Lz —1,(x — 1), (x — 1)} of Py?

Ans: Compute:
T((@ = 1)%) = —(z — DO, T((w = 1)") =2 — (& — 1) = (x — 1)",
T((z—-1)?*)=22(z—-1)—(z-1)2?=(z—-1)2+2(z - 1),
T((x—1)3) =32z —1)? - (x—1)3=2(x - 1)> + 3(z — 1)~
So, if we take w; = (x — 1)*~1, then the matrix that expresses the affect
of T on these vectors is

-1 1 0 0

def 0 0 20
A2 = Ai @risis = | o o 1 3
0 0 0 2

(2.c) 7 pts: Describe the range and null space of A;.
Ans: T was trying to get you to see that Ay is a diagonal matrix. Also,
it is easy to describe the range and null space of a diagonal matrix.
The range of A; is the span of ¥1,vs3,9,, correspond to the 1st, 3rd
and 4th columns:

Range(A) = {ag + agz? + azz® | ag, az, a3 € R}.
The null space of A; consists of the span of ¥s:
Null(A) = {a1z | a1 € R}.



