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1. Introduction. Let F = F(q) be the finite field with ¢ elements.
In [6] C. MacCluer proved a theorem which says (roughly) that a poly-
nomial map on a finite field that is “almost’ one-one, is actually one-one.

More precisely, let f(y)e F [y] satisty (called exceptional in [6] and virtually
one-one in [4]):

@
(L.1) ¢y, 2) = ﬁy;_ﬂ has mo absolutely irreducible factors over ¥ I
—2
(that is, every irreducible factor of ¢ (¥, 2) reduces over f, a fixed algebraic
closure of F).
Agsume in addition that
(1.2) the function field F(y) is tamely ramified over F(f(y)).

Then MacCluer showed that
(1.3) f(v) is a one-one (and therefore onto map) of the field I into itself.

Actually, it turned out (by much deeper methods) that for fe F[y]
satigfying (1.1) and (1.2), f is indeed very special: a ecomposition of cyclie
and Chebychev polynomials (see Theorem 1 of [4]).

R. Lidl and C. Wells in [5] introduced polynomial mappings (in many
variables) from F"—F™ that generalize the properties of cyclic and Che-
bychev polynomials in that they often produce one-one mappings.

Let R be either a finite field or the ring of integers of a number field,
and let Res(R) be the collection of field extensions of residue class fields
of R. In fact, in [5] it is conjectured that if

(1.4) H: (Y1, -y Yn) = y—>(by(y), ..., hy(y)} is a polynomial mapping
with h;e R[y) for i =1, ..., n

and if

(1.5) H: F"—~F" is one-one for inﬁnitely‘many fields F e Res(R),
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then

(1.6) H is a composite of the generalized cyclic and Chebychev polyno-
mials of Wells and Lidl

Actually, as example 1 of [4] shows, this was already wrong for
n =1, B = F(q) because of wild ramification (condition (1.2) does not
hold). In Section 2 the notion of virtually one-one is extended to all

H as in (1.4). Let f(y) = £iy) be a rational function, with fi(y)eR[(I/j

B J2(9)

for ¢ = 1, 2. Then, we may formally add oo to F, in order to ask if
(L.7) f(): FUo—-FU co is a virtually one-one map.

This is equivalent to H being virtually one-one where

(1.8) H = (h’l(y17 Ya)s hz(f’/ln ?/2)) = (?/2f1(?/1)7 f’/zfz(f’/l))-
In fact, if f satisfies (1.7) then f is one-one (Proposition 1). But

(1.9) H(y®, y§°) = H(yP, 9§ for y», y® e F* and yP = 4P = 0.
If -4 £ 0, the ratios of the coordinates in (1.9) are equal so that

fHily?) _ )

LY LEE)
From (1.7) this implies that ¥{¥ =y, and therefore from (1.9) that
¥V = y@. Thus H is nearly (but not quite) one-one. So MacCluer’s the-
orem does not hold in the many variable case.

In this paper we generalize MacCluer’s theorem to show that a poly-
nomial map (as in (1.4)) that is virtually one-one, finite and surjective, is
actually a one-one mapping (Theorem 1). Proposition 1 generalizes Mac
Cluer’s Theorem in another direction. The observation for treating wild
ramification was made by S. Cohen in [1]. For the notions of finite and
surjective morphisms we refer the reader to [10], pp. 243-245. The f
satisfying (1.7), of prime degree, are classified in [4] and [9].

2. Generalizations of MacCluer’s theorem. Throughout F denotes
a finite field, with order |F'|. Let H be a polynomial mapping as given

n (1.4). Let I'y = Graph of H so that over any field Fe Res(R),
2.1) Ty(F) = {{¥15 s Uns (@) - Bn(y))| ye F°}.
We assume that
(2.2) trans.dim. F(k, (), ..., b, (y)) = n,
and that

(2.3) F(y) is a separable extension of F(x) where we have introduced

the variables z; = hy(y), for ¢ =1,..., n.



On a theorem of MacCluer 123

Without condition (2.2) it is unlikely that H could give a one-one
mapping. In fact, the image set would be of lower dimension (say & < n)
and therefore would have roughly |F|* rational points over the finite
field F (see proof of Lemma 2).

- Let {#}7 be new variables, algebraically independent over F(y).
Let 8 be the affine algebraic set in F*" defined by the ideal

Is = (@) =1 (2), ba(Y) = ha(2), ..., B (W) —Pn(2))  in  Fly; 2].

We let £ be the normal closure of F(y) over F (). Let 4 be the affine
algebraic subset of F*” defined by the ideal

I, =(Y—%,Y—%; -y Yn—2,) Iin Fly; z].

LEMMA 1. The irreducible components of S are all of dimension n and
include A with multiplicity one.

Proof. We denote the fields conjugate to F(y) = F(y"Y) over F(x)
by F(y™), i =1,...,1 where I = [F(y): F(®)]. The irreducible compo-
nents of § have generic points in QE"‘, (where Q is some universal domain
containing Q) given by (y@; y¥). Also, (y™; y?) and (y¥;y?) define
the same irreducible component of § if and ouly if F(y®) is conjugate
to I (y) over F(yW). Clearly the transcendence dimension of the generic
point (and therefore the dimension of the algebraic set defined by it)
is mn. '

The generic point of 4 is (y©; y™). In order to show that 4 is a com-
ponent of multiplicity one, we have only to show that

(2.4) (L4)? £ Is.
From (2.3) there exist 4 and j such that

0

(2.5) o

0
(ki () = Py (2)) | gaarymy = o (s ()
in not identically zero. However, for fe (I,)?, the expression

of

0Ys gy |

~

is identically zero, thus demonstrating (2.4). =
Lrmma 2. Let H be a polynomial mapping as given in (1.4) such that
(2.2) and (2.3) hold. In the notation above assume that

(2.6) 8 has an absolutely irreducible component defined over F and distinct
from A.
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Then there exist constants C, B, ¢ with 0 <(C <1, ¢e> 0, B>0 (all
independent of |F|) such that

(2.7) the image of the polynomial mapping H excludes at least C |F|" — B |F|*~¢

elements of F™. ,

Proof. Let V™ be an absolutely irreducible variety over the finite
field F, of dimengion #. Then V" has |F|*+ O(|F["°) rational points
for some constant &> 0 (independent of |F|). This is well known, but
we point out that this fact can be reduced to the case of curves by Bertini’s
Theorem. For many curves the elementary argument of Davenport applies
(see [2]: in general we use the celebrated Riemann hypothesis for
-curves over finite fields). Let V be the absolutely irreducible component
of S hypothesized in (2.6). Since VN4 is an algebraic set of dimension
n—1, it has O(|F[*"!) rational points. Thus V—4 has |F|*+O(|F|*¢)
" rational points. Let (y; y?) (as in the proof of Lemma 1) be a generic
point of V, where y has ¢ conjugates over F(y™). Then there are at

1
least " |F|"+ O (|F|"°) elements of F™ which occur as the second n-tuple

of rational points of ¥V — A. Since H maps each of these elements onto
elements which are the image by H of at least two elements of F", the

1
image of H must exclude at least 7 |F|*+ O(|F|"*) elements of F". Taking
C = 1/t, the proof of the lemma is concluded. m

DrrFINITION. If H is a polynomial mapping (as in (1.4)) satisfying
(2.2) and (2.3) and such that

(2.8) 8 has, excluding 4, no absolutely irreducible components defined
over F;

then we say H is a virtually one-one mapping over F.
THEOREM 1. Let H be a polynomial mapping that is virtually one-one
finite and surjective over F. Then H: F"—F" is a one-one mapping.
Proof. We use the notation of Lemma 1. Let 2, be a place of F ()
and let p be a prime of 25 extending ®,, with decomposition group D(p).
Let F be the algebraic closure of F in 24, and (as in [1]):

o)

(2.9)  G(2a/F() = [ve G(Qq/F(®)v restricted to F is the
Frobenius element in G(F/F)}.

Let v(p)e D(p) map onto the Frobenius element by the residue class
map (that is, z(p) generates G(F (p) /F) where F(p) is the residue class
field of p). All of this, including the existence of z(p), is classical in the
one variable case. See [8] (pp. 69-82) for the several variable case.
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Suppose that we have the relation
-~ I . .
(2.10) G(Qg|F ()} = U G(2gz/F(y")).
i=1

Then r(p)eé(.QH/F(y“))) for some i. Therefore 7(p) fixes p(y®) (the
value of the place p on y™) which implies that p(y®)e F*. Thus, H (p(y?))
= &,, and &, is an image point under I. In other words, H is onto (and
therefore one-one) map.

Note that condition (2.8) implies that if r(p)e'é(QH/F(‘yﬂ))), then
(p)(y?) #y? for i %1 since (y;y®) is the generic point for an
irreducible component of S which is acted on nontrivially by the Frobenius
element. Thus é(.QH/F(y“))) has no intersection with G(Qg/F (y™) for
i #1, and the right side of (2.10) has order l|é(QH/F(y<l>))|. This is
also the order of the left side of (2.10), as F(y'V)/F (@) is a regular extension
of degree . Since the right side of (2.10) is a priori contained in the left
side, and their orders are the same, we have proved that (2.10) holds.
From the previous argument we are done. m

The next proposition is proved in a similar manner, and it offers
still another generalization of MacCluer’s Theorem.

ProPOSITION 1. Let h(z, y)e F [z, y] be an irreducible polynomial, and
suppose F(x, y) is separable over F(x), where {y®}. are the zeros of h(z, y).
Assume also that

(2.11) each orbit of the representation of G(2,/F(yM) on ¢®,...,y®
breaks up into smaller orbits wnder the action of G(F-Q,/F(y™))
(where Q, = F(z, yY, ..., y) and F is a fized algebraic closure of F).

Then,

(2.12) for each wmye F oo, there exists (a unique) Yoe oo such that
h(zg, yo) = 0.
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