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ON DICKSON POLYNOMIALS AND REDEI FUNCTIONS

The main result of this paper is to give a generalisation of Rédei functions to functions
of several indeterminates and to establish a connection between these functions and
the generalized Dickson polynomials. In the last section we determine the fixed points
of Dickson polynomials of the second kind in one variable.

1. Introduction

In recent years considerable attention has been given to properties of Dickson polyno-
mials and Rédei functions and their applications in cryptology, see for example [7],
[8], [11], [12], [13]. In this paper we describe some properties of Dickson polynomi-
als of the first and second kind in one variable, and of Rédei functions. Our aim is to
consider extensions to several variables. By now the literature on these polynomials
and functions is quite extensive and ranges over a period of some eighty years, see [7],
p- 382 and p. 387 for some references.

Let F, denote the finite field with q elements. The Dickson polynomials gy(x,b) of the
first kind can be defined as the polynomials of degree k over F; given by

k2] g k—i . .

gxby= 3 —— [ | (-b) xxA
i—o k- 1

Here the parameter b is an element in F.

If u is an element of an extension field of ¥_ such that

b 2
u+~-—=x Or u

u
then the polynomials g,(x,b) can be defined by the equation

~Xu+b=0

ge(u+ -:- ,b)=uk¥+ (b/u)k

by using Waring’s formula [7] p. 355.

In the case b=1 the polynomials g,(x,1) are a linear transformation of the classical
Chebyshev polynomial t (x) of the first kind, since gy(x,1)=2t,(x/2). Therefore the
Dickson polynomials are sometimes also referred to as Chebyshev polynomials.

The Dickson polynomials of the second kind over F, are denoted by fy(x,b) and, are
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defined by
b2l (ki i k-2i
fex,b)= 3, ; -b) x
=0
or, for b# 1 and with x=u+-§-—, by the equation

k+1 _ k+1
f(x,b)= u (b/u)

u—b/u
If b=1 and char F =p, then
uk+1 - 1
uk+
f(x,1) = N for u=+1
u-c-u—-
u

fr(2,1) =k+1 mod p,
f,(=2,1) = (-1)* (k+1) mod p .

The polynomials f,(x,1) are closely related to the classical Chebyshev polynomials of
the second kind.
The polynomials g (x,b) and f, (x,b) satisfy the recurrence relations

gk =ng__1 "bgk_z N With g0=2, g1=x
fk=XfK-—] "bfk.z R with fo'—-" 1, f1=x .
We note that for b=0 we have g,(x,0) = f,(x,0) = x*.

1. Schur [17] established a number of interesting arithmetic properties and relationships
between the Dickson polynomials of the first and second kind. For example

1 F
fy(x,b) =11 & k(X,b).

b2 ]
From the definition follows the property fy(x,b)= Y g, _0:(x,b).
i=0
The Rédei functions are rational functions which were introduced by L. Rédei in [16]
and were investigated more recently in [1], [6], [11], [12], [13]. Let Fq be of odd
order and o be a nonsquare in Fg. then the numerator and denominator of the Rédei
rx(x)

function Ry(x)= ) for odd k are defined as polynormials over Fq by the equation

S(X
(x + Vo)X =1, (x) + s, (x)Vou
regarded as an equation in (fq[y]/(yz—a))[x], where Yo denotes y. If (k,g+1)=1 then

the denominator s,(x) has no roots in Fg, see [12]. An explicit expression for r, and s,
is of the form
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2 . 2] o
rk(x) - Z [i(l ] alxk—Zl Sk(x) = Z [211-(# ] ]alxk—zx—l
=0 =0

Carlitz [1] gives an alternative description of Ry(x) as follows :

| SN N 4

Y= ﬁ(x+ﬁ)k+(x )

x+Vo) — (x—Vo)
Our first goal is to establish a relationship between the Dickson polynomials and the
Rédei functions which is then also amenable to generalization to polynomials in
several homogeneous variables.
If char ]Fq#z, then addition of (x+‘v/a)k=rk(x)+sk(x)‘vfa and (x—\/&)“:rk(x)—sk(x)wfa
yields

Ry (x

Proposition L1. 2r(x)=g,(2x,x*~0), i.e. the numerator of the Rédei function Ry
equals half the Dickson polynomial in the variable 2x with parameter b= x%—o (Carlitz
[1] and Lidl [4]).

:2‘(; in F,(x) with
nonvanishing denominator polynomial s(x) induce, on substitution, a mapping from Fg
into itself, e.g. f:a—f(a) for all aeF_. In the case that this mapping is a permutation
of ¥, the polynomial f(x) and the rational function h(x) are called permutation polyno-
mial (p.p.) and permuarion function (p.f.) of F, respectively. We summarise, which
of the Dickson polynomials and Rédei functions induce permutations of F.

Every polynomial f(x) in ]Fq[x] and every rational function h(x) =

Proposition 1.2.

i. The Dickson polynomial gy(x,b) over ]:'q is a p.p. of ]Fq if and only if (k,q2—1)= 1.
(NUbauer [14]).

ii. The Dickson polynomial f,(x,b) over ¥, q odd, is a p.p. of ¥q if k satisfies the fol-
lowing system of congruences :

k+1=+2 mod p

k+1=%2 mod %(q——l)

k+1=+2 mod %(q+l)
(Matthews [9]).

1i. The Rédel funcnon Ry(x) over fq is a pf. of Fq if and only if (k,g~1)=1 in the
case ‘v/aefq, and (k,g+1)=1 in the case J&efq. (Carlitz [1] and Rédei [16]).

2. Generalized Dickson polynomials and Rédei functions

In [8], Lidl and Wells considered a generalization of the Dickson polynomials of the
first kind, which they called (generalized) Chebyshev polynomials in n indeterminates
of the finite field F;. See also [7], p. 376. This section gives a slightly different gen-
eralization of the Dickson polynomials gy(x,b), based in part on the diagram in
Fried [3], p. 576. This generalization will prove useful in extending the Rédei
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functions to several variables.

Let u=(uy, . . . ,uy,,) be a vector of indeterminates and consider the polynomial

1

r(z) = 2% —u 2"+ - - - +(-1)"uz+ (-—1)“"“1un+1

Let 6=(0y,...,0q,) be the vector of zeros of the polynomial r(z) over f We
denote affine (n+1)-space with variables (wy, ... ,w,,|)=w by AZ*l. Then r(z) 0
yields a natural map from AZ*! into A dcﬁned by 6 —u, where u; is the i ele-
mentary symmetric function in G,, . ..,0,,;. Instead of elementary symmetric func-
tions in G;,...,0g we also consider elementary symmetric functions in
01", ... ,on+1“, for a given integer k, which can be expressed in terms of the
Uy, . ..,Upq;- The following commutative diagram defines a polynomial mapping
Tpe1 (), which is a vector consisting of n+l polynomials in uy, ... ,uy,,;. We call
Tpe1x(0) a Dickson polynomial vector and its coordinates (generalized) Dickson poly-
nomials.

v

1 n+1
AL A,

v

L2 Torix (1

Al‘H—]

AsY
M

Here v maps (6, . . . ,0p,1) Onto (uy, . .. ,u,,,,l), where the u; are i'" elementary sym-
metric functions in Gy, . . . ,Gpy ; X is the k' powcr map which maps (0, ...,0,,)
onto (olk, .. .,0p415) ; 1 maps (olk, < e« Opn41 k) onto the vector of clementa.ry Sym-
metric functions in olk, C e ,G,H,lk, which by the fundamental theorem on elementary
symmetric functions can be expressed in uy, .. .,uy,). Therefore the mapping Ty,
maps

(U, - o5 ) 2Ty, -y ugyy)

A connection between a sum of k™ powers and the elementary symmetric functions is
given by Waring’s formula, see [7], p. 30.
Let Al 1(]’q) denote the points of affine space AZ*! in Fq

Lemma 2.1. The map Ty, is one-to-one on the points of Aﬁ"“l(fq) if and only if
(@*-1,k)=1,s=1,...,n+l.

Proof. The proof follows the comresponding approach in Fried [2], [3], p. 586 and in
[8]. If y° EA"“(]’ ) and if x eA“’”(f ) Les above it then there exists a z0e A, (f )
for some s bctwccn 1 and n+1 which hes above y’. Under the assumption (q® -1 k)-l
then there CXISLS a unique w eA“*l(]Fq.) above z°, Thus x9 is uniquely determined as
the image of w0. O]

We note that we obtain the generalized Chebyshev polynomials in n variables as
defined in [8] by taking u,,; =b in F, and considering the map induced on the first n
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coordinates of AX*! to find the first n coordinates (i.e. polynomials ) of A““ Thus
we obtain a map from A" to A"

If r(}i denotes projective 1-space with inhomogeneous coordinate o; and P! is the
natural projective closure of AM!, then we have the commutative diagram

o+l 1 +1
I1%s, > ¥i

i=1

P19 Tn+l,k

n+l

[ JLERY

=1

2

i

We next suggest a generalization of the Rédei functions Ry(x) defined in section 1.
Let 6 be a generator of Fmi, for example let 8 be of the form ™Yo, where a is not a
k" power for any k dlvxdmg n+l,k#l. We define an (n+1)x(n+1) matrix A

1 6 8 .- @°

1 89 @8 ... gm
A=

1 67 g% ... g

Let A denote the matrix which is obtained from A by raising each entry of A to the
q™ power. The notation A® will indicate that each entry of A is raised to the k™
power. Then we define :

Def. 2.2. A Rédei funcrion vector Rgy(T) in n+1 variables (ty, . . . ,T,,) =71 is defined
by

Rg (1) = A”l(AD)®

If ,q° *1_.1) = 1 then R,y is one-to-one on A“*l(]F ), since A is one-to-one on ]~' a4l
and so is the k™ power map. We note that Ry 18 deﬁnc over K, since

AV AD® = ATl(AD® |

In order to obtain a relationship between generalized Rédei functions and generalized
Dickson polynomials (of the first kind) similar to Proposition 1.1, we extend diagram
(1) by adding a commutative square.
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Ru.k n Tn+ 1k

AN s AM ———— A

Going along the top and bottom of the diagram establishes a relationship between
Ry k(1) and The1x(u). For the top line we obtain a function

H(t) :AM =AM | 150,

over K., where u; are the elementary symmetric functions in AT. An analogous func-
tion H for the bottom line generalises Proposition 1.1.

It is perhaps instructive to consider the special case n=1 as an example.
Let 8 =a be a generator of Fg Then the matrices defined above are

1 Vo 41 aeNaf 51 —Va
Azl_\ja’Az'E-{—&:l-l'A=l‘ja’

Therefore, with 1= (1,,15)
Ryy(D=A"1(AD® = -5\11—_- Na(r,+Var)* +Va(r,—Vat)* , (t+vaty)k - (1,-Vaty)h).

If we assume 1,0 and let x=T,/1,, then we can consider Rak(x,1), or Ry(x) for short,
as inducing (permutation) maps from A! to A!, instead of A2 to A2, We can verify
directly that Ry k(1) is defined over K. Note that

AlAn® = Alan®
holds, since replacing T by A~lt yields
(AA—I.L.)(k) = AA- I

But AA™) s just a switch of coordinates. Going from homogeneous to inhomogeneous
coordinates leads us to the definition of Ry(x) as stated just above Proposition 1.1.
The denominator of the rational function R, (x) is nonzero, since otherwise (ﬁ)“
would be an element m f

The function H(1): A-: —)A Z has the following coordinates

H(1,,15) = V(AT) = (214,T, % — at,?).
Similarly for the bottom line of diagram (2), the map H is define by
HRq (1) = (AR g4 (1)) = u((AT)®)
= ((1+Vaty)® + (1,—Vaty)k, 1,2-01,?)
=T, (21, 1,2-01,?%) = Toy(u;,8,)

This establishes the result of Proposﬁon 1.1.

)
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3. The Fixed Points of fy(x,1) 1

In applications of the Dickson polynomials g,(x,b) and the Rédei functions Ry(x) in
cryptography it is important to know the number of fixed points of the mappings from
¥q into ¥q which are induced by gy and R;. In [10] and [12] R. N8bauer determined
the numbers of fixed points of such mappings. Here we give the number of fixed
points of mappings induced by Dickson Polynomials fy(x,1) of the second kind of |
We abbreviate fy(x,1) as fy(x) for convenience. A formula for the fixed points of
fy : Koo, for odd q and for even q will be given at thc end of this section. From the
deﬁmtlon of f (x) in section 1, we note that x=u+u~ ! implies uZ-xu+1=0. The set of
solunons of the q equations u?-xu+1=0, for xeKg, is equal to ueKg: such that
u-+u" E]’q That is

M ={uel-'q1l(u+u'l)q =w+ud =u+u!, or uI=utl}.

See W. Nbbauer [14], or [7], p. 360.
Let w be a primitive element of Fqz

M, = {ueF(ud"' =1} = {w@D|r=0,1,...,q},
M, = {ueFg[ui =1} = {w¥D|r=0,1, ... ,q-2},
M3 = M]ﬁMz = {1},

M," = M)\M, = {w @D {r=12,..., qbut r;e—q“Zi},
M,’ = Mp\M; = {W@D(r=1.2, ... ,q-2 but r;t—q;—l},

Then M=M1’UM2’UM3 and M]I,Mz’ and M3 are diSjOint.
The definition of f,(x) implies that f;(x)=x can be written as
uk+1 - u-(k+1)
-1

u-u

=u+ul .,

This leads to (u¥!=1)(u¥**+1) = 0. Then we sonsider solutions to the follwoing three
cases:

v ufl =1 and u¥? = ~1.
For each value of xe]-'q, x#+2, there are two distinct solutions of uZ—xu+1=0 in
M =M;"UM;". “Thus if we let

t The second author acknowledges research assistance by N.S. James.
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a; = number of solutions of a) over M/’

" " " " " 0" ’
4 = M,
b - 112 " " " B) " M ’
1 = 1
b2 = " " " " ”" " le
c - " " " " ,Y) " M ’
1 - 1
c2 = " " " " 1" " le

then the total number of fixed points of fy(x), excluding the possibility x=2%2, is

-%—(al+az+bl+b2—cl—c2).

o) Let ueM,;. Then u=w"%1 for some r with 0<r<q.
Gl = ] e wiEDED = | = 0
- > 1(g-1)&-1)=0 mod (q*>~1)
<> r(k—1)=0 mod (q+1) .

The number of solutions of this congruence is (g+1,9-~1). If q and k are both odd
then 2 of these solutions are in Mj, otherwise only 1 solution is in Ms. Thus we find
that the number of solutions of ) over M,” is :

{(q+1,k-1)-—2 q is odd and k is odd
a

17 |(g+1k-1)-1 qis even or k is even
Similarly the number of solutions of o) over M,” is

| {(q~1,k—1)-_—2 q is odd and k is odd

a2 = (g—1,k—1)-1 qis even or k is even
B) Let ueM,. then if q is odd we have
W53 = o1 e W@ DE3) = 1 oy (@12

<> r(g-1)&+3)=(q%>~1)/2 mod (g*-1)
<> 2r(k+3)=0 mod (q+1) and not r(k+3)=0mod (q+1)

The number of solutions is (gq+1,2(k+3))—(qg+1,k+3). If k is even then one of these
solutions is in M3, otherwise none are in M5. Thus

_ {(q+1,2(k+3))—(q+1,k+3)— 1 if qis odd and k is even
'™ Hq+1, 2(k+3))—(q+1, k+3) if q is odd and k is odd
If q is even then we may argue as in ) to find
b; = (gq+1,k+3)~1 if q is even
Similarly we find that
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(q—1,2(k+3))-(q—-1,k+3)~1 1if q is odd and k is even
by = $(q—1,2(k+3)) - (-1, k+3) if q is odd and k is odd
(q-1,k+3)—1 if q is even

v) v¥ =1 and u¥3=-1

< ukl=1and v? = ~1.

Assume q is odd, 1.e. 1=~1. If u*=-1 then u is a primitive 8% root of unity, hence
uk-1=1 iff 8{k—1. Futhermore M,;’ contains primitive 8" roots of unity iff 8|q+l, in
which case M;” contains all 4 such roots. Therefore

4 if 8{g+1 and 8|k—~1 and q is odd
1= 10 if 8/qg+1 and 8/k-1 and q is odd
Similarly '

4 if 8|q-1 and 8|k-1 and q is odd
€27 lo if 8/g—1 and 8/k—1 and q is odd

The case q even is very simple.

k+3

u1=1 and u¥?=1 = vi=1.

If ueM, then ud*! =1 u@*19=1. Now g+l is odd so u=1, ie. ueM; and u¢M,".
Socy=cy;=0 if g is even.
If x=2 then fi(x)=x

<> k+1 = 2(mod p).
If x=-2 then fi(x)=x
<> (-1)¥*!(k+1) = -2 (mod p)
<> k+1 = (-1)¥2 (mod p)
We summarise our calculations as a theorem.

Theorem 3.1. The number N(q,k) of fixed points of fy is as follows :
For q odd and the integer d| defined as

2 if k+]1 =2 and k+1 = (-1)*2 mod p
d; = {1 if one of the above congruences holds but not both
0 if k+1 #2 and k+1 = (~1)¥2 mod p

we have
N(gk) = —;~[<q+1,k—1)+<q—1,k—1)+(q+1, 2(k+3))
- (q+1,k+3) +(q—1, 2(k+3)) - (q—1,k+3) —c; —cy — 4] +d;

where ¢, and c, are defined as above.
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For q even and the integer d, defined as

1
d2= 0

we have

if k odd
if k even

N(q.k) = -:}Z-[(q+1, k-1)+(g-1,k-1)+(q+1,k+3) + (q—1,k+3) —4] +d,
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