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The main result of this paper is to give a generalisation of R&dei functions to functions 

of several indeterminutes and to establish a connection between these functions and 

the generalized Dickson polynomials. In the last section we determine the fixed points 

of Dickson polynomials of the second kind in one variable. 

1. Introduction 

In recent years considerable attention has been given to properties of Dickson polyno- 
mials and Redei functions and their applications in cryptology, see for example [7], 
[8], [I  I], [12], [13]. In this paper we describe some properties of Dickson polynomi- 
als of the first and second kind in one variable, and of Redei functions. Our aim is to 
consider extensions to several variables. By now the literature on these polynomials 
and functions is quite extensive and ranges over a period of some eighty years, see [7], 
p. 382 and p. 387 for some references. 

Let To denote the finite field with q elements. The Dickson polynomials gk(x,b) of the 
first kind can be defined as the polynomials of degree k over 

Here the parameter b is an element in fq. 

If u is an element of an extension field of fq such that 

then the polynomials gk(x,b) can be defined by the equation 

by using Waring's formula [7] p. 355. 
In the case b =  1 the polynomials gk(x,l) are a linear transformation of the classical 
Chebyshev polynomial tk(x) of the first kind, since gk(x,l) =2tk(x/2). Therefore the 
Dickson polynomials are sometimes also referred to as Chebyshev polynomials. 

The Dickson polynomials of the second kind over fq are denoted by fk(x,b) and, are 
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defined by 

b 
or, for b# 1 and with x = u +  -, by the equation 

u 

If b = 1 and char Tq = p, then 

1 - 
f&J) = for u?tÂ± 1 

fk(2,1) = k+l mod p , 

The polynomials fk(x,l) are closely related to the classical Chebyshev polynomials of 
the second kind. 
The polynomials gk(x,b) and fk(x,b) satisfy the recurrence relations 

We note that for b = 0 we have gk(x,O) = fk(x,O) = xk. 

I. Schur [17] established a number of interesting arithmetic properties and relationships 
between the Dickson polynomials of the first and second kind. For example 

b 2 1  
From the definition follows the property fk(x,b)= "5. gk-2i(x,b). 

The Redei functions are rational functions which were introduced by L. Rkdei in [I61 
and were investigated more recently in [I], [61, [ I l l ,  [12], [13]. Let $- be of odd 
order and a be a nonsquare in Fq. then the numerator and denominator of the Redei 

rk(x) 
function Rk(x) = - for odd k are defined as polynomials over by the equation 

sk(4 

regarded as an equation in ~ f ~ ~ . y ] / ( ~ ~ - a ) ) [ x ] ,  where -^a denotes y. If (k,q+l)= 1 then 
the denominator sk(x) has no roots in fq,  see [12]. An explicit expression for rk and sk 
is of the form 



Carlitz [1] gives an alternative description of Rk(x) as follows : 

Our f i s t  goal is to establish a relationship between the Dickson polynoxnials and the 
Rkdei functions which is then also amenable to generalization to polynomials in 
several homogeneous variables. 

If char IFq # 2, then addition of (x+Glk = rk(x) + s k ( x ) G  and (x-Glk = rk(x) - s k ( x ) 6  
yields 

Proposition 1.1. 2rk(x) = &(zx, x2-a), Le. the numerator of the Rkdei function Rk 
equals hay the Dickson polynomial in the variable 2x with parameter b = x2-a (Carlitz 
[ I ]  and Lidl [4]). 

Every p o l y n o ~ a l  f(x) in Pq[x] and every rational function h(x) =- r(x) in Fq(x) with 
s(xj 

nonvanishhg deno*nator polynomial s(x) induce? on substitution, a gapping from Fq 
into itself, e.g. f :  a-+f(a) for all a ~ p  In the case that this mapping is a pemutation !- 
of Pq, the polynomial f(x) and the rahonal function h(x) are called permutation polyno- 
mial (p.p.) and pemutation function @.f.) of Fq, respectively. We summarise, which 
of the fickson polynomials and Rkdei functions induce pernutations of pq. 
Proposition 1.2. 

i. The Dicksop polynomial gk(x,b) over Fq is u p.p. of Fq if and only if ~ ~ ~ ~ - 1 )  = 1. 
(Nbauer  [14]). 

. . 
11. The Dickson polynomial fk(x,b) over Fq, q odd, is a p.p. 5 f F q  i f  k satis5es thefol- 

lowing system of congruences : 

1 
k + l = k 2  mod T(q-l) 

1 k+l =k2 mod -(q+l) 
2 

(Matthews [9]). 

iii. The Rsdei function Rk(x) over Fq is a pf. of Fq i f  a d  only if (k,q-1)= 1 in the 
cuse ~ E E  Fq, a d  (k,q+l) = 1 in the case 6 6  Fq. (Carlitz [ l ]  and Redei [la). 

2. Generalized Dickmn polynomials and RGdei functions 

In [82? Lidl and WeHs considered a generalization of the Dickson polynomials of the 
&-st kind, which they called (generalized) Chebyshev polynomials in n indeterminates 
of the finite field Fq. See also [7], p. 376. This section gives a slightly different gen- 
eralization of the Dickson p o l y n o ~ a l s  gk(x,b), based in part on the diagram in 
Fried 131, p. 576. This generalization will prove useful in extending the Rkdei 



functions to several variables. 

Let u =(u1, . . . , u&) be a vector of indeterminates and consider the polynomial 

Let o = ( o l ,  . . . ,on+l) be the vector of zeros of the polynomial r(z) over fq. We 
denote affine (n+l)-space with variables (wl, . . . , wk+1) = w by ,AF1. Then r(z) =0 
yields a natural map from into A:+' defined by o + u ,  where ui is the i* ele- 
mentary symmetric function in o1, . . . , o-,i. Instead of elementary symmetric func- 
tions in o l ,  . . . ,on+l we also consider elementary symmetric functions in 
olk, . . . , on+lk, for a given integer k, which can be expressed in terms of the 
u I ,  . . . , uw1. The following commutative diagram defines a polynomial mapping 
Twifc(u), which is a vector consisting of n+1 polynomials in ul, . . . ,un+~.  We call 
TMlk(u) a Dickson polynomial vector and its coordinates (generalized) Dickson poly- 
nomials. 

the ui are i* elementary sym- Here v maps (ai ,  . . . ,on+l) onto (ul, . . . ,un+& where , 
- - 

metric functions in o i ,  . . . , owl ; x is the k^ power map which maps (q, . . . , on+l) 
onto (alk, . . . , G ~ + ~ ~ )  ; p maps (oik, . . . , on+lk) onto the vector of elementary sym- 
metric functions in â , . . . ,on+lk, which by the fundamental theorem on elementary 
symmetric functions can be expressed in u1, . . . ,un+1. Therefore the mapping Tn+^ 
maps 

A connection between a sum of k*** powers and the elementary symmetric functions is 
given by Waring's formula, see [7], p. 30. 
Let ,AF1(Tq) denote the points of affine space in Tq. 

Lemma 2.1. The map T̂.\̂ is one-to-one on the points of if and only if 
(qs- l ,k)=l ,s=l ,  . . . ,n+l. 
Proof. The proof follows the corresponding approach in Fried [2], [3], p. 586, and in 
[8]. If e AS'@,) and if xOe A?@,) lies above it then there exists a z0 e ,A$lff'.) 

for some s between 1 and n+l which lies above YO. Under the assumption (qs-l,k)= 1 
then there exists a unique W~EAF'(^S!~~) above zO. Thus xO is uniquely determined as 
the image of wO. 

We note that we obtain the generalized Chebyshev polynomials in n variables as 
defined in [8] by taking u n + ~  = b in f q  and considering the map induced on the first n 



coordinates of to find the first n coordinates (i-e. polynomials ) of A s 1 .  Thus 
we obtain a map from An to An. 
If f ^  denotes projective 1-space with inhomogeneous coordinate cri and is the 
natural projective closure of A"', then we have the commutative diagram 

We next suggest a generalization of the Rkdei functions Rk(x) defined in section 1. 
Let 6 be a generator of Tqw1, for example let 6 be of the form "+6, where a is not a 
k^ power for any k dividing n+l,k#l. We define an (n+l)x(n+l) matrix A 

Let A denote the matrix which is obtained from A by raising each entry of A to the 
qth power. The notation A^ will indicate that each entry of A is raised to the k^ 
power. Then we define : 

Def. 2.2. A Redei function vector &(TI in n+l variables { T ~ ,  . . . , zWi) = T is defined 
by 

RO,~(T) = A - ~ ( A ~ ( ~ I  

If (k, q'"l-l) = 1 then is one-to-one on An+'(rq), since A is one-to-one on Tq& 
and so is the k power map. We note that Ry^ is define over Ifq, since 

--I - 
A (~x)̂  = A-~(AT)^ . 

In order to obtain a relationship between generalized Redei functions and generalized 
Dickson polynomials (of the first kind) similar to Proposition 1.1, we extend diagram 
(1) by adding a commutative square. 



Going along the top and bottom of the diagram establishes a relationship between 
Rank(%) and Tn+l,k(u), For the top line we obtain a function 

over IFq, where u, are the elementary symmetric functions in AT. An analogous func- 
tion for the bottom line generalises Proposition 1.1. 

It is perhaps instructive to consider the special case n=l as an example. 
Let @=& be a generator of pa%. Then the matrices d e h e d  above are 

Tiherefore, with T = (z1 ,z2) 

If we assume T ~ &  and jet X = T ~ / T ~ ,  then we can consider &,k(x,l), or Rk(x) for short, 
as inducing (permutation) maps from A' to A', instead of A' to A'. We can verify 
directly that & , k ( ~ )  is defined over rq. Note that 

x-l(Xq@) = A-~(A+ 

holds, since replacing T by A-'T yields 
( x A - l T p  = Z A - ~ ~ W  , 

But XA-~ is just a switch of coordinates. Going from homogeneous to inhomogeneous 
~ ~ r d i n a t e s  leads us to the definition of Rk(x) as stated just above Proposition 1.1. 
The denominator of the rational function Rk(x) is nonzero, since otherwise (&lk 
would be an element in pq+ 
The function H(T) : b2-+J,: has the following coordinates 

~ h i l a r l y  for the bottom line of diagram (21, the map is define by 



3. The Fixed Points of fk(x, 1) t 
In applications of the Dickson polynomials gk(x,b) and the Redei functions Rk(x) in 
cryptography it is important to know the number of fixed points of the mappings from 

into Tq which are induced by gk and Rk In [lo] and [12] R. Nftbauer determined 
the numbers of fixed points of such mappings. Here we give the number of fixed 
points of mappings induced by Dickson Polynomials fk(x,l) of the second kind of fq. 
We abbreviate fk(x,l) as fk(x) for convenience. A formula for the fixed points of 
fk: Fq-+Tq for odd q and for even q will be given at the end of this section. From the 
definition of fk(x) in section 1, we note that x=u+ul implies u2-xu+l = 0. The set of 
solutions of the q equations u2-xu+l = 0, for x e Fq7 is equal to u E $ ~ Z  such that 
u +u-I eFq. That is 

See W. N6bauer [14], or [7], p. 360. 
Let w be a primitive element of Fqz, 

MIr = MiW3 = {w<q-')Ir=1,2, . . . , q  but r . i f i } ,  2 

M i  = M9M3 = 1 r =  l,2, . . . , q-2 but r #-}, 
2 

Then M = M l ' u M < u M 3  and Mi&&' and M3 are disjoint. 
The definition of fdx) implies that fk(x) = x can be written as 

This leads to ( ~ ~ - ~ - l ) { u ~ + ~ + l )  = 0. Then we sonsider solutions to the follwoing three 
cases: 

p) ,.I^3=-1, 

y) ~ ~ - ~ = l a n d u ^ ~ = - l .  
For each value of x &Fq, x#k2 ,  there are two distinct solutions of u2-xu+l = O  in 
M'=MlruM2'. Thus if we let 

f The second author acknowledges research assistance by N.S. James. 



a, = number of solutions of a) over MI' 
I t  I t  I 1  19 It a, = ' M,' 

b, = Ã ˆ  ,. I 1  ' p) " MI* 
I f  ,I I 1  11 I t  b2 = M2' 

11 c, = I 1  I f  ' y) " MI' 
t l  11 I t  t I  I t  c2 = ' M2' 

then the total number of fixed points of fk(x), excluding the possibility x = Â 2, is 

0 r(q-l)(k-1) 550 mod (q2-l) 

o r(k-l)=0 mod (q+l) . 
The number of solutions of this congruence is (q+l,q-1). If q and k are both odd 
then 2 of these solutions are in Mi, otherwise only 1 solution is in M3- Thus we find 
that the number of solutions of a) over MI' is : 

q is odd and k is odd 
q is even or k is even 

Similarly the number of solutions of a) over M2' is 

-2 q is odd and k is odd 
a2 = -1 q is even or k is even 

o r(q-l)(k+3) = (q2-l)/2 mod (q2-1) 

o 2r(k+3) = 0 mod (q+1 ) and not r(k+3) 0 mod (q+l ) 

The number of solutions is (q+l, 2(k+3))-(q+l, k+3). If k is even then one of these 
solutions is in Mi, otherwise none are in Mg. Thus 

2(k+3))-(q+l, k+3)- 1 if q is odd and k is even 
b1 = 2(k+3))-(q+l, k+3) if q is odd and k is odd 

If q is even then we may argue as in a) to find 

bi = (q+l, k+3) - 1 if q is even 

Similarly we find that 



- (q-1, k+3) - 1 if q is odd and k is even - (q-1, k+3) if q is odd and k is odd 
if q is even 

o u^=l  and u4 = -1. 

Assume q is odd, i.e. 1 # -1. If u4 =-I then u is a primitive 8& root of unity, hence 
u k l  = 1 iff 8 1 k-1. Futhemore M/ contains primitive gth roots of unity iff 8 1 q+l, in 
which case M/ contains all 4 such roots. Therefore 

if 81q+1 and 8lk-1 and q i s  odd 
cl = if 8/q+l and 8&-1 and q is odd 

Similarly 

if 81q-1 and 81k-1 andqis  odd 
c2 = if 8/q-1 and 8&-1 and q is odd 

The case q even is very simple. 

uk-l= 1 and uk+3= 1 * u4=l. 

If u e Ml then u^ = 1 *u^+~'~)=!. Now q+l is odd so u = 1, i.e. u eM3 and u g M/. 
So ci =cz=O if q is even. 
If x = 2 then fk(x) = x 

e k+l = 2(mod p). 

If x = -2 then fk(x) = x 

o (-l)^'(k+l) = -2 (mod p) 

e k+l = (-l)^ (mod p) 

We sumrnarise our calculations as a theorem. 

Theorem 3.1. The number N(q,k) of fixed points offk is as follows : 
For q odd and the integer dl defined as 

if k+l s 2 and k+1 = (-l)^ modp 
if one of the above congruences holds but not both 

if k+l ife2 and k+l = (-1)~2 mod p 

we have 

where cl and c2 are defined as above. 



For q even and the integer d2 dejned as 
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