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0. Introduction

A. History and explanation of the problem

Let K be a number field with ring of integers Ox. Let Lx be the first
order language of the theory of fields. For the sake of definiteness, Ly
has: countably many variables z,, z,, ---; a prescribed list of constants; the
operation symbols + and - ; the predicate = ; and the sentential connectives
&, v, ~, 3, and V. From elementary logic (see § 0. B) each sentence of Ly
is equivalent to a sentence o_f the form

(0'1) (Ql@l) cee (Qn%‘n)(B(g"M MY g”n))

where the g, are finite sequences of distinct variables, the @, are alternately
the quantifiers v and 3, and B(g,, - -, %,) is a Boolean combination of polyno-
mial equationsover Ox. Withoutlossof generality we may replace B(z,,- - +,2,)
by a constructible set (union of locally closed subschemes; see §1. A) in
affine space with coordinates obtained by juxtaposing the coordinates of

! Partially supported by the Sloan Foundation, a grant from the Institute for Advanced
Study (Spring 1972), and NSF grants.
2 Partially supported by a grant from the Institute for Advanced Study.
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L, +-+, &, in order. We denote this affine space by A(z,, -, 2,). For most
of this paper A(z, ---, z,) and its subschemes are to be regarded as schemes
over O (over the prime ideal spectrum Spec (Of) of the ring @K). This use
of the language of schemes facilitates the statements and proofs of the most
technical parts of this paper.

In any case, expression (0.1) may be written as

(0.2) (Qz) -+ (Quz)(@, -+, z.) € 4]
where A is a union of locally closed subschemes of A, -+, 2,).

For a prime ideal p of Ox we may interpret a sentence of Ly in Og/p by
interpreting the constants as their images in Og/p. The main result of this
paper is the description of an algorithm which determines those sentences
P of Lx which are true in O/p for all but finitely many p (i.e. almost all
primes b) and which also computes for each such @ the finite list of excep-
tional primes.

If A, is the reduction of A modulo the prime p of O (4 as above) this
result may be rephrased as a primitive recursive procedure for deciding the
problem :

(P), Is Q) -+ (QuE[(&), -+, 22) € A] true in Oyfp

for almost all primes p of O ?
We use the phrase “(P), is true in Og/p” to express that, for the prime p
(Q)) -+ - (Qud)(z:, - -+, 22) € 4,] is true.

J. Ax [A1, 2] has obtained a general recursive algorithm for this pro-
blem through model theoretic means. We give a layman’s distinction be-
tween a general recursive and a primitive recursive procedure by noting
that (theoretically) our procedure can be put in a computer program (call
this I) which itself is preceded by another computer program (call this IT )
such that: the length of running time of II depends only on the magnitudes
of the conjugates (over Q) of the non-zero coefficients of the polynomials
describing the locally closed subschemes that appear in A; I produces the
running time of I; after I has run we are presented with a yes or no to
question (P), and if the answer is yes, I also produces the list of primes b
for which (Q2?) - - - (QD[(2?, - -+, 23) € 4,] is not true.

An analogue of the algorithm allows us to determine for a fixed prime
p those sentences of L, which are true in all but finitely many finite exten-
sions of Ox/p. Combining these two results we obtain a primitive recursive
algorithm which determines those sentences that are true for all but finitely
many field extensions of residue class fields of O, (and which computes the
finite list of exceptional fields). The method demonstrates anew Ax’s strik-
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ing result that a sentence of L, is true for all residue class fields of Oy if
and only if it is true for all finite extensions of residue class fields of Oy .
Our algorithm uses the method of guantifier elimination, but not in an
entirely straightforward way. A straightforward quantifier elimination
(if it existed) would produce from the problem (P), (as above) a new problem:

Py Is (&) -+ (Quo@n)[(@3, -+ -, 20-) € A]] true in Og/p ?
where A’ is a constructible subscheme of A(z,, ---, 2,..,), and, excluding a
finite (computable) set of primes p, (P'),. is true in O/p if and only if (P), is
true in O4/p. Inthis way we would eliminate one block of varibles at a time
until we would be left with a quantifier-free statement. We give a simple
example to illustrate how ludicrous this would be.

Consider the case where: O, = Z, f(x)<€ Z[x] is an irreducible poly-
nomial in one variable of degree at least 2 over Q and the problem (P), is
given by:

P)e Is 32)[f(=°) = 0] true in Z/(p) ?

In this case n = 1 and A is a 0-dimensional subscheme of affine 1-space over
Spec (Z). The elimination of the variable x would leave us with a quantifier-
free statement concerning a constructible subset of 0-dimensional affine
space (a “point”) over Spec (Z). Thus we would conclude that either (P), is
true in Z/(p) for almost all primes p or (P), is false in Z/(p) for almost all
primes p (excluding a finite set of primes p). Of course, one consequence of
the Cebotarev density theorem is that (P), is true for infinitely many primes
p and false for infinitely many primes p.

In order to obtain an elimination of quantifiers we must create state-
ments more general than those of the language L, statements which may
still be interpreted modulo p for the prime ideals p of the ring O. The
concept that allows the expeditious creation of these more general state-
ments is that of a Galois Stratification (see § 1. C for the precise definition).

Roughly speaking, a Galois stratification 11 consists of a constructible
set A in A(z,, ---, 2.), a stratification S(A) of A such that for each X ¢ S(A4),
X is a locally closed subscheme of A(z, - -, ,), and for each X e &(4), an
étale Galois cover C(X) —‘LXZ X along with a union of conjugacy classes,
Con(X), of the Galois group of C(X)/X. We call the set A= A(ll) the
underlying space of L. Statements of the type (P), are replaced by

(F); (Qa) - -+ (Q.x)[Fr (23, -+, %) € Uxesw Con (X)]
where: p is a prime ideal of Og; (2!, - - -, %)) is a rational point of A(z,, -+, 2.),
contained in X, for some Xe&(4); Fr(a), ---, x7) is the conjugacy class
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of the Frobenius element of a place of C(X), lying over the place
(:Z;?, R @2) € XP'

We call such a statement an elementary Frobenius statement (for the
Galois stratification 11). In this context there is an elimination of quantifiers
whereby through a primitive recursive procedure we construct a new Galois
stratification pr (1) (with underlying space A(pr (1)); pr (4) by abuse), and
a new elementary statement:

(T)');/ (Qlfﬁ) v (Qnﬂ@nnﬂ)[Fr (-’Ef, s, 203;—-1) € U(Ye Sipridn Con ( Y)] .

Most importantly, excluding a finite computable set of primes p, (P');. is true
in Og/p if an only if (P); is true in Og/p.

Thus, by induction, there is a quantifier-free elementary Frobenius
statement (P"');.. such that (excluding a finite set of computable primes p)
(P");. is true in O4/p if and only if (P); is true in Og/p. A quantifier-free
elementary Frobenius statement consists of a finite Galois extension M of
K; an element a € Q4 such that Spec(0,[1/a])— Spec(Ok[1/a]) is a Galois
cover, with group G; a collection Con (X) (X = Spec (O4[1/a])) of conjugacy
classes in G; and for each of the finite set of primes p of O, dividing @, a
finite extension %, of Oy/p and a collection of elements of G(k,/(O/p)). The
statement (P”);. is true in Og/p for almost all primes p if and only if the
Frobenius conjugacy class is in Con(X) for almost all primes p. By the
Cebotarev density theorem this is true if and only if Con (X) contains all
conjugacy classes of G. Since it can be checked in a primitive recursive
manner as to whether or not Con (X) = G, this concludes the algorithm for
deciding if (P); is true in Og/p for almost all primes p.

Observe that in order to apply these considerations to our original
problem (P), we have merely to regard A = A(z,, -- -, 2,) as a Galois stratifi-
cation. Indeed, let S(A) be any stratification of 4 so that for X e $(4), X is
a locally closed subscheme of A(z, ---, z,); for each XeS(4), C(X) = X;
and for each X € §(4), Con (X) is the identity element in the “trivial” cover-
ing group of C(X)/X.

In the main algorithm of this paper we have chosen to do our elimina-
tion of quantifiers in blocks (where the quantifiers vV and 3 alternate, as
above). The procedure works (theoretically) just as well by elimination of
exactly one quantifier at a time. In addition, the technical work utilizing
the Intersection-Union Process and the generalization of the Bertini and
Noether theorems is somewhat simplified by elimination of one quantifier
at a time. Nevertheless, several serious applications of the methods of this
paper suggest that it is worth the extra effort to eliminate the quantifiers
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in blocks. We explain this in more detail in relationship to finding the
“exceptional primes” in the Artin conjecture solved by Ax and Kochen [AK 1,
2, 3].

In a later paper we will consider the problem of finding a primitive
recursive algorithm to decide if (0.1) is true in the p-adic completion of Oy
for all but finitely many primes p of O,. An appropriate generalization of
Hensel’s lemma and of the non-regular analogue of the Cebotarev density
theorem (see § 4) are among the tools that complement the techniques of the
present paper. P. Cohen [C]has shown (by use of entirely different methods,
i.e., p-adic analysis) that a primitive recursive algorithm for deciding if
(0.1) is true in Q,/p for all but finitely many p can be extended to a primitive
recursive algorithm for deciding if (0.1) is true for the p-adic completions
of O, for all but finitely many primes p. Still, no one has yet (in general)
described the finite set of primes p for which there exists a form of degree
d in d* + 1 variables over Q, (p-adic numbers) which does not have a (non-
trivial) rational solution (i.e., the primes for which the Artin conjecture
does not hold). This is a problem that has two blocks of quantifiers. Let I
be the least set of integer-valued functions on Z having the property that
if feIand ge I, then f? (exponentiation), f-g¢g (multiplication) and f+ ¢
(addition) are also in I. Then we might ask if there exists fe€ I such that
the exceptional primes p for the integer d in the Artin conjecture are all
less than f(d). We might hope that our techniques would shed light on this
problem (and its generalizations to an arbitrary statement such as (0.1)).

There is another context in which our procedure works almost imme-
diately. Let Q be a fixed algebraic closure Q, let o, ---, 0, € G(Q/Q), and
let Q(o) be the fixed field of the group generated by o,, +--, 0, in Q. Then
(modulo the action of a,, « - -, 0, explicitly on the elements of Q) there is a
primitive recursive procedure for deciding the truth of an elementary state-
ment over the field Q(g), for almost all r-tuples of elements of G(Q/Q). The
term almost all is used here (as in [J]) to mean in the Haar-measure sense.
Indeed, for the case » = 1 this is an exercise in the methods of this paper
combined with the technique of Jarden’s paper. Jarden was the first to show
that there are proper subfields of Q which are pseudo-algebraically closed
(PAC; every absolutely irreducible variety over a PAC field has a rational
point). In fact, he showed that the fields Q(g) have this property for
almost all g. From the technique of Jarden’s paper for » =1, we can
easily show that for almost all o € G(Q/Q) the fields Q(¢) have the Cebotarev
property. That is, if C(X) &X)» X is a cyalic (Galois) étale cover of absolutely
irreducible affine varieties defined over Q(o), then there exists a prime p of
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the function field of C(X) lying over p, a degree 1 closed point of the fune-
tion field of X (i.e. p is Q(o)-rational), and the degree of the residue class
field of p over the residue class field of p is equal to deg (?(X)). Following
this the techniques of this paper apply directly to the field Q(0).

The fields Q(o) occurred earlier in [A, 1, 2] as the absolute constants of
non-trivial ultraproducts of the residue class fields of prime ideals of Z.
We do not know if there is primitive recursive procedure for deciding the
truth of an elementary statement (or more generally, an elementary Fro-
benius statement) over each of the fields Q(o) for every o < G(Q/Q).

In order to aid the reader there is a very simple example at the end
of Section 4 illustrating the ingredients of the algorithm.

B. Background from logic and elimination theory

The set of primitive recursive functions (see [P]) is the least class of
functions on N (the positive integers) closed under composition and primitive
recursion, and containing the constant functions, the projection functions
and the successor function.

We give a heuristic description of the use of Godel numbers. Suppose
we are given a class of algebraic objects (e. g., the collection of subfields £
of a given field K separable over another field L) and an algebraic operation
from which we derive a third object of the class from two other objects of
the class (e. g., composition of subfields of K). Suppose also that we are
given a computable subset S (i. e. defined by primitive recursive functions)
of N® (sequences of elements of N, almost all of which are zero), and a
map from S to the elements of £. To continue the discussion explicitly, in
the example of fields in £ our computable subset S of N™ might be chosen
so that each element of S corresponds to an element of K. Map S to the
element of £ (call this map +) so that if s € S corresponds to « € K, then (s}
is the field generated by «a over L. Notice that the map from S to £ is not
assumed to be one-one. We call s a Godel number for the field L(a). We
say that the algebraic operation from £ X £— £ (e.g., composition of
fields) is primitive recursive with respect to the Godel numbering S if there
exists a primitive recursive function S x S-S such that for (s,,8)eS xS,
¥(7(s,, 82)) = Y(¥(s), ¥(s,)). We say that the algebraic operation is primi-
tive recursive if there exists a Godel numbering S (of £) such that the alge-
braic operation is primitive recursive with respect to S.

First we give some remarks on fields. All the fields we use are finitely
generated extensions of their prime subfields. By the phrase “given a finitely
generated field K” we mean that we are given a pure transecendental field
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extension T of the prime field of K of finite transcendence degree; the
maximal finite separable extension M of T in K and a Godel number for
the minimal polynomials of a generator of M over T (primitive generator);
and Godel numbers for the minimal polynomials of a finite set of generators
of K over M. From this we may compute a primitive recursive encoding of
the elements of K. Inseparable field extensions do not occur in our computa-
tions until Section 5.

Similarly, “given an algebraic set defined over K means we are given
a Godel number for its defining Boolean combination of polynomials with
coefficients in the field K. Similarly, “given a group” means we are given
a Godel number for its elements as disjoint cycles in some symmetric group
(so that group multiplication and taking the inverse are primitive recursive),

Also, a number of computations in the theory of polynomial rings and
in Galois theory are primitive recursive. The ones listed below will be used
without further comment.

(i) Kronecker’s method for factoring a polynomial (defined over a field)
into irreducible factors [W; pp. 77-78].

(ii) Given a finite collection of fields of the same characteristic: to com-
pute a field which contains them all [W; p. 127].

(iii) Given a field K, let the symbols «,, ---, &, be the roots of an
irreducible polynomial f(z) over K, to compute the Galois group of the
splitting field of f(x) over K as a set of permutations of «,, ---, @, [W;
§6 1].

(iv) Given a field K and a finite Galois extension K, of K; to compute
the Galois group G(K,/K) [W; §6 1].

(v) Given a Galois extension K, of K and 0 ¢ G(K,/K), to compute the
fixed field of o [W; §6 1].

(vi) Given a field K, and K as in (v) and an algebraic set W defined
over K, and ¢ € G(K,/K), to compute the transform of W under o, °W.

(vii) Given W— V a morphism of algebraic varieties where W is
reduced (see §1. A. for the definition of reduced), to compute the ideal of
the image of W ([He] and [S]).

(viii) Given a field K and an algebraic set W defined over K, to compute

a finite extension K, 2 K and a sequence U, ---, U, of absolutely irreducible
varieties defined over K, such that W = U, U --- U U, ([He] and [S]).
(ix) Same as (viii) but write W= U, U --- U U, where U, ---, U, are

irreducible varieties defined over K.
(x) Determine the function field of a K-irreducible variety V.
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We would like to thank Moshe Jarden and William Messing for their
helpful comments concerning the arrangements of parts of this paper.

1. Generalizing the quantifier elimination problem

A. Dotations and terminology

We let A* = A(z,, ---, z,) denote affine space with the coordinates
z, -+, %, (as in §0). Let R be an integral domain and let A%(R) be
Spec (R[z,, -+, z,]), a scheme over Spec (B). We borrow, for our purposes,
some of the definitions from [Gr]. By a closed subscheme A of AX(R) we
mean a scheme A = Spec (R|[x,,- -, ,]/I) where I is anideal in B[z,,---,2,]
([Gr; §4]). We say 4 is dominant over Spee (R) if the canonical morphism
A—Spec(R) (written A— R, by abuse of notation, when no eonfusion will occur)
is generically surjective. A ringed space (Y, Q) is a locally closed subscheme
of Az(R) if there exists an open subset V of A%(R) such that Y is contained
in Vand (YNV, Q) is a closed subscheme of V. If A— B is a morphism
of varieties where A is a union of locally closed subschemes of A%, then the
image of A is a union of locally closed subschemes of B [M1; Corollary 2, p.
97]. For the purposes of this paper we will present locally closed subschemes
Y of A%(R) very explicitly. In fact, a locally closed subscheme will be given
as a union of Spec (R(z,, ---, z,, 1/fil/L), with I, = (¢.,, *, 1.s;y) an ideal
of Rz, ---,z,],2=1, -+, ». Werefer tothe collection f;, ---, fr, Gis, **,
J...r a8 the polynomials of Y.

If (Y, O,) is a locally closed subscheme of A%(R), then there is a sheaf
9 of Oy-ideals such that for y e Y, 91, = {a € (0;),la’ = 0 for some integer
t}; 9, is the milradical of (Oy), [Gr, §5]. We call (Y, 0;/90) the reduced
scheme with underlying space Y, and we denote this by Y,... In thecase that
Y = Spec(R[x,,- -, %,1/f}/T), Yiea = Spec(B/N) where B = R[x,, - -, 2,1/ f1/]
and N is the nilradical of B. From [Gr; Prop, 5. 2. 1], Y.., is the unique
reduced locally closed subscheme of A2(R) having Y as its underlying
space.

Throughout this paper we freely replace a locally closed subscheme Y of
AYR) by Y.... We may do this because our concern is with diophantine
problems, where we deal with the rational points on the underlying space
of Y.

For much of this paper R will be the ring O4[1/a] where K is a number
field, Q. is the ring of integers of K, and a is an element of Q.. Let A bea
locally closed subscheme of A%(0y), and let p be a maximal prime ideal of
Ox. Then we denote by A, the fiber of A over p (i.e. over Spec (Qx/p)).
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Naively this is obtained by reducing the coefficients of the polynomials of
A modulo p.

One of the essential tools in our algorithm is a free use of finite étale
Galois covers of a morphism V— A%(Q). Let W—" V be a morphism
between affine algebraic sets so W = Spec (B) and V = Spec (4) where B is
an A-algebra. The reader will have no trouble generalizing this discussion
to the case where V is a locally closed subscheme of A?(0;). Then ® is a
finite morphism if B is a finite dimensional module over A. We say that
the finite morphism @ is a cover if @ is surjective and flat ([M 1; p. 424]).
Every morphism W — Vis flat over a Zariski open subset of V' (ID; p. 48])
by the theorem of generic flatness. The finite morphisms that occur in
our algorithm are presented explicitly as follows: W = Spec (A[y]/(f(¥)))
(reduced as on page 9; i. e., f(y) is a product of relatively prime irreducible
factors to the first power) with f(y) a monic polynomial in A[y]. In this case,
@ is automatically flat and Aly]/(f(v)) is a free A-module. Hence, by [M1,
p. 432] @ is finite, and surjective. If W is given this way, and P, ---, P,
are the polynomials of V, we say that the collection {P, ---, P,; f} consists
of the polynomials of the cover W—> V. The degree of f(y) is denoted
deg (W/V).

We say that the explicitly presented cover W - V is étale if the
discriminant of f(y) (denoted D; see [M 1, p. 435]) is invertible in A.

Let W—— V be a cover and let Aut(W/V) be the set of automorphisms

5 of W such that 8: W —— W is a commutative diagram. We say that
Ne ¢
AW
V

W —" Vis a Galois cover if [Aut (W) V)| = deg (W] V).

Let V be an irreducible algebraic set defined over K. We denote the
field of rational functions on V defined over K by K(V). Let W—1 V be
a Galois cover with W, @, and V defined over K (¢ has an affine structure
asacycleon W x V), and assume that W is irreducible, and that W5V
is étale. Then Aut(W/V) is (non-canonically) isomorphic to the Galois group

G(K( W)/K( V)). By an abuse of language we denote Aut (W/V) by G(W/V)
if W—— V is a Galois cover. For the remainder of this paper the word
cover refers to Galots, étale covers.

We remark on the process by which covers arise in the course of our
algorithm. We start with the following ingredients: an irreducible affine
variety V' embedded as a locally closed subscheme of AZ(Qx) (by an abuse
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of terminology we write V' — Spec (Ox)), and a finite Galois field extension
L/K(V’) with an explicit set of generators. By taking a linear combination
(with coefficients in Q) of the generators of L/K(V’) and then multiplying
by an element of K(V’) as in [W; p. 168] we can find an explicit generator
(primitive element) for L/K(V") such that L =~ K(V")[y]/(f(y)) where f(y) e
K(V")]|y] is a monic polynomial with coefficients which are regular on V.
If we let Ox[V’] denote the functions which are regular on V', then we
obtain a morphism

(1.1) Spec (Ox[ V' f () — V.

In our terminology, (1.1) is not a cover because it is not étale. There
is a Zariski open subset of V' over which the discriminant of f(y) is
invertible. This set is Spec(Of[V’, 1/D;]), where D, is the discriminant
of f. We denote Spec(O4[V’, 1/D;]) by V, and the pullback over V of
Spec (O V'][¥l/f (%)) by C(V). Thus we obtain an étale cover C(V)— V.

Whenever we are given two connected covers C(V)— Vand C(V)— V
we shall usually (for simplicity’s sake) amalgamate them: the two covers
correspond, respectively, to Galois field extensions K, (V) and K (V) of K(V).
Therefore the composite K, (V) K, (V) is a Galois field extension of K(V')
whose group is a subgroup of G(K(V)/K(V)) x G(K(V)/K(V)). Amalga-
mation consists of forming a cover corresponding to the field K, (V) -K(V).
Actually, this is easily seen to be the same cover as is obtained by taking a
connected component of the fibered product C,(V') x, C( V) ([M1; p. 61]).

B. The Frobenius symbol

Let C(V)—i-» V — O be a connected cover (étale and Galois by the
assumptions of § 1. A). Let w e C(V), v e V be closed points (i.e., correspond
to maximal ideals of the respective coordinate rings of C(V) and V) with
P(w) = v and let b be the prime ideal of O corresponding to the image of
2. Let S (respectively R) be the functions regular on C(V') (respectively V)
and let p(w) (respectively p(v)) be the prime ideal of S (respectively R) cor-
responding to w (respectively v). Then S/p(w) is a finite extension of R/p(v)
which in turn is a finite extension of the residue class field of the prime p
(because p is not the 0-ideal). The group G{((S/p(w))/(R/p(v))) has a special
generator Fr (the Frobenius element) obtained by putting the elements of
S/p(w) to the g-th power where R/p(v) has order ¢. For a e G(C(V)/V) there
is induced a unique automorphism a*: S— S which is the identity on R,
obtained by pullback of functions. If a* maps p(w) into p(w) then a* induces
an automorphism of S/p(w).
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The Frobenius element assoctated to w, Fr (w), is the unique element of
G(C(V)/V) (unique because C(V)/V is étale) such that Fr (w)* induces the
element Fr in G((S/p(w))/(R/p(v))). If w’ also lies over v then Fr(w) is con-
jugate to Fr(w’) in G(C(V)/ V) ([CF; p. 14]). The Frobenius class associated
to v, denoted Fr(v), is the conjugacy class in G(C(V)/V) of Fr(w). We

denote by deg (v) the degree of the residue class field of p(v) over the residue
class field of p.

We must make a remark relating our notation to standard notation in
the special case V = Spec (Ok[1/a]). In this case our cover C(V)is associated
to a Galois extension M/K. As an element of G(M/K), the Frobenius class
associated to the prime ideal p is usually denoted (Mé—K>, a notation we

continue to use when it is appropriate.

Let M/K be a Galois extension of K. If W— A%(0,) is an affine alge-
braic variety defined over M, then for 5 G(M/K) we have the conjugate
W — A%(Q,) of W by 8, obtained by applying & to the coefficients of the
polynomials describing W as a locally closed subscheme of A%(O,).

We have need to consider a further concept regarding covers. Let
C(W)— W will be an irreducible cover of T-schemes where T is any field.
Let X be an irreducible subvariety of W, defined over T. We denote by
C(W )\, the fibered product C(W) x - X (pullback of C(W) over X). Let C
and C’ be T-irreducible components of C(W)|, regarded as covers C — X,
and C'— X. We remind the reader again that we use the word cover to
designate that C(W) is Galois and étale over W. We identify G(C/X) with
the subgroup of G(C(W)/W) consisting of those automorphisms whose re-
striction to C(W)| leaves C fixed. Also, the groups G(C/X) and G(C'/X) are
conjugate subgroups in G(C(W)/W). We refer to a representative of this
conjugacy class of subgroups as a decomposition group of X,

C. Galois stratification and generalization of the

diophantine problem

Let A— A%(Qy) be a constructible subset (finite union of locally closed
subschemes) of A% defined over K. Suppose that all of the following struec-
tures are also defined over K:

(1.2) (a) astratification S(A)of A (that is, a decomposition of A into finitely
many disjoint algebraic sets 4 = Uyeswu X where X is a locally closed sub-
scheme of A%;

(b) for each X e S(4) a cover C(X) 25 x;

(¢) for each Xe&(A) a union of conjugacy classes Con(X) in
G(C(X)/X), and;
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(d) an element a@(A)e Ox such that A— Oy factors through
Spec (Qx[1/a(20)]) (i. e. for p dividing a(31), the fiber A, is empty).

The morphism ®(X) in (b) may be called P(X, C(X)) when the context
demands it. We call this collection a Galois stratification of A. Sometimes
A will be referred to as the underlying space of the stratification. Galois
stratifications will be denoted by Gothic letters 9, B, €, ---.

Let 90 and ' be two Galois stratifications. We say that 9 is finer than
A if (W) A); Alogn wwn (A pulled back over Spec (Qx[1/a(X)])) is equal
to A”; for each X € S(A), X'a, 11 a1 18 a union of elements X’ with X’ ¢ S(A";

C(X) o —2— (X))

AN /
X CX) N, X, OX)
X
Is a commutative triangle for some morphism +» (necessarily a cover); and
in this triangle Con (X’) consists of all elements of G(C(X")/X") whose restric-
tions (images under ) to C(X)!;. are in Con(X)|,.. We shall feel free,
throughout this paper, to replace any Galois stratification by a finer Galois
stratification whenever this does not affect the consideration of our basic
problem (e. g., as in the diophantine problems discussed below).

Similarly for any ring B we may define the notion of a Galois stratifica-
tion of a locally closed subscheme A — AZ(R) (denoted %— R by abuse of
notation). We define a full Galois stratification over K to consist of a Galois
stratification A — O, (or we might write this as U — Ok[1/a(AW)]) together
with a collection of Galois stratifications B, — Cx/p where b runs over the
primes dividing a(%). We do not ask that the B,’s be related to each other
for different values of p; in particular we may have B, empty.

For p a prime of Oy we let C(X,)— X, be the reductions (as in §1. A)
modulo p, of the members of the stratification &(A4). Note that from our
étaleness assumption G(C(XU)/Xv) is identified canonically with a conjugacy
class of subgroups of G(C(X)/X). If ve X lies over the point of Spec(©)
associated to p, and if deg (v) = 1, then v modulo p is an O,/p-valued point

(«f, ---, 20) € X,. When no confusion occurs, we make one last abuse of
notation and we write Fr, as Fr(z!, ---, 2i;p) (or Fr(z}, ---, 22)). By the
notation

(1.3) Fr(a), ---, 20) € Uresis Con(X) ,

we mean: (zi, ---, 2,) € X, for some X € §(4), and; Fr(a, ---, z,) € Con (X).

Let %A be a full Galois stratification with underlying space A. As in
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Section 0.A we may consider (problem (P); of the introduction)
(P) (Ql@l) ot (Qn@n)[Fr (93'1, ct :'.yn) € UXe >(4) Con (X)] .

In Section 4 we give our algorithm for deciding if (P) is true for all primes
p (or almost all primes p of Oy) where, for p dividing a(), (P) must be
interpreted as being given by the Galois stratification B, — Q,/b.

Now, suppose we are given a Galois stratification — A*(0g). We
denote by A'cC' the affine space with coordinates %, ---, z,_,. In Section 4
we give a primitive recursive algorithm to calculate a new Galois stratifica-
tion pr (A) — AT(Qy) having the following property. Let B be the under-
lying space of pr (). Then for every prime ideal p of Ox[1/a(pr (20))],

(Qn@n)[Fr (93'1, Ty @n) € Uxesw Con (X)]

18 equivalent to

[Fr (5131; ey, @’n—l) € Uyesm Con ( Y)] .

Then we answer the question “Is (P) true in Of/p for all (or almost all)
primes p?” by the procedure of Section 0.A. The Galois stratification pr ()
depends on @,. Also, a(pr (‘JI)) depends on the degrees of the polynomials
defining A and B (as in §1. A) as well as on . The source of this depend-
ency is the fact we can guarantee that an absolutely irreducible projective
variety over a finite field has rational points only if the order of the finite
field is larger than an explicitly computable quantity which is a function of
the degree and dimension of the variety. This fact (a consequence of the
Riemann hypothesis for curves over finite fields, see [LW]) appears in some-
what disguised form in our use of the non-regular analogue of the Cebotarev
density theorem (§ 4 and [F]).

2. The intersection-union process

A. The intersection-union process over a finite field

Let & be a finite field. Let W be a locally closed subscheme of Az(k),
and let TU(W, k) be {X|X is a maximal absolutely irreducible subset of W
defined over k}. N. Greenleaf ([G]) defined and gave a procedure for cal-
culating IU(W, k).

LEMMA 2.1. There is a primitive recursive function g(W, k) which for
a given (code number for) set W computes (the code number for) a finite
sequence of algebraic set {U,, ---, U,> which are the elements of IU(W, k).

Proof. We first give an informal algorithm to compute IU(W, k). Then
we will convert this informal algorithm into an explicit calculation of a
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primitive recursive function which computes IU(W, k).

Write W as a union of absolutely irreducible varieties W= W,U ---
U W, where W, ---, W, (the first stage varieties) are defined over a finite
Galois extension k&, ([k,: k] = v). Let o ¢ G(k,/k) be the Frobenius generator
(¢ power map on k, where ¢ = k). We let v = v(1). Then ¢ permutes
the W, among each other. We form M)W, (i =1, ---, 1), which is an
algebraic set defined over k.

Let W, U - -+ U Wy, be the absolutely irreducible varieties in {Yz,” W

(these are the 2nd stage varieties). Assume that W, -, Wy, are all defined
over k,,. We continue with the W,’s forming k,, and (& W, =
Wi U -+ U W5 a union of absolute irreducible varieties defined over

k.. Continue, stage by stage. We say the process stops at the t* stage if
the t" stage varieties are exactly the same as the (¢ + 1)® stage varieties.
This is equivalent to the statement: the ¢ stage varieties are all absolutely
irreducible subvarieties of W, defined over k. Note that every element of
IU(W, k) is a member of the last stage. If, at the i™ stage, a variety V
appears which is not defined over %, then at the ¢ + 1" stage, V is replaced
by a finite collection of varieties of dimension less than the dimension of V.
Therefore, the process stops at the ¢ stage where ¢ is at most the dimen-
sion of W plus 1.

We now give the formal calculation of a primitive recursive function
to compute IU(W, k). Let |k| = ¢q. Then |k| is computable from %k by a
primitive recursive function. We simplify notation by writing %, in place
of kyiy. Let g(W, k) = (k, (W, ---, W), where k, is a finite Galois exten-
sion of k, (W, ---, W,» is (the code number for) a finite sequence of
absolutely irreducible algebraic sets defined over k, and W= W,U---U W,.
The function g, is primitive recursive as was noted in the introduction. Let
g9(W, k, k) be defined for k,, a finite Galois extension of k of degree (1) and
W is defined over k, by the function ¢g(W, k, k) = (=,°"W, where o is the
automorphism of k,/k given by o(x) = 2?. The function g, is primitive
recursive since [k;: k] is, and so is the function which computes *" W for each
r. If

go( Wi) kx) = <k(7'); <Wz'1y Tty Wil(i)>> ’
let
Gy o ooy W, k) = by <o W ey B}y -+, 0i(Wis, Ky B -+
where k, = k(1) - -+ k(I). Then the function g, is primitive recursive since

it is the composition of primitive recursive functions. We now define a
function g,({W,, - -+, W,), k, n) by induction on n. Let
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9'3(<W1, Tty Wl>, k; 0): <ky <W1, Tty Wl>> ’
and inductively
gs(<W1y Tty Wl>y k’ n + 1) = gz(g3(<W1, tt Wl>y ky ’l’b)) .

The desired function g(W, k) is m,(¢:({ W), k, m)) where x, is projection onto
the second component, and m = 1 + dim W. This will be a sequence of
absolutely irreducible algebraic sets. These sets are defined over k. In fact,
if one of the algebraic sets U computed in g,(( W), k, n) were not defined
over k, then at the » -~ 1"* stage U would be replaced by a union of
algebraic sets of lower dimension of the function g,. Thus IU(W, k) is the
sequence of sets produced by the primitive recursive function g(W, k).

Let C(W)— W be a cover, which we may assume is connected. If
X e IU(W, k) we consider the pullback

CW)x = C(W)
L
X = W.

Then, as a locally closed subscheme of A%(k), X has a closure X in Az. We
define deg (X — X)) (resp. dim (X — X)) to be the collection of degrees (resp.
dimensions) of the k-irreducible components of X — X. All the connected
components of C(W)|, are isomorphic and each has Galois group H(C, X)
(as a cover of X)isomorphic to a subgroup of G(C(W)/W) as in Section 1. B.
Let %(C) be the field of k-rational functions on C. Let % be the algebraic
closure of k in k(C), and let H(C, X) be the subset of elements which induce
the Frobenius element on %.

Definition 2.1. The type of IU(W, k) is the finite sequence of 6-tuples
{(deg X, dim X, deg(X — X), dim (X — X), H(C, X), H(C, X))}
for all Xe IU(W, k).

B. The intersection-union process over a perfect field

We generalize the intersection-union process to define JU(W, T) where
T is any perfect field with W < Az(T) a locally closed subscheme defined
over T. We define IU(W, T) to be the collection of pairs (U, ¢) computed
by the following algorithm:

Stage 1: Write W= W, U ..-- U W, where W, ---, W, (the first stage
varieties) are absolutely irreducible varieties defined over 7'(1) where T(1)
is a Galois extension of T. For each o(1)e G(T(1)/T) and each integer
(lo(?)| denotes the order of o(z)), we form
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o) =1 a()7 _
nr0=<1) ot Wz - Wo(l):il Ueee U Wo(l);il(i)

where the absolutely irreducible varieties W, .0, - - -5 Wouy i are the second
stage varieties. There is a Galois extension T(2)/T such that all the second
stage varieties are defined over T(2) and T(2) D T(1). For each pair (a(1),
0(2)) where a(2) e G(T(2)/T) and o(1) is the restriction of o(2) to T(1) we
consider

nlr":(g)!q”(Z)TWo<1):ij = Wo(z):ijl Ue--u Wo(?):ijl(ii)

(absolutely irreducible varieties, the 3rd stage varieties). Inductively, we
form:

Wo(u—l)lil Ue--U Wo(u—l):il(i‘ and T(u)

where ¢ is a (v — 1)-tuple of integers, and; T(u) is a Galois extension of
T(u — 1) such that all the u'" stage varieties are defined over T(u). Then,
for o(u) e G(T(w)/T) such that o(u)l;,, = (i) we form the (u + 1) stage
varieties from the formula:

. la(u)T _
Wo(u):zl Ueee U Wo(u):;l(z) is equal to M7 o™ Wowon:i,

where 7, is a u-tuple of positive integers. As in the previous intersection-
union process, this “stops” at a stage prior to the dim (W) + 2nd stage
where “stops” means that from some point on we get the same varieties.
For simplicity we assume that the intersection union process stops at the
(dim(W) + 1)‘h stage (if it stops before, just continue until this stage).
Welet T* = T*IU(W, T)) be the last stage field. For each o € G(T*/T)
we have the last stage varieties corresponding to the chain of restrictions
of ¢ to T(¢) (denoted a(7)). We denote the collection of last stage varieties
by IU(W, T, o). The verification that this calculation is primitive recursive
is very similar to the previous verfication with the addition of the primitive
recursive calculation involving the elements of G(T*/T).

Given a cover C(W)— W we let H(C(W), X) be the subgroup of
G(C( W)/ W) obtained from a connected component of C(W)!, — X, as above.

Definition 2.2. The type of IU(W, T) (where W is equipped with a
cover C(W)— W, also defined over T) is defined to be the collection of types
{(deg X, dim X, deg (X — X)), dim (X — X), H{C(W), X))}
where the collection is indexed by the pairs (o, X) witho € G(T(IU(W, T))/T)

and X e IU(W, T, o) (see Definition 2.1.)

Let W be a variety defined over T. Assume that W is equipped with
a stratification S(W) such that for Ye&S(W), Y is equipped with a cover
C(Y)— Y defined over T. In this case we define the type of IU(W, T) to be
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the union of the types of IU(Y, T) for YeS(W). From the methods of the
proof of Lemma 2.1 we have

Lemma 2.2, IU(W, T), IU(W, T, 6), T*, and the types of IU(W, T) are
all primitive recursive functions.

3. A generalization of the theorems of Bertini and Noether

We use the notations from Sections 1 and 2. We make one comment on
the degree of an algebraic set. The notion of degree of an algebraic set is
most suitable for projective varieties. Therefore, if A—A%is a locally closed
subscheme of A% (not necessarily irreducible) of dimension », we define the
degree of A (deg (A)) to be the degree of the projective variety (intersection
multiplicity with n, + %, + -+ + n, — » hyperplane sections) obtained by
taking the closure of A in Pz,

Let W—2»V be a morphism of Oy -schemes which are irreducible as
K-schemes such that W— V and V—0, are dominant (generically sur-
jective; see §1. A). Let *°® be a generic point of V. Consider the generic
fiber, Wigen, of the morphism . We assume that

3.1) Wieen is absolutely irreducible over K(T&")

(the field generated by the coordinates of %=°® over K). We explain this
further in the case most relevant to our applications by assuming that W
and V are affine varieties: W = Spec(S), V = Spec(R) where S is an R
algebra, and S = Of[z, «--, 2,]/I, I an ideal of Of[z,, -+, z,]. Then K(Z=*")
may be identified with the quotient field of R (and in scheme theoretic lan-
guage it is indeed canonically so identified). Consider Spec(M [z, -+, z,/1)
where I is regarded as an ideal in M [#, +++, 2.], and M is an algebraic
closure of the quotient field of R. Condition (3.1) is equivalent to:
Spec (M[z,, - -, z,)/I) is irreducible as an M-variety. For p a closed point
of V we let k, denote the residue class field of p. The following result is
well-known.

LEMMA 3.1 (Bertini and Noether). With notation as above, if condition
(8.1) holds, then there ewists an explicitly computable Zariski open subset
(non-empty) U of V such that for each closed point p € U, W, is absolutely
irreducible as a variety over Spec (k,).

Comments on the proof (for the convenience of the reader). From [M1;
Corollary 1, p. 96] there is an explicitly computable Zariski open subset
U, < V such that for p € U,, the components of W, each have dimension 7
(where r is the dimension of Wjgen). From [M1; Normalization Lemma on
p. 253-255] we may form
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w’ <? AV pry A+t

pre
N V,

such that for p € V, the fiber W) is presented as a hypersurface in A”** by
the restriction of pr,-@ to W}, and there exists a Zariski open subset U, = U,
such that for p € U, each component of W) is birational to W,.

From this construction we are reduced to proving the lemma in the
case that W' — A" x V is a family of hypersurfaces in A™". We now
give an outline of the proof in this case.

Let y,, ++-, ¥,,, be the variables of A™*!, We are reduced in the above
to considering a polynomial g€ R[y, -+, ¥,..I; V = Spec(R) where R =
Oklz,, + -+, 2,)/J and J is an ideal of O,[z, -+, z]. For p a closed point of V
we define g, to be the polynomial obtained by reduction of the coefficients
of g modulo the prime of R corresponding to p. We show that for each
integer ! with 1 <1 < deg (g) — 1 there is an open (non-empty) subset U® of
V such that for p a closed point of U™, g, has no divisor of degree ! over
k, (an algebraic closure of k,). The open subset {5~ U™ is the open set
satisfying the conelusion of the lemma.

Let f be a polynomial over an algebraically closed field  in the variables
Y ***y Yo, Where deg f = deg g. Supposed that f factors into f, = Zaiyi
and f, = Z;biyi with degf, = I. Then, for a fixed collection {bj}, the col-
lection {“2} is a solution of a set of linear equations. Thus, from basic linear
algebra, {bi} gives a solution of a set of polynomials P which are polynomials
in the coefficients of f. From Hilbert’s Nullstellensatz, the collection P has
this common solution {bi } if and only if another collection of polynomials
P’, in the coefficients of the polynomials of P, are zero. Thus, there exist
universal polynomials P” in the coefficients of f such that f is reducible if
and only if the polynomials of P” are zero. Suppose that the collection P”
consists of ¢ polynomials. Then we obtain a morphism + from V = Spec (R)
to AYR): for pe V,

» L {the evaluation of the ¢ polynomials of P” at the coefficients of 9.} -

If #*°" is a generic point of V, then the assumptions of the lemma imply that
4r(&®°") is distinet from the origin of A’. Therefore, if we let V, be the fiber
of V over the origin of AY(R) then V — V, is the set U® sought in the
paragraph above. With this we conclude the proof of the lemma.

Now we consider the morphism pr, ;: A% — A% = Ay, ~0y 2,2)
obtained by projection of (z, ---, z,) onto the first (n — 1)-tuples of the
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collection of coordinates. Let A be a locally closed subscheme of A%(Og)
(dominant over Spec(Ok); see §1. A). Proposition 3.1 shows, roughly, that
pr,’,sl(A) may be stratified so that the elements of the stratification indicate
the types of the intersection-union process applied to the fibers of DI, ;.
This proposition collects together the technical difficulties of the production
of the Galois stratification pr () (as in §0. A). We retain the name Galois
stratification for the objects with underlying space prn;l(A) produced in
Proposition 3.1 even though they lack the conjugacy class structure (Con( Y)
for Ye3(pr, .(4))). The conjugacy class structure will be added, along
with some adjustment, in Section 4. Also, in Proposition 3.1 we consider
only locally closed subschemes of A2(O) and A"C'(Of) which are dominant
over QO (see §1. A).

PRrROPOSITION 3.1 (Generalization of Bertini and Noether theorems).

(a) Let A— O be a constructible subscheme of A2 (Qg). Then there exists
a Galois stratification S(pr,,’:}(A)) of pr._(A) such that: for each Y € (prn’;l(A))
and for each closed point y° = (Y3, -+, yo) € Y of degree 1 (i. e., y° lies over
the maximal prime p of O and is an O;/p-valued point of Y,), the type of
IU(A,», Ok/p) depends only on Fr (¥ -, Yo ).

(b) Let C(A)— A be a K-irreductble cover (Galois and étale, as always)
of A, with A a locally closed subscheme of A%(OQg). Then there exists a Galois
stratification 5'(prk1(A)) such that: for each Ye 5’(pr,z (4)) and for each
closed point y' € Y of degree 1, the type of IU(A,, Ox/p) (as in Definition 2.1)
depends only on Fr (y‘f, e Yn ). (Here Ao is equipped with the cover C(A)
restricted to Ao as in Deﬁﬁition 2.2). )

Proof. Stratify A into K-irreducible locally closed subschemes, X € $(A)
of Ax(O,). For each such subscheme X we show that the conclusion of part
(a) of the proposition holds for some Galois stratification &, with underlying
space pr,ﬁ\_}(X ). We then combine these Galois stratifications into a Galois
stratification of pr, ,(4) by the following rules. For Ye S(pr,zl(A)) and
each X € §(A4), either YN prn;l(X ) = @ or Yis a locally closed K-subscheme
of some Ze§,. List these Z’sas Z,, ---, Z,. Then the cover C(Y)— Y is
obtained as the amalgamation of the covers of Y obtained by the restriction
of the covers C(Z,)— Z,,i1 =1, ---, tto Y(as in § 1. A). From this procedure
we need only prove Proposition 3.1(a) for the case where A is a K-irreducible
locally closed subscheme of AZ(O).

First we stratify pr,zl(A) into K-irreducible, locally closed subschemes
of pr, ,(4). Denote this stratification by Sl(prn;l(A)) =5,. Let Ye§, and
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let K(Y) be the field of rational functions on Y. Then K(Y) = K(y*") where
yEr is a generic point on Y and K(y*™") is the field generated over K by the
coordinates of y*". Let 4, e be the fiber of Aly —Y (notation of §1. B) over
the generic point of Y. Let T} be the field T*(IU(A, gen, K(Y))), the field
obtained from the intersection-union process (§2. B).~ Then T¥ is a finite
Galois extension of K(Y). For each o€ G(T3/K(Y)) the intersection-union
process displays a collection of absolutely irreducible subsets of Ai’ gen
(defined over T3). Let Wois,.-...:; be one of the j* stage varieties; Weirmiin
(a variety of the (5 + 1) stage) one of the components of the intersection

From T7/K(Y) we obtain a cover (étale and Galois, as always) C(Z)—2Z
of a Zariski K-open subset Z of Y. See the discussion preceding expression
(1.1) of §1.A. For 0eG(C(Z)/Z) consider C(Z)—C(Z)— Z where
C(Z)/C(Z) is a cover with Galois group generated by 0. Let 4 [0, —
C“(Z) be the pullback of A over C'(Z), 2° any degree 1 closed point of Z,
2’ a point of C(Z) over 2° and Z° a point of C(Z) over Z°. We now show
that we can replace Z by a Zariski K-open subset of Z (which we still refer
to as Z) so that for o = Fr(2°) and p the prime of O, beneath 2%

(3.1) (TU(Aygen, K(Y), 0))70 = TU((Alew z2)70, Oxfb) -

The left side of expression (8.1) denotes the collection of varieties obtained
by specialization of the coefficients of the polynomials defining the varieties
of I U(Al, een, K(Y), 0), at the place corresponding to z°. The expression
(Alot ()70 is the fiber of Aly 7 — C(Z) over the point z°. We note that
expression (3.1) implies that:

(8.2) The type of the right side of (3.1) is dependent only on ¢ (actually on
the conjugacy class of 6) for 2°¢ Z.

We abuse notation and let Wa’zgen be one of the varieties appearing in
one of the stages of the construction of I U(A,,gen, K(Y), 0). The coefficients
of the polynomials defining Wa’if gen generate% field M over the field of K-
regular functions, K(C'”(Z)), on C(Z). We have C(Z)— C' — C(Z) where
K(C) is M. We may regard W, ,eeu as the generic fiber of a morphism
w, 2.

In addition to properties (8.1) and (3.2) we construct Z so that for each
o and each W,:

(3.3) (a) @, has constant fiber dimensions;
(b) the degrees of the geometric fibers of @, are constant;
(c) for Z' e C’ lying over 2° € C*(Z), the field generated by the coeffici-
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ents of the polynomials defining (W,);. (as an extension of ©[C*(Z)]/p(z"))
is O,[C']/p(@) (notation as in §1. B).

Assume that for each Y ¢ Sl(pr,zl(A)), a (non-empty) Zariski K-open
subset Z has been selected so that (3.1) (therefore (3.2)) holds. Then the
conclusion of Proposition (3.1) (a) holds for a constructible subset Y’ of
pr,’,cl(A), where pr,:l(A) — Y’ is of lower dimension than pr,::l(A). Using
induction on the dimension of the elements of Sl(pr,ﬁ\_)(A)), we may consider
the restriction of 4 — pr,,’:}(A) to the complement of Y’ in pr,zl(A) to form
a stratification of pr,L_)(A) which satisfies the conclusion of Proposition
(3.1)(a).

From the theorem of generic flatmess ([M 2; p. 57]) there exists an element
Goa]Z*

feO,[Z] so that for Z* = Spec (O] Z, 1/f1), W,l;.— C'|,. is flat.

In [M2] the choice of f can be made primitive recursive (explicit) by
the use of the explicitly constructive form of the Noether normalization
lemma that appears in [S].

Let W,|;. be the closure of W, in P* X, _(C';). Since W,|;.—C'|, is
flat, the conservation of number (see the argument of [M2; p. 83]) shows
that the geometric fibers have constant degree. By replacing Z by Z* we
have shown that Z may be chosen to satisfy (3.3) (a) and (b).

Let ¢, -+-, ¢, € Ok]C’] be the coefficients of the explicit polynomials
representing W,. Consider a linear combination & = Ej:lajcj, of ¢, ++-, ¢,
such that: a, -+, a,€Z, and if ¢}, - -+, " are the conjugates of ¢; over
K(C“(Z)), then E;zlajc}”f” # « for r(j) any integer between 1 and n(j).
Kronecker’s lemma implies that K(C“(Z), a)= K(C"). Let f.(y) € Ox[C(Z)](¥]
be the monic irreducible polynomial for a over Ox[C“(Z)]. Then
Spec (O[CU(2)|[y)/(f(¥))) is isomorphic to Spec (9x[C’]) outside of the dis-
criminant locus of f.(y). Therefore, (3.3) (¢) is satisfied if we replace Z by
the Zariski K-open subset of Z consisting of the complement in Z of the
image of the discriminant locus of f,(y¥). With no loss we can now assume
that the conditions of (3.3) are satisfied by Z.

From (3.3) the dimensions and degrees of the left side of (3.1) depend
only on 0. Therefore, if (3.1) holds, then (3.2) and the conclusion of Proposi-
tion (3.1) (a) hold. From Lemma 3.1 we can replace Z by a Zariski K-open
subset so that Z satisfies:

(3.4) (W")Z' is absolutely irreducible as an affine variety over O4[C'1/p(z")

(notation as in § 1. B) for 2’ € C’ lying over g’ € Z of degree 1.
With Z satisfying all these properties we are assured that (Wa)z , (as in
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expression (8.4)) is not defined over a proper subfield of © lC'l/p(Z"). There-
fore we easily conclude that (3.1) holds from the definition of the intersec-
tion-union process. This concludes the proof of Proposition (3.1) (a).

We retain the notation above. In part (a) we formed a stratification
S(prkI(A)) (with the properties as deseribed in the statement of the pro-
position). We now show that for each YeS(prnF;,(A)) (we’ve chosen our
stratifications so that Y is a K-irreducible locally closed subscheme of
A”:}(OK)) there exists a Zariski K-open subscheme, Y’ of ¥ and a cover
C(Y")— Y’ such that for each closed point 4’ € Y’ of degree 1, the type of
IU(A,,, Og/p) equipped with the cover givzzn by restriction of C(A) to the
fiber :4y0, depends only on Fr(y!, ---, ¥._,). Then we complete the proof of
part (b; by an induction on the dimension of pr,ﬁ\_}(A) as in part (a).

As in the proof of part (a) let y*°* be a generic point of Y; let T be the
field T*(IU(A, een, K(Y))); let 6 € G(TF/K(Y)); let W,, ,zen be one of the last
stage varieties in TU(A ysen, K(Y)); and let C(W,, , gen) = W,,, s be the cover
obtained by restriction of C(A) to the subset NW,,,y gen il “the fiber A gen,
Since W, ,zeq is defined over T*, each T*-irreducib1e~component, C*, of the
cover C( W:o'ygen)——» W,, yeen corresponds to a conjugacy class of subgroups
of G(C(A)/A5 (decompo;ition groups as in §1. B).

Let T** be a finite Galois extension of K(Y) containing T* such that
C* breaks up into absolutely irreducible components C3*, .-, C** over T**.
We remind the reader that 7** depends on W, ,een. The remainder of the
proof follows from the argument of part (a). From T** we obtain a cover
C(Z")— Z' of a Zariski K-open subset of Y such that the field of K-rational
functions on C(Z’) is T**. In addition, as was shown in part (a), we may
assume that Z” has the following properties: for z°c Z’, a degree 1 closed
point of Z’ lying over p of Oy, the specialization of y** to z° leads to the
specialization of all the last stage varieties W, ,gen to the collection of last
stage varieties of TU(A,q, Og/p) where o is Fr~(g?, cee,284) = Fr(z°). Let
%" be a point of C(Z") over y*°". In addition, from Lemma 3.1, we may
assume that the specializatioﬁ of p*° to p° € C(Z’) lying over 2° leads to the
specialization of Ci*, --., C}* to the absolutely irreducible components of
the restriction of C(A) to the element of ITU(A4,,, Ok/p) corresponding to
Wa,zgen in this specialization. With this, part (b) of the proposition follows.

Applying the procedure at the beginning of the proof of part (a) of the
proposition, we have no difficulty extending part (b) to the case where 4 is
equipped with a Galois stratification. Hence, the conclusion of part (b) is:
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for each closed point ¥° € Y of degree 1 we obtain a Galois stratification of
IU(A,., Ok/p), and the type of this stratification depends only on
Fr (y?:. **y Yn). We remark that the conjugacy classes in the covers of
this stratification are obtained from the intersections of the Galois groups
in these covers (regarded as subgroups of the Galois groups in the covers
C(X)— X for X e §(A)) with the sets Con(X) for X e S(A4).

For the results of Section 4 we consider two special cases compatible
with the discussion at the beginning of the section. Let YeS’(pr,,:}(A)),
and let 0eG(C(Y)/Y). We say that the conjugacy class, Con(o), of ¢
satisfies the following:

Case 1*: For each degree 1 point "¢ ¥ with Fr (y") = Con (¢) we have:
(3.5) (a) TU(A s, Ok/p) is non-empty, and

(b) Con(M)nN @(C(M )/M) is non-empty for some element M of the
induced Galois stratification on IU(A,., Og/p). The set @(C(M M) is ex-
plained in Definition 2.1 and at the beg:inning of Section 4.

Similarly we say that Con (o) satisfies Case 2*: For each degree 1 point
¥’ € Y with Fr (") = Con (s) we have:
3.6)(a) 1 U(A;o, O4/p) has underlying space isomorphiec to A(z,) (i. e. equal
to the whole fiber of A2 — A" over ¥°), and

(b) Con (M) contains G(C(M )/M~ ) for each element M of the induced
Galois stratification of TU(A ., Ok/b).

Notice that conditions (:"».5) and (8.6) are satisfied for all ¥° of degree 1
with Fr (y°) = Con (0) if they are satisfied for one such Y i

4. Diophantine problems over all residue class fields
of a number field

Let W be an absolutely irreducible locally closed subscheme of Az(k),
where k is a finite field. Let C(W)— W be a k-irreducible cover (étale and
Galois by the assumptions of §1. A). Let & be the algebraic closure of k
in K(C(W)) (the fleld of functions on C(W) defined over k). Define G to be
the subset of G = G(C(W)/W) consisting of o€ G such that: ¢* acting on
KC(W)) induces the Frobenius element in its restriction to k (§1. B). For
o ¢ G we consider the conjugacy class Con (o) in G. Let B(o) be the number
of degree 1 points 2° € W such that Fr(z°) = Con (o). Notice that if o ¢ G,
then B(s) = 0. Let W be the closure of W in A%(k). In the notation above
we take g eG.

PROPOSITION 4.1 (non-regular analogue of the Cebotarev density theorem).
There exists a constant C, dependent only on the degree and dimension of
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W, deg(C(W)/ W), and the degree and dimension of the components of
W — W such that
|B(@) = (1Con @)}/|G) - | k[ < C - [Jpjsmm=o.

Proof. The proof of Proposition 2 in [F] suffices to establish Proposition
4.1 in the case where dim (W) = 1. We reduce the general case to the case
where dim (W) = 1 by the generic hyperplane section technique of [LW]
or [L2].

Let % — A%(Ox) be a full Galois stratification with underlying space A.
We consider, as in the introduction and in §1. C, the statement:

(P) (Q;@x) M (Qn@n)[Fr (@1; Tty Q:n) € UXe@(A) Con (X)] .

We now give an explicit (primitive recursive) procedure for deciding if P)
is true modulo p for almost all prime ideals p of O. In addition we obtain
a list of the exceptional primes if (P) is, indeed, true for almost all primes
p. We say that (P) is answered affirmatively in this case.

It is an easy observation that if ' is a Galois stratification and 90’ is
finer than ¥, then question (P) is answered affirmatively for 9 if and only
if (P) is answered affirmatively for 9'. From the discussion ending §1. C,
in order to eliminate quantifiers in question (P) we have only to find a Galois
stratification, say pr () with underlying space pr,zl(A), such that:

(4.1) Qn@n[Fr (@u Tty @n) € UXe Se4) Con (X)]
— [Fr(@u ) @n—i) € UYeS(pr,zl(A)) COD(Y)] ’
where (z,, - -+, @..) € A%(Ok/p), for all prime ideals p of O4[1/a(pr(2))].

To start with, consider the Galois stratification produced by Proposition
3.1) (b) and the remarks following Proposition 3.1. There are two cases to
consider in order to complete the formation of this Galois stratification
(denoted &' (pr,_,(4)), by abuse of notation).

Casel. Q,=13. For Ye S’(prn_l(A)) we define Con (YY) to be the union

of the conjugacy classes Con (¢) for ¢ € G(C(Y)/Y) such that Con (¢) satisfies
condition (3.5).

Case2. Q,=V. For Ye S'(prw(A)) we define Con(Y) to be the con-
jugacy classes, Con (o) in G(C( Y)/Y), such that Con (o) satisfies condition
(3.6)

In each of these cases we have now produced a new Galois stratifica-
tion, denoted pr (). In order for our notation to be compatible with expres-
sion (4.1) we indicate the elements of the stratification of the underlying
space prnd(A) as lying in S(prkl(A)). The only element still missing is the
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constant a(pr()) and this is produced in the proof of

THEOREM 1. There is a primitive recwrsive algorithm for deciding if
(P) is true for almost all prime ideals p of Ox. And, if (P) is answered
affirmatively, the algorithm lists the exceptional primes.

Proof. From the comments above we have only to produce a constant
a(pr(2)) so that expression (4.1) holds for all prime ideals p of O x| 1/a(pr(20))].
In fact, for each prime ideal p of O, for which p divides a(pr () we may
check the truth of (P) for Og/p by explicitly testing all the Ox/p-valued points
in Az,

Consider the 6-tuple

(dim (M), deg (M), dim (M — M), deg (M — M), H(C, M), H(C, M))
that occurs in Definition 2.1, where M is one of the elements of the Galois
stratification on JTU(A,0, Ok/p) discussed in Case 1* and Case 2* at the end
of Section 3. From Proposition 4.1 we obtain a constant C(M, 5). We con-
clude easily that the expression B(c) in Proposition 4.1 is positive if |k is
greater than

(C0L0)- G _ g, o .
|Con (o)

Using the notation of the proof of Proposition (3.1) (b) for each
e G(T**/K(Y)) and each Ye S(pr":}(A)) we choose C(Y, ) to be larger
than 5(M, o) for all o € H(C, M) and all M in the induced Galois stratification
on IU(A,o, © %/P). Now let C, be a constant larger than C(Y, 7) for ¢ running
over all elements of G(T**/K(Y)) and Y running over all elements of
$(pr,_(4)). We choose a(pr (X)) € O« so that a(pr (N)) is divisible by each
prime p having one of the properties: [Ny, o(p)| = C,, or p is not in the image
in Spec (Ox) of the morphism ¥ — Oy for at least one element ¥ e §(pr,_.(4))
(recall that we have already assumed that ¥ — O is a dominant morphism).

Now we establish the equivalence of expression (4.1) for each prime
ideal p of Offl/a(pr (NW))]. Let (&}, ---, o) = ¥’ epr,_,(4) be a degree 1
point lying over the prime p. There exists a unique Y ¢ S(prn:}(A)) such
that y‘) e 7.

We treat Case 1 first. The statement that there exists &) such that
Fr(z, ---, 23) € Uxesw Con(X), is equivalent to: for Con(c) = Fr(y) (in
G(C(Y)|Y)), Case 1* holds (end of §3). In fact, we identify &/, with a point
on IU(A,o, Ox/p), say 2% € M, and Fr(2}, - - -, 3) is identified with a conjugacy
class of C(M)/M by restriction of C(X) (for X containing (@}, - -, #})) to the
fiber Ai,o. Therefore, in this identification Fr (2, - - -, #) has its restriction
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to C(M)— M contained in the set of expression (3.5) (b). Conversely, Pro-
position 4.1 guarantees that (since |O/p| is large enough) if the set of ex-
pression (3.5) (b) is non-empty, then there is a point %) ¢ M such that x5 is
an Ox/p-valued point, and Fr(zl, - -, #) restricts (as above) to an element
of Con (M) N G(C(M)/M).

Case 2 is just as easily accomplished, and we leave this to the reader.

The proof of our next theorem is almost exactly the same as the proof
of Theorem 1. Let % be a full Galois stratification. For b a prime ideal of
Ok, m an integer, let k(p, m) be the extension of degree m of Ox/p. Consider
the statement

(P,) (Qﬂcx) M (Qn@n)[Fr (@n ct @n) € UXeS(A) Con (X)]
for (@u Tt 'Z:n) € Aﬁ(k(p, m)) .

THEOREM 2. There is a primitive recursive algorithm for deciding if
(P') is true for all pairs (p, m) excluding a finite number of primes p. In
addition the algorithm computes the exceptional primes p.

Note. In Section 5 we prove there is an algorithm for deciding if (P’)
is true for all pairs (p, m) excluding a finite number of such pairs.

At the behest of the referee we conclude this section with a very simple
example that illustrates the procedure of Theorem 1. This example sup-
plements the examples of [F; Section 2] and for explicit treatments of these
problems the reader might find it valuable to return to that paper.

Consider: K = Q, and

®) (vo)3y) f(x, y) = 0] where: f(z, y) e Z[=, y],

and f(x, y) involves both z and y. We wish to apply our procedure to see
if (P) is true modulo p for almost all rational primes p. Let pr: A*— A*
be projection of pairs (x, y) onto their 1st coordinate (x coordinate). We
stratify the constructible subset A described by f(x, y) = 0into K-irreducible
locally closed subschemes. Let this stratification be designated by S,(4).
In accordance with the proof of Proposition 3.1 we may assume that our
stratification has been selected so that for X ¢§,(4), pr: X —Image of X
is a flat morphism. Therefore the elements of $,(A) are of two types,
dependent on whether dim (pr(X)) =0, or dim(pr(X))=1. In addition
there are two subtypes in the case that dim (pr (X )) =10: dim(X) =0 or
dim (X) = 1. In general, in order to carry out our algorithm it is important
to have a convenient labeling for the possible types that arise. In this case
we associate to X € §,(A4) the 2-tuple (dim (X), dim (pr (X))) which takes on
one of the 3 possible values: (1, 1), (1, 0), or (0,0). We treat each case
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separately in order to form our Galois stratification of pr(4). To simplify
the treatment we assume that §,(4) has been further stratified so that for
Xe§(A) of type (1,1) the morphism X-—pr(X) is étale (finite but not
necessarily Galois).

As in the proof of Proposition 3.1 we give a stratification S, of pr(X)
for each X €§,(4).

Case 1: X of type (1,1). There is an element, ¥ = pr(X) in &4, and
C(Y)— Yis the cover obtained by taking the normalization of the morphism
X—pr(X) in the field ({(} ) (the Galois closure of the field extension
Q(X)/Q(pr (X)). The group G(C(Y)/Y) has a natural permutation repre-
sentation Ty coming from the right cosets of G(C(Y)/X) (since C(Y) is a
cover of X). Note that if 4°¢ Y is a degree 1 point lying over p, then the
elements of Fr (y") fix at least one letter in the representation T, if and only
if the fiber of X — pr(X) lying over y‘) contains a degree 1 point of X.

Case 2: X of type (1, 0). There is one element ¥ = pr(X) in &, and
C(Y)— Y is the trivial (degree 1) cover. In order to follow our procedure
closely we should be keeping track of the degree of the complement of X
in the fiber over (the 0-dimensional Q-irreducible locus) Y. However, this
is not essential to understanding at this point.

Case 3: X of type (0,0). There is one element Y = pr(X) in &,. In
regarding X —pr(X) as a morphism, by replacing &y by a finer stratifica-
tion (localizing away from a finite set of primes of Z), we may assume that
this morphism is étale. Then the morphism Y —Z corresponds to a ring
homomorphism Z[1/a]— ©.[1/a] where O, is the ring of integers of some
number field L, and a €Z is some non-zero integer. By suitable choice of
“a” we may assume that X —pr(X) corresponds to the homomorphism
O.1/al— O4[1/a], for M some finite extension of L. Let M be the Galois
closure of M/L (we may wish to choose M to be a Galois extension of Q in
an explicit procedure; the important thing is that it be Galois over L, and
contain M). Thecover C(Y)—Y corresponds to the homomorphism O,[1/a] —
Ox{1/a]. Identify G(C(Y)/Y) with G(M/L), equipped with the permutation
representation T, coming from the right cosets of G(M/M ).

We complete the formation of the Galois stratification pr () by follow-
ing the procedure at the beginning of Proposition 3.1. This procedure is
most easily effected by making additional assumptions on the stratification
S.(A4): the set pr(X) is the same for all X e §5,(4) with X of type (1, 1) and
for X not of type (1, 1), pr(X) is disjoint from the image in A’ of the sets
of type (1,1). From this we have a stratification of pr(4). Let Y be an
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element of this stratification and let X, ---, X, run over all elements of
8,(A) such that pr(X,) = Y. Then we amalgamate (as in §1. A) all the
covers C(pr (X,))— pr(X,) (each of which is equipped with a permutation

representation Ty, (x,, ¢ =1, ---, t), to obtain the cover C(Y)— Y (which
is equipped with the permutation representation 7 that is the product of
all the representations T, y,, ¢ =1, ---, t). If we define Con(Y) to be the

elements of G(C(Y)/ Y) that fix at least one letter in the representation T,
then we have completed the production of the Galois stratification pr (20) (ex-
cluding our glossing over the production of a(pr (91)), which in theory should
be no problem).

In order to continue our elimination of quantifiers we must consider

(P \£4 [Fr(x) € UYeS(pr(A))Con(Y)] .

Indeed pr(4) < A, and we must form a Galois stratification B of A’(Z[1/a])
for some explicit ¢ € Z (where A° is 0-dimensional affine space) so that for a
given prime p, not dividing @, (P’) is true modulo p if and only if the Fro-
benius element associated to the prime p is in the conjugacy classes associ-
ated to the (unique) cover of A%Z[1/a]) in the Galois stratification 8. Thus,
allowing ourselves to again be cavalier about the production of the constant
“a”, we give B which amounts to giving a Galois extension L, of Q, and a
collection Con (B) of conjugacy classes of G(L,/Q). We conclude our example
with the production of Ly and Con (B).

For each Y e€&(pr(4)) let Q(C(Y)) be the field of Q-rational functions
on C(Y). Let Ly be the algebraic closure of Q in Q(C(Y)). Then L, is the
composite of the flelds L, as Y runs over §(pr(4)). For o< G(L,/Q) and
Y e 5(pr (4)) welet: G“(C(Y)/Y) consist of the elements t € G(C(Y)/Y), such
that = induces z* on Q(C(Y)) where the restriction of * to L, is 6. Then
o € Con (V) if and only if G(C(Y)/Y) < Con(Y).

5. Diophantine problems over finite fields

A. Diophantine problems over all extensions of a given finite field

Let & = F(q) be the finite field with ¢ elements. We discuss first the
problem of solving diophantine problems over all finite extensions of k.
Let k,, be the field F(¢™). Let A be a union of locally closed subschemes of
A%(k), and A, the k,-valued points of A. We consider

(P)m (Qx%) ot (Qn:pn)[(g’u Tt g’fn) € Akm] .

We want to find a procedure for deciding if (P),, is true for all but finitely
many integers m, and if this is so to find an explicit (primitive recursive)
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list of the exceptional integers.

The easiest way to extend the methods of the last section is to genera-
lize the notion of Galois stratification. In fact, in the definition of Galois
stratification in Section 1. C, instead of demanding that a cover C(X)— X
of k-schemes be étale and Galois we ask that there be finite flat morphisms
C(X) —“,¢ and C’ BN X such that @ is purely inseparable and + is a
cover in our sense (§1. A étale and Galois). Since ® is purely inseparable,
each k-rational place on C' extends uniquely to a k-rational place of C(X).
The conjugacy classes Con(X) are a subset of the conjugacy classes of
G(C'|X).

With these considerations, we replace 4 by a Galois stratification
over k and proceed with the elimination of quantifiers as suggested, say,
by expression (4.1). In this case we equip each Galois stratification with an
integer (%) so that we produce a new Galois stratification pr () such that
if m > a(N):

(5-1) (Qng:,,)[Fr (Q’n ) Q’n) € UXe§<A) Con (X)]
= [FI‘ (‘l’u MY Q’n—x) € UYeS(prn’:}(A)) COD.(Y)]
where (z,, - -+, #,) € A2(k,,).

Exceptional integers m oceur in the use of Proposition 4.1 in the same
manner as in the proof of Theorem 1. We make some comments on Bertini’s
theorem in positive characteristic. Our proofs of Lemma 3.1 and Proposi-
tion 3.1 are valid with O, replaced by %, so long as the obvious allowance
for the appearance of inseparable extensions is included. The essential fact
for our purposes is MacLane’s criterion: The function fields of varieties over
finite fields are separably generated. This fact is necessary to apply Stolzen-
berg’s results ([S]) as in Section 0. B.

However, there are forms of Bertini’s theorem which are not valid in
positive characteristic. For example, if W— A" is a dominant morphism
with » = 2, W nonsingular, and the generic fiber irreducible, in characteristic
zero there is a Bertini theorem which says that the general fiber is also
nonsingular. This theorem is not true in positive characteristic.

From the discussion above we obtain:

THEOREM 3. There is a primitive recursive algorithm to decide if (P),.
18 true for all but finitely many integers m, and if this is so, to compute the
list of exceptional integers.

B. Diophantine problems over all finite fields

Let 2 be a full Galois stratification, p a prime ideal of O, m an integer,
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and k(p, m) the degree m extension of O./p. Consider

(P") Q)+ (@2 )[Fr (2, -+, ,) € yes Con(X)]

where A4 is the underlying space of the Galois stratification 9. We say that
(P”) is true in k(p, m) if the statement (P”) is true for the variables (@, -, 2,)
running over A2(k(p, m)).

THEOREM 4. There is a primitive recursive algorithm for deciding if
(P") is true tn k(p, m) for all but finitely many pairs (p, m). If (P”) is true
m k(p, m) for all but finitely many pairs (p, m) then the algorithm also lists
the exceptional pairs.

Proof. From Theorem 2 (§4) there is a primitive recursive algorithm
to decide if (P”) is true in k(p, m), excluding a finite collection of exceptional
primes p,, - -+, p;. For each exceptional prime p,, the fiber of the full Galois
stratification 9 at p, provides us with a list of questions of the form of
(P)., as in §5. A. Theorem 3 allows us to decide if (P),, is true for almost
all integers m, and if this is so, Theorem 3 provides us with a list of excep-
tional integers.
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