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L-SERIES ON A GALOIS STRATIFICATION 
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Abstract :  Ga lo i s  s t r a t i f i c a t i o n s  a r e  a t o o l  f o r  t u r n i n g  t h e  a r t  of G a l o i s  

t h e o r e t i c  i n t e r p r e t a t i o n  i n t o  a n  a lgor i thm.  Here t h e y  g i v e  e x p l i c i t  

computation f o r  Euler f a c t o r s  a t t a c h e d  t o  a r i t h m e t i c  s t a t e m e n t s  (e.g. ,  

e lementary  s t a t e m e n t s )  over number f i e l d s .  We proceed i n  s t a g e s .  F i r s t ,  

g e n e r a l i z i n g  Kie fe  [ K ] ,  $ 3  b u i l d s  on [FrS; 3 5  1 t o  g i v e  an e f f e c t i v e  

computation f o r  a sequence of z e t a  f u n c t i o n s  a t t a c h e d  t o  an  elementary 

s t a t ement  over a f i n i t e  f i e l d .  Then $4 g ives  s i m i l a r  r e s u l t s  f o r  genera l  L- 

s e r i e s  on a G a l o i s  s t r a t i f i c a t i o n .  These r e q u i r e  Dwork* s f redholm determinant  

method [ D ,  1 , 2 , 3 ]  a s  a p p l i e d  by Bombieri i n  [B,21. F i n a l l y ,  we d i s c u s s  p-adic 

g e n e r a l i z a t i o n s  based on  [De] and [Me,1] t h a t  use  p-adic i n t e g r a t i o n  ( $ 5 ) .  
v 

T h i s  l e a d s  t o  a p-adic g e n e r a l i z a t i o n  of t h e  Cebotarev d e n s i t y  theorem. The 

goal  is a genera l  q u a n t i t a t i v e  t h e o r y  of "badw primes based on  Euler  f a c t o r s  

a s  i l l u s t r a t e d  by examples a p p l y i n g  t o  ze ros  of forms and va lue  s e t s  of 

polynomials ($6) .  

$ 1. I n t r o d u c t i o n .  

For a f i e l d  F , f i x  an  a l g e b r a i c  c l o s u r e  F of F . Galo i s  

s t r a t i f i c a t i o n s  f i r s t  appear  i n  [FrS] t o  provide an e l i m i n a t i o n  of q u a n t i f i e r  

procedure f o r  t h e  t h e o r y  of a l l  r e s i d u e  c l a s s  f i e l d s  (and a l l  p-adic 

complet ions)  of a number f i e l d :  a procedure a s  e f f e c t i v e  a s  t h e  procedure f o r  

d e c i d i n g  when a s e t  of polynomial equa t ions  d e f i n e s  a nonempty s e t .  S ince  
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then they have appeared as  a tool  for special  theories of subf ields of Q 

(e.g., the theory of Frobenius f i e l d s  in  [FrHJl and the theory of f i e ld s  w i t h  

l is t inguished automorphisms [HJ]). Here we re turn t o  the c lass ical  se t t ing  of 

f i n i t e  and p-adic f i e lds .  

For a prime power q = pr , denote the f i n i t e  f i e l d  of order q by F(q).  

Kiefe [K]  has attached a zeta function Z ( P , t )  t o  each elementary statement 

P ( w i t h  both f r ee  and quantified variables ). The main theorem (Theorem 3.2) 

is  the existence of an integer u and polynomials f f f c Z [ t ]  such that  1 ' 2 ' 3  
f ,  ( t )  f ,  ( t  

z ( P , ~ ) "  = e ( f 2 ( t ) / f 3 ( t ) )  . The exponential fac to r ,  e - 
an important part of our concerns - was l e f t  out of [Kl. Assume that  u i s  

minimal and tha t  fy and f a re  re la t ively  prime polynomials. Define the 

to ta l  degree, degtot(Z(P,t) t o  be deg(f, 1 + deg(fg) + deg(f3) . 
A s  the methods of [K] are model theoret ic ,  they provide no hope of 

computing e i ther  u or degtot(Z(P,t))  . In theory [FrS;f5] makes such a 

computation possible [Fr, 1 1. The algorithm of Theorem 3.2 is r ea l i s t i c a l l y  

machine programable and, i n  simple cases, possible t o  effect  by hand. Indeed, 

we generalize these r e su l t s  t o  Galois s t r a t i f i c a t i ons  (reviewed i n 5 2 )  over 

F ( q ) .  Reasonable enough, as the method forces us t o  consider a sequence of 

Galois s t r a t i f i c a t i ons  even when we s t a r t  from a re la t ive ly  innocuous 

elementary statement P . Effective computation of Z(P , t )  is a corollary. 

Additions t o  the theory of zeta functions on a Galois s t r a t i f i c a t i o n  over 

f i n i t e  f i e ld s  give analogous r e su l t s  for (Artin) L-series on a Galois 

s t r a t i f i c a t i on  over a f i n i t e  f i e l d  (Theorem 4.3).  An essent ia l  part of the 

effectiveness of Theorem 3.2 derives from Bombierits aplication of Dwork's 

fredholm determinant method [B,2] t o  compute the t o t a l  degree of the zeta 

function of a variety over a f i n i t e  f i e ld .  The analogous computation, 

however, for L-series is s t i l l ,  unfortunately, incomplete. Thus we give the 



b e s t  g e n e r a l  result t h a t  we know ( b a s e d  on [B,31 and [ F r , l ] )  

i n  Theorems 4.3 and  4.4. Supplementary  r e s u l t s  by Bombieri [ B ,  1 , 2 , 3 ]  a n d  

Adolphson-Sperber  [Asp] ( $ 4 )  t o  compute t h e  t o t a l  d e g r e e  of a n  L - s e r i e s  

a t t a c h e d  t o  e x p o n e n t i a l  s u n s  o v e r  f i n i t e  f i e l d s  a i d  i n  p r a c t i c a l  examples.  

Based o n  i d e a s  of  Denef [De] and  Meuser [Me, 1 ] we s u g g e s t  p-adic 

a n a l o g u e s ,  Zeta f u n c t i o n s  t h a t  i n v o l v e  i n f o r m a t i o n  abou t  a n  e l e m e n t a r y  

s t a t e m e n t  o v e r  a l l  unramif i e d  e x t e n s i o n s  of  a g iven  p-adic  r i n g ,  and 

a d d i t i o n s  t o  t h e  earlier t h e o r y  f o r  p r o v i n g  t h e s e  ( $ 5 ) .  The new concep t  h e r e  

is a p r o p e r t y ,  f o l l o w i n g  Meuser ,  t h a t  we c a l l  i n v a r i a n c e  of  t h e s e  z e t a  

f u n c t i o n s .  A p -ad ic  a n a l o g u e  o f  t h e  F e b o t a r e v  d e n s i t y  theorem l i e s  a t  t h e  

h e a r t  o f  t h e s e  r e s u l t s ,  a  developmemt c a m p a t i b l e  w i t h  t h e  s c o p e  of [Se,2] .  

The e x p o s i t i o n  o n  u s i n g  t h e s e  L - s e r i e s  t o  f i n d  q u a n t i t a t i v e  e v i d e n c e  f o r  

"badn pr imes  a t t a c h e d  t o  an e l e m e n t a r y  s t a t e m e n t  ( $ 6 )  i n c l u d e s  examples.  

Acknowledgement: Moshe J a r d e n  reminded  u s  of  t h e  s i g n i f i c a n c e  of  t h e  

e x p o n e n t i a l  f a c t o r  i n  Z ( P , t )  . Alan Adolphson p o i n t e d  u s  i n  t h e  d i r e c t i o n  of 

[B, 21 

$2. Z e t a  f u n c t i o n s .  

Le t  A" d e n o t e  a f f i n e  n-space  o v e r  a f i e l d  K. Denote t h e  c o o r d i n a t e s  

of A by x , , * * * , x n  . Use t h e  n o t a t i o n  V ( g ; f )  f o r  t h e  l o c a l l y  

c l o s e d  ( o r  b a s i c )  s e t  d e f i n e d  by 

and 



w i t h  ( g  , * * * , g t )  = g and 

i = 

assume. 

1 , g e e  ,s , is no t  a  z e r o  d i v i s o r  i n  t h e  r i n g  

K[xl , * * * , x n ] / ( g I  , * * * . g t )  . The c o o r d i n a t e  r i n g  of V(gpf 1 is 

K[V(g,fl]  = K[xl , * * * , x n ,  l / f l  , * * - , l / f S ] / ( g l , * * * g t )  where  t h e  i d e a l  

( g l , - * * , g  i s  r e g a r d e d  a s  i n  K[x1.***,xn t 
1 / f ,  --â , l / f ]  . Then 

V ( g , f )  is K-normal i f  K[V(g;f ) ]  is i n t e g r a l l y  c l o s e d .  Denote  t h e  p o i n t s  

of any  a l g e b r a i c  set V c An w i t h  c o o r d i n a t e s  i n  K by V(K) . - 
A G a l o i s  s t r a t i f i c a t i o n  over  K is a s t r u c t u r e  

fl- { C ( V  ) / v  , c o ~ ( v )  I i E I  w i t h  t h e s e  p r o p e r t i e s :  V i  is  a n  i r r e d u c i b l e  K- 

normal b a s i c  s u b s e t  of An (Remark 2 .2 )  a n d  i p i : C ( V i )  * V i  is a f i n i t e  G a l o i s  

cover  (Remark 2 .3)  of K-normal s e t s ,  1 E I ; t h e  se ts  V i  , 1 E I , are 

n p a i r w i s e  d i s j o i n t  and have  un ion  e q u a l  t o  a l l  of A ; and f o r  e a c h  

i e I , Con(V.)  is a u n i o n  of con jugacy  c l a s s e s  of  t h e  G a l o i s  group 
1 

G(c(Vi) /Vi)  o f  t h e  cover  C(V.1 * V i  . 
- 

Note t h a t  V i  may be r e d u c i b l e  o v e r  K . The c o n d i t i o n  t h a t  V i  and 

C(Vi)  are K-normal se ts  g u a r a n t e e s  t h a t  G(C(vi ) / v i )  is c a n o n i c a l l y  

i d e n t i f i e d  w i t h  t h e  G a l o i s  g roup  o f  t h e  c o r r e s p o n d i n g  e x t e n s i o n  o f  f u n c t i o n  

f i e l d s .  But  i f  we know a '  p r i o r i  t h a t  C(Vi) * V i  is a G a l o i s  cover  (as  i n  

P a r t  2  of the proof o f  Theorem 3 .2)  t h e  K-normal c o n d i t i o n  c a n  sometimes be  

r e l a x e d .  

From a G a l o i s  s t r a t i f i c a t i o n  we o b t a i n  a G a l o i s  f o r m u l a  by 

c h o o s i n g  a n  i n t e g e r  k between 0 and n and n-k q u a n t i f i e r s  

Qk+,  , ' * * , Q  w i t h  Qi e i t h e r  3 ( " t h e r e  e x i s t s w )  o r  V ( " f o r  each" ) .  

O t h e r  t h a n  t h e s e  a b b r e v i a t i o n s ,  l i t t l e  u s e  o f  l o g i c  a p p e a r s  i n  t h i s  pape r .  

Write t h e  G a l o i s  fo rmula  as 



Here 1  ' * 9 * * x k  
a r e  f r e e  v a r i a b l e s .  

For K = F ( q )  , i n t e r p r e t  t h e  p o r t i o n  o f  (2 .1)  i n  b r a c k e t s  a s  f o l l o w s .  

I f  x e  A " ( F ( ~ ) )  , t h e n  x E V i ( F ( q ) )  f o r  some i e  I . Choose a p o i n t  

y  E C ( V i )  l y i n g  above x E V i  ( i . e . ,  ( p i (y )  = x) . The g roup  

G(F(~) /F(~))  acts  o n  t h e  f i b e r  C(Vi)x , c o n s i s t i n g  of t h e  p o i n t s  o f  C(Vi) 

t h a t  l i e  ove r  x , by a c t i n g  o n  t h e  c o o r d i n a t e s  of t h e  p o i n t s .  The f roben ius  

- 
g e n e r a t o r  F  of  G ( F ( q ) / F ( q ) )  is d e f i n e d  by t h e  f o r m u l a  q  

(2 .2 )  F  ( a )  - aq f o r  each  a e  F(q), 
q 

AÃ 
L e t  D = { o  e  G ( C ( V ) / V )  1 yo -. y and o  i nduces  F  o n  t h e  r e s i d u e  c l a s s  

Y 
f i e l d  of  y) . From [ZS;p.69-821 , 9 is a  (nonempty) c o s e t  o f  

Y 

I = {u E G ( c ( v ~ ) / v ~ )  1 Â¥ y and u i n d u c e s  t h e  i d e n t i t y  o n  t h e  r e s i d u e  
Y 

A 
class f i e l d  o f  y (  . The c o n d i t i o n  t h a t  D be a  s u b s e t  of Con(Vi) i s  

Y 
A A 

i ndependen t  of t h e  c h o i c e  of  y : D 
Y* 

and D are c o n j u g a t e  s e t s  i f  y' 
Y 

a l s o  l i e s  o v e r  x . To s i m p l i f y  n o t a t i o n  d e n o t e  ~ o ~ o - '  , where t h e  union 

r u n s  ove r  u  E G(C(Vi)/Vi) , by F  . F i n a l l y ,  i n  t h i s  n o t a t i o n ,  

x E U Con(Vi) means tha t  F  5 C o n t V )  . 
i e l  
We e x p l a i n  t h i s  compl i ca t ed  d e f i n i t i o n .  Assume k < n . The e l i m i n a t i o n  

of q u a n t i f i e r  p rocedure  of [F rS ;Â¤4  e f f e c t i v e l y  produces  a  G a l o i s  

i f  i c a t i o n  B - {C(W .)/w , con(Wj) I j e J  w i t h  W = 
,,n- 1 

J j e ~ '  

and  an  i n t e g e r  Si,(Q,Q) w i t h  t h i s  p r o p e r t y :  For e a c h  Si, 2 H(i5',Qn) 

n- 1  
and ( x l  , , x ~ - ~  = I *  e t  ( ~ ( q ' ) )  



( 2 . 3 )  [Ã§ E U Con(W. ) ]  i f  and o n l y  i f  ( Q n x n ) [ ( x t  . x )  = x e C o n t ~ ~ ) ]  
j e J  J i e 1  

!l w i t h  x  e  Fcq 1 . 

S i n c e  [FrS] a lways  d e a l t  w i t h  t h e  s i t u a t i o n  t h a t  C(Vi)/Vi is unrami f i ed ,  

t h e r e  F always c o n s i s t e d  of a s i n g l e  e lement .  Thus t h e  c o n d i t i o n  x 

Fx Con(Vi) is a  more r e l a x e d  c o n d i t i o n  t h a t  i s  c o m p a t i b l e  w i t h  R e m a r k  2 .3  

below. I t  a c t u a l l y  h a s  p r a c t i c a l  v a l u e  i n  s p e c i f i c  problems t o  a l low 

t h i s  (Ex.6.2) .  

Ex. 2.1.  G a l o i s  f o r m u l a s  i n c l u d e  e l e m e n t a r y  s t a t e m e n t s .  Suppose i n  (2.1 ) - 
t h a t  C ( V i )  = V i  , s o  t h a t  G(C(Vi)/Vi)  is t r i v i a l ,  f o r  e a c h  

i E I . Thus Con(Vi) is e i t h e r  empty o r  t h e  i d e n t i t y  e l emen t .  P a r t i t i o n  I 

as I I w i t h  1 e I i f  and o n l y  i f  Con(V.) is t h e  i d e n t i t y  e lement .  
1 

Denote  t h e  union U V i  by V ( 1 )  , Then ( 2 . 1 )  is e q u i v a l e n t  t o  
l e i l  

an  e l emen ta ry  s t a t e m e n t  i n  prenex normal form. Conver se ly ,  suppose  t h a t  we 

are g iven  (2 .4 )  w i t h  an  a l g e b r a i c  s u b s e t  V 5 A r e p l a c i n g  V d l )  . We need 

o n l y  s t r a t i f y  V i n t o  , & , V  ( r e s p . ,  An - V i n t o  ivI V )  , a  d i s j o i n t  
2 

u n i o n  of  i r r e d u c i b l e  K-normal s e t s .  Then l e t  C(Vi) = V i  and Con(Vi) is 

empty o r  t h e  i d e n t i t y  e lement  depending  on  whether  i e I o r  i E I . S i n c e  1 

n o n s i n g u l a r  sets are normal [M;p.390, P r o p o s i t i o n  I], t h e  s t r a t i f i c a t i o n  of 

V i n t o  K-normal s e t s  can be a c h i e v e d  th rough  a  s t r a t i f i c a t i o n  i n t o  

n o n s i n g u l a r  s e t s .  Because ,  however, w e  have a  goa l  of min imiz ing  t h e  work of 

r e f i n i n g  a s t r a t i f i c a t i o n ,  we would want t o  take advantage  o f  o b s e r v a t i o n s  of 



t h i s  k ind :  I f  V is a n  open  s u b s e t  o f  a  h y p e r s u r f a c e  o f  A n  and  t h e  

s i n g u l a r  p o i n t s  o f  V are of c o d i m e n s i o n  a t  least  2 ,  t h e n  V is normal  [ M ;  

p .391 ,  P r o p o s i t i o n  21. 

The m a i n  p o i n t  is  t h a t ,  e v e n  i f  ff is a n  e l e m e n t a r y  s t a t e m e n t  ( a s  i n  E x .  

2 . 1 ) ,  t h e  G a l o i s  s t r a t i f i c a t i o n  B i n  ( 2 . 3 )  may n o t  be. S u p p o s e ,  however ,  

t h a t  ff s a t i s f i e s  t h i s  p r o p e r t y :  F o r  e a c h  i e I , o  E G ( c ( v ~ ) / v ~ )  

a n d  i e Z , ( ! L , o r d ( o ) )  = 1  , 

( 2 . 5 )  o  E C o n ( V )  i f  and  o n l y  i f  oi E Con(Vi)  . 

We s a y  t h a t  G is a n  e l e m e n t a r y  G a l o i s  s t r a t i f i c a t i o n  and ( 2 . 1 )  is  a n  

e l e m e n t a r y  G a l o i s  f o r m u l a .  I n  t h i s  case B i s  a l s o  a n  e l e m e n t a r y  G a l o i s  

s t r a t i f i c a t i o n .  

- 

R e m a r k  2.2.  K - r a t i o n a l  p o i n t s  o n  K - r e d u c i b l e  K-normal sets. S i n c e  t h e  b a s i c  

c o n c e r n  o f  t h i s  p a p e r  i s  K - r a t i o n a l  p o i n t s  o n  a  K - a l g e b r a i c  s e t  V , we have  

b e e n  f r e e  t o  r e d u c e  t o  t h e  case t h a t  V is K - i r r e d u c i b l e  ( a n d ,  as i n  [ F r S ] ,  

we assume t h a t  V is r e d u c e d ) .  We n o t e  h e r e  t h a t  i f  V c - A" i s  K-normal 

a n d  a  u n i o n  V I U - - U  V of v a r i e t i e s  d e f i n e d  o v e r  s u c h  t h a t  s > 1 and  - s - 

G ( K / K )  a c t s  t r a n s i t i v e l y  o n  V -- , V  , t h e n  V(K) i s  empty. I n d e e d ,  l e t  

L / K  be t h e  min imal  G a l o i s  e x t e n s i o n  o f  K o v e r  which V , * * - , V  a r e  a l l  s 

d e f i n e d .  Choose  a  e L s u c h  t h a t  L = K ( a )  . Let vgen E V be a  g e n e r i c  

* n + 1  
p o i n t  f o r  Vl o v e r  L and  l e t  V 5 A b e  t h e  v a r i e t y  whose p o i n t s  are 

(w,a)  e An K A' w i t h  v  e V . Then ( v g e n , a )  can  be r e g a r d e d  a s  a  g e n e r i c  

* 
p o i n t  f o r  V o v e r  L , o r  i t  c a n  a l s o  b e  r e g a r d e d  as a g e n e r i c  p o i n t  f o r  t h e  1 

* * * * 
u n i o n  V = Vl U U V o f  t h e  c o n j  u g a t e s  o f  V o v e r  K . 

s 



V* is  K-isomorphic t o  V . T h u s  V ( K )  is empty.  

Remark 2.3. Comments on the  use of the word itcover.n I n  the notation fo r  the 

Galois s t r a t i f i c a t i on  Q , above, tha t  cp i :C(Vi )  Â¥ V is a  cover means only 

t ha t  Vi is a  f i n i t e  morphism [M;243-51. In [FrS], however, a  cover was 

assumed t o  be (besides f i n i t e )  & t a l e  (unramified i n  the present context) so  
A 

tha t  we could assert  that  the  s e t  D consists of a  unique element. A 
Y 

concept i n  between these two c a l l s  a  morphism a  cover i f  it is  both f i n i t e  and 

f l a t  [M;p.434]. Flatness adds the  most geometric touch since,  i n  t h i s  case, - 
the points i n  the f iber  over x E V , C ( V ) ,  can be counted w i t h  

mul t ip l ic i ty  i n  such a  way that  the  sun of the mul t ip l i c i t i es  always adds up 

t o  the degree of Ti . For theoret ical  purposes (e.g., as i n  [FrSl) the 

r e s t r i c t i ve  definit ion,  tha t  h v e r s  are  unramified, suffices.  But, for  
/ 

practical  purposes, given < \̂ , we w i s h  t o  do as l i t t l e  work a s  possible i n  
\ 

forming a  s t r a t i f i c a t i o n  t h ~ t f l s f i e s  (2.3).  Therefore the  

s t r a t i f i c a t i on  process prefers the l e a s t  r e s t r i c t i ve  def ini t ion tha t  can carry 

the concepts of Galois theory. 

We conclude t h i s  subsection w i t h  the def ini t ion of the 

L-function, Z(Q,Q,t)  , attached t o  the  Galois formula (2.1  1. For each 

integer I 2; 1 , define Ng t o  be the cardinali ty of the s e t  

Then Z(Q,Q,t) is defined by the  formula 



The r i g h t  s i d e  o f  (2 .7)  is c a l l e d  t h e  ~ 0 i n c a r g  s e r i e s  of t h e  G a l o i s  fo rmula .  

I f  s3 is e l e m e n t a r y  c a l l  Z ( d , Q , t )  a z e t a  f u n c t i o n .  

Ex. 2.4. A v a l u e  set  example. Take  - 

where 

2 V = v(xq-x -x ) , V* = A - V l  , Con(V,) = { i d . )  and  C o n ( V )  1 2 2 1  

is empty. Denote  Q2 by a s u b s c r i p t :  Q-, = Z2 or V2 . Compute 

d t h a t  t d t ( l o g ( Z ( G " ~ , t ) ) )  - t : f o r  xl  * 0 o r  I > 1 , t h e r e  e x i s t s  

t x c ~ ( q ' )  w i t h  x: - x - x * o . ~ h u s  z(c7,v2,t  1 = e . 
2 2 1 

0s 

d I - l t I  Now compute t -( log(Z(c7,2I2, t )))  = Â q d t  . t h e  polynomia l  
x' - x2 il= 1 

takes on  q I- 1 il d i s t i n c t  v a l u e s  o n  t h e  f i e l d F ( q  ) . Thus 

d 
- ( l og (Z(c7 ,Z2 , t ) ) )  = 1 / ( I - q t )  and z ( a , a 2 , t )  - ( I - q t )  

-1 /q  
d t  

F i n a l l y ,  c o n s i d e r  t h e  B t h a t  c o r r e s p o n d s  t o  (2.3).  F o r  Q2 = 212 , 

( i . e . ,  J 

maps t o  

( x  , X I  E 

1 = 1 )  , where W ,  = A' and  C(W,) = v(xq-x -x ) c t  2 
2 2 1 -  

W l  by p r o j e c t i o n  o n  t h e  f i r s t  c o o r d i n a t e  

C ( W )  -- x c W . Thus I(a,212) = 1 ; t h e r e  are no  e x c e p t i o n a l  v a l u e s  



of I . 
On t h e  o t h e r  hand, i f  Q, = V, , t h e n  B = (A1/A1 , ~ o n i ~ l ) )  

where con(A1) i s  empty. But ,  now, i n  o r d e r  f o r  (2.3) t o  h o l d ,  

i 2 2 o r  I ( Â £ 7 , V  = 2 . 8 

6 " L  The "near  r a t i o n a l i t v v  of z e t a  f u n c t i o n s .  

I t  is w e l l  known t h a t  upper and lower bounds o n  t h e  c a r d i n a l i t y  of t h e  

F ( q ) - p o i n t s  on a curve can be given i n  t e r m s  of q and t h e  degree  o f  t h e  

curve .  The f o l l o w i n g  a r e  t h e  most p r a c t i c a l  such bounds t h a t  we know o f .  

I f  C i s  a curve ,  t h e n  Cns deno tes  t h e  nonsingular  p o i n t s  on C . 

LEMMA 3.1. Let C c An be an a f f i n e  a l g e b r a i c  curve of  degree  d de f ined  - - 

over F (q)  . Then - 

I n  p a r t i c u l a r ,  i f  q > (d-114 , - t h e n  l c n s ( ~ ( q ) ) 1  is nonempty. 

Proof.  T h i s  is [FrJ;Theorem 4.93 i f  n - 2 . For  t h e  genera l  c a s e  a p p l y  

2 p r o j e c t i o n  from A i n t o  A from a l i n e a r  subspace  d i s j o i n t  from C 

[ ~ ; p . 3 1 0 3 .  8 

Since  e x p l i c i t  c a l c u l a t i o n  i s  s o  s i g n i f i c a n t  i n  a p p l i c a t i o n  o f t h e  

proof of Theorem 3.2, many t i m e s  it w i l l  be advantageous t o  r e v e r t  (e.g. ,  

P a r t  3 of t h e  p r o o f )  t o  t h e  b e s t  known e s t i m a t e s  f o r  t h e  maximum number, 

N ( g )  , of p o i n t s  on a nons ingu la r  curve of genus g o v e r  F ( q )  . For 

f i x e d  q put  



A(q) = l i m  s u p  I4 ( g ) / g  . The Riemann h y p o t h e s i s  e s t i m t e ,  
q  q  

N - ( q + l ) I  S [ g 2 q ' 2 ]  , w i t h  [x]  t h e  g r e a t e s t  i n t e g e r  i n  x  , i m p l i e s  
q  

t h a t  A(q)  S 2q "2 . Serre [Se ,3 ]  improved Well? s estimate ( v i a  

i n t e r p r e t a t i o n  o f  t h e  F r o b e n i u s  as an  endomorphism on J a c o b i a n s )  t o  g i v e  

t h e  bound [ ~ - ( q * l )  1 S g[2q 'I2] . Thus ~ ( q )  s [2q 'I2 I . ~ u t  [ ~ r V l ]  

o b t a i n e d  t h e  much improved e s t i m a t e ,  A(q)  Â q 'I2-1 . When q  is a s q u a r e  

t h i s  is b e s t  p o s s i b l e  ( [ I ]  and [TsVlZ]) .  A l s o ,  i ndependen t  of q  t h e r e  

e x i s t s  a c o n s t a n t  c  > 0 s u c h  t h a t  A(q)  2 c  l o g ( q )  [Se,3;Theorem 4 1  ( e . g . ,  

A(2)  2; 8 / 3 9 )  , b u t  t h e  e x a c t  upper  and lower  bounds f o r  A(q )  f o r  g e n e r a l  

q a r e  s t i l l  unknown. 

Assume t h a t  <7 is a G a l o i s  s t r a t i f i c a t i o n  t h a t  s a t i s f i e s  c o n d i t i o n  

( 2 . 5 ) ,  and  t h a t  Q = ( Q 1  , * * * , Q )  is an ( n - k ) - t u p l e  of q u a n t i f i e r s .  

d  
THEOREM 3.2. The P o i n c a r e  series t x ( log (Z(<7 ,Q , t ) ) )  - is  

d  m l  ( t )  + t x ( l o g ( Z W n - k , t l l l  w i t h  Z(Bn-k , t )  t h e  z e t a  f u n c t i o n  of  an 

e l e m e n t a r y  G a l o i s  f o r m u l a  i n  w i t h  a l l  v a r i a b l e s  free and  , 

m ( t )  e Z[t ]  . I n  a d d i t i o n ,  t h e r e  i s  an i n t e g e r  u  s u c h  t h a t  

u  
Z ( B ^ , t )  = f 2 ( t ) / f  ( t )  w i t h  f 2 , f  E Z[t ]  . T h e r e f o r e  ~ ( f f , ~ , t ) ~  

3  - 

are e x p l i c i t l y  computable. 

P roo f .  I n  o r d e r  t o  i s o l a t e  t h e  e f f e c t i v e n e s s  compu ta t ions  we b reak  t h e  proof 

Part 1 . E l i m i n a t i o n  of q u a n t i f i e r s .  Cons ide r  t h e  d i s c u s s i o n  up t o  and - 



i n c l u d i n g  ( 2 . 3 ) .  If k = n t a k e  % = d . O t h e r w i s e ,  l e t  B i n  (2 .3 )  

be *, . From (2 .31 ,  

where  pi ( t )  i s  of d e g r e e  less t h a n  S l ( d , Q )  . An e a s y  i n d u c t i o n  

a l l o w s  us  t o  remove e a c h  of t h e  q u a n t i f i e r s  i n  o r d e r  t o  f i n a l l y  o b t a i n  

%-k 
and p ( t )  + p ( t )  + * * * +  'n-k ( t )  = m ( t )  . T h i s  proves  t h e  f i r s t  

s e n t e n c e .  But an e x p l i c i t  e s t i m a t e  o n  2,(d,Qn) g i v e s  an  e x p l i c i t  bound o n  

d e g ( p , ( t ) )  , and by i n d u c t i o n ,  on  d e g ( m l ( t ) )  . 

Part 2. A n a l y s i s  of e x c e p t i o n a l  Â £ '  . I n  t h i s  p a r t  a l l  c o n s t r u c t i o n s  occur  - 
Â o v e r  F(q  ) . Note  t h a t  t h e  dependence o n  Â can be q u i t e  c o m p l i c a t e d .  Use t h e  

n n o t a t i o n  of ( 2 . 3 )  a n d  l e t  L ,  = ( ( z f  , x )  e A lx  E A }  . L e t  i E I be an n 

i n d e x  f o r  which Vif i  L = L '  is a n o n e m p t y  open s u b s e t  of  L ,  . The 
x ' 

p o i n t s  of C(Vi)  t h a t  l i e  o v e r  p o i n t s  of L f  form a cover  

C(Vi) lL ,  Â¥ L1 . S i n c e ,  however, C(Vi) lL ,  may no t  be c o n n e c t e d ,  t h i s  cove r  may 

n o t  be G a l o i s .  Le t  C '  be a  c o n n e c t e d  component o f  C(Vi) 1 ,  (as v a r i e t i e s  

8, o v e r  F (q  1) and l e t  G ( C 1 )  be  t h e  s u b g r o u p  of G(C(Vi)/Vi) t h a t  maps C' , 

by r e s t r i c t i o n  t o  C'  , i n t o  i t s e l f .  C l e a r l y ,  G(C')  maps o n t o  G ( C t / L f )  , 

Denote  C o n ( V i ) < \ G ( C ' )  by Con(L1)  . But ,  below, i d e n t i f y  Con(L1)  w i t h  its 

image i n  G ( C ' / L 7 )  . 
I d e n t i f y  G ( C f  / L t )  w i t h  G ( F ( ~ ' ) ( C ~  ) / F ( ~ ' ) ( L ' ) )  and  l e t  

9. 11 F ( q t )  be t h e  a l g e b r a i c  c l o s u r e  of F ( q  ) i n  F(q  ) ( C f  ) :  C'  i s  i r r e d u c i b l e  

8, o v e r  F(q  ) , b u t  i t  may no t  be a b s o l u t e l y  i r r e d u c i b l e .  Deno te  t h e  e l e m e n t s  



of  G ( C '  / L t )  , whose r e s t r i c t i o n s  t o  F ( q ' )  a r e  t h e  f r o b e n i u s  g e n e r a t o r  
A A 

F i  ( i n $ 2 ) ,  by G . Again ,  n o t e t h e d e p e n d e n c e o f  G o n i  . 
q 

Accord ing  t o  [ ~ r ~ ; $ 4 ] ,  here is an  e x p l i c i t  list of t h e  v a l u e s  i t h a t  a r e  

e x c e p t i o n a l  f o r  ( 2 . 3 ) .  

E i t h e r :  (1) Qn = \ and 

Sl e x i s t s  no  x e L 1 ( F ( q  1) f o r  which F c:Con( x - 

is nonempty, b u t  t h e r e  

,. - Con(Lf )  CI 6  on(^')^ ll G is nonempty, 

,. 
L') f I  G ; o r  ( i i )  Qn =Qn and 

b u t  t h e r e  e x i s t s  

i no IT e L 1 ( F ( q  1)  for which F 5 C O ~ ~ L ' ) ~  ll . S i n c e  (1) and  (11) are 

c l e a r l y  similar, f o r  e x p l i c i t n e s s  we conc lude  w i t h  c a s e  (1). 

Part 3. Rephrase  of ( i )  i n  terns of c u r v e s  w i t h  p o i n t s  i n  

Â£ F(q  ) . Let T E G ( C s / L t )  . Cons ide r  a connec t ed  component Cn  of 

C '  8 F(q  i 
O r d ( T ) i )  , a G a l o i s  e x t e n s i o n  o f  L-over F ( q  ) )  whose g roup  

we i d e n t i f y  w i t h  

where F ( q n )  = F ( q t )  0 IF(q o r d ( i ) l )  , With  t h e  a s s m p t i o n  t h a t  T 1 
F ( q t )  

is 

q i ' F ( q '  1 , l e t  ? be t h e  e x t e n s i o n  of T t o  Cn t h r o u g h  t h e  

e l emen t  ( i , F  i )  . Denote  t h e  q u o t i e n t  o f  C" by  t h e  group g e n e r a t e d  
q 

by ? by C; (Remark 3 .3 ) .  Then C; is an  a l g e b r a i c  cu rve  d e f i n e d  o v e r  

8, F ( q  ) . The f o l l o w i n g  s t a t e m e n t  comes f rom P a r t  A of t h e  proof of Theorem 1 .1  

i 
of [ F r , l ] ,  Let y E C; be an  F (q  )- r a t i o n a l  p o i n t  t h a t  l ies 

o v e r  x E L '  . Then F , f o r  t h e  cove r  C t / L '  , c o n t a i n s  T . F u r t h e r -  

more,  i t  is  j u s t  T i f  y is u n r m i f i e d  o v e r  x . 



A t  t h i s  p o i n t  we n o t e  t h a t  c o n d i t i o n  (2.5) has  a compl i ca t ed  e f f e c t  on  

whether  o r  n o t  i is  e x c e p t i o n a l .  I n  o r d e r  t o  i d e n t i f y  I as unexcep t iona l  we 
A 

h a v e  o n l y  f o r  s a n e  T e  con(^' fl G t o  f i n d  a n  i n t e g e r  r wi th  ( r , o r d ( ~ ) )  = 1 

fc and  a p o i n t  y E C2i ( F ( q  ) )  , w i t h  y un ra rn i f i ed  o v e r  L' . I f  L '  were 
T~ 

p1 - i t ' s  n o t ,  L 1  is an open s u b s e t  of & - having  many v a l u e s  of  r would 

n o t  i n c r e a s e  t h e  chances  f o r  t h i s  t o  happen. I n d e e d ,  l e t  C v e  t h e  - 
fc n o r m a l i z a t i o n  of C l  . Then,  i n  t h i s  c a s e  l ~ ? ( F ( q  ) 11 is independen t  of r 

?? 

(Remark 3.4) .  Thus o u r  a n a l y s i s  is h e a v i l y  dependent  o n  t h e  d e g r e e  of 

P'-L' = D as a d i v i s o r  on P . Also ,  we need  n o t  d i s t i n g u i s h  between t h e  

c u r v e s  C l  f o r  d i s t i n c t  
~ 1 '  

From t h i s  a n a l y s i s ,  

o r d e r  t o  a p p l y  Lemma 3.1 

(3.35 a )  t h e d e g r e e o f  

v a l u e s  of r . 
we have o n l y  t o  estimate t h e  f o l l o w i n g  q u a n t i t i e s  i n  

t o  comple te  an  upper  bound f o r  e x c e p t i o n a l  I t s  : 

C l  as a n  open  s u b s e t  of s a n e  af ' f ine  
T - t 

c u r v e  C- c A ~ '  ; 
r -  

b)  t h e  deg ree  o f  t h e  n a t u r a l  map CJi. -*Â L' ; and 

c )  t h e  number of  p o i n t s  of E l  t h a t  do n o t  l i e  o v e r  L '  , 
? 

- fc I n d e e d ,  b )  and  c )  g i v e  a  bound f o r  t h e  number of p o i n t s  of C+(F(q ) 5 t h a t  

must be  removed from t h e  estimate of Lemma 3.1 i n  o r d e r  t o  a s c e r t a i n  t h e  

fc e x i s t e n c e  o f  y E C l ( F ( q  ) )  t h a t  l i e s  over  x E L '  and f o r  which T E F . S i n c e  
't 

t h e  map of (3 .3 )  b )  e x t e n d s  t o  a map El. + L ,  , a bound f o r  ( 3 . 3 )  c )  is t h e  
T 

produc t  of a bounds f o r  b) and  f o r  d e g ( L , - L ' )  . Bounds f o r  deg(Lx-L*) and  

( 3 . 3 )  b )  are q u i t e  p r a c t i c a l  i n  terms of t h e  polynomials  t h a t  a p p e a r  i n  t h e  

d e s c r i p t i o n  of C ( V i )  and  V i  . 

P a r t  4. Bounds on t h e  d e g r e e s  of t h e  po lynomia l s  of . The a n a l y s i s  of - 



t h e  i t e m s  i n  (3 .3 )  depended h e a v i l y  o n  t h e  d e g r e e s  of t h e  polynomia ls  t h a t  

appea r  i n  C(Vi) and  V i  . Thus ,  i n  o r d e r  t o  c o n t i n u e  t h e  e f f e c t i v e  

a n a l y s i s ,  a key i n g r e d i e n t  r e q u i r e s  us  t o  bound t h e  d e g r e e s  of po lynomia ls  

, g ; ,  , f , - * * , f ,  f o r  which W j  - V ( g * ; f r )  i n  t h e  n o t a t i o n  o f  (2 .3 ) .  

T h e o r e t i c a l l y  s u c h  a bound, i n  t e r m s  of  c o r r e s p o n d i n g  d e g r e e s  f o r  

+ V i n  t h e  G a l o i s  s t r a t i f i c a t i o n  Q , a p p e a r s  i n  [ F r S l .  We a d d  some C ( V i )  

p o i n t s  of e x p l i c i t n e s s  h e r e .  

Suppose t h a t  V i  = V ( g ; f }  w i t h  po lynomia l s  gl , = * * , g t , f 1  y * * = y f s  . The 

c o n s t r u c t i o n  of W from Vi s t a r t s  w i t h  t h e  compu ta t ion  of t h e  image 
j 

n  + &n-1 pr (Vi)  o f  V i  under pr:A , p r o j e c t i o n  o n t o  t h e  f irst  n-1 

c o o r d i n a t e s .  A s i m p l e  i n d u c t i v e  p rocedure  a p p e a r s  i n  [M; p. 971 t h a t  r e d u c e s  

t h i s  t o  t h e  compu ta t ion  of an  e x p l i c i t  open  nonempty s u b s e t  of p r (V)  

w i t h  V = V(gl , * - * , g t )  , Tha t  is ,  we want an  open s u b s e t  U of 

t h e  (x,  ,"- ,xn-, 1 e A "  s u c h  t h a t  g l  , * -  , g  have a  common z e r o  i n  xn . t 

C l a s s i c a l  e l i m i n a t i o n  t h e o r y  p r o v i d e s  t h e  fundamen ta l  theorems t o  f i n d  U 

[Wae;$80]. For  example ,  if t = 2 , t h e  c l a s s i c a l  r e s u l t a n t  of g, and  

g2  , as po lynomia l s  i n  xn , g i v e s  pr(V) ( a n d  t h e  d e g r e e  o f  pr(V) q u i t e  

e x p l i c i t l y ) .  Fu r the rmore ,  [ F r ~ ; $ 2 6 . 1  1 g i v e s  d e t a i l s  f o r  t h e  comple te  

a l g o r i t h m i c  c o n s t r u c t i o n  of  p r (Vi )  , b u t  a t  t h e  c o s t  of  some e x t r a  s t r u c t u r a l  

baggage t h a t  assumes a f i n e r  s t r a t i f i c a t i o n  t h a n  we would want  i n  a  p r a c t i c a l  

problem (c . f . ,  Remark 2 .3) .  

The n e x t  i n g r e d i e n t  i n  t h e  c o n s t r u c t i o n  o f  WJ  , is t h e  s t r a t i f i c a t i o n  

of p r (Vi )  by t h e  d imens ion  ( 0  o r  1 )  of t h e  f i b e r s  of t h e  

map V -Ã  ̂ pr(Vi)  [M; p.93-941. For t h e  s a k e  of s i m p l i c i t y  i n  t h e  n e x t  comments 
i 

we assume t h a t  t h e s e  f i b e r s  ( o v e r  p r ( V i ) )  are a l l  o f  t h e  same d imens ion  and 

t h a t  p r (Vi )  i s  l o c a l l y  c l o s e d  and normal  - a  r e d u c t i o n  t h a t  is p a r t  o f  t h e  

s t r a t i f i c a t i o n  p rocedure .  A t  t h i s  p o i n t ,  i n  t h e  c o n s t r u c t i o n  o f  C(Wj) , 



i t  is n e c e s s a r y  t o  c o n s t r u c t  t h e  n o r m a l i z a t i o n  Z of p r (Vi )  

i n  F ( q ) [ C ( V i ) ]  [FrJ;Â§26.1]  F i n a l l y  we must  comple t e  polynomia ls  f o r  t h e  

v a r i e t y  C(W.) where we assume t h a t  pr(V.1 = W and 
J j 

F ( ~ ) ( c ( W  . ) ) / F ( q ) ( W . )  is  t h e  maximal G a l o i s  e x t e n s i o n  i n s i d e  t h e  normal 
J J 

c l o s u r e  o f  t h e  e x t e n s i o n  F ( q ) ( Z ) / F ( q ) ( W j )  . 
I n  g e n e r a l  we can e x p e c t  n o t h i n g  l e s s  t h a n  an e x p o n e n t i a l  growth i n  t h e  

d e g r e e  compu ta t ions  a t  e a c h  s t a g e .  On ly  a  s m a l l  p a r t  of t h i s  

i n f o r m a t i o n  ,however,  g l e a n e d  from t h e  c l a s s i c a l  e l  i m i  n a t  i on  t h e o r y  , may be 

used  i n  any  s p e c i f i c  problem i n  o r d e r  t o  a c t u a l l y  compute Z ( Q , Q , t )  . Thus ,  i n  

p r a c t i c e ,  t h e  t o u g h  t a s k s  l i s t e d  above  may be f e a s i b l e .  

P a r t  5. G a l o i s  s t r a t i f i c a t i o n s  w i t h o u t  q u a n t i f i e r s .  P a r t s  2-4 g i v e  us  an 

e x p l i c i t  bound on deg(ml ( t ) )  where m l ( t )  a p p e a r s  i n  P a r t  1 .  Thus ,  i n  

o r d e r  t o  conc lude  t h e  theorem we have o n l y  t o  f i n d  a n  i n t e g e r  u  s u c h  t h a t  

Z ( Q , t ) "  = f  ( t ) / f  ( t )  where Q is a G a l o i s  s t r a t i f i c a t i o n  w i t h  no 2  3 

q u a n t i f i e r s  . 
From (2 .71 ,  f o r  e a c h  i, 2 1 . 

I f  we d e f i n e  N i  t o  be t h e  term on t h e  r i g h t  t h a t  c o r r e s p o n d s  t o  
w 

d 
i e  I , t h e n  w i t h  t - ( l o g ( Z ( t ) ) )  = d t  i,=1 "i,,i 

ti, , Z k 7 . t )  = t Z i ( t )  . 
i e 1  

F u r t h e r m o r e ,  s i n c e  we assume t h a t  ( 2 . 5 )  h o l d s ,  a similar 

argument r e v e r t s  us t o  t h e  c a s e  t h a t  I = { l }  , V, = V and 

is a g iven  e lement  o f  G(C(V)/V) . 
Let  G = G(C(V)/V) and  il; t h e  c h a r a c t e r  of  a r e p r e s e n t a t i o n  o f  G . A 



theorem of A r t i n  [Se; 12.41 s t a t e s  t h a t  i f  x is Q - r a t i o n a l  t h e n  x is  a l i n e a r  

G c m b i n a t i o n  of c h a r a c t e r s  of t h e  form 
lH , t h e  c h a r a c t e r  i nduced  f r m  t h e  

i d e n t i t y  o n  same subgroup  H o f  G . Indeed ,  A r t i n f  s theo rem is e v e n  more 

e x p l i c i t  i n  i d e n t i f y i n g  c y c l i c  g roups  as t h e  subgroups  t h a t  occu r  i n  t h i s  
I n 

r e p r e s e n t a t i o n .  T h i s  a l l o w s  u s  t o  write x as S ( a i / b i ) l i i  w i t h  
i= 1 

a b e Z ,  ( a i , b i )  = 1 ,  i = 1 , - * , I  . Example 6.2 i l l u s t r a t e s  a s i m p l e  
i s  i 

p r a c t i c a l  c a s e  t h a t  t a k e s  account  o f  t h e  p o s s i b l e  n o n r e g u l a r i l y  of  t h e  f i e l d  

e x t e n s i o n s .  P a r t  6 (be low)  of t h e  proof is,  t h e r e f o r e ,  u n n e c c e s s a r y  f o r  t h e  

c o m p l e t i o n  o f  t h e  proof of t h i s  t heo rem,  b u t  i t  w i l l  be u sed  i n  t h e  proof of 

Theorem 4.4. 

G H e  have r educed  t h e  result t o  f i n d i n g  t h e  L - s e r i e s ,  L(C(V)/V, l H , t )  

where  is t h e  ( n o t  n e c e s s a r i l y  i r r e d u c i b l e )  c h a r a c t e r  i nduced  from t h e  I H  

i d e n t i t y  c h a r a c t e r  o n  a s u b g r o u p  H of G . A c t u a l l y ,  t h i s  L - s e r i e s  is 

Z(Cu, t )  , t h e  z e t a  ' f u n c t i o n  of t h e  q u o t i e n t  o f  C(V) by H [CF;p.222] 
I a,/ bi 

(Remark 3.3).  Thus t h e  L - s e r i e s  f o r  x {above)  is v Z(CH , t )  and t h e  
i-1 1 

l e a s t  common m u l t i p l e  b of b ,  * * * , b 2 ,  g i v e s  a n  i n t e g e r  power of 

L(C(V)/V , Con(V) , t )  t h a t  is  r a t i o n a l ,  where  x is t h e  s u p p o r t  f u n c t i o n  f o r  

Con(V) i n  G(C(V)/V) . The r e a d e r  s h o u l d  go  t o  P a r t  7 f o r  comple t ion  of  t h e  

proof . 

P a r t  6. More o n  t h e  f i e l d  c r o s s i n g  argument .  For  s i m p l i c i t y  we assume t h a t  - 
C(V)/V is u n r a m i f i e d ,  an a s sumpt ion  t h a t  r e q u i r e s  o n l y  a f i n e r  s t r a t i f i c a t i o n  

d of  Q . Let F ( q  ) be t h e  a l g e b r a i c  c l o s u r e  of  F ( q )  i n  lF(q)(V) . 
Remark 2.2 a l l o w s  u s  t o  r e p l a c e  F ( q )  by ~ ( q ~ )  ( and  t by t d )  i n  o r d e r  

t o  assume t h a t  V is a b s o l u t e l y  i r r e d u c i b l e  ove r  F ( q )  . 
A 

Let F ( q )  be t h e  a l g e b r a i c  c l o s u r e  o f  F ( q )  i n  C ( V )  . I n  o r d e r  f o r  

2, r 
t h e r e  t o  be x e V(F(q 1) s u c h  t h a t  F c o n t a i n s  T it is n e c e s s a r y  t h a t  



Given (3.51,  u s i n g  P a r t  3 ( t h e  f i e l d  c r o s s i n g  argument o f  [ F r , 1 ]  

a p p l i e s  t o  any cover  C(V)/V))  , we may c o n s t r u c t  a l g e b r a i c  v a r i e t i e s  

c(v;Y' ,P.)  , P. = 1 , 2 , * * - , ( r , o r d ( ~ ) )  = 1 and 1 s r s o r d ( t )  w i t h  

t h e  f o l l o w i n g  p r o p e r t i e s  [Fr ,1  ; P a r t  0 of t h e  proof of  Theorem 1.1 1: 

(3 .6)  a )  c ( v ; ~ , E )  is t h e  q u o t i e n t  of a  connec ted  component of  

C(V) @ F(q  Ord(T)P. )  by t h e  group g e n e r a t e d  by 

P. r 
b )  f o r  s e V(F(q 1 )  , F c o n t a i n s  T if and o n l y  i f  t h e r e  e x i s t s  

c )  t h e  map f rom t h e  p o i n t s  y t o  t h e  p o i n t s  x t h a t  s a t i s f y  b )  is  
A 

e x a c t l y  
f i  

dSi - C F ( ~ ) F ( ~  ard'w'g~ : F { ~ ) F ( ~ ' ) I  t o  i  . 

S i n c e  F is a conjugacy c l a s s  i n  G(C(V)/V) , le t  c be t h e  number o f  x 

con jugacy  c l a s s e s  i n  Con(V) and  l e t  T ~ ( ~ ) , * - - , T  run  o v e r  d i s t i n c t  

r e p r e s e n t a t i v e s  of t h e  conjugacy c l a s s e s  t h a t  make u p  Con(V) . 
P. Denote  t h e  c a r d i n a l i t y  o f  c ( v ; ~ , P . ) ( F ( ~  1) by N ~ ( ? " )  . From (3 .61 ,  

A t  t h i s  p o i n t  we need t o  r e c o g n i z e  t h a t  t h e  r i g h t  s i d e  o f  ( 3 . 7 )  can  be w r i t t e n  

i n  terms of t h e  c o e f f i c i e n t  of t h e  Sith t e rms  of  t h e  poincare? s e r i e s  f o r  a 

f i n i t e s e t  of v a r i e t i e s ,  C , * * - , C s  ( i n d e p e n d e n t  of P.), Si = 1 , 2 , - * *  , When 
1 

t h i s  is w r i t t e n  o u t  e x p l i c i t l y ,  t h e n  i t  becomes clear t h a t  t h e  P o i n c a r e  s e r i e s  



f o r  Z ( f f , t )  is a  l i n e a r  combina t ion  w i t h  r a t i o n a l  c o e f f i c i e n t s  of t h e  

P o i n c a r & s e r i e s  f o r  t h e  z e t a  f u n c t i o n s  of C l , * * * , C s  . To do t h i s ,  we r e p h r a s e  

a l l  t h i s  i n  t e r m s  o f  G a l o i s  t h e o r y  i n  t h e  proof o f  Theorem 4.4. 

P a r t  7. Comple t ion  o f  t h e  proof w i t h  Dwork's theorem. From t h e  end  o f  P a r t  - 
5 ,  we have  found  a n  i n t e g e r  u  s u c h  t h a t  z ( f f , t I u  can  b e  w r i t t e n  as an  

e x p l i c i t  p roduc t  of i n t e g e r  powers o f  z e t a  f u n c t i o n s  of  t h e  form Z ( C H , t )  . 
I n  t h e  case t h a t  CH is h y p e r s u r f a c e  i n  A an e x p l i c i t  bound f o r  t h e  t o t a l  

d e g r e e  o f  Z ( C H , t )  comes from CD,3; Lemma 14.1 ,p.4891. An e x p l i c i t  

e x p r e s s i o n  f o r  CH as a l o c a l l y  c l o s e d  s u b s e t  of AN (see Remark 3 .3 ) .  as i n  

$ 2 ,  g i v e s  an e x p r e s s i o n  f o r  Z ( C H , t )  i n  t e r m s  of z e t a  f u n c t i o n s  of  

h y p e r s u r f a c e s  [D,3; e q u a t i o n  (2 .1 )  o n  p.5181. U n f o r t u n a t e l y  t h e  argument of 

[D,3] takes q u i t e  a  j o b  of u n r a v e l i n g .  A s  an  a l t e r n a t i v e ,  a  more e x p l i c i t  

c a l c u l a t i o n  a p p e a r s  i n  [B,2].  

I n d e e d ,  h e r e  Bombieri takes V = A , f e F ( q ) [ x ,  , - * , X I  and he  shows 

t h a t  i f  T r k  d e n o t e s  t h e  trace from P' tqk)  down t o  F ( p )  , *.(x) = 

k 
= I S ( A n , f  I t  / k  , t h e n  

k= 1 

I: Ãˆlik(f(x) and  L ( t )  = 
xEtn(  F( qk 1 1 

(4deg ( f  )+5)"  bounds t h e  t o t a l  d e g r e e  o f  L ( t )  . 
Rep lace  f by x o f ( x l  , * * * , X I  i n  An" . For any  v a l u e  o f  

x  c ( F ( ~ ) )  w i t h  f ( x )  * 0 , t h e  sum over  x  e R q k )  g i v e s  0 . 
But ,  i f  f ( x )  = 0 , t h e  sum o v e r  x  E ~ ( q )  g i v e s  qk , Thus L ( t )  i n  

0 

t h i s  c a s e  is j u s t  t h e  z e t a  f u n c t i o n  of t h e  h y p e r s u r f a c e  w i t h  q t  r e p l a c i n g  

t . With a n  a f f i n e  v a r i e t y  V of d e g r e e  d i n  An [B,2;Theorem 21 g e t s  an 

ana logous  r e s u l t  t h r o u g h  t h e  o b s e r v a t i o n  t h a t ,  w i t h  a  computable f i n i t e  

e x t e n s i o n  o f  F ( q )  r e p l a c i n g  F ( q )  , V can  be w r i t t e n  a s  an  i n t e r s e c t i o n  o f  

no more t h a n  n + 1  hype r su r f  a c e s  of d e g r e e  d  . Thus we d e t e r m i n e  a  bound o n  



t h e  t o t a l  d e g r e e  of t h e  z e t a  f u n c t i o n  f o r  V . For  a  l o c a l l y  c l o s e d  s u b s e t  

V of A" , V can  be w r i t t e n  as V1 - V 2  w i t h  Vl  and V 2  a s  c l o s e d  

s u b s e t s  and t h e  P o i n c a r 6 s e r i e s  f o r  V is t h e  d i f f e r e n c e s  of t h e  P o i n c a r d  

s e r i e s  f o r  Vl  and V 2  . 
T h i s  d e t e r m i n e s  an e x p l i c i t  bound f o r  t h e  t o t a l  d e g r e e  of Z ( C u , t )  . 

P u t t i n g  t h i s  and t h e  p r e v i o u s  r e s u l t s  t o g e t h e r  produces  an e x p l i c i t  m u l t i p l e  

uo of u  , and  d e g ( f l )  and  bounds on  d e g ( f 2 )  + d e g ( f 3 )  i n  t h e  s t a t e m e n t  

of t h e  theorem. From t h i s  we c a n  f i n d  f , , f 2  and  f 3  and t h e  a c t u a l  v a l u e  

of u  by e x p l i c i t l y  comput ing  t h e  c o e f f i c i e n t s  

d  
N , * * - , N  of t - l o g ( Z ( Q , Q , t ) )  f o r  s u i t a b l y  l a r g e  v  . We d t  

now show t h a t  i t  s u f f i c e s  t o  t a k e  v  t o  be any i n t e g e r  e x c e e d i n g  

( 1  +deg ( f  ) ) ( I  + d e g ( f 2 ) + d e g ( f 3 ) )  . T h a t  i s ,  i n  t h i s  c a s e  N --â , N v  e f f e c t i v e l y  
1 ' 

d e t e r m i n e  Z ( a , Q , t )  . 

Without  l o s s  we may assume t h a t  f l ( 0 )  = 0 a n d  t h a t  ( f 2 / f 3 )  ( 0 )  = 1 . 
Thus 

r s 
k def  b )  u o ~ k  = I a! - I 6, = s ( a , ~ , k )  f o r  

i = l  j=1  

where uo is t h e  m u l t i p l e  of u  de t e rmined  a t  t h e  end  of  P a r t  5. Cons ide r  



f o r  w = deg( f l )+ l  . Clearly f 2 / f 3  is determined by  the  r igh t  s ide  of 

( 3 . 9 1 ,  which, being a ra t ional  function of degree at most ( d e g ( f , ) + I ) ( s + r )  , 

is determined by the  f i r s t  ( d e g ( f I ) + l ) ( s + r ) + l  coefficients. These, 

calculated by hand, a re  u N , u  N . I n  par t icular ,  we can o deg( t l )*l  o v 

calculate S(a,B,k) fo r  any spec i f ic  value of k . 

d Since t h e  coefficients -(f ( t ) )  are  given by Nk-S(a,6,k) , 
d t  1 

k = 0 , - - - , deg ( f l  )-I  , we have an exp l ic i t  procedure fo r  computing f ,  ( t )  . 
T h i s  concludes the proof of the theorem. m 

Remark 3.3. Quotients. Parts 2 and 5 of the proof of Theorem 3.2 consider 

Galois covers C f  + V *  and the quotient C h  of C i  by a subgroup H of the 

Galois group G ( C * / V f )  = G . Here V is a loca l ly  closed subset of an 

a f f ine  variety,  and thus a union of (not necessarily d i s j o in t )  a f f ine  

variet ies.  The covering map i s  f i n i t e ,  and therefore aff ine  [M;p.243, 

Proposition 51. Thus, i n  computing C i  we are reduced t o  the case that  C v  

and V are affine and t o  the problem of computing the  subring of t he  

coordinate r i ng  of C' consisting of elements invariant under 

H . I n  the case tha t  C*  and V are both normal var ie t ies  ( a s  i n  Part 5 ) ,  

then C; is the normalization of V' in  the f i e l d  of invariants of the 

function f i e l d  F(q) (Cf)  under H . T h i s  f i e l d  of invariants can be computed 

from expl ic i t  generators of F(q) (Ct )  , and the  normalization process is 

exp l ic i t  from [St]. But, for  t r u l y  effect ive  calculation, t h i s  normalization 

process can be a bottleneck unless the coordinate r ing of C' is  generated by 

a s ingle  element over the  coordinate r ing  of V . T h i s  i s  the condition fo r  



C *  ->Â V being a basic cover in  [FJ;Chapter 51, and t h i s  can always be 

achieved by ref in ing the or iginal  s t r a t i f i c a t i on .  So too,  a refinement of the 

s t r a t i f i c a t i on  allows us  always t o  assume tha t  C *  and V a re  normal (and, 

i f  desired, that  C *  Â¥ V is a basic cover). 

Remark 3.1. Arithmetically similar  curves. Use the notation of Part 3 of 

the proof of Theorem 3.2. With ( r , o r d ( ~ ) )  = 1 we compare arithmetic 

properties of C** and C+ the  respective normalizations of C s  and C L  . 
T 

The two curves are  isomorphic upon an extension of the coefficient  f i e l d  

8, K (=  F(q  1)  . Assume, a l so ,  as  i n  Part 3 tha t  L *  = P' : that i s ,  the  

curves are complete (proj  ec t i  ve). 

For a general K i t  could be that  C1* has a K-rational point 

and Ctt  ha s  none. But, i f  K is a f i n i t e  f i e l d  they both have the  same number 
1 

of K-rational points. The argument goes l i k e  t h i s .  The respective Picard 

var ie t ies ,  Pic(C1*) and Pic(Cp , of Cs* and C v e  abelian var ie t ies  

defined over K that  a re  isomorphic over an extension of K . Thus [LT] they 

2, are  isomorphic over K . The cardinali ty of Cf*(F(q ) 1 is determined b y  the 

zeta function of C*' , and the zeta function of C1* is determined by 

2, 
P ~ C ( C * * )  . ~ h u s  I C * * ( F ( ~  ) ) I  = l ~ y ~ q " ) ) ~  . 
Remark 3.5. Absolute i r reduc ib i l i ty  and the def ini t ion of Galois 

s t ra t i f i ca t ions .  I n  the  basic def ini t ion of Galois s t r a t i f i c a t i o n  fo r  the 

covers C ( V i ) / V i  , i = 1 , i t  is  not possible t o  assume tha t  that  V i  is 

absolutely i r reducibi l i ty .  Part 6 ,  however, of the proof has an important 

reduction assumption t o  t h i s  case. An a l ternat ive  t o  t h i s  would have been a 

s l igh t  adjustment i n  the  statement and proof of [Fr,l;Theorem 1.11. One can 

foresee practical  s i tuat ions  where there  would be an algorithmic advantage i n  

avoiding the re turn t o  the assumption of absolute i r reduc ib i l i ty  of V i  , 



e s p e c i a l l y  s i n c e  we have  no c h o i c e  bu t  t o  c o n s i d e r  t h e  p o s s i b i l i t y  t h a t  

- 
C ( V i )  is r e d u c i b l e  o v e r  F ( q )  . 

P a r t  7 o f  t h e  proof of Theorem 3.2 e f f e c t i v e l y  d e t e r m i n e s  u , f , , f 2  and 

f 3  from an e x p l i c i t  m u l t i p l e  uo of u , a bound on d e g ( f , )  and o n  

d e g ( f 2 ) + d e g ( f 3 )  . Indeed ,  s i n c e  [ B , Z ; l o c . s i t . ]  h a s  s u c h  a n  e x p l i c i t  bound 

on d e g ( f p ) + d e g ( f 3 )  i n  terms of t h e  d e g r e e s  of t h e  polynomia ls  g e n e r a t i n g  t h e  

i d e a l  of t h e  v a r i e t y ,  t h e  proof of Theorem 3.2 i n c l u d e s  a n  o u t l i n e  of  how t o  

o b t a i n  a  bound f o r  t h e  compu ta t ions  s t r i c t l y  i n  terms of t h e  d e g r e e s  of t h e  

po lynomia l s  t h a t  d e s c r i b e  t h e  v a r i e t i e s  t h a t  appea r  i n  t h e  G a l o i s  

s t r a t i f i c a t i o n  Q . The proof e s s e n t i a l l y  r e v e r t s  t h i s  t o  an  e f f e c t i v e  

compu ta t ion  f o r  a  bound o n  t h e  d e g r e e s  of t h e  po lynomia l s  t h a t  d e s c r i b e  t h e  

v a r i e t i e s  t h a s t  a p p e a r  i n  t h e  G a l o i s  s t r a t i f i c a t i o n  '5'n-k . 
Bes ides  t h e  problems d i s c u s s e d  i n  Remark 3.3, t h e  key e f f e c t i v e n e s s  

compu ta t ion  is  of t h e  d e g r e e s  and  d imens ions  of t h e  l o c a l l y  c l o s e d  

c o n s t i t u a n t s  of t h e  image of  a v a r i e t y  V i n  A" under  p r o j e c t i o n  o n  t h e  

f i rs t  n-1 c o o r d i n a t e s  ( a s  i n  P a r t  4  of  t h e  p r o o f ) .  

With [B,2] as a model we p r o p o s e  t h e  f o l l o w i n g  a d d i t i o n  t o  Theorem 3.2. 

3  
PROBLEM 3.6. F i n d  an  e x p l i c i t  bound f o r  u + E d e g ( f i )  i n  Theorem 3.2 - i n  

i=1  
terms of t h e  d e g r e e s  and  d imens ions  of t h e  polynomia ls  t h a t  a p p e a r  i n  t h e  

v a r i e t i e s  of  t h e  G a l o i s  s t r a t i f i c a t i o n .  

The  main c o n s t r u c t i o n  of [ F r ~ ; p . 2 2 6 ,  e x p r e s s i o n  ( 4 . 1 )  1 starts w i t h  a n  

e l e m e n t a r y  s t a t e m e n t  ( o r ,  more g e n e r a l l y ,  a  G a l o i s  s t r a t i f i c a t i o n )  o v e r  

O K [ l / d  t h e  r i n g  of i n t e g e r s  of a number f i e l d  K l o c a l i z e d  away from * 

t h e  pr imes  d i v i d i n g  a n  i n t e g e r  a . Note: G a l o i s  s t r a t i f i c a t i o n  h e r e  means 

t h a t  t h e  p r o p e r t i e s  g i v e n  i n  S e c t i o n  1 h o l d  o v e r  t h e  number f i e l d  K , bu t  



t he  coe f f i c i en t s  of the  defining polynomials a r e  i n  ^ [ l / a ]  . A s  i n  t he  

previous work we assume t h a t  t h i s  i s  a Galois S t r a t i f i c a t i ~ n i n  n 

va r i ab le s ,  xl,  0 , x  . Given a s e t  of quan t i f i e r s  Qn,Qn-l, * * -  ,Qk+l ,- 
i i  i 

then p~oduces  Galois s t r a t i f i c a t i o n s  Bi = {C (k4j ) / w j  , C O ~ ( W ~ )  } j E J  

An- i * 

over Q,.[l/ai] with underlying space , i  = 1 , - - , k ,  and an in teger  

a. where aIao and a i  I a i l , i  = 0 , - * * , k - 1  . We now explain f u r t h e r  

proper ti es . 
The key property is  t h a t  <7 (resp.  B i )  i s  a Galois s t r a t i f i c a t i o n  over 

S p e c ( ~ [ I / a o ] )  (resp.,  ~ p e c ( O , , [ l / a ~ ] ) , i  = 1 , - - - , k )  . This means t h a t  f o r  

each prime p of OK[l/ao] t h e  reduct ion modulo p of the  da ta  

1 c ( ~ ~ ) / ~ ~ 1 ~ ~ ~  ( a s  i n  51) is a Galois  s t r a t i f i c a t i o n  over c \ [ l / a ] / p  

w i t h  na tura l  isomorphisms of G ( C ( V {  ) / V i  and G(C(Vi)mod(p)/Vimod(p)) , 

i E I . Simi lar ly ,  Bi is  a Galois  s t r a t i f i c a t i o n  over Spec(OK[l/ai]) , 

i = 1 , - - , k  . Furthermore, f o r  each prime p of @-,[l/ai] , f o r  each f i n i t e  

f i e l d  extension ~ ( ~ $ 1  of F ( q )  = 0 [ l / a i 1 / p  and f o r  each Y E A ~ - ( F ( ~ ) )  

i (3.10) [y E U Con(W. mod(p))] i f  and only i f  
J 

w i t h  xn-i+l, 
$ , x  E F(q ) . 

I n  p a r t i c u l a r ,  i n  t he  ana lys i s  of Par t  2 of the proof of Theorem 3.2,  f o r  

each pr ime p of O d l / a k ]  the re  a r e  - no exceptional Jlts . From t h i s  we 

conclude t h a t  the  zeta  funct ion ,  ~^lmod(p),Q!,t) has no exponential f ac to r :  

THEOREM 3.7. I n  the  notat ion above, f o r  each prime p of ~ ~ [ l ~ a ~ l  8 t he re  - 
e x i s t s  an e x p l i c i t l y  computable in teger  u (independent of p ) such t h a t  



~ ( f i ' m o d ( ~ ) , Q , t ) ~  = f 2 ( t ) / f y t )  - w i t h  f 2 , f 3  E Z c t ]  where 

d e g ( f 2 ) + d e g ( f 3 )  is bounded by an e x p l i c i t l y  computable  i n t e g e r  ( i ndependen t  

of  p 1. - 
Of c o u r s e ,  t h e  minimal i n t e g e r  u  , t h e  a c t u a l  d e g r e e  o f  t h e  r a t i o n a l  

f u n c t i o n  f 2 / f 3  and t h e  polynomials  f 2  and f 3  i n  Theorem 3.7 are e x p e c t e d  

t o  be dependent  on p i n  most  c a s e s .  

Although i t  is p rema tu re  f o r  us t o  d i s c u s s  "good" and "badn pr imes ,  any  

s u c h  d i s c u s s i o n  must u l t i m a t e l y  be concerned  w i t h  e f f e c t 1  ve computa t ion  of t h e  

primes t h a t  d i v i d e  t h e  i n t e g e r  a k  t h a t  a p p e a r s  i n  Theorem 3.7. We conc lude  

t h i s  s e c t i o n  w i t h  an example and d i s c u s s i o n  t h a t  r e l a t e s  Theorem 3.2 and 3.7 

th rough  t h e i r  most e l e m e n t a r y  a s p e c t s :  t h e  r e s p e c t i v e  f a c t o r i z a t i o n s  of a 

polynomial  over  a  f i n i t e  f i e l d  and o v e r  Z  . 

Ex 3.8. F a c t o r i z a t i o n  of a polynomial .  L e t  f ( x )  e Z[x] be a  monic - 
polynomial  of deg ree  n  and  d e n o t e  by P t h e  e l emen ta ry  s t a t e m e n t  t h a t  

e x p r e s s e s  t h a t  f ( x )  is i r r e d u c i b l e :  P  is t h e  d i s j u n c t i o n  o f  P j  , t h e  

e x i s t e n t i a l  s t a t e m e n t  i n  t h e  " v a r i a b l e n  c o e f f i c i e n t s  of g ( x )  , h ( x )  w i t h  

g  monic and  o f  deg ree  j , t h a t  e x p r e s s e s  t h e  e q u a t i n g  o f  t h e  c o e f f i c i e n t s  o n  

t h e  l e f t  and  r i g h t  s i d e s  of  g ( x ) h ( x )  = f ( x )  , j = 1 , -* . [n /2 ]  . T h a t  is, 

P j  is of t h e  form ( 3 x . ) [ x  e V . ]  where V j  is an a l g e b r a i c  set  of  
J J  J 

dimension 0 . Even t o  start t h e  G a l o i s  s t r a t i f i c a t i o n  p rocedure  o n  V j  , as 

i n  Ex. 2 .1 ,  e i t h e r  o v e r  F ( q )  o r  ove r  Z , r e q u i r e s  us t o  decompose j 

i n t o  K - i r r e d u c i b l e  components w i t h  K = F ( q )  o r  Q , r e s p e c t i v e l y .  I n  o t h e r  

words,  t h e  i n t r o d u c t i o n  of V ,  * - *  , V p 1  , w h i l e  of t h e o r e t i c a l  v a l u e ,  

p r o v i d e s  no f i n e s s e  around t h e  problem of f i n d i n g  t h e  K-components of t h e  

The d e t a i l s  of t h e  p r o o f s  of  Theorems 3.2 and  3.7 u l t i m a t e l y  depend,  



r e s p e c t i v e l y ,  on a p rocedure  t o  f i n d  t h e  K - i r r e d u c i b l e  components of  W(f)  

f o r  K = F ( q )  o r  (B and Example 3.8 shows t h i s  t o  be a s p e c i a l  c a s e  of our 

c o n s i d e r a t i o n s .  An e l emen ta ry  but  e x t e n s i v e  d i s c u s s i o n ,  w i t h  many examples ,  

o f  Berlekampr s d e t e r m i n i s t i c  a l g o r i t h m  [Be] i n  t h e  c a s e  K = F ( q )  a p p e a r s  i n  

[LiP;Chapter  3, $41. S t a r t i n g  wi th  [CaZ], t h e  l a s t  few y e a r s  have  s e e n  t h e  

development of p r o b a b i l i s t i c  a l g o r i t h m s  f o r  f a c t o r i z a t i o n  o v e r  f i n i t e  

f i e l d s :  t h e  time of computa t ion  depends o n  random c h o i c e s ,  b u t  w i t h  h i g h  

p r o b a b i l i t y  t h e  computa t ion  w i l l  be comple te  i n  a t i m e  t h a t  i s  f e a s i b l e  f o r  

s e r i o u s  examples of t h e  k ind  f o r  which Theorem 3.2 i s  i n t e n d e d .  

I t  is w e l l  known t h a t  a check f o r  t h e  Q- i r reducib le  components of 

W(f)  t h a t  depends on computa t ion  o f  t h e  Z / ( p ) - i r r e d u c i b l e  components of 

W(f)  mod(p) may r e q u i r e  a n  I n s p e c t i o n  of an enormous number of primes p . 
Apparen t ly  [LeLeLo] is t h e  most  p r a c t i c a l  p r o c e d u r e  f o r  t h i s  computa t ion .  

$4. ( A r t i n )  L - s e r i e s  o n  a G a l o i s  s t r a t i f i c a t i o n .  

Let c p : C ( V )  Â¥ V be a G a l o i s  cover  of F(q) -normal  sets a s  i n  $2. Suppose 

t h a t  x i s  a (complex) c h a r a c t e r  of G(C(V)/V) ( i . e . ,  t h e  t r a c e  f u n c t i o n  

composed w i t h  a complex r e p r e s e n t a t i o n  o f  G ). The ( A r t i n )  L - s e r i e s ,  

L (C(V) /V ,x , t )  , a s s o c i a t e d  t o  x can be d e f i n e d  by i ts  ~ o i n c a r e ' s e r i e s  as 

f o l l o w s .  Let  NQ = N I ( x )  be t h e  sum Â x ( F )  , !4 = 1 , 2 ,  * * * ,  

xEv( ~ ( q ' )  
where 

F is t h e  F roben ius  set  e x p l a i n e d  between e x p r e s s i o n s  (2 .2)  and  (2 .3 ) :  

x(Fx) = ~ ( 0 )  f o r  u â Fx i f  x is c o n s t a n t  o n  Fx and x ( u )  = 0 o t h e r w i s e .  

Then L(C(V)/V,x , t )  is d e f i n e d  by t h e  fo rmula  



and L(C(V)/V,x,O) = 1 . I t  is wel l  known t h a t  L(C(V)/V,y, t )  is r a t i o n a l .  

Fur thermore ,  even i f  y is  o n l y  a v i r t u a l  c h a r a c t e r  ( i . e . ,  a  l i n e a r  

combination w i t h  c o e f f i c i e n t s  i n  C of a c t u a l  c h a r a c t e r s  of G )  , t h e  

~ o i n c a r d  s e r i e s  is r a t i o n a l .  

I n  t h i s  s e c t i o n  we g e n e r a l i z e  $ 3  by d e f i n i n g  L-se r i e s  on a G a l o i s  

s t r a t i f i c a t i o n .  Much of t h e  work f o r  t h e  e x p l i c i t  computation analogue of 

Theorem 3.2 has  a l r e a d y  been done i n  t h e  proof of Theorem 3.2. E x p l i c i t  

computation,  however, of t h e  t o t a l  degree  of a genera l  ( A r t i n )  L - s e r i e s  cannot 

be r e v e r t e d  t o  t h e  computation f o r  z e t a  f u n c t i o n s ,  s a y ,  from t h e  s i m p l e  

o b s e r v a t i o n  t h a t  t h e  product of t h i s  wi th  o t h e r  L - s e r i e s  r e l a t e d  t o  t h e  same 

cover is a z e t a  f u n c t i o n .  The problem i s  t h a t  t h e r e  i s  p o s s i b l e  c a n c e l l a t i o n  

of z e r o s  o r  po les  of one  s e r i e s  by t h o s e  of another .  Thus Theorem 4.3 is 

based on a n a t u r a l ,  but  d i f f i c u l t  t o  check h y p o t h e s i s  which evo lves  from a 

r e p r e s e n t a t i o n  t h e o r y  r e s u l t  (Lemma 4.2). Theorem 4.4 is a b i t  of a g rab  

bag: i t  gives  s i t u a t i o n s  where [Asp] and [B,2] can be a p p l i e d  t o  show t h a t  

t h e  hypo thes i s  of Theorem 4.3 holds ;  and i t  f o l l o w s  i d e a s  of [B,3] and 

[ F r , l ]  t o  g i v e  a p o s s i b l e  a l t e r n a t i v e  approach t o  e s t a b l i s h i n g  Theorem 4.3 

wi thout  t h e  a d d i t i o n a l  hypo thes i s .  A s  Adolphson, Sperber  and o t h e r s  cont inue 

t h e i r  work t h e  incompleteness  of t h e s e  r e s u l t s  may d i s a p p e a r .  

I n  some a p p l i c a t i o n s  w e  might e x p e c t  L - s e r i e s  t o  a i d  i n  t h e  

i d e n t i f i c a t i o n  of t h e  z e t a  f u n c t i o n s  of 53 w i t h  an Eu le r  f a c t o r  a r i s i n g  from 

some c l a s s i c a l  f u n c t i o n  (e .g . ,  a  modular f u n c t i o n ) .  I n  such  c a s e s  we would 

have e s p e c i a l l y  p r e c i s e  in fo rmat ion  on  t h e  v a r i a t i o n  of  Z(Q m o d ( p ) , Q , t )  

with p i n  Theorem 3.7 and an unders tanding of v e x c e p t i o n a l  p ." Such 

a p p l i c a t i o n s ,  however, l i e  i n  t h e  f u t u r e .  

j j e t  a-i = ( c ( v i ) / v i  , ~ 0 n 4 ) } ~ ~ ~ ( ~ )  be a G a l o i s  s t r a t i f i c a t i o n  of 



A" over  F ( q )  , j - 1 , 2  . The p r o c e s s  of amalgamation [FrS;p.212] produces  

from and f f2  a new G a l o i s  s t r a t i f i c a t i o n  of  A" ove r  F ( q )  . I t  i s  

d e n o t e d  f f l x  f f 2  = { c ( H ~ ) / w ~ , c o ~ ( w ~ )  1 kEJ  where t h e  d a t a  has  t h e  f o l l o w i n g  
A" -- 

p r o p e r t i e s :  W k  is a s t r a t i f i c a t i o n  o f  A" ( b y  F ( q ) - i r r e d u c i b l e  
keJ 

normal s u b s e t s )  t h a t  i s  f i n e r  t h a n  t h e  s t r a t i f i c a t i o n  V: , j = 1 , 2  ; 
i e l ( j  ) 

1 

1 2 
if wk 5 vi and Wk 5 V i ( , )  , t h e n  C(Wkkl is a n  F ( q ) - i r r e d u c i b l e  

1 2  component of t h e  f i b e r  product  C ( V ( ) )  xwkC(Vi(2)) v i a  t h e  embedding of  

w k  i n  and t h e  maps c ( v ~ ( ~ ) )  * Vi( j  , j = 1 , 2  ; and,  i n  t h e  

1 1 i d e n t i f i c a t i o n  of  G ( C ( W k ) / W k )  w i t h  a subgroup  o f  G ( C ( V i f l l M i ( l l )  x 

) , C o n ( W )  c o n s i s t s  of t h e  con jugacy  classes of e l emen t s  

( u l ,  u 2 )  c G(C(Wkl/Wk) such  t h a t  u r e p r e s e n t s  an  e l emen t  of 
j 

contv '  , j = 1 , 2  i ( J )  

For a  g iven  G a l o i s  cove r  C(V) -Ã  ̂ V equipped w i t h  a union ,  Con(V) , of 

conjugacy c l a s s e s  of t h e  G a l o i s  group,  we may r e g a r d  t h e  s u p p o r t  f u n c t i o n  

Icon(vi  , as a  v i r t u a l  c h a r a c t e r .  Suppose t h a t ,  i n  p l a c e  of  

con(v;)  above ,  we are g i v e n  a v i r t u a l  c h a r a c t e r  x J  of t h e  G a l o i s  g roup  of  i 

c ( v ~ )  -- V: . I n  t h i s  case call  d a G a l o i s  s t r a t i f i c a t i o n  wi th  ( v i r t u a l  

c h a r  act ers. Then d e f i n e  Q*'X / as above e x c e p t  t h a t  ( i n  t h e  n o t  at  i on 
A 

above)  we r e p l a c e  Con(Wk) by t h e  v i r t u a l  c h a r a c t e r  t h a t  t a k e s  t h e  va lue  

F i n a l l y  l e t  a = \ W i ) / ~ i , ~ o n ( ~ i ) ) i E I  be a  G a l o i s  s t r a t i f i c a t i o n  o n  

A n  o v e r  F ( q )  , l e t  k b e  an  i n t e g e r  between 0 and  n  , l e t  

Q k + 1 9 * * * , Q n  be q u a n t i f i e r s  and l e t  B = { c ( w . ) / w  J , x j l j c J  be a  G a l o i s  

s t r a t i f i c a t i o n  w i t h  c h a r a c t e r s  of hk ove r  F ( q )  . For each  i n t e g e r  

fc 2 1 , d e f i n e  N * N ( ( 7 , x . Q )  t o  be 



k I 
where t h e  sum is o v e r  x* = ( x l , - * , X I  E A ( F ( q  1 )  s u c h  t h a t  

I 
h o l d s  i n  F(q  ) and x ( F , )  is d e f i n e d  t o  be x ( F , )  i f  xf  E W . 

j . j 

As i n  $2,  d e f i n e  ~ ( ( 7 , ~ ~ , 0 , t h ~  i t s  ~ o i n c a r e '  s e r i e s :  

Note ,  t o o ,  as i n  $3, g iven  Q and q u a n t i f i e r s  Q , - - - , Q  , e a c h  i n t e g e r  

k between 0 and n and e a c h  s t r a t i f i c a t i o n  w i t h  c h a r a c t e r s  /Â¥ of 

g i v e s  an  L - s e r i e s .  

Def. 4.1. Let G be a group,  l e t  x be a c h a r a c t e r  of G and l e t  qo be a - 
f i x e d  power of  p . Suppose t h a t  i f  cp:C(V) Â¥ V is any g a l o i s  cover  of 

F ( q )  - normal sets where % l q  and G(C(V)/V) is i s m o r p h i c  t o  a subgroup  

d of G , t h e n  t h e  t o t a l  d e g r e e  of  t - l o g ( L ( C ( V ) / V , y , t ) )  is e x p l i c i t l y  
d t  

computable.  I n  t h e  L - s e r i e s  h e r e ,  x d e n o t e  t h e  r e s t r i c t i o n  o f  t h e  o r i g i n a l  

c h a r a c t e r  t o  G(C(V)/V) . We s a y  t h a t  y is ( e x p l i c i t l y )  computable  as an 

L-se r i  es c h a r a c t e r .  

I f ,  i n  t h e  G a l o i s  s t r a t i f i c a t i o n  13= { C ( W  )/W , x  } 
J ~ J E J *  

each  o f  t h e  

J 
is computable a s  a n  L - s e r i e s  c h a r a c t e r ,  we s a y  t h a t  13 has  ( e x p l i c i t l y )  

computable c h a r a c t e r s .  Note t h a t  we s u p p r e s s  t h e  dependence o f  t h i s  

d e f i n i t i o n  on a, . We now s t a r t  t h e  d i s c u s s i o n  of t h e  r e p r e s e n t a t i o n  t h e o r y  

o b s e r v a t i o n  which conc ludes  t h e  proof of Theorem 4 .3 .  

Let  u:G + K and u : G  + K be  s u r j e c t i v e  h m m o r p h i s m s  of f i n i t e  
1 1  

- 
groups .  Cons ide r  t h e  f i b e r  product  G = { ( u , u l )  E G x G I  u ( u )  = u ( o ) )  . 



Let Hi be a subgroup of Gl and l e t  x be a character of G . Define 
A 

G - 
y x 1 t o  be the character of G defined by  the  formula 

H I  

.L - 
Final ly ,  l e t  be Gf l  G x  H anddeno t e the  projections of G t o  G 

and Gl , respectively,  by pr and prl . 

- 
LEMMA 4.2. The representation induced on G by the representation 

- GI  

Proof. Let a , , - - *  "r be representat ives of the cosets of Hi i n  
- 

G l  . Since the projection of G in to  Gl is su r jec t ive ,  there  ex i s t  
- - 

, 
. . a E tha t  project ,  respectively,  t o  a , , - * * , a  . Thus 

- - 
a l ,  * * *  ,ar are coset representat ives of in , and f o r  
- - - - --1 ; - 1 o E G , then a.a a i  

1 
i f  and only i f  a ipr l (o)a i  E H , i - l . * * - , r  . 

By def in i t ion of the  induced representat ion,  f o r  (u ,u l )  e , 

G1 r - 1 
lH ( a l )  = E lH (aiolai , and 

1 i=l  1 

where 1 (resp.,  1 i )  i n  t h i s  context denotes the  support function fo r  
H1 

H (resp.,  i) . From the above comment, the r igh t  s ide  of (4.7) b )  i s  j u s t  

r  - 1 1 
1 1 (aiulai ) x ( u )  = x(u) lH ( o l )  . T h i s  establishes ( 4 . 6 ) .  Â 

i=l 1 1 



THEOREM 4.3. Let (7 be a Galois s t r a t i f i c a t i o n  of An over - - 
F ( q )  , and, w i t h  0 S k S n , l e t  be a Galois s t r a t i f i c a t i o n  - 
w i t h  computable characters of A over F(q) . Then - - 

is an exp l i c i t l y  computable element of 

Proof. Theorem 3.2 produces from (7 a Galois s t r a t i f i c a t i o n  

B, - of A^ over F(q) and an integer to 

k ii, w i t h  the  following properties. Suppose that  2, 2 go and x' e A (F(q ) )  , 

Then xt e (j Con(U) i f  andonly  i f  (4.21 b )  holds. Conclude that  the  sum 
s es 

(4.2) a )  is the same as the sum 

where Zt' s ign i f i es  a sum over elements xt e U Con(Us) . Therefore fo r  
s es 

i i , 2 2 , 0 ,  2, is 

where is the  character representing the  support function fo r  

Con(U) . Thus we a re  reduced t o  proving tha t  the  Po inca r e ' s e r i e  
s es 
( w i t h  no quant i f iers)  fo r  the  Galois s t r a t i f i c a t i o n  w i t h  characters,  

B 3 , is an exp l i c i t l y  canputable ra t ional  function. 
x ~ k  

From t h i s  point follow Part 5 of the proof of Theorem 3.2. We have only 

d t o  show that  a Poincare s e r i e s  t _ ( ~ O g ( ~ ( ~ ( ~ ) / ~ , x ~ , t ) ) )  i s  an exp l i c i t l y  
d t  

computable ra t ional  function of t where the  following conditions hold: W 



is a loca l ly  closed normal subset of over F(q)  ; 

C(W)/W is a Galois cover (as previously) whose group is ident i f ied  w i t h  a 
- 

subgroup G of G x G I  where G is  the Galois group of one of the covers 
- 

that  appears i n  Q ; project ionof  G on each of the factors  G and Gl is  

sur ject ive ,  and the s i tua t ion  prior t o  Lemma 4.2 holds; and x t  i s  a vi r tual  

character that  takes the value x ( o ) x l ( o l )  on (a,o,) e G x G l  where x i s  

computable as an L-series character and x is a support character for  a 1 

union of conjugacy classes of G-, t ha t  s a t i s f i e s  condition (2.5). 

From Artin 's  theorem, as i n  Part 5 of the proof of Theorem 3.2, we may 
G 7 
A assume tha t  x l  is ^- . Now apply Lemma 4.2 t o  replace x 1  by - J. 

d 
( X  'til l G  Then CCFip-2221 shows tha t  t - , - ( l o g ( ~ ~ ( ~ ) / ~ , ~ l , t ) ) )  is 

2 u t he  same as t Ã ‘ ( l o g ( ~ ( C (  ) / w  , x , t ) ) )  where C ( W q ) / W  is a Galois cover 

w i t h  group isomorphic t o  the projection H of onto G . Here x again 

denotes r e s t r i c t i on  of x on G t o  H . By the assumptions, t h i s  l a t t e r  

~o inca re " se r i e s  i s  exp l ic i t ly  computable. T h i s  concludes the proof of the 

theorem. 

Let C ( V )  Â ¥ *  be a Galois cover, a s  above, over F(q) a n d l e t  x be a 

character of G ( C ( V ) / V )  . A well known formula r e l a t e s  the  L-series over 

F(q) t o  tha t  over F ( ~ ~ ) :  

Thus, i f  we could be cer ta in  tha t  none of the zeros or poles of L ( C ( V ) / V , x , t )  

are canceled by those of another factor  on the  r igh t  s ide  of ( 4.9) , then we 

could asser t  t h t  the t o t a l  degree of the l e f t  s ide  gives a bound on the t o t a l  

degree of L ( C ( V ) / V ,  x , t )  . Unfortunately, t he  noncancellation statement is 

f a l s e  i n  general. Thus i n  Definition 4 . 1  (and Theorem 4.4 )  we are  not f r e e  t o  



e x t e n d  t h e  b a s e  f i n i t e  f i e l d .  

THEOREM 4.4. Let d be  a G a l o i s  s t r a t i f i c a t i o n  o f  A" o v e r  F ( q )  - 
and ,  w i th  0 2 k 2 n , l e t  B be a G a l o i s  s t r a t i f i c a t i o n  w i t h  t h e  f o l l o w i n g  - 
p r o p e r t y :  For  C ( W ) / W  a cover  t h a t  a p p e a r s  i n  B , t h e  o r d e r  m of  t h e  group - 
s a t i s f i e s  e i t h e r  mlq-1 o r  q = po where molq-1 . Then - 

d 
t Ã ‘ ( l o g ( ~ ( 6 1 , x .  , Q , t ) ) )  is an e x p l i c i t l y  computable  e l emen t  of f l ( t )  . 

Even w i t h o u t  t h e  h y p o t h e s i s  on  I G ( C ( W ) / W ) ~  t h e r e  e x i s t s  an i n t e g e r  

ro  = r ( B )  s u c h  t h a t  i f  p is a c h a r a c t e r i s t i c  r o o t  o f  

L(C(W)/W,x, t)  t hen  p r /u  is a r o o t  of 1 w i t h  r an i n t e g e r  d i v i d i n g  ro - 
and ID is  a c h a r a c t e r i s t i c  r o o t  of  an e x o l i c i t l v  comou tab le  z e t a  f u n c t i o n .  

d 
I f  ro is e x p l i c i t l y  compu tab le ,  t h e n  t - Ã ‘ ( l o g ( L (  , x B , Q , t ) ) )  

i s  an e x p l i c i t l y  computable  e l emen t  of  <S(t) . 

Proof  ( w i t h  a p r o v i s o  from [Asp]) .  The  1st pa rag raph  of t h e  s t a t e m e n t  f o l l o w s  

from Theorem 4 .3  once  we d e m o n s t r a t e  t h a t  B has  computable  c h a r a c t e r s  

( r e l a t i v e  t o  q-). F o r  t h i s  we n e e d  t o  know t h a t  e a c h  c h a r a c t e r  o f  G i s  a 

l i n e a r  combina t ion  w i t h  r a t i o n a l  c o e f f i c i e n t s  of c h a r a c t e r s  i n d u c e d  from 

c h a r a c t e r s  of c y c l i c  subgroups  o f  G [Se;p.871. Again from [CF;p.222], t h i s  

r e d u c e s  t h e  1st pa rag raph  o f  t h e  s t a t e m e n t  of t h e  theorem t o  t h e  c a s e  where 

C ( W ) / W  is  a c y c l i c  cove r  whose d e g r e e  m has  t h e  s t a t e d  p r o p e r t i e s .  If 

m = p , t h e n  [B,2],  a s  r e c o u n t e d  i n  P a r t  7 o f  t h e  proof of Theorem 3.2 shows,  

f o r  y any  c h a r a c t e r  o f  G ( C ( V ) / V )  , t h a t  y is  ( e x p l i c i t l y )  computable as 

a n  L - s e r i e s  c h a r a c t e r .  On t h e  o t h e r  hand ,  i f  (m,p)  = 1 , t h e  c o n d i t i o n  

m l q - 1  a l l o w s  us t o  e x p r e s s  C ( W ) / W  as a Kmmer c o v e r .  I n  t h e  c a s e  t h a t  

W = A" , [Asp] g i v e  an e x p l i c i t  bound o n  t h e  t o t a l  d e g r e e  o f  L(C(W)/W,y, t)  . 
They t h e n  s a y  [Asp; p. 3271: "We b e l i e v e  t h e  methods of t h i s  pape r  w i l l  l e a d  t o  



milar t r e a t m e n t  o f  l mixed1 sums of t h e  t y p e  2 x ( g ( x ) ) $ ( f ( x ) )  , 
X E C F C ~ ) ~ ) ~  

E F(q) [x l ,*m*,xn]  , x is a m u l t i p l i c a t i v e  c h a r a c t e r  of F ( ~ ) '  , where f , g  

and Y 

t h e n  t h e  

s ubvar i e t  y  

is  an a d d i t i v e  c h a r a c t e r  on  F ( q )  ." If t h i s  s t a t e m e n t  h o l d s ,  

t r i c k  u sed  i n  [B,21 t o  go from W = t o  a  g e n e r a l  

of  A" a p p l i e s  h e r e  a l s o .  That  i s ,  if W is  t h e  l o c u s  of  

f ( x )  = O , Ã § Ã ˆ * , f n (  = 0 , r e p l a c e  ~ ( f ( x ) )  i n  t h e  above sum by 

Y ( y f ( x ) + - * +  y  f { x ) )  and  r e p l a c e  m n  z by z 
X E ( F ( ~ ) ' ) ~  X E C F C ~ ) ~ ) ~  Y E C F C ~ ) ~ ) ~  

t o  o b t a i n  an e x p r e s s i o n  f o r  t h e  sum over  W(F(q ) )  w i t h  the  c o o r d i n a t e  

h y p e r p l a n e s  removed. From t h i s  t o  t h e  d e s i r e d  s o l u t i o n  i s  a well known 

c o m b i n a t o r i a l  s t e p .  

The rest  of  t h e  proof c o n c e n t r a t e s  o n  t h e  last pa rag raph  o f  t h e  s t a t e m e n t  

of t h e  t heo rem,  and ,  as  above ,  we a r e  r e d u c e d  t o  t h e  case t h a t  C ( W ) / W  is a 

c y c l i c  cover  {and  x is an  a c t u a l ,  n o t  v i r t u a l ,  c h a r a c t e r ) .  The s t a t e m e n t  on  

t h e  c h a r a c t e r i s t i c  r o o t s  is t h e  last  c o r o l l a r y  o f  [B ,3 ;p .29 Ie  If ro is 

e x p l i c i t l y  computable ,  t h i s  g i v e s  a bound o n  t h e  d e g r e e s  o f  t h e  Poincare '  

s e r i e s  from a bound o n  t h e  d e g r e e s  of  z e t a  f u n c t i o n s ,  a n d  t h u s  conc ludes  t h e  

theorem. 

S i n c e  [B,31 relies on  a f a i r l y  s o p h i s t i c a t e d  d i s c u s s i o n ,  i s  m i s s i n g  many 

d e t a i l s  and  is  not  r e a d i l y  a v a i l a b l e ,  w e  g i v e  an a l t e r n a t i v e  d i s c u s s i o n  t h a t  

f o l l o w s  r e a d i l y  from P a r t  6 o f  t h e  proof of Theorem 3.2, whose n o t a t i o n  w e  now 

use: C ( V ) / V  i s  a c y c l i c  c o v e r  w i t h  group g e n e r a t e d  by T . The a d j u s t m e n t s  

f o r  t h e  case when 
A 
F ( q )  d i f f e r s  from F ( q )  are  e a s y ,  bu t  t h e  n o t a t i o n  s i m p l i f i e s  i f  we assume 

F(q) = F ( q )  . Throughout  we s u p r e s s  V whenever p o s s i b l e .  The r e m a i n i n g  

argument has  4 p a r t s .  

P a r t  - I n t r o d u c t i o n  o f  a  s p e c i a l  s u b s e r i e s  of  t h e  ~ o i n c a r ;  s e r i e s .  



t ei 
D e s i g n a t e  0 r d d )  by s =  IT p i  , p i ,  . . . , p t  d i s t i n c t  p r i m e s ,  

i=1 
e 2 1 , i = 1, - - , t  . L e t  u  be a n y  p o s i t i v e  i n t e g e r  t h a t  is  a  p r o d u c t  
i 

of n o n e g a t i v e  powers  of p,, . . . , p t  ( e . g . ,  u  = 1 )  . For  a  g i v e n  u  l e t  

. Our f i r s t  g o a l  is t o  show t h a t  i f  

m 

t d  E N t  = t ^ l o g  
t= 1 

w h e r e  V j S u  i s  a n  e x p l i c i t l y  c o m p u t a b l e  v a r i e t y  d e f i n e d  o v e r  F ( ~ )  , 

0 is a n  s t h  r o o t  o f  1 , P(V. , t )  is t h e  ~ o i n c a r e ^  ser ies  f o r  J su 
o v e r  

j 

~ ( ~ " 1  a n d  p U ( t u )  d e n o t e s  t h e  sum o v e r  terms of p U ( t u )  whose d e g r e e s  

a r e  i n  I,, j = I , - -  ,S  

C o n s i d e r  f i r s t  a  ~ o i n c a r d  series r e l a t e d  t o  t h e  l e f t  s i d e  o f  ( 4 . 1 0 ) ,  

t i I N , ( T ) ~  , w h e r e  N ( T )  = 1 { x  c V ( F ( q  ) ) I  F  = T }  1 . We want  a n  
Mu 
e x p r e s s i o n  f o r  t h i s  of t h e  f o r m  of t h e  r i g h t  s i d e  of ( 4 . 1 0 ) .  A s  i n  (3.61, f o r  

a n y  g i v e n  t , c o n s i d e r  t h e  v a r i e t y  c ( v ; ? , L )  E f  C f o r m e d  f rom a  
~ 9 f c  

q u o t i e n t  of a  c o n n e c t e d  component of C(V) 8 F ( q  o r d ( T ) t )  by t h e  g r o u p  
>̂Ã̂  

g e n e r a t e d  by ( T , F )  . T h e n ,  w i t h  o u r  a s s u m p t i o n  t h a t  F ( q )  = F ( q )  , we h a v e  
Q 

= s and  

P a r t  2. A G a l o i s  T h e o r e t i c  d i a g r a m .  We now show t h a t  f o r  r s u c h  t h a t  - 
r ( t / u )  = 1 m o d ( s )  , 

t 
^ , t  = 

9 F ( q  ( r e c a l l  C is d e f i n e d  o v e r  r 
T , u  

T 9 ' J  



A s  t h i s  is Galois t h e o r e t i c ,  we do  it o n  t h e  l e v e l  of f u n c t i o n  f i e l d s :  

By d e g r e e  compu ta t ion ,  (4 .12)  f o l l o w s  i f  and  o n l y  i f  t h e  s u b g r o u p  g e n e r a t e d  

2, 
by ( T , F )  maps s u r j e c t i v e l y  (by  r e s t r i c t i o n  t o  ( v ) ) )  

t o  t h e  s u b g r o u p  of G(F(q  O r d u )  (C ( v )  ) / ~ ( q )  (v)  ) g e n e r a t e d  by 

r u  ! 
( T  , F )  . I d e n t i f y  ( T , F )  w i t h  { I , Â £  E Z / ( s )  x Z / ( t s )  (and  

( r . u )  e Z / ( s )  x Z / ( u s ) )  whe re  r e s t r i c t i o n  maps ( I , Â £  

t o  (I,!) E Z / ( s )  x Z / ( u s )  v i a  t h e  c a n o n i c a l  map 

Z/ ( l l s )  -Ã  ̂ Z / ( u s )  . S i n c e  r i  = u mod(us)  , (4.12)  f o l l o w s .  

From ( 4 . 1 1 )  and (4.12)  ( a f t e r  t h e  s u b s t i t u t i o n  of T f o r  T') : 

 his conc ludes  (4 .10)  wi th  c = v j 
j . l e u  ' "j 

= X ( T  ) , j = l , = * * , s  . 
-r , U  

P a r t  3: Convo lu t ion  w i t h  t h e  Mobius f u n c t i o n .  Wi th  s' = p 1 * * *  p* , 
c o n s i d e r  t h e  c l a s s i c a l  i d e n t i t y  



where ~ ( m )  i s  t h e  Mobius f u n c t i o n  e v a l u a t e d  a t  m . Apply t h i s  t o  bo th  

s i d e s  of (4.10):  

s - km ukm 
I II ~ d l . ) ~ Ã ˆ ~ ~ ( v ~ , ~ )  . 

j=l k = l  m s t  

I n  terms of L-se r i e s ,  t h i s  becomes ( c f  ., ( 7 )  i n  Theorem 2 of  [ B , 3 ] )  

4t 
Denote t h e  u t h  power of t h e  r i g h t  s i d e  of (4.16) by 2 ( t U i  . On t h e  o t h e r  

hand, t h e  sun  (4.10) (as given o n  t h e  r i g h t  s i d e  of (4 .15))  over  p o s i t i v e  

i n t e g e r s  u  t h a t  a r e  products  of nonnegative powers of p l , * - , p t  g i  ves 

t h i s  L - s e r i e s  i n t e r p r e t a t i o n  (c f  ., ( 8 )  of Theorem 3 of [ B , 3 ] ) :  

(4.17) L ( c ( v ) / v , x , ~ ) ~ = I I  ( ~ ~ ( t " ) ) ~ ' "  , zi 2 0 , i  = 1 , .** ,t . 
z  

U u  T pi 1 
i=1 

P a r t  4 :  Computation of  ro ( i n  t h e  s t a t ement  of t h e  theorem).  Let a  be a  - 
p o s i t i v e  i n t e g e r .  An i n d u c t i o n  on a  us ing (4 .16)  g ives  



where irl i n d i c a t e s  t h a t  t h e  product excludes  u  i f  i t  is a m u l t i p l e o f  

ma f o r  m l s l  , m > 1 . For example, i f  we put both  s i d e s  of (4.16) t o  t h e  

st power, t h e n  u  = 1 gives  t h e  c a s e  a  = 1 i n  (4 .18) .  Note t h a t  t h e  term 

corresponding t o  m = 1 i n  t h e  l e f t  s i d e  of (4.18) i s  L ( C ( V ) / V , X , ~ )  S ( S ' ) ~  

We choose ro t o  be t h e  s m a l l e s t  i n t e g e r  of t h e  form ( s f  l a  s u c h  t h a t  
a a 

L(C(V)/V,x, t )  = L ( t )  and L(C(V)/V 6 ~ ( q *  ) , x , t m  = ~ ( t , t n ~ )  have no common 

c h a r a c t e r i s t i c  f a c t o r s  f o r  e a c h  mlsf , m > 1 . For example, chose a s o  

a t h a t  each  of p i ,  i = l ,*+* , t  , exceeds d e g ( L ( t ) )  ( t h e  usual  degree  f o r  a  

r a t i o n a l  f u n c t i o n ) .  Then a  common c h a r a c t e r i s t i c  f a c t o r ,  1 - 9 t  , of 

L ( t )  and ~ ( t , m ~ )  would produce t%e c o l l e c t i o n  {l  - c 8 t l  , where c 

r u n s  over  ma  t h  r o o t s  of 1 , of d i s t i n c t  common c h a r a c t e r i s t i c  f a c t o r s ,  

c o n t r a r y  t o  our assumption o n  d e g ( L ( t ) )  . Since ,  o f  course ,  we a r e  t r y i n g  t o  

e s t i m a t e  d e g ( L ( t ) )  , t h i s  o n l y  shows t h e  e x i s t e n c e  of ro . Indeed,  

a d d i t i o n a l  arguments us ing  t h e  m u l t i p l i c i t i e s  of f a c t o r s  i n  t h e  l e f t  s i d e  of 

(4 .18)  sugges t  t h a t ,  perhaps ,  any ( s t ) =  exceeding s might work f o r  ro , 

55.  Zeta  f u n c t i o n s  f o r  p-adic  problems. 

For p  a prime, deno te  t h e  p-adic numbers by Q , its r i n g  of i n t e g e r s  

by Z , and t h e  r i n g  of  i n t e g e r s  of t h e  unique unraroif l e d  e x t e n s i o n  of 

Qp of  degree  !?, by R!?, , !?, = l , 2 , * a *  , Everything i n  t h i s  s e c t i o n  works as 

w e l l ,  exc lud ing  perhaps t h e  n o t a t i o n ,  when Q is  r e p l a c e d  by any complet ion 

of a  number f i e l d  K at  a  prime over p  . We l e t  p  denote  a  genera to r  of 

t h e  maximal i d e a l  of each of t h e  l o c a l  r i n g s  R , !?, = 1.2 ,  * -  . 
Fix  a n  i n t e g e r  e  2 1 and l e t  V be  an a l g e b r a i c  s u b v a r i e t y  of A" 



defined over Z . Meuser [Me,l] has defined the following zeta function: 

w i t h  N ( v ) ~  = I V ( R ~ / ~ ) I  , I = 1 , 2 , * - =  . The case e = 1 gives t h e  ordinary 

{Weil) zeta function of V over Z i p  She shows that  Z(V, t I e  = 

Z ( V l , t ) l  [ M , l ;  Theorem 11 for some algebraic s e t  V l  (dependent on e ) .  

T h u s  i t  is  ra t ional .  
m 

Then Meuser introduces the function H(V,w) - Â N ( v ) f w e  for  each fixed 
e- 1 

I .  I t  is as tandard  argment ( a s  i n  (3 .8 ) )  that  r a t i ona l i t y  of Z ( V , t ) e  

implies the existence of a 
1' , - * * , B s  E C such tha t  

for  a l l  I . B u t ,  as e varies,  the  elementaryargument t ha t  Z ( V , t ) , =  

Z ( V l , t ) l  requires a change i n  r and s . Nevertheless, these changes are  

sui tably  regular f o r  Meuser t o  show that  there ex i s t s  an integer u , 

polynomials G ,G e C[x , - - ,xu]  and complex numbers 
1 2  $ * * *  , A u  such tha t  

for  each I 2 1 , 

We say that  H ( V , W ) ~  is an invariant function of I , 

I n  t he  remainder of t h i s  section we prove an analogous r e su l t  t o  Meuser's 

for the generalization t o  elementary statements of the function Z ( V , t I e  , and 

we discuss the property analogous t o  invariance f o  the  generalization of the 

function H ( V , w )  
I *  

For simplici ty we s t a r t  w i t h  elementary statements over 



2 .  

As i n  ( 2 . 4 ) ,  w i t h  0 S k S n-1 , consider a col lec t ion of quantif iers  

Q k + l , * * *  ,Qn and l e t  v be a union of (not r i e~es sa r i l y  d i s j o i n t )  loca l ly  

closed subsets of A" defined over Z . That is,  ' V is a constructible s e t  

over . Define N = $ ( v )  t o  be the cardinal i ty  of t h e  s e t  

Then Z(V,Q,t)e is defined by the  formula 

(and Z(V.Q.0) = 1) . 

THEOREM 5.1. There ex i s t  exp l i c i t l y  computable f  ,f ,f e Z [ t ]  and an 
1 2 3  

exp l i c i t l y  computable integer u such tha t  ( Z (  V , Q , ~ ) ~ ) '  = 

f l ( t )  
e ( f 2 ( t l / f 3 ( t ) )  . 

Proof. The argument amounts t o  introducing new variables t o  obtain a 

construct! ble subset V l  of defined over Z such tha t  

1 
Ã ˆ ~ ( v  = N ( V  ) = N ( V )  so  t h a t  Z ( V , Q , t I e  - Z ( V  ,Q1,t)  fo r  an appropriate I 1  1 

s e t  of quantif iers  Q1 . Thus the theorem is  an immediate corollary of 

Theorem 3.2. 

For each & 2 1 , denote the  Teichmuller representat ives fo r  

R t  by Mg That is, M is  the s e t  of coset representatives f o r  
t & 

such that  aP = a for  each a e M . I n  order t o  lower confusion, we denote 

the cart  esi  an product of with i t s e l f  n times by 



Lemma 4 of [Me,l] makes t h e  f o l l o w i n g  o b s e r v a t i o n :  Fo r  e  > 1 and f o r  

f ( x )  e Z p [ x l , * * * , x n l  . 
e 

(5.5)  a )  (n  1 f ( a )  = 0 mod(p 1 f o r  a c Mg 

i f  and o n l y  i f  

b  1 

P  P  w i t h  g ( 1 )  = ( f i x , * * - , x : )  - f ( x l , * - - , x )  ) / p  . Note  t h a t  w i t h  t h e  r ep l acemen t  

o f  Z  by a n o t h e r  p -ad i c  r i n g  w i t h  r e s i d u e  class f i e l d  

F ( q )  and  w i t h  maximal i d e a l  g e n e r a t e d  by, s a y  , TT , we would r e p l a c e  

q  q  Ã §  by ( f ( x - , - - , x n )  - f ( x , * * * , x n )  )/ir . From (5.5), a n  i n e q u a l i t y  

f (a) $ 0 would be e q u i v a l e n t  t o  

e- 1 Rep lace  xi by t h e  e x p r e s s i o n  xilp + *  * *  + x i p  i n  t h e  e q u a l i t i e s  and 

i n e q u a l i t i e s  t h a t  d e f i n e  V ,  i = l . = - - , n .  From th is  we produce  a 

Ã 
c o n s t r u c t i b l e s u b s e t  V i n  where  t h e  c o o r d i n a t e  v a r i a b l e s  a r e  

Ã 

,*-â x )  = x  . C o n t i n u i n g  t h i s  p r o c e s s ,  r e p l a c e  t h e  

q u a n t i f i c a t i o n  (Q ix i )  by t h e  b lock  of  q u a n t i f i e d  v a r i a b l e s  

( Q ~ x )  ( Q ~ x ) * - ( Q  1 x  i e  ) . Then N ~ ( v )  is e q u a l  t o  t h e  c a r d i n a l i t y  of  t h e  



* 
where  V ( M )  d e n o t e s  t h e  p o i n t s  i n  V* whose c o o r d i n a t e s  are i n  

* 
"X, * and  V ( ~ ~ n i o d ( ~ ~ )  d e n o t e s  t h e  r e d u c t i o n  o f  t h e  c o o r d i n a t e s  of t h e s e  

p o i n t s  modulo pe . 
* * 

L e t  W = V . Rep lace  e a c h  e q u a l i t y  f ( x  ) = 0 modtpe) by t h e  

e q u a l i  t ies 

* 
g i v e n  by ( 5 . 5 ) b ) .  S i m i l a r l y  r e p l a c e  e a c h  i n e q u a l i t y  f (x  ) 6 0 modfpe)  by 

g i v e n  by (5 .6) .  The  r e s u l t  is p r o d u c t i o n  of a  new c o n s t r u c t i b l e  s u b s e t  Wl 

e e-1 o f  Ane s u c h  t h a t  S ( W ) ,  = S(W1lX, , E. 2 1 . C o n t i n u e ,  i n d u c t i v e l y ,  t o  

p roduce  a c o n s t r u c t i b l e  s u b s e t  We1 * e  of Ane s u c h  t h a t  S(V ) = 

1' , X, 2 1 . S i n c e  '"e-1 X, 

f o r  H 2 1 , c o n c l u d e  t h e  theorem by t a k i n g  Vl i n  t h e  first p a r a g r a p h  o f  

t h e  proof t o  be W 1  , 

Now we are p r e p a r e d  t o  c o n s i d e r  t h e  f u n c t i o n  H ( V , Q ; W ) ~  = 

E N ( v ) ~ ~  f o r  e a c h  X, = 1 , 2 , .  . . , where  N ( V ) i  = Ne is d e f i n e d  j u s t  p r i o r  
e= 1 X, - * 
t o  Theorem 5.1. F o l l o w i n g  Denef [De;p.7] ,  we d e f i n e  ng = D v S Q p g  t o  b e  t h e  



n where V ( R )  is the  subset of Ri * R defined by replacing every occurance i 

of = (resp. ,  *)by S mod(w) (resp.,$niod(wll . A class ical  t r i ck  [De; p.21 

allows us t o  replace V ( R  ) by a constructible subset (of some higher 
i  

dimensional aff ine space). Indeed, a s e t  of the form 

can be rewritten ( i f  p Ã 2 , another formula works fo r  p = 2) as 

- 
Interpret  f ( x )  = 0 mod(w) as o r d ( f ( x ) )  2 ord(w1 t o  rewri te  Dv*a,P. * 
fo r  some integer m , as 

! 

* 
where V is a const ruct ib lesubset  of & n+m+ 1 

The next lemma s l i gh t l y  generalizes [De;Lernma 3.11. For x E K 
i '  

denote p O r d ( x )  by 1x1 . Let Idx.\ be the Haar measureon K 
k 
i 

that  has been normalizedso tha t  themeasure of R~ is  1. 
i  



LEMMA 5.2. F o r  s E B , s > 0 , c o n s i d e r  - 
- k - 1  -s w s l d x k l  l a w 1  . Then f E ( s )  = ( P - l ) H ( V , Q ; p  p  ) / p  . 

Proof .  By d i r e c t  computa t ion :  With 'e, 1 
= 

- 
{ ( x , w )  E D I  o r d ( w )  = e }  , 

where we i d e n t i f y  t h e  set of i n t e g r a t i o n  i n  t h e  l a s t  i n t e g r a l  w i t h  i t s  

R >  But e a c h  e  p r o j e c t i o n  i n t o  mod p  t h a t  c o n t r i b u t e s  t o  N~ 
1 

e - 
c o n t r i b u t e s  a  s u b s e t  of ( x , p  ) E D , ,  

k whose p r o j e c t i o n  t o  R h a s  measure 
1 

pke . Thus 

From Lemma 5.2 , t h e  e x i s t e n c e  of 1 s u c h  t h a t  H(V,Q;w) is  a n  
1 

i n v a r i a n t  f u n c t i o n  of 1 is e q u i v a l e n t  t o  t h e  same s t a t e m e n t  

f o r  t h e  f u n c t i o n  G(s)  w i t h  p"s r e p l a c e d  by w . D e n e f t s  t r e a t m e n t  

2  2  r e p l a c e s  an e x p r e s s i o n  f (x)  = 0 by ( 3 y ) [ p ( f  ( x ) )  = y  1 , as we d i d  

t o  g e t  e x p r e s s i o n  ( 5 . 7 )  (and  h e  r e p l a c e s  t h e  i n e q u a l i t i e s  ord(x.1 2 0 by 

2  2  - 
(3y i ) [px i  = Y ]  , i = 1,"- , n )  t o  n o t e  t h a t  t h e  set V ( R )  c an  be  w r i t t e n  

as a  Boolean combina t ion  of s e t s  of t y p e  111: 

n  
(5 .9)  { ( x , w )  E KJ ( 3 ~ ) ( f ( x , w )  = y n (  , w i t h  n  a  p o s i t i v e  i n t e g e r .  

For each f i x e d  1 , h e  can t h e n  a p p l y  M a c i n t y r e t  s e l i m i n a t i o n  t h e o r y  [Mac] 

- 
t o  s t a t e  t h a t  D V Q 1  is  a  Boolean combina t ion  o f  sets of t y p e  I11 ( i n  



k + 1  v a r i a b l e s ) .  We now comment on  why t h e  t h e o r y  of [Mac] is not yet  

adequa te  f o r  i n v e s t i g a t i n g  i n v a r i a n c e  p r o p e r t i e s  r e l a t i v e  t o  { R ~ ] ~ = ~ , ~ , . . ,  . 
F i r s t  an e x p l a n a t i o n  of why t h e  e l i m i n a t i o n  of q u a n t i f i e r s  a b s o l u t e l y  

r e q u i r e s  n t o  be an a r b i t r a r y  p03 i t ive  i n t e g e r  i n  (5 .9 ) .  Consider t h e  

st a t  ement 

where V S i s  def ined  by f ( x , y )  e Z [ x , y ]  , a n  a b s o l u t e l y  i r r e d u c i b l e  

polynomial. A s  i n  t h e  f i n i t e  f i e l d  c a s e  we would consider  

and we might l i k e  t o  f r e e  t h e  dependence of 
Mg 

of t h e  appearance of  y . 
For example, it would s u f f i c e ,  f o r  e a c h  & t o  d e s c r i b e  t h e  x E R g  f o r  which 

Mg 
holds  a s  an e x p l i c i t  union of b a l l s  i n  R g  , 

Ex. 5.3. No s imple  removal of y . L e t  f ( x , y )  = yn - x i n  - 
M , n > 1 . Suppose t h a t  t h e  x E R E  such t h a t  M holds  i s  a union % 

of b a l l s .  S i n c e  0 E W , t h e r e  is a neighborhood of 0 i n  Wl . But, i n  

every  neighborhood of x = 0 t h e r e  are p o i n t s  x l , x  E Z f o r  which 
P 

(ay)[yn-xi = 01 i s  f a l s e  (e.g.,  x1 = p + f o r  s u i t a b l y  l a r g e  k )  and f o r  

which ( Z ~ ) [ ~ ~ - X ,  = 01 is t r u e  (e.g. ,  x2  = pkn f o r  s u i t a b l y  l a r g e  k ) .  

Even though Ex. 5.3 shows t h a t  you c a n ' t  e l i m i n a t e  ( 3 y )  from Mg i n  a 

s imple  manner, t h i s  example does f i t  i n t o  t h e  G a l o i s  s t r a t i f i c a t i o n  i d e a s .  

S i n c e  V Â¥ A' by ( x , y )  * x d e f i n e s  a cover ,  we may go t o  t h e  G a l o i s  c l o s u r e  



of t h i s  cove r  t o  g e t  

where  t h e  f u n c t i o n  f i e l d  of i o v e r  K is K ( V )  = K ( ~ , x ~ ' ~ )  w i t h  

= e 2ir i / n  
5, , an  e x t e n s i o n  of K ( x )  . Thus we may i n t e r p r e t  t h e  

2, 

x E R E  t h a t  s a t i s f y  M2, as a c o n d i t i o n  o n  t h e  con jugacy  c l a s s  of subgroups  
A lAi 

o f  G(K ( V ) / K ( x )  ) d e f i n e d  by decompos i t i on  groups  of v a l u a t i o n s  of Kg( V) 
2, 

t h a t  l i e  o v e r  t h e  v a l u a t i o n  x -Ã x of K,(x) . 
From M a c i n t y r e t s  theorem i t  s u f f i c e s ,  even  f o r  g e n e r a l  f ( x , y )  , t o  

d e f i n e  t h e  x E R, t h a t  s a t i s f y  M by a f i n i t e  number of  c o n d i t i o n s :  

(5 .11) 
gj ,, ( X I  i s  an n power i n  

j d K2, , J = 1 , - - , u  and  

is no t  an  power i n  

The problem w i t h  M a c i n t y r e ' s  theorem i s  n o t  o n l y  t h a t  t h e  p r o d u c t i o n  of  

'j , I  j , ~  J , I  and  m i n  (5.11)  i s  no t  e x p l i c i t ,  bu t  t h a t  t h e  
J 9 2 ,  

dependence  of t h e s e  o n  2, is a c a n p l e t e  mystery .  

Both o f  t h e s e  problems are remed ied  by t h e  f u l l  G a l o i s  s t r a t i f i c a t i o n  

p r o c e d u r e  of [Fr ,3] .  I n d e e d  [ F r , 3 ;  S e c t i o n  2 1  has  a  weak C e b o t a r e v  p r o p e r t y  

s u f f i c i e n t  f o r  t h e  t h e o r y  o f  e l i m i n a t i o n  o f  q u a n t i f i e r s  o v e r  a l l  t h e  r i n g s  

^1.1,2* * * *  
. But i t  is i n s u f f i c i e n t  t o  show t h e  i n v a r i a n c e  ( f o r  s u i t a b l y  

large 2,) of  t h e  i n t e g r a l  1- [w l s [dx1  [dwl . For  t h i s  we must  c o n s i d e r  a  
n 
"& g e n e r a l i z a t i o n  of t h e  f o l l o w i n g  s i t u a t i o n .  

L e t  (D;C + An be a  G a l o i s  ( f i n i t e  no rma l )  cove r  ove r  Q P L e t  W be a 

compact open s u b s e t  of a n (  Z )  . L e t  H be a subgroup  o f  G(c/A") and  l e t  



W = ( x  E W 8 R I  t h e  decomposition groups assoc ia ted  t o  x  give t h e  
Q 

conjugacy c l a s s  of HI . We need t o  show t h a t  1 , ~ m ( ~ ) ~ ~ ~ d x ~  is  an 
w! 

invar ian t  func t ion ,  where m(x) is a  func t ion  on An (n = k + 1  and m(x) = 

w i n  t h e  o r ig ina l  problem). This  is a  Frobenius dens i ty  analogue f o r  p-adic 

extensions. We'll now s t a t e  an elementary rephrasing of t h i s .  

Let H be a  subgroup of G(c /A")  and l e t  CH be t h e  quot ient  of 

C by H . Let W 
H ,  Q 

be y(CH(Kg)) 1'7 ( W  @ R E )  . Simi lar ly  f o r  WH, , g  

with H '  a  subgroup of G(C/hn) containing H . Fina l ly ,  l e t  

BASIC THEOREM. With t h e  no ta t ion  above, 

is an inva r i an t  funct ion.  

Along wi th  a  proof of the Basic Theorem, and d iscuss ion  of a  f u l l -  
^ 

fledged Cebotarev analogue, a  l a t e r  paper w i l l  present  f o r  publ ica t ion  t h e  

Galois s t r a t i f i c a t i o n  procedure of [Fr ,3]  r e l a t i v e  t o  [ R ~ } ~ = , , ~ ,  * * *  . 
Obviously a  proof of t h i s  (and its necessary genera l iza t ions)  general izes  t h e  

main theorem of [Me,l]. 

I n  analogy t o  [De] we in tend  a l s o  t o  consider t h e  func t ion  
a 

Ã Ã * 
1 N (v)Pe w H ( V , Q ; w )  where N (v); is defined from t h e  s e t  

e= 1 



{ ( % , w )  e Ffk x R )3z E Ffk w i t h  x  z mod w and 
8, 8, 8, 

where  z = ( z l , * = o , z n )  . A s  i n  t h e  p r e v i o u s  d i s c u s s i o n ,  t h e  i n v a r i a n c e  of  
* 

H ( V , Q ; w )  f o r  2, s u i t a b l y  l a r g e  i s  e q u i v a l e n t  t o  t h i s  p r o p e r t y  f o r  

o f  " p e r s i s t e n t  phenomena" w i t h  r e s p e c t  t o  t h e  e v a r i a b l e ,  t h a t  might  be  o n e  

of t h e  more a t t r a c t i v e  i n v a r i a n t s .  

6.  Examples. 

I n  c o n t r a s t  t o  Ex. 2.4, t h e  ma in  p o i n t  of t h e  two  examples h e r e  i s  t o  

emphas ize  t h e  G a l o i s  t h e o r e t i c  p a r t  of t h e  e l i m i n a t i o n  of q u a n t i f i e r s  t h a t  

e f f e c t i v e l y  produces  t h e  zeta f u n c t i o n  o f  an  e l e m e n t a r y  s t a t e m e n t  ove r  a 

f i n i t e  f i e l d  N q )  . 

Ex. 6.1. R e l a t i o n s  among t h e  z e r o s  of a f i n i t e  s e t  of polynomia ls .  Le t  - 
f ,-- , f  E f ( q ) [ x ]  be any  f i n i t e  c o l l e c t i o n  of i r r e d u c i b l e  polynomia ls .  L e t  

A 
F ( q )  - ~ ( ~ ' 1  b e  t h e  s p l i t t i n g  f i e l d  o f  f - o f  ove r  F ( q )  . Cons ide r  r 

a s e n t e n c e  M made e n t i r e l y  from t h e  c o n n e c t i v e s  A ( "andw)  , V ("orn)  

and - ( " n o t " ) ,  a n d  t h e  a t o n i c  f o r m u l a e  " f i ( x )  h a s  a  s o l u t i o n , "  

i = l , * * * , r  . I n t e r p r e t  M ( ~ * ' )  t o  be M w i t h  t h e  v a r i a b l e s  r e g a r d e d  a s  i n  

8, F ( q  ) . F o r  example ,  l e t  M0 be  

6 . 1  [ ( f ( x )  h a s  a s o l u t i o n )  A ( g ( x )  h a s  a s o l u t i o n ) ]  

1 - ( f ( x )  h a s  a  s o l u t i o n )  A - ( g ( x )  h a s  a  s o l u t i o n ) ]  , 



where f ( x )  -= f - - - f r  and ,  f o r  example "f ( x )  h a s  a s o l u t i o n w  is e q u i v a l e n t  
r 
1 

1 
0 I 

t o  V [ f i  ( x )  has a ~ o l u t i ~ n ] .  Thus M ( q  ) is e q u i v a l e n t  t o  t h e  s t a t e m e n t  
i=1 

2, 
. t h a t  f ( x )  has  a s o l u t i o n  i n  F ( q  ) . if and o n l y  if g ( x )  h a s  a s o l u t i o n  

Cons ider  t h e  z e t a  f u n c t i o n  Z(M,t)  d e f i n e d  by t h e  P o i n c a r e  series 
m 

d I t - ( l o g ( Z ( M , t ) ) )  = I ~ & t '  where  N g  - 1 i f  M(q ) i s  t r u e ,  0 
d  t 55-1 

o t h e r w i s e .  We show how t o  compute Z ( M , t  as a n e a r  r a t i o n a l  f u n c t i o n  ( a s  

The r e s t r i c t i o n  o f  F  , t o  F ( ~ ' ) F ( ~ ' )  = F ( ~ ^ ' " )  is a g e n e r a t o r  of 
A I q  

~ ( F ( q ) ~ ( q ) t ' F ( q  ) ) . Deno te  t h e  pe rmuta t ion  a c t i o n  of t h i s  o n  t h e  z e r o s  of  

I f i ( x )  by T  )F ) , i = 1,-- , r  . Thus t h e  a tomic  
i q  

R s o l u t i o n n  h o l d s  i n  F ( q  ) i f  and  o n l y  i f  Ti(Fq) SL 

e q u i v a l e n t  t o  t h e  s t a t e m e n t  t h a t  t h e  r e s t r i c t i o n  of 

s t a t e m e n t  l l f i ( x )  h a s  a  

is t h e  i d e n t i t y .  T h i s  i s  

G ( F ( q ) / F )  where Fi is t h e  s p l i t t i n g  f i e l d  o f  f o v e r  F ( q )  , 
. . A 

I d e n t i f y  G ( F ( q ) / F ( q ) )  w i t h  Z / ( s )  , Fq w i t h  t h e  g e n e r a t o r  1 and 
A 

G(F(q ) /F i )  w i t h  t h e  s u b g r o u p  g e n e r a t e d  by s , i = 1,-- , r  . F i n a l l y ,  

d e n o t e  t h e  s u p p o r t  f u n c t i o n  f o r  t h e  subgroup  of  Z / ( s )  g e n e r a t e d  by a n  

i n t e g e r  m by 1 . Thus t h e  a t o m i c  s t a t e m e n t  " f i ( x )  has  a  s o l u t i o n 1 v  

2, h o l d s  i n  F(q  ) i f  and  o n l y  i f  I s  ( I )  = 1 where we r e g a r d  !Z a s  i n  
1 

Z / ( s )  , i = l ,*- , r  . With l1 deno ted  by 1 , w e m a y  w r i t e  N. as 

u ( 0  where u  is a f u n c t i o n  o n  Z / ( s )  g i v e n  by 

(6.2) -I umrnlm w i t h  um = vm/w and vm,wm E 2 ,  (vm,wm) = 1 , 
m l s  

m 

( and  i f  vm = 0 , t h e n  w = 1 )  . Indeed ,  t h i s  i s  a s p e c i a l  c a s e  o f  A r t i n ' s  

theorem (cf., P a r t  5 of proof  o f  Theorem 3 . 2 ) .  F o r  example ,  when M is  MO 3 

we may t a k e  u t o  be the  f u n c t i o n  



where  we m u l t i p l y  i t  o u t  t o  g e t  an e x p r e s s i o n  of t h e  form ( 6 . 2 ) .  Use  

l m  - I m  = I  f o r  mi  and m 2  i n t e g e r s  t h a t  d i v i d e  s . 
1 2  [ m  , m I  

NOW u s e  (6 .2 )  t o  compute Z ( M , t )  : 

v  / w  m m m Thus ,  Z ( M , t )  = il (1-t ) . I n  t h i s  c a s e  i f  w i s  t h e  l e a s t  common 
m l s  

m u l t i p l e  of  w , m l s  , t h e n  z ( M , ~ ) "  i s  a  r a t i o n a l  f u n c t i o n  of t , and 

w is  t h e  minimal  i n t e g e r  w i t h  t h i s  p r o p e r t y .  1 

The  n e x t  example  i l l u s t r a t e s  a  d i o p h a n t i n e  s i t u a t i o n  a round  which  t h e r e  

has been a  voluminous l i t e r a t u r e ;  i t  d e m o n s t r a t e s  t h e  v a l u e  o f  a p p l y i n g  t h e  

G a l o i s  s t r a t i f i c a t i o n  p rocedure  s o  t h a t  t h e  c o v e r s  i n v o l v e d  may be r a m i f i e d  

( i . e . ,  F  may n o t  be a  s i n g l e  e lement  i n  t h e  d i s c u s s i o n  p r i o r  t o  Ex. 2 .1) ;  

and  i t  i l l u s t r a t e s  t h e  v a l u e ,  o n  o c c a s i o n ,  o f  e l i m i n a t i n g  q u a n t i f i e r s  i n  

b l o c k s  ( a s  is s y s t e m a t i c a l l y  done  i n  [F rS ] ) .  I n d e e d ,  t h e  s i t u a t i o n  of t h e  

example  a r i s e s  o f t e n  i n  p r a c t i c a l  problems ove r  f i n i t e  f i e l d s .  

Ex. 6.2. The d i o p h a n t i n e  c o v e r i n g  p r o p e r t y .  F o r  t h i s  example  we change  t h e  - 
n o t a t i o n  of  $3 f o r  t h e  v a r i a b l e s .  Let  V C A ~  - be an a l g e b r a i c  v a r i e t y  

d e f i n e d  o v e r  F ( q )  s u c h  t h a t  V is of d imens ion  n  . Denote  t h e  c o o r d i n a t e  

v a r i a b l e s  by x  g o -  
1 ' J n , Y 1 ,  ' * '  , Y n  and c o n s i d e r  t h e  e l e m e n t a r y  s t a t e m e n t  M , 



where ,  f o r  example,  (Vx) is an  a b b r e v i a t i o n  f o r  {Yxl)***(Vxn)  . 
Denote t h e  p r o j e c t i o n  o f  o n t o  t h e  f i r s t  n  c o o r d i n a t e s  by 

p r  + . We assume f'rm t h i s  p o i n t  t h a t  r e s t r i c t i o n  o f  p r n  t o  V 
n  

n  g i v e s  a f i n i t e  map V + A  [M;243-52. Denote t h e  d e g r e e  o f  t h i s m a p  by k . 
k I n  p a r t i c u l a r  prn(V) = A n  , A s  i n  Ex. 6.1,  i n t e r p r e t  M(q ) t o  be M w i t h  

!I t h e  v a r i a b l e s  r e g a r d e d  as i n  F(q . We w i l l  g i v e  an e x a c t  c o n d i t i o n  t h a t  

is t r u e  f o r  i n f i n i t e l y  many i n t e g e r s  % , Then w e v l l  i m p l i e s  t h a t  M(q 1 
4s 

d  use t h i s  t o  canpu te  Z(M,t) where t x ( l o g ( Z ( M , t ) )  = Z ~ ~ t '  w i t h  
fi %=l 

NE = 1 i f  ~ ( q ' )  is  t r u e ,  and CI o the rwise .  A s  a  p r a c t i c a l  example ( a s  

w e f l l  show i f  q  s a t i s f i e s  c e r t a i n  c o n d i t i o n s ) ,  c o n s i d e r  t h e  c a s e  n  = 1 and 

t h e  s t a t e m e n t  

9 

where  V o  is t h e  v a r i e t y  d e f i n e d  by T k ( y )  - x  = 0 where Tk{y) is 

t h e  k t  h  che bychev po l  ynomi al: 

I n  t h e  g e n e r a l  c a s e  l e t  F ( q ) ( V )  be  t h e  f u n c t i o n  f i e l d  o f  V . I t  

is a degree  k e x t e n s i o n  o f  F ( ~ ) ( A ~ )  , a  r a t i o n a l  f u n c t i o n  f i e l d  

i n  n  v a r i a b l e s ,  And w i t h  no  l o s s  we aasune  [FrS;p.231] t h a t  i t  is a 

s e p a r a b l e  e x t e n s i o n .  Let  be  t h e  G a l o i s  c l o s u r e  of' t h i s  
A 

e x t e n s i o n  and l e t  F ( q )  be t h e  a l g e b r a i c  c l o s u r e  of  F ( q )  i n  
A 

F ( q ) ( V )  . Denote ~ ( ~ ( q ) ( ~ ) / l F ( q ) ( k ~ ) )  by G , and t h e  normal subgroup 



/ " s  
G ( F ( ~ ) ( v ) / F ( ~ ) ( A ~ ) )  by G . We s t a t e  our condition i n  terms of t he  natural 

a. 

permutation representation T:G Â¥ S of degree k . Identify 

G )  of the  integer 1 under T . 
Let Y * * *  & , Y r  be the o rb i t s  of G1 on ( 2 , - * , k [  . Then M(q ) 

is t rue  f o r  i n f i n i t e ly  many & i f  and only i f  

( 6.8) Y breaks up  in to  a t  l e a s t  2 o rb i t s  under Gl for each 

Much about the case n = 1 is characterized i n  great de ta i l  i n  [ F r , 4 ;  p.153- 

1593. This re fe rs  t o  [Fr,3;proof of Theorem 11 fo r  the  proof of t h i s  

statement i n  a special  case, which eas i ly  extends t o  our case. We now explain 

& the conditions on q t h a t  i m p l y  t ha t  ~ ( q  ) is t rue  f o r  i n f i n i t e ly  many 

1 .  

Let x . ,  be a primitive k t h r o o t  of 1 over P ( q )  . To quarantee tha t  

there  are k unequal k th  roots of 1, assume tha t  ( k , q )  = 1 . Let z be a 

solution of Z + 1 / Z  = y1 where y1 is a solution of Tk(Y) - x ( w i t h  x 

an indeterminate). From (6.7) the  complete s e t  of solutions t o  T k ( Y )  = x i s  

clear1 y 

group G l  ( i n  the notation above) i s  generated by an element u where 

o(z) = 1/z  . I t  w i l l  be clear below that  we must assume ( k , 2 )  = 1 . Thus, 

the action of u on 2, ' - ,k is a product of (k- l ) /2  cycles of length 2: 



A 

Fur the rmore ,  Gl is g e n e r a t e d  by o and t h e  r e s t r i c t i o n  o f  F t o  

,"-- 
q 

F(q)(Vo)  (de t e rmined  by F ( c  ) = ( c k l q )  . Thus ,  a r e s t a t e m e n t  of (6.8) i s  
q k 

t h a t  

T h a t  i s ,  both q+1 and q-1 must  be i n v e r t i b l e  modulo k . F i n a l l y ,  we have 

deduced t h e  e q u i v a l e n c e  o f  (6.8) and 

Thus [ F r , 3 ]  ( s l i g h t l y  g e n e r a l i z e d )  shows t h a t  ~ ' ( q )  is  t r u e .  

i By t h e  same argument ,  t h e  i n t e g e r s  i f o r  which ~ ( q  ) is  t r u e  a r e  

t h o s e  f o r  which ( q 2 i - l , k )  = 1 . I d e n t i f y  t h e  c y c l i c  g&up g e n e r a t e d  by q2 

i n  ( Z / ( k ) ) *  w i t h  Z / ( u )  . Then, ^ = 1 i f  and o n l y  i f  2. mod(u) is 
22. 

r e p r e s e n t e d  by il , between 1 and u-1 , s u c h  t h a t  ( q  - 1 , k )  = 1 . m 
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