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Abstract

Incremental Ascent of a Modular Tower via Branch Cycle Designs
by
Paul L. Bailey
Doctor of Philosophy in Mathematics
University of California, Irvine, 2002

Professor Michael Fried, Chair

Let G be a finite group and let C be an r-tuple of conjugacy classes from G which generate G.
The reduced Hurwitz space H(G, C)™*® parameterizes weak equivalence classes of ramified covers of
the Riemann sphere P! with ramification in C. If the rank 7 is four, the reduced space is a Riemann
surface. The modular curves Y;(n) are such spaces, with G = D,, and C four conjugacy classes of
involutions.

We ask three modest questions regarding reduced rank four Hurwitz spaces:

1) How many components are there?
2) What are the genera of the components?
3) What are the fields of definition of the components?

Let p be a prime which divides the order of G. The universal elementary p-Frattini cover;é — G
is versal for Frattini covers of G with elementary p-group kernel. Inductively define ’;“‘1@ = ;(’;é)
If p does not divide the orders of the elements in C, these conjugacy classes lift uniquely to ’;é,

producing a sequence of Riemann surfaces
. .H(];-Hé, C)in,rd N H(gé, C)in,rd NN H(G, C)in,rd — T,

which is called a Modular Tower, and is denoted by MT, (G, C); this generalizes towers of modu-
lar curves. Understanding a Modular Tower requires combining knowledge of the base space and

techniques of lifting information.
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Certain configurations of the branch points give Harbater-Mumford covers, which are necessarily
defined over R, producing real points on the Hurwitz space. If p = 2, these are the only points which
lie in projective systems of real points up the tower, and lay at the center of computations.

Given a ramified cover, we develop its Nielsen graph, which dictates which covers can factor
through the given one. Classical generators for the base space of the cover lift to an embedded
realization of the graph in the covering space; this is a branch cycle design, and it produces classical
generators for the covering space. Using branch cycle designs as platforms and real points as ladders,
we ascend to the first level of the Modular Tower MT2(Ay4, C3z ), and answer some of the questions

posed above.



Preface

We briefly outline the contents of this dissertation. The first three chapters are an overview of
the foundations for the later results, emphasizing the covering theory and group theory which are
our main tools. The next three chapters introduce details into previously published material, and
build tools for the last three chapters, which consist of examples.

Chapter I reviews the three basic mathematical categories which are related by Riemann’s Ex-
istence Theorem and which produce Hurwitz spaces. These are topological covers, ramified covers,
and function field extensions. This section is provided to fix notation and emphasis.

Chapter 11 discusses braid groups and constructs Hurwitz spaces as the natural covers produced
by representations of these groups, emphasizing the interplay between group actions and topology.
Reduction of Hurwitz spaces is discussed, specifically in the case of rank four Nielsen classes. This
chapter draws from [Fr77], [Fr87], and [FV91].

Chapter 111 defines the notion of Modular Towers, which were introduced in [Fr95] and further
explored in [FK97] and [BF02]. Included in this chapter are brief explanations of profinite groups
and Frattini covers, as well as a motivational section on moduli spaces of elliptic curves.

Chapter 1V relates certain Nielsen tuples to ramified covers defined over R and real points on
Hurwitz spaces. The initial formulas from [DF90] and [DF94] are refined for use modulo reduction.
The key role of Harbater-Mumford tuples and the prime p = 2 begins to take shape.

Chapter V introduces Nielsen graphs and branch cycle designs which produce algorithms for
splicing ramified covers. This is the main tool applied to an example in Chapter VII.

Chapter VI reviews and expands upon the group theory of %;15 and %1414, including a discussion
of the automorphisms and spin covers of 3 A;.

Chapter VII investigates the Modular Tower MT4( Ay, ngi ) by incrementally ascending to level
one and beyond with the use of branch cycle designs. We show that there are two Harbater-Mumford
components, each of genus one.

Chapter VIII draws conclusions from Chapter VII. We find the j-invariants for the Harbater-
Mumford components, and discuss the absolute space, obstruction, and real points.

Chapter IX describes GAP programs used to verify our computations. We discuss the Modular
Tower MT3(As, Csz ), and point out its striking similarity to MT3(A4, C3z ).



CHAPTER 1

Ramified Covers

1. Group Actions

1.1. Group Actions.

1.1.1. Group Actions. A group action is a function G x X — X, where G is a group and X is
a set, such that 1 -2 = x for every z € X and (g192)r = ¢1(g22) for every gi1,g92 € G and every
2 € X. This induces a group homomorphism 7 : G — Sym(X), where Sym(X) denotes the group

of permutations of X, via 7,(z) = gx, where we write 7, instead of 7(g). The kernel of the action is
ker(1) ={9 € G| gz =z for all z € X}.

The action is faithful if for every distinct g, h € G there exists € X such that gz # hx, that
is, when the kernel is trivial. In this case, induced homomorphism 7 : G — Sym(X) is injective, so
G acts as a subgroup of Sym(X).

The action is transitive if for every z,y € X there exists ¢ € G such that gr = y. This is
equivalent to the condition that for every x € X, the map G — X given by g — gz is surjective.
Thus if G acts transitively on a finite set X, then |G| > | X].

The action is free if for every distinct g,h € G and every z € X we have gx # hx. This is
equivalent to the condition that for every x € X, the map G — X given by g — gz is injective.
Thus if G acts freely on a finite set X, then |G| < |X|. We note that free actions are faithful.

The action is regular if it is transitive and free, in which case |G| = | X].

The orbit of z € X under the action of G is
Orbg(z) = {y € X | gz = y for some g € G}.

The orbits under the action of G partition the set X, and G acts transitively on each orbit.

The stabilizer of x € X under the action of G is
Stba(z) = {9 € G| gz = z}.

This is a subgroup of G. If gz = y, then Stbg(z) = g~ *Stbg(y)g, so the stabilizers of points in an
orbit are conjugate subgroups of G. The intersection of the stabilizers of the points in an orbit is a
normal subgroup of GG, because it is the kernel of the action of the group on that orbit.

Let Y C X. The setwise stabilizer of Y is the stabilizer of Y under the induced action of G on

P(X). The pointwise stabilizer of Y is the set of elements of G which fix every point in Y; this is
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the intersection of the one point stabilizers for all the points in Y. The pointwise stabilizer of X is
the kernel of the action.

1.1.2. Morphisms of Group Actions. Let G be a group acting on sets X and Y. A morphism
between these actions consists of a function f : X — Y such that f(gx) = ¢gf(z). This produces the
category of actions by G, and defines equivalence as isomorphisms in this category.

Let z € X and U = Stbg(x), and let G/U denote the left coset space of U in G. Then G acts
on G/U by left multiplication. There is a bijective correspondence between G/U and the points
in Orbg(x), given by gU — gz. This produces an equivalence between the actions of G on G/U
and Orbg(z). In this context, regular actions are those given by the action of G on itself by left
multiplication.

1.1.3. Opposite Groups. Given a group G, construct the opposite group G°PP as the group with
the same set as G but with multiplication * given by g1 * go = ¢291. Define a function from

L then w(gig2) = g5 '97" = 97" * 95" = w(g1)w(g2), so w is an

w:G— GPPbyw:gw— g
isomorphism.

An antihomomorphism between group G and H is a function « : G — H such that a(g1g2) =
a(g2)a(gr). The identity map on the set G gives an antihomomorphism from G to G°PP. An
antihomomorphism G — H may always be factored as the identity antihomomorphism from G to
G°PP followed by a homomorphism from G°PP to H.

1.1.4. Right Actions. A right action (X, G) of a group G on a set X as a function X x G — X
satisfying x - 1 = = and z(g192) = (zg1)g2- In this case the induced function G — Sym(X) is an
antihomomorphism. What we previously defined to be action, we now call left action, and an action
is either a left or right action. All concepts we discussed regarding left actions have direct analogs
for right actions.

It is not practical to consider only left or only right actions. For example, conjugation appears
naturally on the right. For g,h € G, let h9 = g~thg. Then h9192 = (h91)92, giving a right action
and justifying the exponential notation.

For pedagogical reasons which will reveal themselves later, we let S,, denote the group of per-
mutations of N,, = {1,...,n}, which we compose from left to right. Thus S,, = Sym(N,,)°PP, and
S, acts on the right of N,,.

1.2. Permutation Representations.

1.2.1. Permutation Representations. A permutation representation of a group G is a group ho-
momorphism p : G — S, for some positive integer n. We call n the degree of the representation.
This produces a right action of G on N,,. Two permutation representations of the same group are
equivalent if they differ by an inner automorphism of S, ; that is, if they are equivalent as actions.

An enumeration of a finite set X is a bijective function € : X — N,. Note that € induces an

antiisomorphism €, : Sym(X) — S,. If a group G acts on X on the right, let 7 : G — Sym(X)
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be the associated antihomomorphism and set p = €, o 7; then p is a permutation representation of
G, which is independent of € up to equivalence. If G acts on the left, we obtain in this manner an
antihomomorphism G — S,,, which may be called an antirepresentation. Thus we may study group
actions on finite sets by studying S;,, as is convenient to do.

Let G be a group and let U < G of finite index n. Enumerate the right cosets of U in G so that
U +— 1. The right action of G induces a permutation representation py : G — S, such that the

stabilizer of 1 in py (G) is the image of U. Now
g €ker(py) © Uhg=Uh < hgh ™' e U o geU"

for all h € G. The core of U in G, denoted K (U), is the intersection of all of the conjugates of U in
G, and it is the kernel of the permutation representation. We say that U is coreless in G if Kg(U)
is trivial.

Suppose Uy, Us < G produce equivalent permutation representations. Then there exists o € S,
such that o o py, = py,. Then U; is the stabilizer of 1o and Us is the stabilizer of 1 under the right
action of G on N,, induced by py,; thus U; and Uy are conjugate subgroups of G. This describes a

bijective correspondence between the following sets:

(1) equivalence classes of transitive faithful permutation representations of G of degree n;

(2) conjugacy classes of coreless subgroups of G of index n.

1.2.2. Centralizers of Permutation Representations. Let p : G — S,, be a permutation repre-
sentation; this gives a right action of G on X = N,,. An automorphism of this action consists of
a bijective function o : X — X such that a(zg) = a(z)g. Let A < Sym(X) denote the set of
such automorphisms; the left action of A on X produces an antirepresentation ¢ : A — S,,. Then
¢(A) = Cs, (p(G)).

Let a € A and suppose ax = x for some z € X; then arg = zg for all g € G; since G is transitive,
a = idx. Therefore the action of A is free.

Let a € A and x € X; since G is transitive, there exists g € G such that ax = xg. Let u € U;
then x = arug™! = xgug™!, so gug™! € U and g € N = Ng(U). Define v : N — A by g — a, where
ax = xg. This is well-defined because A is free, and is surjective because G is transitive. Moreover,
it is an antihomomorphism with kernel U. Thus (ov : N — Cg, (p(G)) is a homomorphism with
kernel U, and Ng(U)/U = Cs, (p(G)). In particular, if U <G, then it is the kernel of the action and
G/U 2 Cg, (G); this realizes Cg, (G) as the opposite group of G/U.

1.2.3. Normalizers of Permutation Representations. Let G < S, so that G acts on the right of
X =N,,. Conjugation in S,, of G by Ng, (G) induces an antihomomorphism % : Ng, (G) — Aut(G)
whose kernel is Cg, (G).

Assume that G acts regularly on X; we have G = Cg, . Selection of x € X induces a bijective

correspondence between G and X by g — xg, which in turn induces a left action of Aut(G) on X
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by &(xzg) = x(£(g)) for £ € Aut(G), giving an antihomomorphism p : Aut(G) — S,. The image of
p acts on G by conjugation, in the manner that Aut(G) acts on G. Thus p(Aut(G)) < Ng, (G),
and 9 o p = iday(q); that is, p is a section of 1), which reveals Ng, (G) to be a semidirect product,
Ng (G) =2 Cs, (G) ¥ p(Aut(@)) =2 G x Aut(G).

2. Topological Covers

2.1. Topological Covers.

2.1.1. Topological Covers. A topological cover is a continuous function ¢ : Y — X between
topological spaces with the property that every point in X has a neighborhood U whose preimage is
the disjoint union of countably many components which are mapped homeomorphically onto U by
. We will assume that X is Hausdorff, locally compact, locally path connected, and locally simply
connected; these are the conditions under which covering theory works best. It follows that Y also
has these properties.

We call X the base space and Y the covering space. A topological cover is an open map, that is,
it sends open subsets of Y to open subsets of X. The fiber over a point in X is a discrete subspace
of Y. Every fiber has the same cardinality; this cardinality is called the degree of the cover, and is
denoted deg(y). The cover is said to be finite if it has finite degree. The cover is said to be connected
if the covering space is connected, whence the base space is connected.

2.1.2. Path Lifting. Let X be topological space and let v : I — X be a path in X, where
I =10,1] C R is the closed unit interval. We denote the homotopy class of v by [y]; when speaking
of paths, we always mean fixed endpoint homotopy. Let ¢ : Y — X be a topological cover. Select
y in the fiber over v(0). Then there is a unique path 4 : I — Y such that 5(0) = y and p o ¥ = ~;
this is the lift of v to y.

Let W be a topological space and let F' : I x W — X be a homotopy of F(0,w) to F(1,w).
Suppose there exists a map g : W — Y such that ¢ o g = F(0,w). For w € W, let v, : [ — X
be given by 7, (t) = F(t,w). Uniquely lift v, to Y starting at g(w). This produces the unique
continuous map G : I x W — Y such that G(0,w) = g(w) and ¢ o G = F. Thus each homotopy
lifts uniquely, and in particular, homotopic paths in X lift to homotopic paths in Y.

Let yo € Y such that ¢(yo) = zo. Consider the map ¢, : m(Y,y0) — 71 (X, z0) given by
[7] — [¢o7]. Let 4 be a loop in Y based at yo which represents an element of the kernel. Its image
v is homotopic to the constant xg, and this homotopy lifts so that 7 is homotopic to the constant
yo. Thus ¢, is injective. If Y is connected, there is a path in Y between any two points in the fiber
over zg, and this path maps to a loop in X. Thus the image group ¢.(m1(Y,yo)) depends on the

choice of yg only up to conjugation in 71 (X, zg).



2.1.3. Morphisms of Topological Covers. We have interest in two types of morphisms for covers
of a given base space X.

A strong morphism from @1 : Y7 — X to ¢ : Yo — X is a surjective continuous function
v : Y7 — Y5 such that ¢ = @9 ov. The condition that X is locally simply connected ensures that v
is a covering map. Two covers which are isomorphic in the category of topological covers and strong
morphisms are called strongly equivalent (or simply equivalent). The group of strong automorphisms
of a topological cover ¢ : Y — X is denoted Aut(yp).

A weak morphism from 1 : Y7 — X to @9 : Yo — X is a continuous function v : Y7 — Y5
together with an automorphism p : X — X such that po ¢y = @9 0ov. Two covers which are

isomorphic in the category of topological covers and weak morphisms are called weakly equivalent.

2.2. Group Actions on Topological Covers.

2.2.1. Automorphism Action. Let ¢ : Y — X be a topological cover. Then Aut(y) acts on Y.
Let a € Aut(p). Then « is completely determined by its effect on a single point. This follows from
unique path lifting thusly: suppose we know that a(y;) = y2. Let y € Y and let v be a path from
y1 to y. Drop v to X and lift it to y2. The endpoint is now «(y). Thus Aut(p) acts freely on Y.

Let 29 € X and F = ¢~ 1(xg). The set F is stabilized by the action of Aut(p), so Aut(y) acts
on F', and this action is free. Thus |Aut(p)| < |F| = deg(p).

2.2.2. Discrete Actions. Let Y be a topological space and let G be a group which acts con-
tinuously on Y that is, we have a homomorphism G — Aut(Y’), where Aut(Y) is the group of
homeomorphisms from Y onto itself. We say that the action is discrete if for every y € Y there
exists a neighborhood U of y such that for every g € G, either ¢ =1 or gU NU = &. A continuous
action by a finite group is discrete if and only if every orbit is a discrete subset. Discrete actions are
necessarily free, and in particular are faithful.

Let Y = Y/G be the quotient space of Y under a discrete action by G, and let ¢ : Y — Y be
the quotient map. The discreteness condition guarantees that ¢ is a topological cover. Moreover, G
acts regularly (transitively and freely) on the fibers, so |G| = deg(y). Furthermore, every element
of the image of G in Aut(Y) is an automorphism of ¢, so G = Aut(yp).

Let ¢ : Y — X be a topological cover, and let G < Aut(y); then G acts discretely on Y,
producing a cover £ : Y — Y with Aut(¢) = G. The points of Y are elements of Y which lie in a
single orbit of Aut(¢); since automorphisms preserve fibers, there is a map ¢ : ¥ — X mapping the
orbit g of y to p(y). Thus ¢y = p o &.

2.2.3. Monodromy Action. Let ¢ : Y — X be a topological cover, and let zo € X. Let F =
@ 1(xg) be the fiber over zg. Then 71 (X, zg) acts on F through path lifting; since we concatenate
paths from left to right, this action is naturally from the right, given by setting z[y] equal to the
endpoint of the unique lift of v to x (since 7 is a loop, this endpoint is in the fiber over xy). We refer to

this action as the monodromy action. It gives us a group antihomomorphism (X, z9) — Sym(F).
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Assume that Y is connected. In this case, the monodromy action is transitive. The stabilizer of
a point yy € F is the set of all homotopy classes of loops in X which lift to loops at yg; that is, the
stabilizer is . (m1 (Y, y0)). Thus deg(p) = [m1 (X, z0) : @« (m1(Y, y0))]-

The kernel of the action on the orbit of y is the core of . (m1 (Y, y0)) in 71 (X, zo); that is, it is

the intersection of all its conjugates. The monodromy group of ¢ is

Mon(p) = m1 (X, 20)/Kr, (x,20) (s (71(Y, %0)))s

together with the action of this group on F'.

Let € : F — N,, be an enumeration of the fiber, where n = deg(). Denote e~1(i) by y;. Compos-
ing our action with €, we obtain a permutation representation Ty, : m1 (X, z9) — S,. A different enu-
meration of the fiber will give a conjugate image in S,,. We have ker(T,,) = K, (x,z0) (@« (71(Y,%0)),
so the image of T, is isomorphic to Mon(y), and may also be referred to as the monodromy group
of the cover.

Since the automorphism group acts freely on fibers and the monodromy group acts transitively,
we see that |[Aut(p)| < deg(¢) < |Mon(p)|. The automorphism group of the monodromy action
is canonically identified with the automorphism group of the cover. Let G be the image in S,
of the monodromy representation of the fundamental group, and let A be the image in S, of the
automorphism group. We have Cg, (G) = A. This says more than that the automorphism group
is isomorphic to Cg, (G); the identification of A with Cg, (G) explicitly detects the action of an

automorphism on a fiber.

2.3. Normal Covers.

2.3.1. Extension of Monodromy Action. Let ¢ : Y — X be a topological cover, and let zg € X
and yo € ¢ '(wg). Then the induced homomorphism ¢, : m1(Y,yo) — m1(X, o) is injective.
Suppose we select a different basepoint y; € ¢~ 1(xo) for Y. A path from y to y; drops to a loop
v in X, and we have . (m1(Y,41))Y = p«(m1(Y,y0)). Moreover, if p; and p2 are equivalent covers,
their corresponding subgroups in 71 (X, zg) are conjugate.

Now we examine when we can extend the action of 71 (X, xg) on the fiber over z( to an action
on all of Y. We attempt to define a right action of 71 (X, z¢) on Y as follows. Let v be a loop based
at xg. Let y € Y and let a be a path from gy to y. Let 4 be the lift of v to yp; the endpoint of 4
is y1 = yo[y]. Lift the path ¢(«) to a path starting at y;, and denote the endpoint of this lift by
y[V]a. If B is a different path from yo to y, then o371 is a loop based at yo. Let A = p(a8~1) be the
projection of this loop to X and then lift this projection to a path A based at yi; then y[le = y[vlp

if and only if A is a loop at based at y;. This happens if and only if FA5~!

is a loop based at yq.
Projecting this to X, and noting that every loop at yg is homotopic to a loop through y, we see that

this happens for all pairs of paths («, 8) exactly when v normalizes ¢, (71(Y, yo))-
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Thus Ny, (x,z0) (@« (71(Y,%0))) acts continuously on Y, and this action preserves fibers of ¢, thus

inducing an antihomomorphism

[t Noy (X 20) (04 (m1(Y, 90))) — Aut(ep).

Let ¢ € Aut(p) and y1 = ((yo). Then ¢, embeds 71 (Y, yo) into m (Y, y1). Since ¢ commutes
with ¢, we have @, (71 (Y, y0)) < ¢«(m1 (Y, y1)), and since these groups are conjugates, they are equal.
Thus if 7 is a loop in X such that yo[y] = y1, we see that v normalizes . (71 (Y, yo)); such a ~ exists
because Y is connected. So f([y]) is an element of Aut(y) which sends yo to y1, and since ¢ is
determined by its effect on a single point, f(y) = ¢. Thus f is surjective.

The kernel of f is the set of homotopy classes of loops which have trivial action on ¢; that is,

ker(f) = @«(m1(Y,40)). Therefore,

Aut(p) = Nr, (x,20) (P (11 (Y, 40))) /0 (11 (Y, 40))-

2.3.2. Normal Covers. A topological cover ¢ : Y — X is called normal if ¢.(m1(Y,90)) <
m1 (X, xg). In this case, 71 (X, xg) acts on the fiber over g through the full automorphism group of the
cover, and the kernel of the action is the image of the covering space’s fundamental group in the base
space’s fundamental group. This action is transitive and free (i.e. regular), so |Aut(p)| = deg(y).
Thus normal covers are also called regular. A normal subgroup is its own core, so [Mon(p)| = deg(y),
and Aut(y) = Mon(p). We summarize this information.

Let ¢ : Y — X be a finite connected cover, and let yg € Y and z¢g = ¢(yo). The following

conditions are equivalent:

—~~

Y, 90)) <m1(Y, yo0);

acts transitively on the fiber over xg;

(1) ¢*(m
(2) Aut(p

~

(3) Mon(y) acts freely on the fiber over zo;

(4) [Aut(p)| = deg(yp);

(5) [Mon(p)| = deg(¢);

(6) Aut() = Mon(p);

(7) £:Y/Aut(¢) — X is a homeomorphism;

(8) if one lift of a loop is closed, then all lifts are closed.

2.3.3. Covers from Fundamental Subgroups. Let X be a topological space. The fact that the
fundamental group of the covering space embeds in the fundamental group of the base space pro-
duces a function from equivalence classes of covers of X to conjugacy classes of subgroups of the
fundamental group of X. We now demonstrate an inverse to this function.

Let H < m(X, ) be any subgroup. We construct a cover ¢ : Xg — X and a point yg €
o H(wo) such that ¢, (m1 (X, o)) = H.



Let A(X, z0) be the set of all paths in X based at xp modulo fixed endpoint homotopy. Define
an equivalence relation on A(X, zq) by stating that [y1] ~ [y2] if [y175 ] € H. Set Xy equal to the
set of equivalence classes.

Let [y] € Xy and let U C X be a simply connected open neighborhood of v(1). Let D([y],U)
denote the set of equivalence classes of paths of the form ya, where « is a path in U based at v(1).
Define a topology on Xy by taking all sets of this form as a basis. Note that in this topology,
D([],U) is homeomorphic to U.

Define a function ¢ : Xy — X by setting ¢([y]) equal to the endpoint of 4. This is well
defined, continuous, and is a topological cover. The degree of ¢ is the index in 7 (X, o) of H.
Finally, let yg be the equivalence class of the constant path at zy. This process inverts the function

© = @ (m1(Y,y0)), yielding a correspondence between the following sets:

(1) equivalence classes of covers of X;

(2) conjugacy classes of subgroups of the fundamental group of X.

The set of all equivalence classes of covers of X is partially ordered by ¢ < 1 if there exists £
such that ¥ = £ o p. The normal closure of a cover ¢ : Y — X is a cover ¢ : Y — X which is a
minimal normal cover of X which factors through ¢. It is the cover which corresponds to the core
of . (m1(Y,yo)) in m (X, o). Thus ¢ and ¢ have isomorphic monodromy groups, which are in turn
isomorphic to the automorphism group of ¢.

The universal cover of X is the cover which corresponds to the identity in m (X, zg). Its
fundamental group is trivial, that is, it is simply connected. It is versally repelling in the category
of covers of X. All covers of X can be retrieved (up to equivalence) through acting on the universal
cover by subgroups of the fundamental group of the base space, which is the automorphism group

of the universal cover.

2.4. Static Covers.

2.4.1. Static Covers. A static cover of a space X with group G is a normal topological cover
¢ :Y — X together with a group isomorphism 7 : G — Aut(y). We use this definition to construct
a category of covers whose objects have limited automorphisms.

The group G acts on Y via 7; this is a discrete action whose corresponding quotient cover is
equivalent to ¢. On the other hand, suppose that G acts discretely on a space Y; this entails a
homomorphism 7 : G — Aut(Y). Let X be the quotient space and let ¢ be the quotient map; we
obtain a static cover (g, 7).

2.4.2. Morphisms of Static Covers. Let (p1 : Y1 — X, 71) and (¢2 : Yo — X, 75) be static covers
of X by G. A morphism from the first to the second consists of a continuous function £ : Y1 — Y5
with 1 = ¢g 0 &, such that 7 = &, o 71, where &, : Aut(p1) — Aut(ps) is the isomorphism given
by a — £ oa o0&, This creates the category of static covers of X by G. Any morphism in this

category is necessarily an isomorphism.



Let (¢, 7) be an static cover and let £ € Aut(p, 7) be an automorphism in this category. Then
€ € Aut(p), and 7 = &, o7, so &, is trivial. Since &, is left conjugation by &, we have £ € Z(Aut(yp)).
Thus a static cover has no nontrivial automorphisms if its group is centerless.

2.4.3. Static Covers and Outer Automorphisms. Let ¢ : Y — X be a cover and let 7,75 : G —
Aut () be isomorphisms. Then 7, * o 75 € Aut(G), and (¢, 71) = (¢, 2) as static covers if and only
if 771 o7 € Inn(G). Given a cover ¢, selection of a specific 7, : G — Aut(yp) produces a bijection
between isomorphism classes of static covers {[¢, 7]} and outer automorphisms Out(G) given by
o, Tl o

2.4.4. Functors between Static Cover Categories. We would like to extend this category to allow
morphisms between static covers with varying groups. Unfortunately, in killing the automorphism
group of the cover, we have precluded doing this in any canonical manner. However, we can do
the following. Let f : H — G be a fixed surjective group homomorphism, and let (¢ : 7 — X, v :
H — Aut(y)) be a static cover. Let K = ker(f) < H; then K acts discretely on Z, producing a
normal covers £ : Z — Y and ¢ : Y — X, where Y = Z/K. Automorphisms of ¢ descend to well
defined automorphisms of ¢, giving a surjective homomorphism p : Aut(¢)) — Aut(yp) with kernel
Aut(§) = v(K). This in turn produces a well-defined discrete action 7 : G — Aut(yp) given by
7(f(h)) = p(v(h)). Thus f induces a functor from the category of static covers with group H to the

category of static covers with group G.

3. Ramified Covers

3.1. Ramified Covers.

3.1.1. Ramified Covers. A ramified coveris a nonconstant morphism between compact connected
Riemann surfaces. Let ¢ : Y — X be a ramified cover. The image of ¢ is open by the Open Mapping
Theorem, and it is also closed because Y is compact and X is Hausdorff. Since X is connected,
the image of ¢ must be all of X, so ¢ is surjective. Let 79 € X and let F = ¢~1(x¢); the Identity
Theorem implies that F' is a discrete subset of Y, so F' is finite because Y is compact.

Although the value of the derivative of ¢ is not well-defined, the order of its vanishing at a
given point in Y is well-defined. Since Y is compact, the Identity Theorem implies that there are
only finitely many points on Y where the derivative vanishes. These points in Y are called the
ramification points of the cover. Their images are called the branch points of the cover; let Bpt(y)
denote the set of branch points.

Let A be the open unit disk in C. Let yg € Y and xo = ¢(yo). There exists charts ky : V — A
and ky : U — A around yo and ¢ with (V) = U and kv (yo) = ku(zo) = 0. We may choose ky
and Ky such that ky oapo,'i(/l (z) = z¢ for all z € A and some positive integer e. We see that e > 1 if
and only if yg is a ramification point; we call e the ramification indez of yg, and denote this number

by e(yo). In particular, the map ¢ is e to 1 in a deleted neighborhood of yg.
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3.1.2. Corresponding Topological Covers. Let ¢ : Y — X be a ramified cover. Let B = Bpt(yp)
and R = ¢ 1(B). Set Y° =Y N\ R, X° = X\ B, and ¢° = ¢ |yo. Then ¢° : Y° — X°is a
topological cover. The degree of ¢ is the degree of ¢°, and is denoted by deg(p). We see that for
any « € X, we have deg(p) =3 -1, €(y)-

Let ¢ : Y — X be a finite topological cover, where X*® is a compact connected Riemann surface,
B is a finite subset of X*®, and X = X*® ~ B. Thus X has a complex structure, and we obtain
charts on Y by composing charts on X with ¢; this produces a unique complex structure on Y such
that the map ¢ is holomorphic. Let xzy € B, and consider a chart x : U — A with x(z¢) = 0.
The preimage ¢~ (U) consists of finitely many connected components which are homeomorphic to
punctured disks. Use a quotient construction to fill in these punctures to obtain a Riemann surface
Y'*; ¢ uniquely extends to a morphism ¢*® : Y* — X°.

3.1.3. Morphisms of Ramified Covers. Let ¢ : Z — X and ¢ : Y — X be ramified covers. The
strong morphism from 1 to ¢ is a nonconstant morphism of Riemann surfaces £ : Z — Y such that
1 = po&. In this case, ¢ is also a ramified cover. This defines equivalence of ramified covers of X.

Let B be a finite subset of X. The map ¢° — ¢ produces a bijective correspondence between

the following sets:

(1) equivalence classes of topological covers of X° of degree n;

(2) equivalence classes of ramified covers of X with branch points in B of degree n.

Let ¢ : Y — X be a ramified cover. An automorphism of ¢ is an isomorphism from ¢ to
itself. The set of all automorphisms of ¢ is denoted by Aut(p). If a € Aut(yp), the « restricts to
a® € Aut(e°). If 5 € Aut(p®), then 3 extends uniquely to 5* € Aut(p). Thus Aut(p) = Aut(p®).

We say that ¢ is a normal ramified cover if ¢° is a normal topological cover. The Galois
correspondence of finite topological covers now carries over into the realm of ramified covers.

Define a weak morphism of the ramified covers ¢ : Z — X and ¢ : Y — X to be a pair (£, a),
where £ : Z — Y and a : X — X are morphisms of Riemann surfaces with a0 1) = @ o £. This
defines weak equivalence of covers of X.

3.1.4. Riemann-Hurwitz Formula. The Riemann sphere is P! = C U {oco}. This is complex pro-
jective one space, which we sometimes view in homogeneous coordinates [z, y], where C is identified
with {[z,0]} and oo is identified with [0,1]. We may use a subscript, such as PL, to indicate the
coordinate system on P'.

Let ¢ : Y — X be a ramified cover of degree n; we may compute the genus of Y from the genus
of X and the ramification of ¢ as follows. Recall that the Euler characteristic of X, denoted x(X),
is the number of faces minus the number of edges plus the number of vertices of any triangulation
of X. Select a triangulation of X which includes all branch points as vertices. The preimages of the
faces determine a triangulation of Y. Each edge and face on X lifts to n distinct edges and faces on

Y. However, if v € X is a vertex over which ramification occurs, the number of lifts of v is less than
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n by the extent of the ramification, which we express as
x(Y)=nx(X) - Z ramification ;
more precisely, we obtain the Riemann-Hurwitz Formula
229y = n(2-2gx) — Y_(e(p) 1.
peEY
If X =P, then gx = 0; solving this for ¢ = gy yields Riemann’s Formula

g=1-n+ 3 3 (elp) - 1),

peEY

3.2. Branch Cycle Descriptions.

3.2.1. Classical Generators. Let X be a Riemann surface and let z € X. Then z lies in a
chart k : U — A, where U is a simply connected neighborhood of z, A = {z € C | |z] < 1}, k is
holomorphic, and x(z) = 0. By a circle around x, we mean the path k! (exp(—2mit)), for ¢t € [0, 1].
Since exp(—2mit) has winding number —1 around 0, this circle proceeds in a clockwise direction
around z.

Let = (x1,...,,) be an ordered tuple of distinct points in X, and let & = {1, ..., 2, } denote
the corresponding unordered set. Let X° = X \ x, and let g € X°. A classical loop in X° about

2 € X based at xg is a loop which is homotopic in X° to a loop of the form A = ada~!, such that

(a) ¢ is a circle around z, based at u € X, which is null homotopic in X° U {z};

(b) « is an injective path in X° \ U from zg to u.

Suppose Ag is another classical loop about x. Then A is homotopic to apdoy, ! for some path
ap; if B = aay ', then X is homotopic to BA\gB~! in X°. Thus [)] is conjugate to [Ao] in 71 (X°, x).

A bougquet of classical loops in X° with respect (x,xg) is a tuple A = (A1,...,A) of loops in X
based at xg such that

(a) A; is a classical loop about x;;
(b) Ai(t1) = Aj(t2) = t1,t2 € {0,1} for i # j;
(c) there exists a circle around zy which intersects each path exactly once in the given order.
Assume that X = P'. In this case, X° is homotopy equivalent to a disk with » — 1 punctures,
which in turn is homotopy equivalent to the wedge sum of » — 1 loops. Van Kampen’s Theorem
implies that the fundamental group of this space is free on r — 1 generators. We wish to select
particular generators for the fundamental group of the punctured sphere. We add one generator and
one relation to the presentation.
Let A be a bouquet with respect to (x, zg). The homotopy classes of the paths in A generate the
fundamental group of X°, and the concatenation of the paths in A is null homotopic in X, so the
product of their homotopy classes is trivial. Moreover, 71 (X°, x¢) is freely generated by [A1], ..., [Ar]

modulo the relation that their product is trivial, where [\;] is the homotopy class of ;. We call
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these homotopy classes classical generators for m(X°,2g). Thus a classical tuple with respect to
(z,x0) is a tuple of classical generators based at xg, [A] = ([A1],...,[\r]), where X is a bouquet.

3.2.2. Branch Cycle Descriptions. Let ¢ : Y — P! be a connected ramified cover of degree n,
and let ¢° : Y° — X° be the corresponding topological cover. Select a basepoint zy in X° and
set F'= ¢ Y(z0). Let € : F — {1,...,n} be an enumeration of the fiber over xy. The action of
m1(X°,29) on F produces a homomorphism T, : m1(X°,z9) — S, via €. Let G be the image of
this homomorphism; that is, G the monodromy group of the cover. Since Y is connected, G is
transitive. A different choice of ¢ will produce a homomorphism which differs from 7, by an inner
automorphism of S,,; thus G is well-defined up to permutation equivalence.

Let £ = (x1,...,x,) be the branch points of ¢, so that X° = P! \ z. Let X be a bouquet with
respect to xo and x. Set g; = T,([A;]) € Sn. Then {g1,...,9r} generates G, and II]_,g; = 1. Each
g; describes the action of \; on the fiber over zy via path lifting, and is a product of disjoint cycles
in S,,. If we include cycles of length one in this decomposition, we see that each disjoint cycle in
g; corresponds to a point in the fiber over the i*" branch point, and the length of the disjoint cycle
gives the ramification index. In this way g = (¢1,...,¢,) describes the ramification of . We call g
the branch cycle description of the cover ¢ with respect to A.

3.2.3. Nielsen Tuples. Let H be a group and let g = (g1,...,9-) € H". Let (g) = (g1,-.-,9r)
denote the subgroup of H generated by the entries in g, and let IIg = II]_, g; denote their product,
in the order given.

A Nielsen tuple of degree n and rank r is a tuple g = (¢1,...,9,) € S, satisfying

(a) (g) = G is a transitive subgroup of S,,;

(b) IIg = 1.

Let h = (h1,...,hs) and g = (¢1,...,9r) be Nielsen tuples with of rank n and m, respectively,
so that H = (h) < S,, and G = (g) < Sp,. A morphism from h to g is a function f : N,, — N,
which induces a homomorphism f, : H — G which sends h; to g;. This necessitates that n > m and
that f is surjective. In particular, if n = m, f must be bijective and f, is given by conjugation in S,,;
in this case h and g are equivalent. We obtain the category of Nielsen tuples such that equivalence

is isomorphism in this category.
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Now suppose that we wish to construct a cover of P! with specified ramification. Select branch
points x, a base point xy not among them, and a bouquet A with respect to (x, zg). Select a Nielsen
tuple g. Let X = P!\ z. Map [)\;] to g; to obtain a homomorphism T : 71(X,z9) — S, with
image G = (g). Let U be the stabilizer of 1 in G; then T-1(U) is a subgroup of m1(X,zo). Let
¢ Y — X be the topological cover which corresponds to this subgroup. By filling in the missing
points, one obtains a ramified cover ¢® : Y* — P!. Up to equivalence, this produces an inverse to
the process of obtaining a Nielsen tuple from a ramified cover. Thus a classical tuple produces a

bijective correspondence between the following sets:

(1) equivalence classes of covers of P! ramified over x of degree n;

(2) equivalence classes of Nielsen tuples of rank 7 and degree n.

3.2.4. Conjugacy Classes. Let ¢ : Y — P! be a ramified cover and let x, zo € P! distinct. Let A
be a classical loop about x based at xg, and let Con, (¢) denote the conjugacy class of A in Mon(y).
This conjugacy class is independent of the choice of x¢y and A. Moreover, this definition makes sense
for every point in P!, not just the branch points. Indeed, the invariant Bpt() can be recovered from
the set {Con, () | z € P} as those points x with nontrivial Con, (). Although the conjugacy class
is unambiguous in Mon(y), the same cannot be said of its image under a permutation representation;

the conjugacy class of the image depends on the enumeration of the fiber.

3.3. Meromorphic Functions.

3.3.1. Meromorphic Functions. Let X be a compact Riemann surface. A meromorphic function
on X is a holomorphic function from X to PL which is not constantly co. Such a function is either
constant or surjective. Let Mer(X) denote the set of meromorphic functions on X. Let * denote
addition or multiplication in C and define * in Mer(X) by

(f*g)(x)=lim  f(y)*g(y).

Y=

f(y),9(y)#oo

This gives Mer(X) the structure of a field, into which C embeds as the constant functions. We call
Mer (X)) the function field of X.

Let f € Mer(X) be a nonconstant function; then f is a ramified cover of PL. The zeros of f
are the points in the fiber over 0 and the poles of f are the points in the fiber over co. The order
of a zero or a pole is its ramification index. The number of zeros equals the number of poles, when
counted with multiplicity; this number is the degree of the ramified cover.

3.3.2. Endomorphisms of the Riemann Sphere. A meromorphic function on the Riemann sphere
is an endomorphism, so the set of endomorphisms End(PL) equals Mer(PL) U {oo} as a set, but
becomes a monoid under composition. Let Hol(PL) = End(P.)* denote the group of holomorphic

isomorphisms from P. to itself. We determine the field Mer(PL) and the group Hol(PL).
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Let f € Mer(PL), with zeros ay,...,a, and poles b, ..., b,. Set

I, (z — ai)
9@ = o by
j=1(ac —bj)
Then f/g is a function without zeros or poles, which is constant by the Open Mapping Theorem.

Thus f = ag for some a € C, and f is a rational function. Therefore
Mer(PL) = C(a),

where C(x) denotes the quotient field of the polynomial ring C[z].

A linear fractional transformation is a function f : PL — PL of the form

ar +b

Such a function has an expression of this form with ad —bc = 1, which is unique up to multiplication
of all coefficients by 1. The degree of a rational function written with relatively prime numerator
and denominator is the maximum degree of these constituent polynomials. In particular, the only
injective rational functions are those of degree one, that is, the linear fractional transformations.
Since all morphisms from the Riemann sphere to itself are rational functions, its automorphism

group is exactly the set of linear fractional transformations. Observe the action of PSLy(C) on PL:

a b 21\ _ [ax1+ bxs
c d) \za) \cxi+dzs)”
Using the identification of P. with CU {00} via # = [z,1] and co = [1,0], we see that if z = L this

Z2

acts as the function f(z) above. Therefore
Hol(PL) = PSLy(C).

3.3.3. Ramified Covers Produce Function Field Extensions. Let ¢ : Y — X be a ramified cover.

The function field of X naturally embeds into the function field of Y via composition; define
©* :Mer(X) — Mer(Y) by f— foep.

Then ¢* is an injective ring homomorphism. This creates a contravariant functor from the cate-
gory of compact Riemann surfaces and nonconstant morphisms into the category of fields and field
embeddings.

Focus on the case that X = P.; then Mer(X) = C(z), and by identifying Mer(X) with
©*(Mer(X)), we obtain a field extension Mer(Y')/C(z); we refer to this the function field exten-
sion corresponding to the cover.

Let ¢ : Z — PL and ¢ : Y — PL be ramified covers, and let £ : Z — Y be a morphism of
covers. The induced map &* : Mer(Y) — Mer(Z) is constant on C(z), and so produces a morphism
of function field extensions. This gives a functor from the category of ramified covers of X to the

category of function field extensions of C(z). Next we outline an inverse to this functor.
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3.3.4. Function Field Extensions Produce Ramified Covers. Let E/C(x) be a function field ex-
tension. This extension is separable over C(z), and so admits a primitive element; thus it is of the
form C(z, f), where f is transcendental over C but algebraic over C(z). As such, f has a minimum
polynomial over C(z)[w], where w transcendental over C(x). By clearing denominators, we find an
irreducible polynomial m(z,w) € Clz, w] such that m(z, f) = 0.

Let V = {(x,w) € C? | m(z,w) = 0}; then V is an affine set, and the ring of algebraic functions
on V is isomorphic to Clz, w]/(m). Since m is irreducible, V' is an affine variety whose function field
is the field of fractions of C[z,w]/(m), which is isomorphic to E =2 C(x)[f]. Let ¢ : V. — Al be
projection on the first coordinate. Let T = {v € V | 22(v) = 0 or 22(v) = 0}; then T is a finite
subset of V. Set B = ¢(T), X° = X~ B,Y° =Y~ ¢ Yo(T)), and ¢° = ¢ |yo. Apply the Implicit
Function Theorem to see that ¢° : Y° — X° is a topological cover. This in turn produces a ramified

cover p* : Y* — Pl whose corresponding function field extension is isomorphic to E/C(x). This

outlines the bijective correspondence between the following sets:

(1) equivalence classes of ramified covers of PL;

(2) equivalence classes of function field extensions of C(z).

3.4. Algebraic Covers.

3.4.1. Algebraic Models of Ramified Covers. An algebraic cover of P! is an algebraic function
@ :V — P! where V is a projective curve in P”, and ¢ is given by projection onto some projective
line in P™. Thus V is the set of zeros of some homogeneous polynomials in n + 1 indeterminates,
and ¢ can be expressed as a ratio of homogeneous polynomials of the same degree.

Suppose V is the zero locus of the minimum polynomial for a function field extension, as in the
subsection 3.3.4. Embed V in projective space by homogenizing the defining polynomial m; let V'*
be the zero locus of the corresponding homogeneous polynomial. If V'* is singular, normalize V'*® (see
[Sh94] Section II.5). This produces a nonsingular curve with the same function field, embedded in
projective space, together with a projection map ¢® : V* — P! onto some P! in the projective space.

If we start with a ramified cover ¢ : Y — P!, this process produces an equivalent cover V — P!
with an algebraic structure; call it an algebraic model of the ramified cover. In particular, Y is
holomorphically isomorphic to V', and there exists an embedding £ : Y — V of Y into projective
space such that ¢ o £~ is algebraic.

3.4.2. Fields of Definition of Ramified Covers. Our purpose for placing an algebraic structure
on a ramified cover is to have geometric access to the notion of field of definition.

Let ¢ : V — P! be an algebraic cover, and let K be a subfield of C. We say that K is a field of
definition for ¢ if the coefficients of the polynomials defining V' are in K, and the coefficients of the
polynomials defining ¢ are in K.

Let ¢ : Y — P! be a ramified cover. We say that ¢ can be defined over K, if there exists an
algebraic model for ¢ which is defined over K. Let Fld(y) denote the set of all subfields of C over
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which ¢ can be defined; then Fld(y) is an invariant of ¢. If K € Fld(y), this produces a well-defined
meaning to being a K-point on Y, up to isomorphisms defined over K.

Let @ = (z1,...,z,) be the branch points of ¢, and set f(z) = [[;_, (z—z,), with the convention
that (z — co) = 1. Let K be the field generated by the coefficients of f. Thus & is an algebraic
set defined over K. Let K be the algebraic closure of K in C. Then ¢ can be defined over K (see
[Fr77] Theorem 5.1 and [FV91] Section 1.5).

3.4.3. Galois Action on Algebraic Covers. Let ¢ : V — P! be an algebraic cover which is defined
over a field K. Let § € Aut(K) be a field automorphism. Then g acts on the defining polynomials
for V and ¢, producing another cover ©? : V8 — P also defined over K. If K/F is a finite normal
extension, then ¢ is defined over F if and only if ¢? = ¢ for every 3 € Gal(K/F).

To see this more explicitly, extend (3 to an automorphism of C, also called 8. Now 3 acts directly
on the Riemann sphere P! = CU{co} (fixing 00), producing a map 3 : P! — P!; also 3 acts on P" via
application to homogeneous coordinates, producing an isomorphism B:P" — P Set YP = B(Y)
and define the cover p? : Y# — P! by ¢® = foypo B’l; this is an algebraic cover. The choice of
extension for # does not effect the isomorphism class of ¢? as a cover defined over K.

3.4.4. Galois Action on Ramified Covers. Let ¢, : Vi — P! and 5 : Vo — P! be algebraic covers
which are equivalent as ramified covers. Then there exists a holomorphic function £ : V7 — V5 with
@1 = g 0&. A priori, € may be nonalgebraic; nevertheless, 3 € Aut(K) induces £° : Vlﬁ — VQ’G by
€9 =pBotoB! and wf is equivalent to <pg via €8,

Let ¢ : Y — P! be a ramified cover, and let [¢] denote the class of covers equivalent to ¢. Then
[¢7] is a well-defined class of covers. Let R = {[p] | ¢ : ¥ — P!} be the set of all equivalence classes
of ramified covers of P!, and let Aut(C) denote the group of field automorphisms of C. Then Aut(C)
acts on R by 3 : [¢] — [¢7].

3.4.5. Fields of Moduli of Ramified Covers. Let ¢ : Y — P! be a ramified cover. We wish to
find testable sufficient conditions for ¢ to have a model over a field K. A necessary condition is that
¢ is equivalent, as a cover, to ¢, whenever 3 fixes K. This implies that the branch points form an
algebraic set over K.

The field of moduli of ¢ is the fixed field of the group
{B € Aut(C) | ¢? is equivalent to p}.

If ¢ can be defined over its field of moduli, then ¢ being equivalent to ¢” implies that ¢ can be
defined over the fixed field of 8. If either ¢ is normal or Aut(y) is trivial, then ¢ has a model over
its field of moduli (see [FV91] Section 1.5 and [DF94] Sections 2.4 and 3.4).
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3.5. Static Ramified Covers.

3.5.1. Galois Covers. Let ¢ : Y — P! be an algebraic cover and let 3 € Aut(C). As above,
B .Y — Y7 is the restriction to Y of the action of 8 on projective space. Then £ induces a function
By : Aut(p) — Aut(¢?) given by a BoaoB~t, which is a group isomorphism.

Let I be the fixed field of 3. If ¢ is defined over F, then Y = Y which identifies Aut(y) with
Aut(¢?), and B, € Aut(Aut(p)). Now a € Aut(¢p) is defined over F if and only if 3,(a) = a. View
B € Sym(Y) and Aut(p) < Sym(Y); the subgroup of Aut(y) consisting of automorphisms defined
over F'is CAut(¢)(B) < Sym(Y).

Let ¢ : Y — P! be a normal cover defined over a field K. We say that ¢ is Galois over K
if every automorphism of ¢ is defined over K. This occurs exactly when 8* € Aut(Aut(p)) is the
identity, or equivalently, CAut(q,)(B) = Aut(yp), for every 8 € Aut(C/K).

3.5.2. Static Ramified Covers. A static ramified cover of P* with group G is a normal ramified
cover ¢ : Y — P! together with an explicit isomorphism 7 : G — Aut(p). The corresponding
topological cover is a static cover in the sense of subsection 2.4. Define morphisms for static ramified
covers in the analogous fashion.

3.5.3. Branch Cycle Descriptions of Static Ramified Covers. Let g be a branch cycle description
for a static ramified cover (¢ : Y — P17 : G — Aut(p)) with respect to some bouquet. Any
equivalence to another static ramified cover induces an inner automorphism of G, so its branch cycle
description differs from g by conjugation in G. This produces a bijective correspondence between
these sets:

(1) equivalence classes of static ramified covers of P! with group G;
(2) conjugacy classes of Nielsen tuples generating group G.

3.5.4. Fields of Definition of Static Ramified Covers. Let (p : Y — bPY 7 : G — Aut(y)) be a
static ramified cover. For 8 € Aut(C), set 7% = 3, o 7.

Let K be a subfield of C. We say that (p, 7) is defined over K if 7 = 77 for every 8 € Aut(C/K).
This happens exactly when ¢ is Galois over K.

We have an action of Aut(C) on static covers by 3 : (¢,7) — (¢?,77), which is well-defined
on equivalence classes. The field of moduli for static covers is the fixed field of the group of field
automorphisms of C which send (¢, 7) to an equivalent static cover. If G is centerless, then (p, 7)

has a model over its field of moduli.
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4. Function Fields Extensions

4.1. Function Field Extensions.

4.1.1. Functions Field Extensions. A function field extension of C(z) is a finite extension L/C(z).
Thus L has transcendence degree one over C, and is a C(z) algebra. A morphism from L;/C(z) and
Ly /C(x) is a field embedding « : L1 — Lo such that a(f) = f for every f € C(x).

It is important to note that if we view C(x) as the unembedded quotient field of a polynomial
ring, and map the indeterminate to an element of t € L which is transcendental over C to construct a
C(x) algebra, we obtain very different algebra structures depending on the choice of ¢. In particular,
the degree of the algebraic part [L : C(t)] is dependent on the embedding of C(z) into L. In what
follows, assume x € L.

4.1.2. Equivalence of Categories. Let ¢ : Y — PL be a ramified cover, and let L = Mer(Y).
The correspondence ¢ +— L/C(x) produces a contravariant functor which is an equivalence of
categories between ramified covers of PL and function field extensions of C(x). In particular,

Aut(p) = Aut(L/C(x)). Indeed, the map
I': Aut(p) — Aut(Mer(Y)) given by To(f) = foa™?,

where T, : Mer(Y) — Mer(Y') denotes the image of « in Aut(Mer(Y)), is a group antiisomorphism.
Applying Galois theory to this adds that deg(p) = [L : C(x)].

Other invariants of ¢ have analogs in the category of function field extensions. The purpose
of this section is to briefly describe how we intrinsically define the concepts of fields of definition
and branch points for function field extensions, such that these invariants are preserved by the

correspondence discussed above.

4.2. Arithmetic of Function Field Extensions.

4.2.1. Fields of Definition of Function Field Extensions. Let L/C(z) be a function field exten-
sion, and let F' be a subfield of C. We say that F' is a field of definition for the extension, or that
the extension can be defined over F, if there exists a primitive element for L/C(z) whose minimum
polynomial in C(z) actually resides in F(x). Suppose 6 € L such that L = C(z, ), whose minimum
polynomial over C(z) is f € F(x)[y]. Then 6 is algebraic over F(x), and E = F(x,0)/F(z) is a
finite extension. Moreover f is irreducible over F(z), and [E : F(z)] = [L : C(x)].

Let F1d(L/C(z)) be the set of subfields of C over which the extension can be defined, and let
¢ :Y — PL be a ramified cover. Then Fld(¢) = Fld(Mer(Y)/C(x)).

4.2.2. Regular Extensions. Let L/F be a field extension. Let alg; (F) denote the algebraic
closure of F'in L, that is, the set of elements of L which are algebraic over F'; this is a subfield of
L. We say that L/F is a regular extension if alg; (F') = F.

Let L/C(z) be a normal function field extension which is defined over a subfield F' of C, and

let 6 be a primitive element for L/C(x) with minimum polynomial f € F(x)[y]. Let E = F(x,¥).
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Then E/F is a regular extension; however, E/F(z) may not be normal. Let E/F(z) be its normal
closure in L, and let ' = alg; (F). We call F' the extension of constants field. Clearly E/F(z) is a
normal extension, regular over F. Restriction gives a map Gal(L/C(z)) — Gal(E/F(x)) which is

an isomorphism, and we have an exact sequence
1 — Gal(E/F(x)) — Gal(E/F(z)) — Gal(F/F) — 1.

If F = F, we say that L/C(z) is Galois over F; in this case, Gal(L/C(x)) is isomorphic to the Galois
group of a regular extension of F'.

4.2.3. Arithmetic versus Geometric Monodromy Groups. Let ¢ : Y — PL be a normal ramified
cover defined over a field F. The function field L/C(z) of ¢ can be defined over F; let E, E and
F be as above. The topological monodromy group of ¢ is isomorphic to Gal(E/F(z)); call this the
geometric monodromy group of the cover. The arithmetic monodromy group over F' of the cover is
Cal(E/F(x)).

We can produce a geometric realization of the arithmetic monodromy group following a con-
struction of Fried (see [BF02] Section 3.1.3). This construction amounts to taking the orbit of ¥
under the action of Gal(F'/F), allowing the components Y7 to cover P via ¢P, for 8 € Gal(F'/F).
We call this the Galois closure of the cover over F'; we obtain a disconnected cover defined over F,
whose automorphism group is isomorphic to Gal(E/F). The normal cover ¢ is Galois over F if and
only if it equals its Galois closure, in which case the function field extension of ¢ is regular over F,

and Aut(ep) is isomorphic to the Galois group of a regular extension of F.

4.3. Branch Points of Function Field Extensions.
4.3.1. Laurent Series. Let z be transcendental over C. The field of formal Laurent series in z
over C the field of fractions of the ring of formal power series in z over C, given by

L(z):{Zajzj|m€Zandaj€(C}.

j=m
Then C(z) embeds in L(z) by expanding each rational function in its Laurent series around zero,
making L(z) a C(z)-algebra.

Let t be a positive integer. The map 7 : L(z) — L(z) given by z — 2! is a C(z)-algebra
endomorphism with trivial kernel; thus the image £(z') is a subfield isomorphic to L(z). Clearly
L(z)/L(z) is a finite extension of degree . Suppose that ¢; € C is a ' root of unity, and define
we : L(z) = L(2) by  — (x. Then 4 is an automorphism of order ¢, which implies that £(z)/L(z?)
is a Galois extension with cyclic Galois group generated by ;.

If L/L(z) is a finite extension of degree ¢, then L = L(y), where y* = z (see [V096]). Let L(z)
be a fixed algebraic closure of £(z), and let {z'/* | t € N} be compatible system of roots of z in

L(z); by compatible, we mean that z/#1t2 = z1/t121/t2 Then

o0

Lz) = L.

t=1
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4.3.2. Branch Points of Function Field Extensions. Let a € PL and set z = (x —a) if a € C, or
z = % if @ = 0o. The field of formal Laurent series about a is L, = L(z). For a compatible system
of roots of z, set P, = L(2'/*). The field of formal Puiseus expansions about a is P, = UL PL. We
embed C(z) into L, by expanding the rational functions in their Laurent series around a.

Let L/C(x) be a function field extension. Such a field extension has branch points, as we now
describe. Since P, is algebraically closed, we obtain an embedding L — P, lifting the embedding
C(z) < L, and there exists a minimal ¢ such that L — P!. We call ¢ the ramification index of
L/C(z) at a. If t > 1, we say that L/C(z) is ramified over a, and that a is a (nontrivial) branch
point of L/C(z). Denote the set of branch points by Bpt(L/C(z)). If ¢ : Y — PL is a ramified cover,
then Bpt(p) = Bpt(Mer(Y)/C(x)).

Let L/C(z) denote the normal closure of L/C(z); the branch points of L/C(z) and L/C(z)
are the same. Let b be a branch point of index t and ¢ : L/C(z) — P be an embedding over
C(z). The automorphism s fixes the image of C(z) and thus is an automorphism of +(L). Then
v o py o1 € Gal(L/C(x)). Any other embedding of L differs by an element of Gal(L/C(z)), so
the branch point b specifies a conjugacy class in Gal(L/C(z)), which we denote by Cony(L/C(x)).
Let ¢ : Yy — P. be the normal closure of ¢. The function I' from subsection 4.1.2 produces an
isomorphism between Aut(L/C(z)) and the opposite group of Aut(), which is naturally identified
with Mon(¢). Under these identifications, Cony(3) = Cony(L/C(z)) (see [Vo96] Theorem 5.9
Addendum).

One benefit of the above construction is that the Galois action on Puiseux expansions may be
explicitly computed and compared to the monodromy action of the corresponding cover. We detect
the Galois action by applying automorphisms to the coefficients of the power series.

4.3.3. Branch Cycle Argument. The branch cycle argument gives a necessary condition for a
Nielsen tuple to correspond to a cover defined over Q. Our source for this [Fr77] Lemma for
Theorem 5.1, which acknowledges [Fr73] and [Sh74] (see also [Vo96] Lemma 2.8, [Fr94] Argument
1.2, and [BF02] Lemma 3.7).

If ¢ : Y — P! is a normal cover and 3 € Aut(C), composing the identifications of Mon(y) and
Mon(¢?) with Aut(p) and Aut(y?), with the isomorphism 3, : Aut(p) — Aut(¢?), produces an

isomorphism £, : Mon(yp) — Mon(¢?).
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PROPOSITION 1 (Branch Cycle Argument). Let ¢ : Y — P! be a normal ramified cover, and
let K be its field of moduli. Let n = deg(y) and let ¢, € C be a primitive n*® root of unity. Let
B € Aut(C/K) and let m € Z such that 3(C,) = ¢™. Let B : Mon(p) — Mon(¢?) be the induced

isomorphism. Then for every b € P! we have
Congp)(¢”) = B.(Cony())™.

PrOOF. Let L = Mer(Y), and let L” = Mer(Y#). Since f3 fixes K, the cover ¢ is equivalent to
¢, so there exists a holomorphic isomorphism ¢ : Y — Y such that ¢ = ¢ o £. This induces a field
isomorphism L — L? which fixes z € C(z) < L and extends the action of 3 on C; denote this map
also by (. It suffices two prove the proposition for conjugacy classes in the automorphism groups of
the corresponding field extensions. Let C? denote C twisted by 2.

Let g € Cony(L/C(x)), and let ¢ = ord(g). Then ¢ divides n. Let {; = C,Tf/t, so that (; is a
primitive ' root of unity. Now 3(¢;) = (/*. Clearly 3 extends to an isomorphism i Pt — Pl given
by acting on a the coefficients of a Puiseux series by 3, such that the following diagram commutes:

LLLB

| [
¢ t
Yo ——— Php
Apply the Galois functor (generally contravariant, but use covariant for isomorphisms) to obtain

this commutative diagram:

Gal(L/C(z)) —2— Gal(L?/CP(x))

L*T TL;

Gal(ng/in) [3—) Gal(?g(b)/ﬂjg(bﬂ
Let g : (z — b)Yt — ((z — b)Y/t be a generator for Gal(P}/P;). For a € C, g(a) = a; thus
BgB~"(a) = a. This allows us to compute (3, on (z— (b))%, Let gg : (z—B(b))/* — Ci(x—B(b))/?

be a generator for Gal(P4, /Ps)). Then
Be(9)((z = B0)*) = BgB~ ((x = B(b))")
By((x = b)/")
B(Ge(z =)'
" (w = Bb)) !
g5 ((z = Bb)").
Pull these back to Gal(L/C(x)) and Gal(L”/CP(z)) to obtain the result. O
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CHAPTER 1II

Hurwitz Spaces

1. Braid Groups

1.1. Configuration Spaces. Let X be a topological space and let r a positive integer. Let
X7 be the cartesian product of X with itself r times, endowed with the product topology. The pure

configuration space of X of rank r is
C'(X)={(z1,...,zr) e X" |zs =2; = i=j}.
The pure hyperdiagonal of X of rank r is
A"(X) ={(z1,...,2,) € X" | z; = x; for some i # j}.
Thus C"(X) = X" N A™(X).
The group S, acts on X" on the right by permuting the coordinates; for o € .S,., we have
()] = (%) jo,
where (z;); € X" denotes the ordered tuple whose 4t entry is ;. Let X, denote the quotient space.

This action respects the decomposition X" = C"(X)UA”(X). The symmetrized configuration space

of X of rank r is
Cr(X) =C"(X)/5h,
and the symmetrized hyperdiagonal of X of rank r is
AL(X) = AT(X) /S,
each endowed with the quotient topology. Thus C,.(X) = X, \ A,.(X). Points in C.(X) are viewed
as subsets of X of cardinality . The action of S, on C"(X) is discrete, so we obtain a normal
topological cover C"(X) — C,(X) with group S,.
1.2. General Braid Groups. The braid group on r strings over X is
B (X) = m(C(X), z),
where = {z1,...,z,} € C,(X) is a suitable basepoint. The pure braid group on r strings over X is
B'(X) = m(C"(X), ),
where @ = (z1,...,x,). The topological cover C"(X) — C,.(X) induces an exact sequence
1—-B"(X)— B.(X)— S, — 1;
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in particular, B"(X)<B,(X). A path in C,(X) permutes the points in {x1,...,z,}, giving an action
of B;(X) on N,. Then B"(X) is the kernel of this action, and S, is the image.

We will be interested in the braid groups of the complex plane A' and the Riemann sphere P!,
The next few sections describe a point of view on these groups, condensed and synthesized from
numerous sources, including the books [Fr03], [BF02], [Bi75], and [MKS66], the source papers
[ArdT7al, [Bo47], [FV62], [FN62], and additional works of Fried.

1.3. Artin Braid Group. Let O" = C"(A!) and O, = C.(A'). The Artin braid group is
B, = B.(A') = 7,(0,); this is the braid group of the complex plane. The pure Artin braid group
is B" = 71(O7), and the discrete action of S, on O produces a normal cover 0" — O, with group

S, producing an exact sequence of groups
1-B"—B,— S, — 1.

1.3.1. Braid Generators. Accurate identification of the braid group with a fundamental group
requires selection of a basepoint. Thus let © = (z1,...,2,) € O, and let & denote its image
in O,. Generators for the braid group are formed by “twisting” adjacent points around each
other. More precisely, select a paths in 6; from z; to z;y11, and a path 6;4; from z;1; to z;,
such that the concatenation 6;0;,1 is injective, has winding number —1, and is null homotopic in
A'\A{z1,..., -1, Tis2, ..., 2, }. Let 6; be the constant path at x;, for j # 4,4 + 1. Define a path
0, in O starting at « by 6, = (01,...,0,), and let 8, denote the image of this path in O,. Then 6,
is a loop based at x. Let @); denote the homotopy class of 8;,. Then @Q;, i = 1,...,r — 1, generate
B, freely modulo the following defining relations:

(B1) Qi:Q; =Q;Q; for |i — j| > 1;
(B2) QiQi11Qi = Qi+1QiQiy1  fori=1,...,7r -2

1.3.2. Braid Action on the Fundamental Group. If X is a topological space and F' C X, let
Aut(X, F) denote the set of homeomorphisms of X which restrict to the identity on F, considered
as a topological group endowed with the compact open topology. Let X = A! \ z, and let ¢ € X.
The Artin braid group acts on (X, x0) in a manner we now describe. Let U be a bounded,
connected, and simply connected open subset of A! which contains x but does not contain xg, and
let F = A' \ U. Select the paths 6; from the previous paragraph to reside in U. The functor m;
produces a homomorphism Aut(X, F) — Aut(m (X, xo)).

Define a function

5m : Aut(Al, F) — Or by 6m(£) = {f(xl)v s 75(567’)}7

where ¢ € Aut(A!, F'). This function is continuous. Let o : I — O, be a path in O, starting at z.
There exists a lift of a to a path & : I — Aut(Al, F), starting at the identity, such that d; o & = a.
Let « be a loop in O, based at  so that [«] is an arbitrary member of B,. Let & be a lift

of a to Aut(Al, F), starting at the identity, and let & be the endpoint of this lift. The function
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€: Al — Al restricts to £° : X — X, and £(xg) = mg. The functor m; produces a group isomorphism
& m(X,xg) — w1 (X, ). Then &, is independent of the set F' and the lift & chosen, producing
a well-defined faithful action of B, on m (X, o). Since paths concatenate from left to right, this
is a right action, and produces an injective antihomomorphism B, — Aut(71 (X, z¢)), whose image
equals the image of the homomorphism Aut(X, F) — Aut(m (X, zo)).

1.3.3. Braid Action on Classical Tuples. Let A = (\1,...,)\,) be a classical tuple in A' with
respect to @ and zg; recall that in our lexicon, this means that the \;’s are homotopy classes.
Then 71 (X, z0) is a free group on r generators, freely generated by A. One sees that the preferred

generators for B, have the effect
XQi = Aty Xim 1, Mt AT A gz, A

Let A(X,zo) denote the set of all classical tuples on X with respect to xzo. If v is a classical
loop about z;, then v is conjugate to A;, and if « is a classical tuple, then both IIy and II\ are
homotopic to a loop which encircles all the points in 2. Thus

A(X,z0) = {~v |y =TIX and 7; ~ iy },
where a ~ b means “a is conjugate to b”, and o € S, depends on ~ but not ¢. The Artin braid
group B, acts regularly on A(X,x), and this defines its image in Aut(m(X,z0)). We see that
Inn(m (X, zg)) is contained in this image, and resides therein as a normal subgroup.
Let Z = (Q1---Qr—1)" € B,; this element has the effect of conjugating A by IIA, and generates

the center of B,.
1.3.4. Twist and Shift in B,.. Call the generators @); € B, the it twist. Define the shift in B,

to be the element: )
_
i=1
Then for 1 < j <r —1, we have

Q=01 Q1'Q;Q1- Qi

= Q1 Q7' Q1 - Q—2(QQj-1Q))Qjr1 - Qra by B1
= Q1 Q7 1(Q1Q;Q5-1)Qj41 - Qra by B2
= Q1 QR 1Qj 41 Qe

=Qj-1 by B1

Thus the standard set of generators {Q; | ¢ = 1,...,r — 1} is contained in the group generated by
S and @, for any 1 < j <r — 1, and in particular, (S,Q;) = B,. In words, B, is generated by the
shift and any twist.
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1.4. Hurwitz Monodromy Group. Let 4" = C"(P') and U, = C,(P'). The Hurwitz mon-
odromy group is H, = B.(P') = m(U,); this is the braid group of the Riemann sphere. The pure
Hurwitz monodromy group is H” = 71 (U"), and the discrete action of S, on U" produces a normal

cover U" — U, with group S,., producing an exact sequence of groups
1-H — H.— S, — 1.

1.4.1. Hurwitz Relation. View P! as the one point compactification of A'; that is, P! = A'U{oco}.
We have an inclusion O" — U", which commutes with the action of the symmetric group S, to

produce the commutative diagram

o —— u"

Lo

O, — U,

where the horizontal rows are injections and the vertical columns are normal covers with automor-
phism group S..
We interpret these spaces as follows:
e O is the parameter space of ordered r-tuples of points on A';
e O, is the parameter space of subsets of A! with cardinality r;
e " is the parameter space of ordered r-tuples of points on P*;
e U, is the parameter space of subsets of P! with cardinality 7.
The injection O, — U, induces a surjective homomorphism B, — H,, whose kernel is the

normal closure of a third defining relation for H,.:

(B3) Q1 Qr—2Q?_1Qr—2---Q1.
Since relation B3 is in B”, there is an induced map from B” — H", and these groups fit into a

commutative diagram

1 BT B, Sy 1
l I |
1 H" H, Sy 1

which is produced by the m; functor from the preceding diagram.

1.4.2. Braid Action on Quotient Tuples. Let © = (x1,...,2,) € O, and let & denote its image
in O,. Select 9 € A\ z, and set F, = (Al Nz, 20) and G, = 71 (P*~ 2, 20). Let A = (A1,...,\,)
be a classical tuple in A' with respect to  and xy. The inclusion A' — P! induces a surjective
homomorphism F,. — G,., whose kernel is the normal closure of TIA. Since F,. = (A1,..., \.) is freely
generated, G, has presentation (A1,..., A, | IIA). Since IIX is fixed by the action of B, on F., the
map F, — G, induces an antihomomorphism B, — Aut(G,) whose kernel is Z(B,.).

1.4.3. Hurwitz Nonaction on Classical Tuples in P'. Let N, denote the kernel of B, — H,.

Since N, is not contained in Z(B,.), an induced action of H, on G, is not well-defined.
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Our method of defining the action of B, on m!(A! \ z, () uses the selection of an open set U
containing x but not x(, which allows us to fix the basepoint through the continuous motion of &
inside U. This succeeds in that case because any loop in O, based at x is homotopic to a loop in
C.(U), and two loops in C,.(U) which are homotopic in O,, are homotopic via a homotopy which
remains in U. In other words, the inclusion C,.(U) — O, induces 1 (C,, ) — m1(O,, z) which is an
isomorphism.

If we attempt to define an action of H, on classical tuples in P! in the manner of we did in
Al, the method breaks down because, for proper simply connected open subset U C P!, the map
m(Cr(U), z) — 71 (U,, z) is not injective. In P!, we cannot get away with fixing the basepoint, and
it is this ambivalence of choice of basepoint which results in the failure of H, to act on classical
tuples in P'. It is well-known that the fundamental group depends on the basepoint only up to inner
automorphism, which should allow us to construct a homomorphism H, — Aut(G,)/Inn(G,). We
now see that this is the best we can hope for.

1.4.4. Hurwitz Kernel. Let N, = ker(B, — H,). The Hurwitz relation has the effect on a
classical tuple (A1, ..., ) of conjugating it by (A1)~!. Thus the image of N, in Aut(G,) is Inn(G,.)
(see chapter IV for more details). The kernel of the map H, — Aut(G,)/Inn(G,) is Z(H,), which
is cyclic of order two, generated by Z (mod N,) (see [Bi75] Lemma 4.2.3).

1.4.5. Twist and Shift in H,.. Let ¢ : B, — H, be the natural homomorphism. Following the

convention of [BF02], we use lower case for the images of elements. Thus

(a) ©(Q:) = qi;
(b) (S)=s=q ... qr-1;

r

(c) p(Z)=2z=5+".
The inclusion C — P! pushes the paths 8,,...,0, ; discussed in subsection 1.3.1 to P!, and we
view qi,...,qr—1 as homotopy classes of their images.

Note that ¢; = qfnr__f. Set go = ¢;. Since s" = z is the unique central involution of H,, the order
of s is 2r. However, s" has trivial conjugation action, so ¢§ = qﬁil = ¢r_1. Thus the left conjugation

action of s cyclically permutes (qo, q1,- - -, qr)-

1.5. Mapping Class Groups.

1.5.1. Isotopy Class Groups. Let X be a locally compact Hausdorff space, and let Aut(X) denote
the set of all homeomorphisms from X to itself. Endow Aut(X) with the compact open topology.
Then two automorphisms are homotopic if and only if they lie in the same path component of
Aut(X).

Let Iso(X) denote the set of all isotopy classes of automorphisms of X. There is a natural

well-defined group structure on Iso(X) given by



we call Iso(X) the isotopy class group of X. There is a natural homomorphism Aut(X) — Iso(X)
given by f — [f], and the kernel of this map is the component of the identity in Aut(X). All the
components of Aut(X) are cosets of the identity component; thus Iso(X) is the group of components
of Aut(X).

1.5.2. Mapping Class Groups. Let X be a connected orientable manifold. The mapping class
group of X, denoted by Map(X), is the index two subgroup of Iso(X) consisting of orientation
preserving isotopy classes. Typically, X is a punctured compact Riemann surface.

Select r points B = {x1,...,7,} C X. The ™ mapping class group of X is

M, (X) =Map(X \ B).

This is the group of path components of the setwise stabilizer of B among the orientation preserving
members of Aut(X). Since Aut(X) is highly transitive (k-transitive for every positive integer k),
the setwise stabilizers of finite sets of points of the same cardinality are conjugate, so M, (X) is
well-defined up to isomorphism.

1.5.3. Sphere Mapping Class Group. Let M, denote the mapping class group of a sphere with r
punctures. In this paragraph, let Aut(C) and Aut(P') be the groups of self homeomorphisms of C
and P!, respectively. The generators Q1, ..., Q,_1 represent paths O, which lift to paths in Aut(C)
whose endpoints are orientation preserving self homeomorphisms which fix the set of punctures.
This defines a map B,, — M,.. This map is surjective, and its kernel is Z(B,) = (Z). Similarly, the
generators qi, . . ., g1 of H, lift to paths in Aut(P'), creating a surjective homomorphism H, — M,

whose kernel is Z(H,) = (z). Summarizing, we have

M, = B,/Z(B,) =2 H,./Z(H,) = Aut(m (X, 20))/Inn(m (X, 20)),

where X is an r-punctured sphere.

1.5.4. Sphere Mapping Class Cover. Let o : O, — O, and u : U, — U, be the universal
covers of O, and U,, respectively. Each is a normal cover with respective groups B, and H,. Let
x = {x1,...,2.} € Op; we may also view this as a point in U,.. We have an inclusion O, — U,,
and viewing points in the universal covering space as homotopy classes of paths based at x, this
inclusion induces a map between the covering spaces.

Let E=o0"!(z). Let y € E, and select a tuple of classical generators to correspond to y. Since
B, acts regularly on tuples of classical generators, this creates a correspondence between E and A
(the set of all classical tuples on C \ ).

Let F = u~!(x). Since every path in U, is homotopic to a path which does not pass through a

set containing oo, the map from F to F is surjective, inducing an equivalence relation on A.
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We may mod out the universal covers by any subgroup of the fundamental group of the base; if
the subgroup is normal, the induced map from the quotient to the base is also normal. Thus set
e 0, =0,/Z(B,);
o 0, =0,/N,;
o W, =0,/(Z(B,), N,);
e V. =U,/Z(H,).

We obtain the following commutative diagram:

o, — U,

The fiber of V. — U, over & may be identified with A/Inn(G,.), upon which the mapping class group
M, acts regularly.

2. Hurwitz Spaces

2.1. Deformation Spaces.

2.1.1. Deformation Equivalence. Let Y be a compact orientable surface of genus g, and let R(Y")
be the set of all surjective continuous maps ¢ : ¥ — P! such that Y admits a complex structure
which makes ¢ analytic. Then there is a bijective correspondence between R(Y) and the set of
equivalence classes of ramified covers with covering space of genus g. This set is a topological space
when endowed with the compact open topology. A path in R(Y) is a deformation.

Let R(Y, r) denote the subspace of R(Y") consisting of those covers with exactly r branch points.
We say that two ramified covers are deformation equivalent if they lie in the same path component
of R(Y,r), for some r. From this point of view, the space R(Y,r) is difficult to analyze. We use
braid groups and Nielsen tuples to decipher it.

2.1.2. Nielsen Sets. Let G < S, be a transitive group and let r be a positive integer. Let G”

denote the cartesian product of G with itself r times. The total Nielsen set of G of rank r is
Ni(G,r)** ={g € G" | (g) = G and IIg = 1}.
Thus Ni(G,r)* is the collection of rank r Nielsen tuples in G. The Artin braid group acts on
Ni(G, r)* via the formula
(9152 90sGivtr -+ 9)Qi = (915 -+, GiGi10; 5 Gis- - > Gr)-

Let Abs(G) denote the subgroup of Aut(G) consisting of automorphisms which preserve the conju-
gacy class of a one point stabilizer in G; then Abs(G) & Ng, (G)/Cs, (G). Any subgroup of Abs(G)

acts on Ni(G,r)* coordinatewise in a manner which commutes with the braid action.
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The inner Nielsen set of G of rank r is
Ni(G,r)™ = Ni(G,7)"* /Inn(G);

we call its elements inner tuples.

The absolute Nielsen set of G of rank r is
Ni(G,7)*? = Ni(G,7)*/Abs(Q);

we call its elements absolute tuples.
Let © = (x1,...,x,) be a tuple of distinct points in P!, and select a basepoint xy € P! not among
them. Let A = (A1,..., A.) be a bouquet with respect to (x,zg). These data define correspondences

between

(a) the set Ni(G,7)™ and the set of equivalence classes of static ramified covers of P! with
branch points in & which are the normal closures of covers whose monodromy group is G;
(b) the set Ni(G,r)2P and the set of equivalence classes of ramified covers of P! with branch

points in & and monodromy group G.

Typically, the Hurwitz monodromy group does not act on Ni(G,r)*, since the Hurwitz relation
(B3) does not act trivially. However, the action B, on Ni(G,r)* descends to a well-defined actions
of H, on Ni(G, )™ and Ni(G,7)2P. These actions correspond to the continuous deformation of covers
described by the elements of the Nielsen sets along a loop in U,.; an equivalent condition for two
covers to be deformation equivalent is that the corresponding Nielsen tuples lie in the same orbit
under this action.

2.1.3. Deformation Spaces. The action of the Hurwitz monodromy group on the sets Ni(G, )"
and Ni(G,r)*" canonically produces topological covers of the configuration space U, in which every
point in the covering space corresponds to a static ramified cover, as we now as we now describe.

Let ¢ : Y — P! be a ramified cover with branch points & and branch cycle description g €
Ni(G,r)* with respect to some bouquet. The set of equivalence classes of covers with the same
branch points to which ¢ can be continuously deformed are described by the orbit of g under the
action of H, on Ni(G,r)2P. The stabilizer S of g is a subgroup of H, which canonically produces
to a cover H(G, g)*® — U,. Recall that the space H(G, g)*® may be defined as the set of all paths
in U, emanating from  modulo homotopy and concatenation in S. Thus each point p € H(G,g)*P
corresponds to the cover obtained by continuously deforming ¢ along a path in U, representing p.
Each orbit of H, on the Nielsen class produces such a space.

Let ¢: Y — P! be the normal closure of , together with an isomorphism 7 : G — Aut(@); two
such static covers are equivalent if their branch cycle descriptions differ by an inner automorphism,
with continuous deformation also deforming the map 7. The action of H, on Ni(G,r)™ canonically

produces a cover H(G,g)™ — U,, whose points correspond to static covers.
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The inner deformation space of (G,r) is the union of the components

HG "= | HG.g™
g€eNi(G,r)in

The absolute deformation space of (G,r) is

HG )™= | HG9™
gENi(G,r)ab

As part of the definition, each of these spaces is equipped with an assignment of an isomorphism
class of covers to each point; such an assignment is determined by a single appropriate choice for
one point on each component. Since the stabilizer in H, of an inner tuple is necessarily contained

in the stabilizer of an absolute tuple, we obtain this sequence of covers:
U H(G, )™ S HG, )™ 2 U,
These maps are understood as follows:
(a) W[4, 7] — Bpt(y);
(b) @[] — Bpt(p);
(¢) E: g7l = gl

Since these deformation spaces cover U,., which is an algebraic variety, the theorem of Grauert

[1]

and Remmert says that they themselves have an algebraic structure. Much more can be said; the

following is essentially part of [F'V91], Theorem 1.

THEOREM 2 (Fried-Volklein Theorem). Let G < S,, be a transitive group generated by r — 1
elements. Then H'™ = H(G, 7)™ and H*® = H(G,7)** have a unique structure as algebraic varieties
defined over Q so that the maps

\Ij:HiniHab E*Ur
are defined over Q. Let K be an algebraically closed subfield of C and let § € Aut(K) so that 8 acts
on the K points of H™ and H*®. Then

(a) if q = [, 7] € H™ with Bpt(vy) C K, we have B(q) = [v°,7°];

(b) ifp = [¢] € H* with Bpt(¢) C K, we have B(p) = [¢”].

The second part of this theorem implies that the minimum field of definition of a point on a
Hurwitz space is equal to the field of moduli of the corresponding cover.

The components of these deformation spaces are defined over Q. The absolute Galois group
Gal(Q/Q) acts on the components, and the disjoint union of the components in an orbit is defined
over Q. We would like to find conditions relating to the group G which allow us to pick out these

orbits.

31



2.2. Hurwitz Spaces.

2.2.1. Conjugacy Class Tuples. Let G < S,, be a transitive group and let C = (Cy,...,C;) be
an r-tuple of conjugacy classes from G. We introduce some notation to facilitate considering this
as a set with multiplicity. For D = (Dy,..., D, ) another r-tuple of conjugacy classes from G, say
that D is similar to C, and write D ~ C, if there exists o € S, such that D; = C;,, all 7. For
g=(91,...,9-) € G", say that g satisfies C, and write g F C, if there exists o € S,. such that for all
i € Ny, we have g; € Cj,. Set ||C]| equal to the least common multiple of the orders of the elements
in the conjugacy classes of C.

IfneZ,set C" = (C},...,C"); we say that C is rational if C" ~ C whenever ged(n, |C||) = 1.
By the branch cycle argument, if g is a Nielsen tuple corresponding to a static cover defined over
Q, can C is its tuple of conjugacy classes, then C is rational.

If & € Aut(G), set a(C) = (a(Ch),...,a(C,)); we say that C is characteristic if a(C') ~ C for
every a € Aut(G). Let Abs(G,C) = {a € Abs(G) | a(C) ~ C}.

2.2.2. Nielsen Classes. A necessary condition for the two ramified covers of P! to be deformation
equivalent is that their monodromy groups and associated conjugacy classes be the same. This leads
to our next series of definitions.

The total Nielsen class of (G, C) is
Ni(G,C)*° ={ge G " |llg=1, (g) =G, and g F C}.

This is the set of all Nielsen tuples satisfying C'.
The inner Nielsen class of (G, C) is

Ni(G, C)™ = Ni(G, C)*/Inn(G).

The inner Nielsen classes partition the inner Nielsen set Ni(G, )", so that each tuple C produces a
distinct block.
The absolute Nielsen class of (G,C) is

Ni(G, C)* = Ni(G, C)*°/Abs(G, C).

The absolute Nielsen class embeds into the absolute Nielsen set Ni(G, 7). We note that if C is
not similar to a(C) for some a € Aut(G), then Ni(G, C)™ and Ni(G, a(C))™ form different blocks
of Ni(G, 7). However, if @ € Abs(G), then Ni(G, C)* and Ni(G, a(C))?® have the same image in
Ni(G, )b,

2.2.3. Hurwitz Spaces. The inner Hurwitz space of (G,C), denoted H(G,C)™, consists of the
collection of components of H(G,r)™ whose points correspond to static covers whose associated
conjugacy classes are given by C.

The absolute Hurwitz space of (G,C), denoted H(G,C)?", consists of the collection of compo-
nents of H(G,r)* whose points correspond to covers whose associated conjugacy classes are given

by C. This is the image of H(G,C)™ under the map ¥ : H(G, 7)™ — H(G,r)2P.
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Even though the conjugacy classes of ramification are well-defined in the monodromy group of
the cover, their whereabouts under a permutation representation depends on the enumeration of the
fiber, and can get lost under absolute equivalence. In this way, distinct inner Hurwitz spaces can
map to the same absolute space.

The degree of the map = : H(G,r)™ — H(G,r)*" is |Out(G)|. The degree of the restriction
E: H(G,C)® — H(G,C)*P is [Abs(G,C) : Inn(G)]. Let H* be a component of the absolute
space, and let H" be its preimage in the inner space. If H™ is connected, then Aut(Z [pin) =
Abs(G, C)/Inn(G).

The branch cycle argument implies that a necessary condition for a Hurwitz space to be defined
over Q is that the corresponding tuple be a rational tuple. This turns out to be sufficient, which we

state here (see [FV91] Theorem 1).

THEOREM 3. Let G < S, and let C be a tuple of conjugacy classes from G. Then H(G,C)™ is

defined over Q if and only if C is a rational tuple of conjugacy classes.
3. Reduced Hurwitz Spaces

3.1. Reduction of Configuration Spaces.
3.1.1. General Reduction. Let X be topological space and let Aut(X) be the group of homeo-
morphisms from X to itself. Let A < Aut(X). Then A acts on C"(X) on the left coordinatewise:

a((zi);) = (a(xi));-
The quotient space of this action is the reduced configuration space of X of rank r with respect to
A, which we denote by C"(X, A), with quotient map II: C"(X) — C"(X, A).
The actions of S, and A on C"(X) commute, so the fiber coproduct of ¥ and II can be obtained
by reducing C"(X, A) by the action of S,, or by reducing C,.(X) by the action of A, or by reducing
C"(X) by the action of AxS,.. Denote the quotient space by C,.(X, A); this is the reduced symmetrized

configuration space of X. This situation is summarized by the diagram:

Cr(X) —— C"(X, A)

di |»
C(X) —— C(X, 4)

where we denote symmetrization by S, with an underbar, and reduction by A with an overbar.

Let « = (z1,...,2,) € C"(X), and set

z=o(x) = {T1,..., 2, };
T =m(z);
z =o(r(x)) = n(o(x)).

Consider the fiber E = o~ 1(x). The setwise stabilizer U = Stba{z1,...,2,} acts on E, inducing a

homomorphism ¢ : U — S,.
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Let F = 6~ 1(Z); then 7 [g: E — F is surjective, and the points of F' correspond to the orbits
of U on E. The action of S, on F descends to a transitive action on F', and the stabilizer in S, of
x € F under this action is ¢(U). Thus |F| =[S, : ¢(U)].

3.1.2. Sharply Transitive Reduction. Proceed under the additional assumption that A is sharply
k-transitive, where k < r; by a theorem of Tits (see [DM96] Theorem 7.6B), k < 3 if X is infinite.
In this case, let us call k the reduction rank; here, the map ¢ : U — S, discussed above is injective
by sharpness.

Select distinct distinguished points W = {wy,...,wx} C X. For every & = (21, ...,2,) € C"(X)
there exists a unique a € A such that a(x) = (wi, ..., wk, @(xg41), a(x,)). This identifies C"(X, A)
with C"~%(X ~ W). Indeed, the map C"(X) — A x C"7%(X ~ W) constructed in this way is a
homeomorphism, where A is endowed with the compact-open topology as a subset of Aut(X). From
this viewpoint, reduction is merely projection onto the second factor, and in turn, the fibers are seen
to be homeomorphic to A, which is homeomorphic to C¥(X). Thus the map 7 admits a section,
given by (Zg41,...,2r) = (Wi, ..o, Wk, Tht1y -« Tp)-

3.1.3. Holomorphic Reduction. Let X be a complex manifold and let Hol(X) denote the sub-
group of Aut(X) consisting of analytic self homeomorphisms. Then Hol(X) is a natural candidate
for the reduction group. The resulting space C" (X, Hol(X)) parameterizes holomorphism classes of

subsets of X of cardinality r.

3.2. Reduction of Sphere Configuration Spaces. Consider the case where X = P, the
Riemann sphere together with a uniformizing coordinate. Choice of this coordinate determines an
identification Hol(PPl) 2 PSLy(C). It is well known that the action of PSLy(C) on P! is sharply
three transitive.

Let J" = C"(PL,PSL(C)) and J, = C,.(PL,PSLy(C)). We interpret these spaces as follows:

e J7 is the parameter space of holomorphism classes of ordered r-tuples of points on P';

e 7, is the parameter space of holomorphism classes of subsets of P! with cardinality 7.

Consider themap 5 : J" — J,. Let d = max{|67'(j)| | j € T}, andset Y = {j € J, | |67 (j)| < d}

and Z =6"1(Y). Then ¢ |7+ z: J" ~\ Z — J» \ Y is a normal topological cover.

3.3. Reduction of Inner Hurwitz Spaces. Let Z;{r — U, be the universal cover of U,., and
view the points of U, as homotopy classes paths in U, based at some point £ = {x1,...,2,}. The
group PSLs(C) acts on paths by left composition, preserving homotopy classes, and thus acts on
the points of U,. Denote the quotient of this action by Z]ﬁd; we obtain a map Z;{?d — Jr. Any cover

of U, can be similarly reduced; if H is a component of a rank r Hurwitz space, we obtain maps

Uﬁd — Vfﬁd —H = 7.
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The points of H* correspond to weak equivalence classes of ramified covers of P!, and the fiber
of V'4 — 7. over Z corresponds to the set of PSLy(C) orbits of classical generators about (z, )
modulo conjugation in 71 (P! \ z, z0).

Let G be a finite group and let C' be a tuple of conjugacy classes from G. The reduced in-
ner Hurwitz space of (G, C), denoted by H(G, C)™™, is the collection of reduced components of
H(G, C)™.

We know that d = ﬁ, where U is a setwise stabilizer of r points of minimal order. For r = 3,
U = S5 for every set of three points, and J3 — J3 is a map from a single point to a single point.
For r > 5, U is trivial for almost every set of 5 points, and the reduced cover has degree r!.

The reduction map H — H*? is continuous. In particular, H*? is connected, and covers J,. If
the rank is » = 3, then J, is a point, thus so is H*4. A reduced rank three Hurwitz space consists
of one point for each component of the unreduced space. For rank r > 5, the dimension of the cover

drops but its degree remains the same. Thus we concentrate on the case r = 4.

4. Reduced Rank Four Hurwitz Spaces

4.1. Reduction of Rank Four Sphere Configuration Spaces. Recall that every elliptic
curve is uniquely identified up to holomorphic isomorphism by its j-invariant, and that the j-line ]P’]l
parameterizes their isomorphism classes. The A-line ]P’}\ parameterizes elliptic curves together with
an ordering of their involutive points, producing a natural map P} — IP’;. To motivate modular
towers, and to give background for our main example, we briefly review this in chapter III. In this
section we produce these spaces as reduced rank four sphere configuration spaces.

Consider the reduction of the cover U" — U, when the rank is r = 4. Let W = {0,1, 00}
be our set of preferred points, and note that ! = P!. Every ordered tuple (21, 22,23,24) € U*
is equivalent modulo PSLs(C) to a unique tuple of the form (0,1,00,A). This identifies J* with
P} ~{0,1,00}. Closure and symmetrization of this space produces a ramified cover between copies of
the Riemann sphere which can be expressed as a rational function, which is unique up to composition
with another linear fractional transformation acting on the closure of 7;. We use group actions and
covering theory to find a satisfactory representative for this class of rational functions, which we will
denote by j : IE”%\ — IED}. Under this map, {0,1, 00} comprise a single fiber.

The setwise stabilizer in PSLo(C) of four points on P! contains a Klein four group consisting of
transformations which swap the points in pairs, as can be computed using the cross ratio. The cross

ratio is

zZ— 2z Z9 — 21

Z2— 23 29— 23
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where (21, 22, 23) — (0,1,00). Each element of 7. is represented by a tuple of four points of the

form & = (0,1, 00, A). Then the nontrivial transformations of this Klein four group are:

A
Z = — — (1 3)(2 4);
z
zZ—A
2 — — (1 4)(2 3);
z—1
G (12)(3 4)
— L — .
TN 0

Denote this Klein four group in Sy by K4, and view S3 in S;. The points in the fiber over x
correspond to the cosets of Ky in Sy, which are represented by the elements of S3. We determine
the values of A such that the stabilizer of x is larger than K,. Suppose o € S5 corresponds to a
linear fractional transformation f which stabilizes . Then
(@) a=U 2= fz)=1-z2=\=1;
(b) a= 1 3) = f(z)
(c) a=(23)= f(2)
(d) a=U 23)= f(z)

Z%:>)\=—1;

= A=2;

z—1

I )\= 1i;'\/§ (the same for « = (1 3 2)).

T—2
In particular, these points are isolated, so the cover j has degree [Sy : K4] = 6.

Note that if f(z) =1 — z, then f(2) = —1, and if f(2) = 1, we have f(2) = 1. Thus {1, 3,2}
lie in the same fiber over P}, each point having ramification index two. Let ¢ = e™/3; then {¢,¢1}
forms another fiber, each point having ramification index three. So j is a normal ramified cover with
three branch points, group S3, and branch cycle description of shape ((3) (3), (2) (2) (2), (2) (2) (2)).
This Nielsen class consists of a single element, so j is completely determined by this data, up to
weak equivalence of covers.

Choose {¢,(™1} to be the zeros of j, and {0,1,00} to be the poles. Then j is a scalar multiple

of QMDY Without further choices, it is forced upon us that {—1,1 2} lie in the same fiber of

oDz 1
this rational function, and indeed it is so; each has value %. Divide by this quantity so that the
third branch point is 1; this yields

4 (N =X+1)3

i\ = =57
N = n-1e
This formula is precisely that which computes the classical j value of the elliptic curve defined by

the equation y? = z(z — 1)(z — \).

4.2. Reduction of Rank Four Hurwitz Spaces.

4.2.1. Reduced Rank Four Mapping Class Group. In this section we discuss the maximal quotient
of the braid group which acts nontrivially on reduced classical tuples, expanding upon the original
formulation in [DF99] and [BF02].

Select z = (21, 22,23,21) € U* s0 that Z ¢ {0,1}, and let X = PL \ 2. Let Hol(X) denote the
group of holomorphic automorphisms of X, and view Hol(X) as the setwise stabilizer in PSLs(C)

of z. Let Aut(X) denote the group of orientation preserving continuous automorphisms of X. We
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have an inclusion Hol(X) — Aut(X) which descends to a map Hol(X) — Map(X) = My. Since
every element of Hol(X') has nontrivial action on z, the latter map is injective.

Let K4 denote the image of Hol(X) in M. Select a basepoint zp € X and let A™ = A(z)™ denote
the set of equivalence classes of classical tuples in P! with respect to (2, zg), modulo conjugation.
Now M, acts regularly on A", and two classical tuples are equivalent modulo PSLy(C) if and only
if they lie in the same K4 orbit. Thus A" = A" /K is the set of inner reduced classical tuples.

In order to compute the action of K, on A™, recall that the map Hy — M, discussed in
subsection 1.5.3 is given by the induced action of Hy on X. Let K, denote the pullback of K4 to
Hy, so that Ky is the subgroup of Hy which has trivial action A", Since the kernel Z(Hy) of the
map Hy — M, is a group of order two, Z(Hy) — K, — K is a central extension and |K4| = 8. We
now explicitly compute K.

We choose an basepoint for Uy; this choice effects our results only up to inner automorphism
of Hy. Let z = (0,1,00,)) so that j(A) ¢ {0,1,00}. Choose A to be a negative real number. Let
f(z) = 2, and let 29 = —i\/|A| so that f(z9) = 2o, and zp becomes a convenient basepoint for the
computation. Let o, a1, ase, and ay denote the homotopy classes of paths in P! which proceed
in lines from zy towards 0, 1, co, and A, in that order, go around these points in small disks, and

proceed back to zg along the same lines, as indicated below.

Paths for braid computation of f(z) = %

Let o = (v, a1, oo, @vy) denote the classical tuple thus described, and compose these paths

with f to obtain f(a) = (@, @x,ap,@1). This effect is given by the square of the shift, that is,
fle) = a(qig2q3)*.
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Next we consider the linear fractional transformation f(z) = A2=}. The fixed points of this
transformation are A &+ v/A2 — X; select zp = A — v/A2 — X as a basepoint. In order to relate this
computation to the previous one, we draw a line from fi\/m to A—+v/AZ — )\, and concatenate it to
the paths above to adjust the basepoint. This effects our computation only up to inner automorphism

of the fundamental group, and so has no effect on inner equivalence classes of classical tuples. With

this adjustment, paths for this calculation are drawn in the following diagram.

R /N 0 AN N N

AL
OWW/% ay

Paths for braid computation of f(z) = )\j:i.

Compose these paths with f and rewrite the result in terms of the original paths to see that
fla) = (a;olalaoo,ozl_lozgolaoaooal,oz,\,oaoo). Conjugate on the right by « and use the product
one condition to see that, up to inner equivalence, we have f(a) = (apaiag*, ag, @y, a;laooa)\). A
braid which has this effect is g1q5 L

Let a = (q1q2q3)? and b = q1q3_1. Clearly K4 = {(a,b), and ab has the same effect on « as does

z2=A

f(z) = Z=¢. Note that a?> = b® = z, the unique involution generating the center of Hy, and in

particular, a and b have order four. If s is the shift in Hy, we have seen that ¢ = g;_1; since a = s2,

we have b = ¢3¢y 1= b1 50 a and b are noncommuting elements of order four, which tells us that
K, is isomorphic to the quaterions.

Now s commutes with @ and normalizes (b). Moreover ¢; commutes with b and a? = gy 1q‘f_1 a=
qflqg,a =blac K4. Since ¢ and s generate H,4, this shows that K4 < H4. The images of a, b, and
ab in M, are the nontrivial elements of K4, which is normal in Mj.

The reduced mapping class group of rank 4 is My = My /K, = H4/k4. It is the quotient of Hy
by the additional relation

(B4) Q1 =Qs.
Plug this relation into relations (B2) and (B3) for this simplification:
My = (Q1,Q2 | Q1Q2Q1 = Q2Q1Q2, Q1Q2Q1Q1Q2Q1);

the second relation is the Hurwitz relation. Use the first relation to rewrite the second relation as

Q1Q201Q2Q1Q2. Let vg = Q1Q2 and v = Q1Q2Q) inside this group; the reason for this notation

will become clear in the next subsection. We have v = 1 by the Hurwitz relation and 73 = 1 by its

rewritten form. Also Q1 = 'y and Q2 = 7175 ', 50 (Q1, Q2) = (0, 71)-
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‘We show that
M4 = <’Yo,71 | WS? ’Yf)

is an alternate presentation. Set Q1 = 7y 1y, and Q = Y17 1 Tt suffices to derive the relations for
the first presentation from those for the second. Now Q1Q2 = 7y 1717170_ 1 = 49, since 7; has order
two and 7o has order three; also Q1Q2Q1 = %Q1 = 71. Thus Q1Q2Q1 = 11 = 1175 Yo = Q27 =
Q2Q1Q-. Finally Q1Q20Q1Q1Q2Q1 =73 = 1. This completes the demonstration.

4.2.2. Reduced Rank Four Mapping Class Cover. Let H denote the open upper half plane. Its
group of holomorphic self homeomorphisms is Hol(H) = PSLy(R). Consider the set of lattices in C
of the form Z @ 7Z, where 7 € H. Then PSLy(R) acts on this set via its action on H. The kernel
of the action is PSLy(Z). Let R denote the set of points in H which have nontrivial stabilizers in
PSL2(Z); let Y = H N\ R and let X = Y/PSLy(Z). We obtain a normal topological cover Y — X
with group PSLa(Z).

Let ¥ : Vi — 7, be the reduced mapping class cover of rank four. As an aside, note that since
the center of Hy is contained in K, we have Ut = V4. Let 7° = 74~ {0,1}, V° = VA ¥~1({0,1}),
and U° = WU [yo. Then ¥°:V° — J° is a topological cover.

Let j € J°; then j = Z for some z = (21, 22,23,24) € U". The fiber over j corresponds to
classical tuples on P! with respect to z modulo inner automorphisms of 71 (P! \ z) and modulo the
action of PSLy(C). The action of the fundamental group of 7° on this fiber, via path lifting, is the
effect on the classical tuples of continuous motion in P! of the points z via the braid action, modulo
reduction; it is the action of My. Thus Aut(¥°) = M,.

It is well known that PSLo(Z) is freely generated by an element S of order three (which stabilizes
¢?7/6 ¢ H)) and an element T of order two (which stabilizes i € H). The isomorphism My — PSLy(Z)
given by (v0,71) +— (S, T) establishes an isomorphism H — Vid.

4.2.3. Reduced Rank Four Nielsen Classes. Let Ni(G,C)™ be a rank four inner Nielsen class.
The group K4 acts on Ni(G, C)™ via its lift to K. Since K, < H,, its orbits create a block system
for the action of Hy on Ni(G,C)™. Let Ni(G,C)™" = Ni(G, C)/K, denote the set of blocks; this
is the reduced Nielsen class.

The action of Hy on Ni(G, C)™ descends to an action of M, on Ni(G, C)"™rd. The points of
Ni(G, C)"™' correspond to weak equivalence classes of ramified covers with specified ramification
in (G, C) over a given PSLy(C) equivalence class of branch points.

4.2.4. Reduced Rank Four Hurwitz Spaces. Let ® : H(G,C)™ — 7, be the cover given by
reduction of an inner Hurwitz space of rank 4. In this case, H(G, C)™*¢ is a Riemann surface. For
j € Ji ~ {0,1}, the points in the fiber over j correspond to the members of Ni(G, C)"d.

Let J° = P} ~ {0,1} and let H° = H(G,C)"™ \ ®71({0,1,00}). Let ®°> = @ [3o. Then
®° : H° — J° is a topological cover of the punctured sphere, which induces a ramified cover

®°* : H®* — J°, ramified over j =0, 1, cc.
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The cover ¢*® is produced by the action of M, on the reduced Nielsen class Ni(G, C)™. Enu-
merating the set Ni(G, C)™' induces a permutation representation which can, in some cases, be
explicitly computed. For this to completely describe the cover H(G, C)™™ — 7, we need explicit

paths in IP’} ~ {0,1, 00} with respect to which a branch cycle description can be stated.

4.3. Tmages of Braid Generators in P} \ {0,1, c0}.

4.3.1. Branch Point Set Images on the j-line. Let Uy = P*~\ Dy and let z = {21, 22, 23, 24} € Uy.
The reduction map j : Uy — IP; ~ {oco} maps a set of four unordered points to the j-value of the
corresponding elliptic curve. We wish to construct a formula for j as a function of z. It simplifies
matters if we assume z4 = oo, and this suffices for our purposes. If we map z5 to 1 and z3 to 0, then

z1 maps to

Z1 — 23
Az) = L—2
(z) po——
Recall that
‘ 4 (N =X+1)3
J(A) = *%
27 X2(A—1)
Now let a = (21 — 23) and b = (22 — 23) so that a —b = 21 — 20 and A = . Then
2
27 (% — 24 1)3
Zj(z) = ﬁ
(3 —1)
_ (a* —ab+b?)?
a?b?(a — b)?

[(22 — 22123 + 22) — (2122 — 2123 — 2223 + 23) + (25 — 22023 + 23)]3
(21 - 2’3)2(22 - 23)2(21 - 2’2)2
(22 + 22+ z§ — 2129 — 2223 — 2321)°

- (2:1 — 2’2)2(22 — 23)2(33 - 21)2

This yields
j(z) = 4 [(z1 + 22 + 23)% — 3(2122 + 2223 + 2321)]?
27 (21 — 22)%(22 — 23)2(23 — 21)? ’

Note that this function is symmetric in z1, 2o, and z3.

4.3.2. Braid Generator Images on the j-line. Composing the embedding of Oy into Uy with
reduction Uy — Jy, we obtain a map f : Oy — Jy. Taking particular paths for @1, @2, and Q3 as
generators for m(Oy, z9), we wish to compute the images on the j-line via the map f, taking care
that the images avoid the set {0,1,00}. We anticipate that (f(Q2), f(Q1Q2), f(Q1Q2Q3)) have the
same path lifting action on V{9 as a bouquet v on IE”; with respect to ((00,0,1), o), where jo > 1
is a positive real number; we would like to absolutely identify this bouquet. Then this bouquet,
together with the action of v on the reduced Nielsen class, will produce a branch cycle description

for a reduced Hurwitz space cover of IP’}.
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Before undergoing the explicit computation, let us make some observations about what we can
expect. Assume the basepoint z € U, lies on the real line, and that the nonfixed part of the Q;’s are
circles in the complex plane symmetric with respect to the real line and parameterized at a constant
rate by ¢ € [0,1]. Let jo = j(z). Then

(a) j(t) = j(1 —t) (where bar indicates the complex conjugate):;

(b) j(Q;) intersects the real line only at t =0, 3, and 1;

(c) if t=0,1, then j(t) = jo € (1,00);

(d) if t = £, then j(t) is in the interval (0,1) or (co,0);

(e) j(Q;) is symmetric with respect to the real line, and is in one half plane for t € (0,1) and

in the other for t € (%, 1).

Since the circles are based at real numbers and are parameterized at a constant rate, the upper
part of Q; evaluated at t is the complex conjugate of the lower part of @; evaluated at 1 — ¢. Since
j is an algebraic function of z, we have j(Z) = j(z). This gives (a).

The preimage of (1,00) under j(A) is the real part of the lambda line, and (c), (d) are conse-
quences of this. The other points follow.

4.3.3. Braid Image Computation. First we select a basepoint for U, consisting of four points
on the real circle, taking care that their A value is unramified. Select z; = 0, 2o = 2, 23 = 6, and

_ . _ 4 (8%-312)3% _ 78 .
z4 = c0. Then j(z) = ﬁ(QZ.Teﬂ = 35, that is,

(o 33
= a3
Call this value jg; it is the basepoint for the image paths.

Set v(t) = e~ ™ for t € [0,1] and select specific paths for @1 and Qa:

Q1(t) = (1 —v(t),1 4+ v(t),6,00)
Q2(t) = (0,4 — 2v(t),4 + 2v(t), 00)

Compute the image of () in ]P’Jl ~ {0,1,00} by taking its j values along the path:
4 (82 =3((1 = v*) 4 (6 + 6v) + (6 — 6v)))*

27 (2v)2(v — 5)2(v + 5)?

_ 1 (v? +25)3

27 02(v2 — 25)2°

The intersection of this path with the real line occurs when the first two coordinates are complex

J(@Q1) =

conjugate pairs, which happens when ¢t = %, that is, when v2 = —1. This real intersection is
—243
 Jy2m 1= -26% < 0.
J lv2=1 o7

For t € (0, %), the path is in either the upper of lower half plane, and for ¢t € (%, 1), it is in the
opposite half plane. Thus evaluating j at t = % will give the initial direction of the path. When

v* = —1, so compute
(25 —i)°
(25+1)2°

J ‘vzz—i:
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whose imaginary part is positive. So this path leaves jj, moves leftward through the upper half
plane, intersects the real line in the interval (—o0,0), and proceeds back towards jg in the lower half
plane.
Similarly,
4 (82 =3(16 — 40?))?
27 (4 4 2v)2(4v)%(4 — 2v)?
1 (443077
27 v2(v2 — 4)2°

J(Q2) =

Now we have
} 83
I le=s= gy
which is in the interval (0, 1), and

(1= 3031 — i)?

J lor=—ai=

27 -4
Compute the angle 8 of this latter quantity:
0= g - % —arctan(3) < % — arctan(v/3) = —% < 0.

So this path starts in the lower half plane.
The above computations show that the image of the tuple (Q1, (Q2Q1)~!, Q5 ') is a bouquet for
IP’jl- ~ {0,1, 00} with respect to ((c0,0,1), o). Modulo the relations in My, we have Q; ' = Qo and

(Q1,(Q2Q1) 71, Q2)91 929192 = (Qy,Q1Q2, Q1Q2Q1).

Let Yoo, 70, and 1 be the elements of 771(}?} ~ {0, 1,00}, jo) which are homotopic classes of
nonintersecting paths leaving jo and traveling in the lower half plane to (00, 0, 1) respectively, winding

clockwise around each, and returning to jg in the lower half plane, as indicated in this diagram.

s N

Primary paths for cover of Jj4.
The bouquet v = (Yo0,v0,71) is homotopic to (f(Q1), f(Q2Q1)t, f(Q2)~1). Thus the action
of ~ on the fiber of V* — J* over jg, or on a reduced rank four Hurwitz space covering J°, can be
computed as the action of (Q2,Q1Q2, @1Q=2Q1) on reduced tuples of classical generators, or on the

reduced Nielsen class.
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CHAPTER III

Modular Towers

1. Group Covers

1.1. Group Covers.

1.1.1. Group Covers. A group cover is a surjective homomorphism ¢ : H — G between groups.
We say that cover is finite if H is finite. A morphism of group covers from ¢ : I - Gtop: H — G
is a surjective homomorphism £ : I — H such that ¢ = ¢ o £. This produces the category of group
covers.

1.1.2. Group Cover Factors. Let ¢ : H — G be a group cover. A factor of ¢ is a group cover
1 : Hy — Hj such that there exist covers pg : H — Hs and g : Hi — G with ¢ = ¢g 01 0¢pa. A
factor is trivial if it is an isomorphism, and it is proper if either s or g is nontrivial. Denote the

entire sequence by
o:HB H, 2 H G,

and call this sequence a factorization of .

1.1.3. Lifts of Elements. Let ¢ : H — G be a group cover. A [lift of g € G is an element h € H
such that p(h) = g. Let K = ker(y), and suppose that K is abelian. Then G acts on K on the right
by lifted conjugation, that is, we define a9 = a” for a € K, where h € H is any lift of g € G; this is
well-defined because K is abelian, producing G — Aut(K) which lifts to H — Aut(K). Because of
this, it makes sense to write Ck(g) to mean Ck (h).

We are interested in understanding the order of h from the order of g. In every case, we know
that if C(h) = {1}, then ord(h) = ord(g). This is because h°*4(9) € Ck(h). If K is abelian and

ord(g) is relatively prime to |K|, we can use an elementary argument to say more.

PROPOSITION 4. Let ¢ : H — G be a finite group cover with abelian kernel K. Let g € G with
ged(ord(g), |K|) = 1. Then there exists h € H with p(h) = g and ord(h) = ord(g). Let C' = Cy(h)
and let D be a complement of C in K. Then D acts regularly on h™ by conjugation, and the fiber
over g is the disjoint union

Kh=| | ah",
acC
where elements of ah? have order ord(a)ord(g). In particular, there are [K : Cx(h)] elements of

order m = ord(g) over g, all of which are conjugate.
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PROOF. Let m = ord(g) and let h be a lift of g; then h™ € K. Assume A™ = a is nontrivial.
Since ged(ord(a),m) = 1, the map (a) — (a) given by x — 2™ is an isomorphism; let b € (a) be

b root of a in {a). Then ¢(hb~!) = g, and since h

the preimage of a, that is, b is the unique m!
commutes with b we have (hb=1)™ = h™a~! = a" = 1.

Thus select h € H to be a lift of g of order m. Since C is the kernel of the conjugation action
of K on h* and D acts as K/C, the action of D is faithful and transitive. It is also free, since
hit = p2 = dldg_1 € C = dy = dy. Thus the action of D on Kh breaks into |C| orbits, with
ah and bh in different orbits for distinct a,b € C. If a € C, then ged(ord(a),ord(h)) = 1, so

ord(ah) = ord(a)ord(g). O

1.2. Group Cover Types.

1.2.1. Elementary Covers. An elementary cover is a group cover ¢ : H — G such that ker(p) is
an elementary abelian p-group. In this case, M = ker(y) is a vector space over F,,, and becomes a
module for the group algebra F,,[G]. The submodules of M are exactly the subgroups of M which are
normal in G, so they describe the factors of the cover. This is the realm of modular representation
theory, which we use only indirectly. See [Fr95], [BF02], and [Se02] for discussions of how modular
representation theory impacts the theory of Modular Towers.

Let ¢ € G with m = ord(g), p* = |Cum(g)|, and p" = |K|. Proposition 4 tells us that if

T—S

ged(m,p) = 1, then p~1(g) consists of p"~% elements of order m, all of which are conjugate, and
p" — p® elements of order mp. What remains to be known is the order of lifts of elements which
centralize an element of the kernel and whose order is divisible by p. This depends on the cover, but
presently we will discover the answer in an interesting case.

1.2.2. Central Covers. A central cover is a group cover ¢ : H — G such that ker(¢) < Z(H).
Note that a group cover with abelian kernel is central if and only if the action of G on ker(y) is
trivial.

Let G be a finitely presented group, where F' is a free group of rank r and R< F with G = F/R.
The Schur multiplier of G is
[F,F]NR

M(G) = 7. 1]

Up to isomorphism, this is independent of the presentation (see [R0o93] Section 11.4).
We would like to view M (G) as the kernel of a group cover. One way to do this is to set

[F,FIR

S(G) = F. ]

Then the image of R in S(G) is central, and the canonical map ¢ : S(G) — G has kernel M(G).
The image of ¢ in G is the commutator subgroup of G. If G is a perfect group, then ¢ is surjective,

and is known as the universal central extension of G.
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Actually one can define a cover ¢ : S — G with ker(¢) &2 M(G) and ker(p) < Z(S) N [S, S|
whenever ged(|G/[G,G]|,|M(G)|) = 1, which is unique up to isomorphism (see [R093] Exercise
11.4.15). For our purposes it is easier to work with Frattini covers.

1.2.3. Frattini Covers. A Frattini cover is a group cover ¢ : H — G with the property that no
proper subgroup of H maps onto G. A group homomorphism ¢ : H — G if a Frattini cover if and
only if any set of generators for G lift to generators for G. A Frattini cover is totally nonsplit, in the
sense that no nontrivial factor of it splits. The study of a Frattini cover of a finite group produces
information intrinsic to the group, yet previously hidden from view.

Let Hy, Ho, and G be finite groups, and let ¢ : H; — G and s : Hy — G be Frattini covers.
Let ¢ : H Xg Hy — G denote the fiber product. Select a minimal subgroup H < H; X Hs which
maps surjectively to G, so that ¢ [g: H — G is a Frattini cover with 1 and @9 as factors. This
construction tempts one to form a projective system of Frattini covers of G. We wish to obtain

universal objects for covers of finite groups. In order to do this, we must pass to a larger category.

1.3. Universal Frattini Covers.

1.3.1. Profinite Groups. A profinite group is the projective limit, in the category of topological
groups, of a system of finite groups endowed with the discrete topology. Such a limit always exists,
and can be explicitly constructed (see [FJ86] Section 1.2). We obtain a compact topological group
which is Hausdorff; in such a group, a subgroup is open if and only if it is a closed subgroup of finite
index. An abstract compact topological group may be recognized as profinite if it has a basis of
open subgroups whose intersection is trivial; thus a closed subgroup of a profinite group is profinite.
A morphism of profinite groups is a continuous group homomorphism whose kernel is closed; this
gives the category of profinite groups.

Let C be a subcategory of the category of finite groups. Then € induces the subcategory of
pro-C groups as those profinite groups whose finite quotients are in €. This gives the meaning of
pro-p, pronilpotent, procyclic, and so forth. A maximal pro-p subgroup of a profinite group is called
a p-Sylow subgroup. These exist by Zorn’s Lemma. We say that a profinite group G is a pro-C
profree (respectively pro-C projective) group if it is free (respectively projective) in the category of

pro-C groups. Profree groups are projective.

THEOREM 5. Profinite groups have these properties:

(a) An epimorphism from a finitely generated profinite group to itself is an autornorphism.
(b) An open subgroup of a profree profinite group is profree.

(c) A closed subgroup of a projective profinite group is projective.

(d) The p-Sylows of a profinite group are closed and conjugate to each other.

(e) All p-Sylows of a pronilpotent group are normal.

(f) A pro-P group is projective if and only if it is profree pro-p.
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PRrROOF. All proofs are in [FJ86], as follows: (a) is Proposition 15.3, (b) is Proposition 15.27,
(c) is Corollary 20.14, (d) is Proposition 20.43, (e) is Proposition 20.44, and (f) is Proposition
20.37. |

1.3.2. Frattini Subgroups. The Frattini subgroup of a profinite group G is the intersection of all
open maximal subgroups of G, and is denoted ®(G). This is the set of nongenerators of G, in the
sense that any set of generators will still generate after any elements from the Frattini subgroup are
removed. Moreover, the Frattini subgroup is pronilpotent; that is, all of its maximal pro-p subgroups
are normal, so it is isomorphic to the direct product of its p-Sylow subgroups.

A homomorphism ¢ : H — G between profinite groups is a Frattini cover if and only if ker(p) <
®(H); hence the name.

A p-Frattini cover is a Frattini cover whose kernel is a pro-p group. Since the kernel of a Frattini
cover is nilpotent, such a cover is the fiber product of p-Frattini covers.

1.3.3. Universal Frattini Cover. The universal Frattini cover of a finite group G is a Frattini
cover 1 : G — G which is versally repelling in the category of Frattini covers of G. View this as the
projective limit of all finite Frattini covers of G. Such an object always exists, and is unique up to
isomorphism, although it admits nontrivial automorphisms.

To see that the universal Frattini cover always exists, let r be the rank of G, that is, r is the
minimal number of generators for G. Let F, be the free profinite group on r generators. Map the
generators for F,. to generators for G. Select a minimal subgroup G of F, which maps surjectively
onto G. Since F, is free, G is projective (in fact, we may characterize the universal Frattini cover as
the minimal projective cover; see [FJ86] Proposition 20.33). If we select different generators in G,
we obtain another cover, say by group G*. Use the projective property plus the Frattini property
to obtain surjective maps G — G* and G* — G. Since these groups are profinite, these maps must
be isomorphisms.

1.3.4. Universal p-Frattini Cover. Let G be a finite group and let ¢ : G — G be the universal
Frattini cover of G. Then ®(G) = ¢~ 1(®(G)). Since ker(1)) is a subgroup of a pronilpotent group,
it is also pronilpotent, and is the product of its pro-Sylow subgroups. The primes p which divide
the order of G are exactly those that contribute nontrivial portions ker(¢)).

Let p be prime and let pé denote the quotient of G by the product of the Sylow g-subgroups of
ker(t)), where ¢ is prime to p. Then ¢ factors through ¢ : pé — (; this is the universal p-Frattini
cover of G. Let K = ker(yp); this is a pro-p group. If p does not divide the order of G, then K is
trivial; assume p divides the order of G.

Let P be a p-Sylow subgroup of G. Then P = @ Y(P) is a p-Sylow subgroup of G, and
[P : K] = |P|. In particular, K is a closed subgroup of finite index, and since G is projective, K is

a profree pro-p group.
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Set kerg = K, and inductively define
keri_H = kerf [keri, keri],

where by convention we take the closed normal subgroup generated by these elements. Set g@ =G,
and define ;é = pé /ker;. This gives a sequence of finite groups

..._);-Fl@_);é_,..._,g
such that the kernel between successive steps is an elementary abelian p-group. The universal
p-Frattini cover of ;,C:' is pé for each ¢ in this sequence.

1.3.5. Universal Elementary p-Frattini Cover. It is often convenient to change notation and set
G = ’;CN?. Consider the group cover G411 — Gy, and label its kernel My, so that My, = kery /kergy.
This cover is universal for Frattini covers of Gy with elementary abelian p-group kernel, and is
referred to as the universal elementary p-Frattini cover of G. View M, as an F,, vector space with
a Gy, action given by lifted conjugation, that is, M}, is an F,,[G] module, which we refer to as the
universal elementary p-Frattini module of Gy,.

1.3.6. Subgroup Frattini Principle. Let G be a finite group with universal p-Frattini cover ¢ :
pé — G. Let H < G; then ¢~ !(H) is a closed subgroup of pé, and so it is projective; the map
@ lo—1(my: ~ '(H) — H lifts to a map ¢ : o~ (H) — oH, which is necessarily surjective and maps
kerg(G) onto kerg(H). This induces a surjective homomorphism My(G) — My(H), which is an
isomorphism of F,[H] modules if and only if ¢ is an isomorphism of profinite groups (see [FK97]
Subgroup Frattini Principle 2.3).

Let ¢ }DC;‘ — G be the universal elementary p-Frattini cover. The considerations above induce
a surjective homomorphism 1 : ¢~} (H) — ;f{ such that ¢~ (Mo(H)) = My(G). Use this is find

the order of lifts of elements in G; compare the following with Proposition 4.

PROPOSITION 6. Let G be a finite group and let ¢ : 117@ — G be its universal elementary p-

Frattini cover. Let g € G be of order pm and let § € },é with ©(g) = g. Then ord(j) = p*m.

ProOOF. Without loss of generality, we may assume that m = 1, so that H = (g) is cyclic of
order p. Clearly ord(j) < p?. The universal elementary p-Frattini cover of H is cyclic of order p?,
say 117}”[ = (z), with kernel (z%). Now ¢~ !(H) maps surjectively onto this with g not in (z2). Thus
p? divides the order of §, and hence equals it. ([

1.3.7. Split Groups. Let G = K x H, with ged(| K|, |H|) = 1. Then the universal Frattini cover
of G is G = K x H. This remains true for the universal p-Frattini covers; that is ,G = ,K x ,H
(see [Ri85] Theorem 3.2).

Let p be a prime dividing the order of G and let P < G be a Sylow p-subgroup of G. Suppose
that P<G. Then G = P x H, where H = GG/ P has order relatively prime to p, and pf{ = H. The

universal p-Frattini cover of a p-group is pﬁ’t, where t is the rank of the group. Thus pé = pﬁt x H.
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The profinite Nielsen-Scheier formula reveals that the kernel of the map pﬁ’t — P is a profree pro-
p group on 1+ (¢ — 1)|P| generators (see [FJI86] Proposition 15.27). Thus the universal elementary

p-Frattini module of P is a vector space over F,, of this dimension.

1.4. Central Frattini Covers.

1.4.1. Universal Central Frattini Cover. Let G be a finite group and let ¢ : G — G be its
universal Frattini cover, with ker(p) = K. Set
G

G=——.
G, K]

The induced map ¢ : G — G is called the universal central Frattini cover. Tts kernel ker(¢) =
K/[G, K] is called the kernel universal central Frattini kernel. These properties are clear from the

construction:

(a) ¢ is a Frattini cover;

(b) ker(¢) < Z(G);

(c) ¢ is versally repelling for Frattini covers of G with central kernels.

Let é : G — G be the canonical homomorphism. Let X be a minimal set of generators for G;
note X is finite. Let F' be the free group on X, and let ¢ : F — G be the induced homomorphism.
Let R = ker(@ ot). Then ker(€ o) = [F, R], and since G is finite, we have G = F/[F, R]. The image
of ([F,F]N R)/|F,R] in G is (|G,G] N K)/|G, K]; this is the part of the universal central Frattini
kernel which comes for the Schur multiplier. If G is perfect, the universal central Frattini kernel is
the Schur multiplier, and the universal central extension is the universal central Frattini cover.

1.4.2. Universal Central Elementary p-Frattini Cover. Let ¢ : pé — G be the universal p-
Frattini cover of G, and let K = ker(g). Set

. G
»G = - )
Kr[,G, K]
and let ¢ : pé — G be the induced map. Call this the universal central elementary p-Frattini cover

of G. Tts kernel is called the universal central elementary p-Frattini kernel of G. Then

(a) ¢ is a Frattini cover;

(b) ker(¢) < Z(G) is an elementary p-group;
(c) ¢ is versally repelling for Frattini covers of G with central elementary p-group kernels.
We say that G is p-perfect if ged([G : [G,G]],p) = 1. If G is p-perfect, then the universal
central elementary p-Frattini kernel of G is the maximal elementary p-group quotient of the Schur
multiplier.
1.4.3. Antecedent Central Elementary p-Frattini Cover. Recall kery; = ker}[kery, kery]. Set
kerj, = kerz[é, kery], and ker) = (ker*)P[kery, ker]. Obtain a map kery /ker — kery,41/ker) ., by

x +— zP. This is injective (see [BF02] Proposition 9.6 and [FK97] Schur Multipliers Result 3.3);
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denote the pullback of the image to pé by ker), 41 Then
kery ,; < ker;CJrl < kerg+1 < kerg41 < ker), < kery,.

We call ker),; /kerj;1 the antecedent of the universal central elementary p-Frattini kernel at level k.
When G is p-perfect, this is the part of the elementary p-group quotient of Schur multiplier which
is induced from the previous level.

With ker(, = kerj, set

ke — ﬁ )

P ker)’
we call ’;G’* — ’;G’ the antecedent central elementary p-Frattini cover at level k.

Let Gi, = ’;é Let ék — G} be the universal central elementary p-Frattini cover of Gj. Let
My = ker(Gry1 — Gi) and Vi = ker(Ggy1 — ék) Then the antecedent Gzﬂ — Gy is
characterized as the central Frattini cover of Gy41 with the property that the elements of M which

lift in G’Z 41 to have order p are exactly those in V.

2. Factored Covers

2.1. Factored Topological Covers.

2.1.1. Factored Topological Covers. Let ¥ : Z — X and ¢ : Y — X be topological covers. A
factored topological cover is a strong morphism from ¢ to ¢; that is, it is a map £ : Z — Y such
that ¥ = ¢ o &, in which case £ is necessarily a topological cover. Given ¢ and £, we construct ¢ by
composition, and given 1 and &, we construct ¢ via ¢ = 1) o €71, which is well-defined. However,
given ¢ and ¢, Aut(p) acts regularly on the set of possible £’s which satisfy ¢ = ¢ o &; yet all such

&’s are equivalent as covers. Use notation

or (¢, €), to describe the factored cover.

2.1.2. Automorphism Group Homomorphisms. Let ¢ : Z — X be a normal cover. Each
subgroup H of 7 (X, zo) containing K = v.(m1(Z,20)) acts discretely on Z to produce covers
€:Z Y =Zand ¢:Y — X, with ¢ = po&. Then £ is a normal cover with Aut(¢) = H/K, and
 equivalent to the cover produced by H as above. We may view Aut(£) as the subgroup of Aut(v)).
Then ¢ is a normal cover if and only if Aut(€)<Aut(¢)), in which case the map &, : Aut(y)) — Aut(p)
given by a +— £oaof 1 is well defined with kernel Aut(¢), and Aut(p) =2 Aut(y))/Aut(€). Otherwise,
the conjugates of Aut(§) in Aut(y) produce equivalent covers. We have an order reversing bijec-
tion between conjugacy classes of subgroups of 71 (X, x¢) containing 1. (m(Z, z9)) and equivalence
classes of covers of X through which ¥ factors. These conjugacy classes of subgroups correspond to

conjugacy classes of subgroups of the automorphism group.
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2.1.3. Monodromy Group Homomorphisms. If ¢ : Z — X is not normal, the correspondence is
between conjugacy classes of subgroups of Mon(t) and equivalence classes of covers of X through
which the normal closure 1[1 : Z — X factors. A cover of X is a factor of 9 if and only if the
corresponding subgroup of Mon(z)) is contained in Stb(¢) (the stabilizer).

Consider a factored cover 1) : Z Sy 24X Letn= deg(v)), m = deg(p), and d = deg(¢),
with n = md. Select basepoints x¢ € X, yo € ¢ *(x), and 29 € £~ (yo). The core of . (m1 (Y, y0))
in 71 (X, xo) contains the core of ¥, (m(Z, 20)) in m1 (X, zg), inducing a canonical homomorphism
Mon(1)) — Mon(p). For computation, we view these monodromy groups as embedded in permuta-
tion groups.

Let Y, = ¢ '(x9) and Z,, = ¥y~ (zo) be the fibers over the basepoint. Enumerate these sets
so that zg and yo correspond to 1. This produces a function e : N,, — N,,, induced by restriction
of £ to the fibers. It also produces monodromy representations Ty : m1(X,x0) — S, and T, :
m(X,20) — Sp. Set H = Ty(m(X,20)), V = Ty(¥u(m1(Z, 20))), G = Ti(m1(X, 20)), and U =
Ty (ps(m1(Y,y0))). Thus V = Stby (1) and U = Stbg(1).

The function e induces a homomorphism f : H — G which produces a morphism of group
actions; that is, with H and G acting on the right of N,, and N,, respectively, we have e(ih) =
e(?) f(h). This satisfies f(V) < U. Let K = ker(g); since V is coreless in H, we have V N K = {1},
so f [v:V — U is injective. This implies that |H|/n < |G|/m, and that |K| < d.

Let T = f~1(U) so that K = Ky (T). Note that T is the setwise stabilizer in H of e~*(1).
If . (m1(Z), 20) < ker(T,), then T corresponds to the cover ¢, and K corresponds to its normal
closure. The monodromy group of £ is isomorphic to T/ K (V'), and its action is given by the action

of T on e~1(1), or equivalently, on the right cosets of V in T.

2.2. Factored Ramified Covers.

2.2.1. Factored Ramified Covers. A factored ramified cover is a sequence ¢ : Z Sy S Xof
nonconstant analytic maps between compact connected Riemann surfaces. If Bpt(¢) is the set of
branch points of 1, remove them from X and their preimages from Y and Z to obtain a factored
topological cover ¢° : Z° & Y®° LN X°.

Clearly we have a containment of the branch points Bpt(y) C Bpt(¢). If Bpt(y) = Bpt(¢), then
call (v,&) conservative, because the branch point set is conserved. This is the primary situation in
this dissertation. The opposite condition is Bpt(£) N~ (Bpt(p)) = &, to which we give the moniker
liberal. These definitions are of most interest in the case the Y (and therefore X) is of genus zero.

2.2.2. Branch Cycle Descriptions of Factored Covers. Let ¢ : Z 5 Y % X be a factored
ramified cover such that Y is of genus zero. Then £ : Z — Y has a branch cycle description. Given
any two of ¥, ¢, and &, the equivalence class of the third is completely determined. Thus, its branch

cycle description with respect to a given bouquet is also determined, up to equivalence.

50



The monodromy group of ¢ can be computed as specified in the previous section. However, this
process does not find appropriate generators for the monodromy group which will lead to a branch

cycle description for &.

PROBLEM 7. Given branch cycle descriptions for any two of ¥, @, and &, find a branch cycle

description of the third.

Here, the phrase branch cycle description includes the classical generators and the branch cycles,

so that the cover is determined. Thus, this problem incorporates the following problem.

PROBLEM 8. Let  be a tuple of points in P! and let A be classical tuple about . Let p: Y — X
be a ramified cover such that the genus of Y is zero, and let g be the branch cycle description for ¢
with respect to X. Find generators for v.(m1(Y,y0)), written in terms of A, which lift to a classical

tuple on Y.

We will discuss these problems further in chapter V.

2.2.3. Branch Cycle Descriptions from Monodromy Homomorphisms. Let ¢ : Z — P! be a
ramified cover of degree n whose branch cycle description is h = (hq, ..., h,) with respect to classical
generators A. Let H = (h) < S,,, and let V = Stby(1). Let f : H — G be a group homomorphism,
where G < S,,,, U = Stbg(1), and f(V) < U. Then there exists a function e : N,, — N,,, such that
f is induced by e; define e(j) =i if 1-h=j and 1- f(h) = 1.

The pullback of U through f and then back to the fundamental group produces a cover ¢ : Y —
P! whose branch cycle description, with respect to A, is (f(h1),..., f(h)), such that there exists
an analytic map £ : Z — Y with ¢p = po&.

Suppose we are given ¥ as above and £ : Z — Y. Then ¢ induces a block system for the action
of Mon(%)), which in turn produces the functions e and f, and a branch cycle description for a cover

©:Y — P! with ¢ = p o &. This is the easy case of the Problem 7.

3. Moduli of Elliptic Curves

3.1. Elliptic Curves.

3.1.1. Elliptic Curves. An elliptic curve (E,e) is a topological torus E endowed with a complex
structure, together with a specified basepoint e. Topologically, the universal cover of E is a plane,
and the cover induces a uniquely determined complex structure on the plane; this complex structure

determines a coordinate system for the plane which is unique up to the action of
Hol(C) ={f:C—C| f(z) = az+ b for some a € C*, b € C}.

Select a coordinate z so that the universal cover ¢ : C, — FE satisfies £(0) = e. Any other such

choice differs from this one by multiplication by some a € C*.
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Let y € E and let 21, 22 € £ 1(y). Since £ is a normal cover, there exists a unique automorphism
€ Aut(€) such that p(z1) = 2zo; since £ o u = &, p is necessarily an holomorphic isomorphism, so
w(z) = az + b for some a,b € C. If a # 1, then % is a fixed point of y, and any automorphism of
a cover with a fixed point is the identity; take a = 1. Thus 2o = u(21) = 21 + b, 80 20 — 21 = b.

Let L = £ *(e); then p(0) = b, so b € L. Thus L is a discrete additive subgroup of C, and the
fibers of £ are the cosets of L in C. This canonically produces an abelian group structure on £ such
that £ is a group homomorphism. Moreover, L = Aut(§) 2 m (E,e) 2 Z X Z.

A lattice in R™ is the free abelian subgroup of the additive group R™ generated by a basis for
R™. Thus a lattice in C is any discrete free abelian group of rank two, and L = £~!(e) is a lattice in
C. Conversely, given a lattice L in C, we see that C/L is a topological torus with an holomorphic
group structure, and this structure is precisely that which would be given by the above process.

3.1.2. Isogenies. An isogeny between elliptic curves is a nonconstant holomorphic map ¢ : Fs —
FE; which sends the origin to the origin. This is necessarily surjective, and the Riemann Hurwitz
formula dictates that it is unramified.

A universal cover £ : C — F5 composes with ¢ to give a universal cover ¢ : C — Ey; if Ly and
L are the lattices thus produced, it is clear that L; < Lo as a subgroup, and that ¢ may be viewed
as the canonical homomorphism C/Ly — C/L;. If wy and ws are generators for Ly, then there exist
m,n € 7Z such that mw; and nwsy are generators for Ls. Thus ¢ is a normal cover of degree mn
with group Z/mZ ®Z/nZ. Isogenies become the obvious morphisms for a category of elliptic curves.
From the construction, one sees that two lattices produce isomorphic elliptic curves if and only if
one lattice is a complex scalar multiple of the other.

3.1.3. Automorphisms of Elliptic Curves. Let E be an elliptic curve given by a lattice L. An
automorphism of E descends from an automorphism of C given by scalar multiplication by some
a € C which preserves L, so we may view the automorphism group as a subgroup of C*. Since Aut(FE)
permutes the points of L which have minimal distance to the origin, Aut(F) is finite, and so is a
finite subgroup of the unit circle U, and thus cyclic. Since multiplication by —1 is an automorphism,

the automorphism group has even order. Let a = e™/"

be a generator for Aut(FE).

Without loss of generality, suppose that L is generated by {1, 7}, where 1 is the minimal distance
to the origin among nontrivial points in L. Then (a) C L, and Aut(E) = (a) = LN U.

Typically, || > 1, so that a = —1 and |Aut(F)| = 2. Otherwise we may take 7 = a. Since
le™/m — 1| < 1 for n > 4, either n = 2 or n = 3. In these special cases, we respectively have 7 = i

and |Aut(F)| =4, or 7 = 1%‘/5 and |Aut(E)| = 6.

3.2. Moduli of Elliptic Curves.
3.2.1. Isomorphism Classes of Elliptic Curves. Let € denote the set of all isomorphism classes
of elliptic curves, L the set of all lattices in C, and G the set of all unordered pairs {wy,ws} of

generators for lattices in C. We have a sequence of maps G — L — €. Let £ and G denote these
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sets modulo the action of C*, producing a well-defined sequence G — £ — &, where the latter map
is bijective.

Let H denote the set of complex numbers with positive imaginary parts. For {wi,ws} € G,
the ratio wo/w is nonreal, and 7 is in the upper half plane if and only if 77! is in the lower half
plane. Thus we identify G with the set of ordered pairs (w1,ws) such that ws/w; is in H, giving
an injective map G — C2. The action of C* projectivizes this, producing § — H, — PL given by
(w1,ws) — wy /ws = 7. Each element of § may be written uniquely in the form [1,7]; thus G — H,
is a bijection, which places a complex structure on G.

The group of holomorphic self homeomorphisms of the upper half plane is Hol(H) = PSLy(R),
via the action of PSLa(R) on projective points of the form [w;,ws]. This group acts transitively on
H, and this descends to an action on £. Two bases for R? generate the same lattice if and only
if they are related by an invertible matrix with integer coefficients, so the kernel of this action is
PSLy(Z). Thus G/PSLy(Z) is identified with £, and the category of elliptic curves is parameterized
by the upper half plane modulo the action of PSLy(Z).

3.2.2. The A-line. Let 7 € H, L the lattice generated by {1,7}, and E = C/L, with § : C — C/L
the natural homomorphism. The elements of order two in E are £(1/2), £(7/2), and £((1 + 7)/2),
generating a Klein four group K < E. The map ¢ : £ — FE given by y — —y is an holomorphic
group automorphism, and the action of + on E' \ K is discrete. Thus the quotient of this action is
a Riemann surface punctured at four points, which the Riemann Hurwitz formula dictates to be of
genus 0. We obtain a ramified cover ¢ : E — P! of degree two with four branch points.

Let 9 : C — P! be given by 1 = ¢ o £. Choose a coordinate z for P! so that ¢, and thus 1, are
holomorphic; any other choice for x differs by an element of Hol(P') = PSLy(C). Since PSLy(C) is
sharply three transitive, we may adjust x, as it is traditional to do, so that ¥ (0) = oo, ¥(1/2) =1,
and ¢¥(7/2) = 0. Denote the image of ¥((1 + 7)/2) by A. This produces a well-defined surjective
map A(7) : H,; — C ~ {0, 1}, which is holomorphic. We refer the closure of the image as the \-line,
denoted by P%\.

Let f(z) = x(x — 1)(z — \) and consider V = {(z,w) € C? | w? — f(z)}. Project V onto PL
and compactify to obtain a ramified cover V* — PL. This ramified cover has the same branch cycle
description as ¢, and so it is equivalent to ¢; in particular, ' = V'* which induces the structure of
an algebraic variety on E.

3.2.3. The j-line. Let E be an elliptic curve given uniquely by an equivalence class of lattices
L € L. Tt is possible to select representatives of L given by generators (1,7) such that any of the
three points of order two in F is the image of any of the values 1/2, 7/2, (1 4 7)/2. For all but
two exceptional elliptic curves, there are six possible A values, corresponding to the action of S3 on
the elements of order two in E, This gives an S3 action on P} \ {0,1,00}. The quotient space is a

punctured Riemann sphere whose points correspond to equivalence classes of elliptic curves, and the
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map to the quotient space is branched over the two exceptions. Placing the exception with an extra
order three automorphism at j = 0 and the exception with an extra order two automorphism at
7 = 1 completely determines coordinates for the quotient, whose closure we call the j-line, denoted
by ]P’;. We have a normal ramified cover j(A) : IE”}\ — IE”; with group Ss, produced as a rational
function in subsection 11.4.1. Composition of this with A(7) yields the function j(7) : H — P} given
by j(r) = §(A(7)).

The j-invariant of E is j(7). Each isomorphism class of elliptic curves is uniquely identified by
its j-invariant, and the j-line is the moduli space of elliptic curves. Specifically, an elliptic curve has

a minimal field of definition, which is given by the minimal field of definition of its j-invariant.

3.3. Moduli of Isogenies. The kernel of an isogeny factors into cyclic groups; thus the isogeny
itself factors into isogenies with cyclic kernels. Focusing on this case, consider objects (E, N) where

FE is an elliptic curve and N is a subgroup of E of order n. Define

To(n) = { [Z Z] € PSLy(Z) | ¢ =0 (mod n)}

Given two pairs (E1, N1) and (E3, N7), there is an isomorphism E; — E5 sending Ny to Ns if and
only if defining 7’s for E; and E; are in the same orbit of the action of T'g(n) on the upper half
plane. Let Yj(n) denote the upper half plane modded out by the action of T'g(n); then Yy(n) forms
a parameter space for equivalence classes of such pairs (F, N). The space Yy(n) is called an open
modular curve. We obtain a map Yy(n) — }P’} by sending the equivalence class of (E, N) to the
equivalence class of E; this map dictates a compactification of Yy(n), which is denoted by Xq(n),
by filling in the points over j = co. Moreover, there is a natural map Xo(n) — Xo(m) whenever m
divides n.

A cyclic group factors into cyclic groups of prime power order, so we might as well take n = p

for some r. This produces a sequence of open modular curves
= Yo' = Yop") = -+ = Yo(p) — P}.

Let £ : E5 — E; be an isogeny with ker(§) a cyclic group of order p”, viewed as an unramified
cover between Riemann surfaces. There is exists a cover ¢ : F; — P! ramified over four points, and
these four points are determined up to the action of PSLs(C). Let ¢ = ¢ o &; this is a normal cover
with normal factors, whose monodromy group is a nonabelian extension of Z/p” by Z/2; thus the
monodromy group is Dyr. The cover is ramified over four points with order two ramification.

Let G be D,, in the regular representation and let C' be the conjugacy class in G of an involution.
The branch cycle description of 1 is in the Nielsen class Ni(G, C%)t. This gives a map Yy(p") —
H(G, C*)2Prd ] which is a holomorphic isomorphism which commutes with the map to IP’;. In this
way, reduced Hurwitz spaces generalize open modular curves.

The group homomorphism D,+1 — D, has a p-group kernel and the property that any lift of

the involutions generating D, also generate Dyr+1. The map Yo(p"™!) — Yo(p") is identified with
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H(Dprt1, C*)abrd — H(D,r, C*)abrd and this latter map may be viewed as coming from the corre-
sponding group homomorphism. The Modular Towers construction generalizes this situation, with

any group G replacing D), and any conjugacy classes which generate G replacing the involutions.

4. Modular Towers

4.1. Hurwitz Maps.

4.1.1. Nielsen Maps. A Nielsen map is a function 0 : Ni; — Nis, where Ni; and Nis are rank r
inner or absolute Nielsen classes, such that for every g € Ni; and every @ € H, we have §(gQ) =
5(g)Q. Thus a Nielsen map is a morphism of H, actions.

4.1.2. Hurwitz Maps. A Hurwitz map is a function A : H; — Hs, where H; and Hs are rank r
inner or absolute Hurwitz spaces, which commutes with the maps to /.. Thus a Hurwitz map is a
morphism of topological covers.

It is clear that Nielsen maps produce Hurwitz maps, and vice versa. We may also use this
terminology for reduced Nielsen classes and Hurwitz spaces.

The Hurwitz maps of primary interest are those that are induced from morphisms of the ramified
covers corresponding to the points on the Hurwitz space. As we have seen, such morphisms come

from group covers.

4.2. Hurwitz Covers.

4.2.1. Inner Hurwitz Covers. Let f : H — G be a surjective homomorphism between finite
groups. Let D be a collection of conjugacy classes from H and let C = f(D). This produces a
function between the total Nielsen classes which descends to d : Ni(H, D)™™ — Ni(G, C)™. Since f
is a homomorphism, this map commutes with the braid action of H,, so it is a Nielsen map, which
induces a Hurwitz map A : H(H, D)™ — H(G,C)™. Now A has the property that A([¢/]) = [¢],
where ¢ : Y — P! is the static cover induced from v : Z — P! by the monodromy homomorphism
f- We refer to such a A as an inner Hurwitz cover.

4.2.2. Absolute Hurwitz Covers. Let H < S,, and G < S, be transitive groups and let V =
Stby (1) and U = Stbg(1). Let f : H — G be a surjective homomorphism of f such that f(V) < U
and K = ker(f) is stabilized by Abs(H). The latter condition is necessary for f to produce an
absolute Nielsen map, which in turn produces a Hurwitz map A : H(H, D)*®* — H(G, C)*> which

again reflects the monodromy homomorphism; call this an absolute Hurwitz cover. Here’s a picture.
H(H,D)" —— H(H,D)*"
H(Ga C)in - H(Ga C)ab

4.2.3. Restraining Conditions. We address the issue of which group covers f : H — G and

conjugacy classes are resonant for analysis of Hurwitz covers. In practice, the technique for analyzing
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this situation will certainly be to start with knowledge of the Hurwitz space of G, and attempt to
lift it to knowledge of the Hurwitz space for H.

If f is a Frattini cover, any lift of g € Ni(G, C)* to h will generate H, although the product
may or may not be 1; focus on this case. Every Frattini cover has a nilpotent kernel, and factors
into covers with elementary p-group kernels. Any p-Frattini cover of G is a quotient of ’;CNJ for some
k. Will will take these are the primary examples, but the first few lemmas can be stated for the case
of abelian kernels.

If C is a conjugacy class, let ord(C') denote the order of any element in it. If C is a tuple of
conjugacy classes, let ord(C) be the least common multiple of the orders of the elements in the
conjugacy classes.

Let f : H — G be a group cover with abelian kernel K. Choice of conjugacy classes breaks
into two distinct cases: ged(ord(C),|K|) = 1, and ged(ord(C),|K]|) > 1. In this dissertation, we
assume the first case. The next proposition is essentially [Fr95] Lemma 3.7, where the proof uses

the Schur-Zassenhaus Theorem.

PROPOSITION 9. Let f: H — G be a cover of finite groups whose kernel K is abelian, and let
C be a conjugacy class in G. If ged(ord(C),|K|) = 1, then there exists a unique conjugacy class
D C H such that ord(D) = ord(C) and f(D) = C.

ProoOF. By Proposition 4, all elements in H which lift ¢ € G and have the same order as g are

conjugate. Since a lift of a conjugate is a conjugate of a lift, the rest follows. O

Thus in the situation of the above proposition, we use the notation C to denote the conjugacy
classes in H as well as in G.
4.2.4. Lifts of Nielsen Tuples. The size of the fiber over a given Nielsen tuple may be bounded

in terms of the sizes of the kernel centralizers of its entries.

PRrOPOSITION 10. Let f : H — G be Frattini cover with abelian kernel K and let C be a rank
r tuple of conjugacy classes of G with ged(ord(C), |K|) = 1. Let ¢; = [K : Ck(g;)], where g; € C;.
Let g € Ni(G,C)™, and let X = {h € Ni(H,C)™ | f(h) = g}. Then

ZUDI -

X< Rz0)

PRrROOF. Let g = (g1,---,9r) and assume that there exists h = (hq,...,h,) € Ni(H,C)* with
f(h) = g. Let V; be a complement of Ck(g;) in K. Let v = (v1,...,v.—1) € V1 X ... x V,_1 and
set B = (A}, ... hy ", (B - ko7 ")~1). Note that the last entry lies over g, it is in the same
conjugacy class as h, if and only if it has the same order as h,. The last entry is forced upon us by
the product one condition, so by Proposition 4, all tuples in Ni(H, C)* over g are of this form, and

the tuples of this form are distinct. Thus there are H;:ll ¢; preimages of g with product one and
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the correct conjugacy classes in the first » — 1 slots. Adjust by the number of inner automorphisms

to obtain the result. O

4.2.5. Lifts of Nielsen Classes. Let f : H — G be a Frattini cover with abelian kernel K. Let
C be a tuple of conjugacy classes in G such that ged(ord(C),|K]|) = 1. Set

Nif(G,C)* = {g € Ni(G,C)* | 3h € Ni(H, C)" such that f(h) = g}.

We now generalize the argument of [BF02] Lemma 7.9 to count the size of a lifted Nielsen class,

under certain conditions.

PROPOSITION 11. Let f: H — G be Frattini cover with abelian kernel K and let C be a rank r
tuple of conjugacy classes of G with ged(ord(C),|K|) =1. If K < Z(H), then

INi(H, C)™| = [Nif(G,C)™.

PROOF. By Proposition 4, if g € UC, there exists a unique element h € H with ord(h) = ord(g).
Thus there is only one choice for a lift of a given Nielsen tuple, and this choice is in Niy (G, C) if the
product is one. Thus [Ni(H, C)*| = |Nif(G, C)*|. Since the kernel is central, Inn(H)| = |[Inn(G)],
and the result follows. O

PROPOSITION 12. Let f : H — G be a Frattini cover with abelian kernel K. Let C be a tuple
of conjugacy classes from G with ged(ord(C), |K|) = 1. Suppose that for every g € UC, we have
Ck(g) = {1}. Then

(a) for every g € Ni(G, C)™ there exists h € Ni(H, C)'* such that f(h) = g;
(b) INi(G,C)*| = Ni(G, C)*[|K["~Y;

. in| _ INIG.C)™||K|""2|Z(H)| _ [Ni(G.C)"||K|"2
(c) [Ni(H,C)"| = ZG)] = Tz e

PRrROOF. Let C = (Cy,...,C,) and let (g1,...,9-) € Ni(G,C)*. By Proposition 4 and the
hypothesis, the fiber over g; consists entirely of elements of the same order as g;, and are all conjugate.
Let h; € f~(g;) fori =1,...,7 — 1, and let h, = (H::_l1 h;)~'. Then f(h,) = g, so h, has the
same order as g,, and h = (hq,...,h,) € Ni(H,C)* with f(h) = g. There are |[K|"~! choices for
hi,...,h.—1, so [Ni(H,C)*| = |Ni(G,C)*||K|"~1, giving (b). Divide both sides by the number
of inner automorphisms to obtain (c). The second equal sign of (c) results from the fact that the

hypothesis implies that Z(H) injects into Z(G). O

Let f : H — G be a group homomorphism with abelian kernel K, and let C' be a tuple of
conjugacy classes from G with ged(ord(C),|K|) = 1. We say that C has a common centralizer
complement with respect to f if there exists V' < K with V < H such that V is a complement in K
of Cy(Cy) fori=1,...,r.
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PROPOSITION 13. Let f: H — G be Frattini cover with abelian kernel K and let C be a rank r
tuple of conjugacy classes of G with ged(ord(C), |K|) =1 and a common centralizer complement V

with respect to f. Then
Nig (G, )™V Z(H)|

INi(H,C)™| = K[| Z(G)|

PROOF. Let H = H/V. Since Nielsen tuples generate the group, the kernel of f : H — G
is central, so Proposition 11 implies that [Ni(H,C)*| = |Nif(G,C)*|. The map H — H with
kernel V satisfies the hypothesis of Proposition 12, so |Ni(H, C)*| = [Ni(H, C)"*||V|"~!. Moreover
Niz(G,C)"* = Niy (G, C)*, and we have |Ni(H, C)*| = |[Ni;(G,C)"[|V|"~'. Divide both sides by

the number of inner automorphisms to obtain the result. O

4.3. Modular Towers.
4.3.1. Modular Towers. Let G be a finite group whose order is divisible by p, and let C be a
tuple of conjugacy classes from G with ged(ord(C),p) = 1. An inner Modular Tower is the sequence

of Hurwitz spaces
- — H(Z+1C~¥,C)in — ’H(];C:', C)in — = H(G, C)in

induced from the universal elementary p-Frattini covers. We call H(’;G’, C)™ the k'™ level of the
Modular Tower.

For each k > 0, select a coreless subgroup *U < ’;é such that **1U maps into *U. Embed
’;é in Sy, where k = [’;é : kU], via its coset representation. An absolute Modular Tower is the
resulting sequence of absolute Hurwitz spaces. Apply the action of PSLo(C) on either the inner or
absolute Modular Tower to obtain a reduced Modular Tower. In general, denote a Modular Tower by
MT, (G, C), with extra decoration if we wish to concentrate on inner, absolute, or reduced versions.

Recall that the points on a Hurwitz space are defined over the field of moduli of a corresponding
cover, and that if either G is centerless in the inner case, or G is self-normalizing in the absolute
case, a cover exists in each equivalence class which is defined over its field of moduli. Thus we would
like to know when these conditions lift through the Modular Tower. See [Fr95] Definition 3.5 and

Problem 3.8 for a discussion of this. We report the following.
THEOREM 14. If G is perfect and centerless, then ’;é is perfect and centerless, for k > 0.

PrROOF. [Fr95] Lemma 3.6. O

4.3.2. Modular Tower Sublevels. Let MT,(G, C)™ be an inner Modular Tower. Let G}, = ’;é
and My = ker(Ggy1 — Gj). Suppose that K < My is normal in G411, and let H = Gi41/K. The
sequence Gpy1 — H — Gy, of Frattini covers induces a sequence of Hurwitz spaces,

H(Grt1,C)™ — H(H,C)™ — H(Gy, C)™;
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we call H(H, C)™ a sublevel of level k + 1 of the inner Modular Tower. Analogously define this for
absolute Modular Towers and their reduced versions.

Information regarding sublevels of a Modular Tower can help push knowledge of level k to
knowledge of level k + 1, as is the technique in chapter VII.

4.3.3. Obstruction. Let f : H — G be a Frattini cover with abelian kernel K, and let C
be a tuple of conjugacy classes in G such that ged(ord(C),|K|) = 1. Let g € Ni(G,C)*, and
select h € H"™ which lifts g to a tuple of elements of the same order(s). Let a = ITh € K; then
h € Ni(H,C)* if and only if @ = 1. Note that @ is unaffected by the action of braiding, and the

conjugacy class of a is invariant for inner tuple classes. Set
v#(g) = {a € K | IIh = a for some h with f(h) =g and h F C}.

This is the lifting invariant of g with respect to f; it is a union of orbits under the action of G on
K, which are conjugacy classes in H. If O is an orbit for the action of H, on Ni(G, C)™, then vy is
constant on O; that is, it is a braid invariant, and we can set v;(O) = v¢(g) for any g € O.

Let Ho be the component of H(G, C)™ corresponding to O. The preimage of Ho in H(H, C)™
is a collection of components. If 1 ¢ v¢(g), then this collection is empty, and we say that Ho is
obstructed by f.

Consider the case where f : Gx11 — Gy as in the previous subsection. If a component of
H(Gx, C)™ is obstructed by f, we say it is obstructed at level k + 1. There is a precise group

theoretical necessary condition for this.

THEOREM 15. Let MT,(G, C)™ be an inner Modular Tower of a group G. If MT,(G,C)™ is
obstructed at level k + 1, then the universal elementary p-Frattini cover f : Gyy1 — Gy factors as

Gri1 — Hy — Hy — Gy, such that ker(Hy, — Hy) = C, < Z(H1), with Cp, cyclic of order p.

Proor. [FK97] Obstruction Lemma 3.2. O

The conclusion above is equivalent to saying that G411 — Gy, has a central elementary p-Frattini
factor. This implies that elements in Gy, relatively prime to p have nontrivial centralizers in M, so

this result includes Proposition 12 (a).

59



CHAPTER IV

Real Points

1. Kappa Operators

1.1. Real Covers.

1.1.1. Complex Conjugation. Let n : P — P! denote complex conjugation. Then 7 is the unique
nontrivial field automorphism of C which is continuous, and we can use this to our advantage to
detect real points on Hurwitz spaces. The ideas of this section have their roots in [DF90] and
[DF94], who in turn cite [Hu91] and [KN71].

Let ¢ : Y — P! be a ramified cover. View Y as an embedded projective variety in P”, and let 9

denote the action of complex conjugation on P*. Set Y = 7(Y) and define the cover 7 : Y7 — P!

1

by T =nopon . 1

This induces an function 7, : Aut(p) — Aut(p”) given by a — oot
which is a group isomorphism.

1.1.2. Real Covers. We say that ¢ : Y — Pl is a real cover if it is defined over R. This is the
case exactly if ¢ = ¢"; suppose this is so. Then Y = Y, which identifies Aut(yp) with Aut(¢"), so
that 7, becomes an automorphism of Aut(yp). An automorphism « € Aut(p) is defined over R if
and only if & = 7. (a). The subgroup of Aut(p) of automorphisms defined over R is the set of points
fixed by 1. € Aut(Aut(p)). View 77 € Sym(Y) and Aut(¢) < Sym(Y'). The subgroup of Aut(y)
consisting of automorphisms defined over R is C () (1) < Sym(Y').

We say that ¢ is a real Galois cover if ¢ is a normal cover defined over R such that every
automorphism of ¢ is defined over R. This occurs exactly when 7, € Aut(Aut(y)) is the identity,
50 Caut(e) (1) = Aut(p). This implies that the function field extension of ¢ over C descends to a
Galois extension over R(z).

Let (9p:Y — Pl 7: G — Aut(yp)) be a static cover, and set 77 = n, o 7. We say that (¢, 7) is
a real static cover if ¢ is a real cover and 7 = 77, that is, . € Aut(Aut(p)) is the identity. This
happens if and only if ¢ is a real Galois cover; it is independent of 7.

1.1.3. Pseudoreal Covers. We say that ¢ is a pseudoreal cover if ¢ is equivalent to ¢". This
implies that the branch points of ¢ are an algebraic set over R, i.e., the nonreal points among the
branch points come in complex conjugate pairs.

All real covers are pseudoreal. It may or may not be the case that a pseudoreal cover is equivalent

to a cover which is defined over R. If ¢ is pseudoreal, then the field of moduli of ¢ is contained in
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R. If Aut(yp) is trivial or ¢ is normal, then ¢ can be defined over its field of moduli (see [FV91]
Section 1.5 and [DF94] Sections 2.4 and 3.4), so in this case, ¢ is equivalent to a real cover.

We say that (¢, 7) is a pseudoreal static coverif (¢, ) is equivalent, as a static cover, to (", 7).
Here, ¢ is normal, and if additionally Aut(y) is centerless, then (p,7) can be defined over its field
of moduli.

Pseudoreal covers arise from the fact that our method of specifying covers by branch cycle
descriptions identifies them only up to equivalence. Without extra conditions, we can only hope to
detect the field of moduli. Static covers arise from our interest in identifying fields of definition of

the automorphisms, using the combinatorics supplied by branch cycle descriptions.

1.2. General Kappa Operators.

1.2.1. Conjugation of Branch Cycle Descriptions. Let ¢ : Y — P! be a ramified cover whose
branch points ® = (z1,...,,) form and algebraic set over R. Let o € R be a basepoint for
X =P' < z. Let Yeo = go’l(xo) be the fiber over zy, and let € : Y, — N,, be an enumeration of
Y.,, which induces a monodromy representation T : 7 (X, z9) — S, whose image is G.

Let A be a loop in X based at xg, and let A = 5o X. Since 7 is continuous and 7(zg) = z¢, A is
also a loop at zg, which induces an automorphism 7, : 7 (X, z¢) — m1(X, o) given by [A] = [A].

We may compose a lift of A with 7 to obtain a lift of X. If the lift of A to y; € Y, ends at
Yo € Yy, then the lift of X to 7(y;) ends at 7(yz).

Let A = (A1,...,\) be a classical tuple with respect to (x, ), and let A = (A1,...,\,). Also
let € : 7(Yy,) — N, be given by &(7j(y)) = e(y). Let g; = T'(\;) so that g = (g1,...,9r) is a branch
cycle description for ¢ with respect to A and e. Composing paths in P! with 1 and their lifts to Y’
with 7 shows that T(M\) = g is the branch cycle description for " with respect to A and €. Thus
T(M) is the branch cycle description for " with respect to A=\and e

Let G — S, and let g € Ni(G, 7)™, and let Ty : m (X, z9) — G be given by X\; — g;. Let
ka : Ni(G,r)* — Ni(G,7)* be defined by rx(g) = Ty(M). Then ky is an involutive permutation
of the Nielsen class which detects the effect of complex conjugation of covers. We call ky the kappa

operator with respect to A. We call any bouquet isotopic to A admissible for k.

PROPOSITION 16. Let ¢ : Y — R be a ramified cover whose branch points are an algebraic set
over R, and let ¢ :' Y — R be the normal closure of . Let 7 : G — Aut(p) be an isomorphism.
Let X be a bouquet with respect to the branch points of ¢ and a real basepoint, and let g be a branch
cycle description of ¢ with respect to X, and G = (g). Then

(a) ¢ is a pseudoreal cover if and only if ka(g) = g (mod Abs(G));
(b) (¢,7) is a pseudoreal static cover if and only if kg(g) = g (mod Inn(G)).

1.2.2. Complex Conjugators. Let ¢ : Y — P! be a ramified cover defined over R, and continue

notation from above. Then the fiber Yy, is an algebraic set over R, so #(Y;,) = Yz,, and 7 acts on
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Y., The enumeration € of Y, produces an element ¢ € S,, describing this action, where ¢ = €o el

as well as an antihomomorphism Aut(¢) — S,, whose image we denote by A. Clearly c is an element
of order two, unless the entire fiber consists of real points, in which case c is trivial. We call ¢ the
complex conjugator of ¢ with respect to the enumeration of the fiber.

Let A be a loop in X based at xg. The continuity of n and 7 leads to the conclusion that
T([A\]) = ¢T'([A]))e. In particular, ¢ € Ng, (G).

Consider the significance of this when ¢ is a normal cover, in which case G is in its regular
representation. The automorphism group of ¢ is A = Cg, (G), and as we have seen, G = Cg, (A).
Thus if ¢ and all of its automorphisms are defined over R, then ¢ € G.

A necessary condition for a cover ¢ : Y — P! to be able to be defined over R is
Je € Ng, (G) such that ¢* = 1 and kx(g) = g°.

This is sufficient when Aut(yp) is trivial or ¢ is normal, because in these cases, ¢ can be defined over
its field of moduli. Thus under these conditions, a cover with branch cycle description g with respect
to A can be defined over R if and only if g is a fixed point under the action of xx on Ni(G,r)2P.
We explain further. Suppose kx(g) = g* for some a € Ng, (G). Since g generates G and a has
involutive action on g, Inn(G) contains a unique involution whose action is that of a, and we have
a? € Cg,(g). When Cg, (G) = Aut(yp) is trivial, we automatically have a® = 1, and a is uniquely
determined to be ¢. When G is in its regular representation, Aut(G) embeds in Ng, (G), so there
exists b € Ng, (G) with b = 1 and g° = g°. But here we cannot find ¢ just by looking at the group.
A necessary condition for a normal cover ¢ : Y — P! to be able to be defined over R together

with its automorphisms is
Jc € G such that ¢ = 1 and ka(g) = g°.

This is also sufficient (see [DF94] Section 3.4). When Mon(y) has a trivial center, ¢ is uniquely
determined by its action. Under the condition of a trivial center, an static cover can be defined over
R if and only if its branch cycle description g with respect to A is a fixed point under the action of

kx on Ni(G,r)n.

1.3. Specific Kappa Operators.

1.3.1. Debes-Fried Kappa Operators. In order to compute the operator sy, one selects specific
paths for A, reflects them across the real axis, and rewrites the result in terms of the original paths.
We review the paths used in [DF90] and the resulting formulae, which were then again applied in
[DF94]. Our paths are morally the same, although we have taken the liberty to write them with
counterclockwise loops, as is standard in this dissertation.

If x € C, let R(x) and I(z) respectively denote its real and imaginary parts. Let © = (z1, ..., 2,)
be a tuple of branch points in P!, defined as a set over R. Suppose that s of these points are real;

we call this an (r, s) branch point configuration. Order the points so that the real points are first,
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Zsyotr1 18 conjugate t0 Tsqart2 with S(asyoi41) < 0, and otherwise so that R(z;) < R(zi41), where
oo < z for any real z. Select zy € R so that xg > R(x;) for all i. Draw the simplest paths which
proceed from x( to the points in the given order, as indicated below with four real branchpoints and

two pairs of complex conjugates:

Representative paths for the Debes-Fried Kappa Operator.

Let A = (A1,..., ) be the resulting bouquet, which we call a Debes-Fried bouquet. Reflect
these paths across the real axis to compute . Let p; = H;Zi Aj. Then
[N e i< s
Ai = P A pise ifi=s+2t+1;
P A pivt ifi=s+2t+2.
Substitute g; for A; to obtain the effect of kx on the Nielsen tuple g = (g1,...,9.). Operators on
Nielsen sets given by this formula, with 7 branch points of which s are real, we will call Debes-Fried
kappa operators of type (r, s), denoted by £, ). To give the flavor of the results one can expect from

these considerations, we review an application from [DF94].

PROPOSITION 17. Let ¢ : Y — P! be a ramified cover which is Galois over R, all of whose

branch points are real, and let G = Mon(yp). Then G is generated by involutions.

PROOF. We paraphrase [DF94|. Let g = (g1,...,9,) be the branch cycle description of the
cover with respect to a Debes-Fried bouquet and some enumeration of the fiber over a basepoint xg,
with G = (g) < S,,. Let ¢ € G be the complex conjugator, and let k(. ,y(g) = (g1,...,9r) = cgc. Set
a; = H;=i+1 gj fori=1,...,r —1, so that ca;c = H;:H—l Ji, and compute that this latter product

is a;'. Thus ca; has order two, and G = (¢, cay,...,ca,_1). O

1.3.2. Reflection Kappa Operators. We introduce a simplified formula for the case of complex
conjugate pairs. The bouquet we use can be constructed for any cover without real branch points.
In this case, select o € R such that zq is larger than the maximum real part of one of the branch

points, and so that lines in C passing through x( intersect at most one branch point. Enumerate the

63



branch points in decreasing order of the slopes of these lines. Draw paths from the basepoint along
these lines toward the branch points, around and back. Call the resulting bouquet w = (w1, ..., w;).
Assume that the branch points are an algebraic set over R; in this case, r is even. Then the set

of lines described above is invariant under complex conjugation.

Representative paths for the Reflection Kappa Operator.

The action of conjugation on the bouquet results in the formula

R, 90) = (g7 190

Because of the shapes of the paths, we call k,, the reflection kappa operator.

1.4. Harbater-Mumford Covers.

1.4.1. Harbater-Mumford Tuples. A Harbater-Mumford tuple is a Nielsen tuple g = (g1,...,9:)
of even rank such that g1 = g5;"; this definition is from [Fr95], and is used extensively in [BF02].
A Harbater-Mumford cover is a ramified cover whose branch points are complex conjugate pairs and
whose branch cycle description with respect to a Debes-Fried bouquet is a Harbater-Mumford tuple.
We note that having a given tuple as a branch cycle description with respect to some bouquet is
a braid invariant; thus a Harbater-Mumford component of a Hurwitz space is a component which
corresponds to the orbit of a Harbater-Mumford tuple under the braid action. See [Fr95] Section
IIL.F for an interpretation of these covers in terms of coalescence of the branch points.

This dissertation makes use of the easy combinatorics provided by the shape of the branch cycle
description, and we offer a different geometric interpretation which reflects our usage.

1.4.2. Superreal Covers. Let ¢ : Y — P! be a ramified cover. Let A C (P! \ Bpt(y)), Ya =
0 1(A), and o4 = ¢ 4. Then p4 : Y4 — A is a topological cover, perhaps with disconnected
covering space. Let ¢ : A — P! denote inclusion. This induces an injective homomorphism ¢* :
Aut(p) — Aut(pa).

Consider the case where A is homeomorphic to a circle; for example, perhaps A represents a
classical generator for the cover. Let Z; denote the cyclic group of order d. Let dy,...,d; be the
distinct degrees of the components of Y4 over A, and let ng, be the number of components with

degree d;. Then Aut(pa) = ®i_; Za, 1 Sn,, -
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Assume that ¢ has no real branch points, and specify that A = P}(R) = R U {co}. Let
Y = ¢ 1(P*(R)) and let g = ¢ |v,. Let ¢ : Yg — Y denote the inclusion map. In this case, the
invariants d; and ng, can easily be determined from the branch cycle description of ¢ with respect to
the simple bouquet w. The real circle is homotopic to the product of the last /2 paths; the disjoint
cycle decomposition of this product indicates the effect of lifting the loop given by P*(R). Thus the
number of components of Yy is the number of disjoint cycles, and the degrees are the lengths of the
cycles. If no two components of Yg have the same degree, then Aut(y) is abelian. On the other
hand, if ¢ is normal, then all these degrees are the same, and Aut(¢r) = Z40.5, /4.

If ¢ is real, then the map Y — Y induces an orientation reversing self homeomorphism of Y,
denoted by 7, which is an automorphism of pr. A superreal cover is a real cover ¢ : Y — P! without

real branch points such that 7 € ¢*(Aut(p)); conjugation of ¢ produces an automorphism of ¢g.

PROPOSITION 18. Let ¢ : Y — P! be a ramified cover whose branch points are pairs of complex
conjugates. Let X be a Debes-Fried bouquet for complex conjugate pairs, and let g be the branch cycle

description of ¢ with respect to X. The following are equivalent:

(a) ka(g) =g;
(b) g is a Harbater-Mumford tuple;
(c) ¢ is a Harbater-Mumford cover.

If additionally ¢ is defined over R, these are equivalent to
(d) ¢ is a superreal cover.
If additionally ¢ is normal and Aut(p) is centerless, or Aut(p) is trivial, these are equivalent to

(e) every point in Yr is real.

ProOOF. That (a) implies (b) is an inductive calculation, and that (b) implies (a) is substitu-
tion. Also (b) < (c) by definition. Note (a) strongly implies that ¢ is pseudoreal.

Let (g) = G < S, be the monodromy group of ¢, and let ¢ € Ng, (G) be the complex conjugator
of p. Now (a) implies that ¢ € Cg,(G), which is identified with Aut(p). Since ¢ determines an
automorphism of pg, we see that ¢ is superreal if it is real.

The additional conditions for (e) ensure that ¢ is trivial. ]

1.5. Summary of Formulae. Recall the paths v = (Yoo, 70, 71) which were drawn in chapter
IT subsection 4.3. These paths are admissible for the Debes-Fried operator for three real branch

points. Set 5 = K(4,5)- In the case of two pairs of complex conjugate branch points, these determine
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a circle in C, and we select the basepoint xg on this circle. Using the product one relation, we have

(91,9%93
— — -1 —
R4(91, 92, 93, 94 91 592 1)g1 3(93 1)94394);
T
K2(91, 92, 93, 94 1)91 » 94 1a93 1);

— -1 _ —1 _ _
9z 91 7(g2 1)91 7g4 1793 1)7

~ ~ ~ ~— ~—
Il

—~ —~ —~ —~ —~
k)
=
)
N

(

(
Kk0(91, 92, 93, g4

(

Kuw(91, 9293, 94) = (921,95 " 95 1,91 1)

2. Beta Operators

2.1. Abstract Kappa Operators.

2.1.1. Abstract Kappa Operators. We begin this section by generalizing the idea behind the
kappa operators that have been developed. If we replace complex conjugation with any self home-
omorphism of P! which preserves a set of points, we can again rewrite image paths in terms of
the original paths to obtain operators on Nielsen classes. Behind this is an automorphism of the
fundamental group of P! minus the branchpoints, which is induced by the homeomorphism. Thus
we may work more generally with such automorphisms.

2.1.2. Fundamental Automorphisms. Let * = (z1,...,7,) be a tuple of points from P!. Set
X =P\ zand let 79 € X. Let G, = m(X,70) and let G be a group which can be generated by
r — 1 elements. Let Epi(G,, G) denote the set of all epimorphisms from G, to G. Choose a classical

tuple A = (A1, ..., A,) with respect to (x,z¢). This choice induces a function
Qx : Epi(G,,G) — Ni(G, 7)™ given by  f s f(X).

The fibers of 2 consist of epimorphisms which differ by conjugation in G,.. Now Aut(G,) acts on
the right of Epi(G,., G) via composition, which induces an action on Ni(G, )™, explicitly given by

Let ay denote the right operator on Ni(G, )™ induced by « in this way.

Let x denote the automorphism of GG, induced by complex conjugation, where x is an appropriate
set of points. Then ky, as previously defined, is equal to the operator so labeled from this new point
of view.

To see how this depends on the choice of A, recall that any other choice of classical generators is
of the form AQ for some @ € B,.. Let g = f(\). Since (by definition) braid action commutes with

any homomorphism f € Epi(Gg,G), we have
(gQ)arg = f(AQ)axg = (f o a)(AQ) = f(A)arQ = garQ.

Thus axg = Q taxQ.
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2.2. General Beta Operators.

2.2.1. Hurwitz Kernel Generators. Define the following elements of B,.:

Ri=Q1 QraQ’ 1Qr2Qu;

Ry=Qz - QraQ’ 1Qr2--Qf = Q7 'R1Qu;
R3=Q3 - Qr2Q}_1Qr—2- QIQs = Q5 ' RoQo;
Ry =Qr1Qr—2--Q2Q71Q2 - Qr_1 = Q4 Rr1Qr1.
Let R = (Ry,...,R.). This may be viewed as a “universal Nielsen tuple”, as we now discuss.

PROPOSITION 19. The elements Ry, ..., R, generate N, = ker(B, — H,). The braid action of

B, on G, and selection of a classical tuple A = (A1, ..., \.) induces a surjective homomorphism
Y : N, — G, given by R; — A\,

where the braid action of R; on X equals the left conjugation action of \;. The kernel of 1 is cyclic,
generated by [],_, Ri = (Q1--- Q,-1)%2", and N, /(TIR) = G, .

PROOF. Recall the shift S = Q1 - - - Q,_1, and the central element Z = S”. The Hurwitz relation
is Ry, and N, is its normal closure in B,.. Since {Q1,Q1Q2,...,S} generate B, and {Ry,..., R} is
the orbit of R; under conjugation by these generators, these elements generate a normal subgroup,

which is NV,.. Compute that
AR; = M AN (mod TIX = 1).

Thus the braid action of N, on G, induces a surjective homomorphism N, — Inn(G,) given by
mapping R; to left conjugation by A;. This is the opposite map of the restriction to N, of the
map B, — Aut(G,) we previously discussed. Compose this with the inverse of the isomorphism
G, — Inn(G,), given by that fact that G, is centerless, to obtain ¥y.

Let F, be the free group generated by A, , S\T, with map F,. — G, given by Xi — Ai. The
kernel is cyclic, generated by [];_; Ai. This factors through 1, showing that ker(yy) = (ITi—; Ri)-
In particular, N,./(IIR) = G,

This kernel is necessarily a subgroup of Z(B,) = (Z) = ker(B, — Aut(G,)), generated by the

lowest power of Z or Z~! which is in N,. From subsection 1.4.4, this element is Z2 or Z~2. O

PRrOPOSITION 20. Let Q; be a standard generator for B,. Then

RiRi 1 R if  j =1
QiR;Q; =< R, if j=i+1
R; otherwise.
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PROOF. By construction, RZQ = Riy1, 50 Q;R;11Q; ' = R;. Now suppose that j ¢ {i,i + 1}.

Assume j < i; the other case is similar. Compute

RiQi=@Q; %,1'“@%”'@];1@1'

=Qj Q1 QiQiQi Q1 Qja relation (B1)
=Qj Qi1 Qi1QiQi1--- Q- Q1 relation (B2)
=QjQi1QiQi1--QF ;- Q- Q1 relation (B1)
=Qj - QiQi1Qi-- Q7 - Q- Q1 relation (B2)
— Q.R;.

Finally, since @; commutes with R; unless j € {4,7 + 1}, we have

RiRip1R7 =QiQip1 Q- QF QiR Qi Q7% Q% - Q!
=Q;- ?2_1...QZ.RZ.HQ;1... ;21...Q;1
=Qi Q% Qi RQNQ Q% Q!
= QiR:Q; .

]

2.2.2. Beta Operators. Let G be a group generated by r — 1 elements and select g € Ni(G,r)*°.
Let fiang) : Gr — G be given by A +— g. Let ¢g : N. — G be given by g = f(x ) © ¥a; that
is, by R; — g;- We note that the dependence on A is now extraneous, since we have seen that
N,./(IIR) = G, and its necessity as a connection to braiding disappears if G is centerless; in that
case, ¥g(R;) = g; is the unique element of G whose conjugation action equals the braiding action of
R;.

Let 8 € Aut(N, )PP and define the right action of 8 on Ni(G,r)% by

g8 =1g(Ry,...,RD).

By Proposition 20, if § is left conjugation by @ € B, on N,., then the above action gives g3 = g@.
Thus this naturally extends the braid action. If we take 8 to be an inner automorphism of N,., given
as left conjugation by R, then the effect on tuples is that of conjugation by tg(R).

Let 8 € Aut(N,). Also denote by 8 the induced map

B : Ni(G,r)™ — Ni(G,r)™;

this is what we refer to as a beta operator.

Let a be a self homeomorphism of P! which stabilizes a set {zi,...,2,} and fixes co. Let
x = (z1,...,z,) and use x as a basepoint for U,.. Then « induces an self homeomorphism of
Uy, which in turn induces an automorphism of H, = my(U,,x) which lifts to an automorphism

08 € Aut(B,). This g stabilizes N,., and is a candidate for a beta operator.
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2.2.3. Conjugation Beta Operators. Let x1,...,z, € R with z1 < --- < x,. Let Q1,...,Qr_1
denote the standard generators for the braid group, as outlined in chapter II. The image of @; is
a circle whose center is on the real line. Then complex conjugation induces an automorphism of

B, = 71(O,, x) given by this effect on the generators:
B:(Qry o, Qr1) = Q7 Q).

2.3. Specific Beta Operators.

2.3.1. Focus on r = 4. We intend to compute the complex conjugation operator given in the

above manner for the case » = 4. In this case, our generators for N, are

Ry = Q1Q2Q3Q3Q2Q1;
Ry = Q2Q3Q3Q2Q1Q1;
R3 = Q3Q3Q2Q1Q1Q2;
Ry = Q3Q2Q1Q10Q2Qs.

2.3.2. Conjugation Beta Operator. Let x1,29, 23,24 € R with 27 < 9 < 23 < z4. Let Q1, Q2,

and Q3 denote the standard generators for the braid group, as outlined in chapter II.

PROPOSITION 21. Let 3 : Ni(G,r)™ — Ni(G, )™ denote the beta operator induced by
(Q1,Q2,Q5) — (@1 1,Q3", Q5.
Let k4 : Ni(G, 7)™ — Ni(G, )™ be the Debes-Fried kappa operator for four real branch points. Then
g8 =gkrs for every g € Ni(G,7)™.
PrOOF. It suffices to check this on R. We have Ry = (Ry !, (Rgl)Rfl, (R3HB4 Ry, Clearly
Rf = R;! and Rf = R;'. Proposition 20 implies that
Ry =Q5'Q51Q57Q5" Q10 = QIR QP = iRy Q! = RaBy Ry
Ry =Q5'Q5'Q:'Q'QNQy = Q5 Ry1Q3 = Q'R 'Qs = Ry 'Ry ' Ru.

3. Real Points on Hurwitz Spaces

3.1. Real Components on Hurwitz Spaces.

3.1.1. Real Components of the Configuration Space. Let S™ denote the unit sphere in R™, and
let T" = x7 ;S be the n dimensional torus. These are smooth manifolds. Identify S! with real
projective one space, P1(R) = R U {oo}.

The set of real points in U”, denoted U"(R), may be viewed as the configuration space C"(S!),
which is a connected space homeomorphic to T” ~. A"(S?).

The set of real points of U,., denoted U,.(R), consists of one component for each possible config-

uration of the branch points. The number of components is 5 + 1 if 7 is even, and % if r is odd.
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Let R, ) denote the component of U,.(R) whose points correspond to subsets of P! containing r
points, of which s are real. Then R, ) is homeomorphic to Cs(St) x Cir—s)/2(H).

Let € = (x1,...,x,) be a tuple of points from P! such that x € R(r,s)- The inclusion Ry, s — U,
induces a group homomorphism 71 (R, s), ) — m1 (U, x), where the range is the Hurwitz mon-
odromy group H,; let H(, ) denote the image. The components of the preimage of R, ) in a
Hurwitz space H(G, C)™ correspond to the orbits of H, ;) on Ni(G,C)™. With r = 4, appropriate
choices produce H(4 4y = (Q1Q2Q3) and H 4y = <Q1Q§1>.

3.1.2. Real Components of the Hurwitz Space. Let H = H(G,C)™ be an inner Hurwitz space,
with branch point map ® : H — U, defined over R. Complex conjugation acts on this cover via
an embedding of H into projective space such that [¢] — [¢"], where [¢p] denotes the point on H
corresponding to the cover ¢. Thus [p] is real point on H if and only if ¢ is equivalent to ¢".

Let Ug = U.(R), Hr = ® 1 (Ug), and g = ® [1,. The x operator acts locally to ensure that
each component of Hp is of one of three types:

(a) the component is defined over R, all points in the component are defined over R;

(b) the component is defined over R, but no point in the component is defined over R;

(c) the component is a complex conjugate of another component.
Consider case (a). Our production of the complex conjugator ¢ depended not only on A but also
on an enumeration of the fiber. Since we can continue an fiber enumeration along a path in Ug, we
see that we can choose ¢ to be constant on any component defined over R. If G is centerless, ¢ is
uniquely determined from its action on a given g. We consider how ¢ depends on a representative.
In a manner similar to braiding, the x operator commutes with conjugation inside G. If kx(g) = g,
then ka(g%) = ra(g)* = g°* = g*". Thus the conjugacy class of ¢ is well-defined, and it becomes
an invariant of the real component.

3.1.3. Real Tuples of Conjugacy Classes. Let G < S, and let C = (C4,...,C,) be a tuple of
conjugacy classes from G. Set C~! = (Cl_l, ., O We call C a real tuple of conjugacy classes
ifCc'~C.

Complex conjugation of a loop causes its winding number around a real point to be negated. If
\ is a classical loop around z € R, A~! is also. Thus the action of a kappa operator on the Nielsen
set Ni(G, r)t° restricts to an action on Ni(G, C)%¥ if and only if C is a real tuple. The following is
implied by [Fr95] Lemma C.1.

THEOREM 22. Let G < S, and let C be a tuple of conjugacy classes from G. Then H(G,C)™

is defined over R if and only if C is a real tuple of conjugacy classes.
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3.2. Real Points on Reduced Hurwitz Spaces.

3.2.1. Cover Points and Brauer Points. Let G be a centerless group. Then, every point on an
inner Hurwitz space for G produces a static cover defined over the minimum field of definition for
the point. This is no longer the case for reduced inner Hurwitz spaces.

Let p € H(G, )™ and let K be its minimum field of definition. We say that p is a K-cover
point if p is represented by a cover ¢ : Y — P! which is Galois over K. Otherwise, p is a K-Brauer
point. See [BF02] section 4.4 for an in-depth discussion of this.

Consider the case K = R and r = 4. The action of a xk operator on an inner Nielsen class is

well-defined modulo reduction. This is because if a(z) = Zzzjrrs is a linear fractional transformation,
then a(z) = gj—_tg is also. Thus if ¢ and v are weakly equivalent covers with aw = 1), then

Y = ap = ap. Moreover, the setwise stabilizer in PSLy(C) of a set of four points defined over R
is actually in PSLy(R), so if one cover with these branch points is defined over R, then so are its
reduced equivalent covers with the same branch points.

The point p corresponds to a reduced inner Nielsen tuple g, which is a set of inner Nielsen
tuples. The x operator on Ni(G,r)™ may permute the points within the set without fixed points,
while leaving the set fixed. If this is the case, then p is defined over R, and so it is a R-Brauer point.
It is the action of x on reduced inner Nielsen classes that discovers the real points on the reduced
Hurwitz space. For such a point, it the action of k on inner tuples inside a reduced inner tuple which
detects whether it is a cover or a Brauer point; it either acts trivially, or it acts without fixed points.

3.2.2. Cover Intervals. Fach cover with four branch points produces a point on j € J; which is
the PSLy(C) equivalence class of the branch points. If the cover is defined over R, the configuration

of the branch points tells us something about the j value. The following is [BF02] Lemma 6.5.

PROPOSITION 23. Let ¢ : X — PL is a four branch point cover over R with either 0 or 4 real
branch points. Then, the corresponding j value is in the interval (1,4+00) along the real line.
If ¢ has, instead, two complex conjugate and two real branch points, then the corresponding j

value is in the interval (—oo, 1).

PROOF. Recall the cross ratio of distinct points z1, . .., z4: A, = Gi=z)z2a=21) (see [Ah79] page

27 (22—23)(21—24)

79). Four points in complex conjugate pairs (or on the real line) lie on a circle and the cross ratio is
real. The cross-ratio is invariant under a transform of the points z by « € PSLy(Z). Since there is
an « € PSLy(C) that takes two complex conjugate pairs of points to four real points, with no loss

assume z has either two or four real points in its support. For these cases apply 8 € PSLy(R) to

assume 0 = z; and oo = z9. Then, A\, = z—;‘

In the former case A, runs over the unit circle (excluding 1) and in the latter case over all real

4 (A=24+22)°

numbers (excluding 0, 1 and co). The j, value corresponding to A, is j(\) = 57 AT 9] -
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For A\, € R\ {0,1} the connected range of j, includes large positive values and is bounded away
from 0. So the range of j, for real A, is (1,00). For A, = 2™ = \(#) in the unit circle (minus
1), the range of j, includes both sides of 0. Also, for 6 close to 1, the numerator of j, is positive
and bounded, while the denominator is approximately (i#)?. Therefore the range is the interval

(—o0,1). O

3.2.3. Reduction of k Operators. Let G be a centerless group and let C be a real tuple of
conjugacy classes of G. We relate the effects of various kappa operators on Ni(G, C)™", to see their
effect on Ni(G, C)™ 4. Tt convenient and harmless to assume that the kappa operators act from the

right.

PROPOSITION 24. Let g € Ni(G,C)™. Let a = (Q1Q2Q3)? and 3 = Qngl be generators for

the reduction kernel. Then gr,af = gky, SO ko = kg on reduced Nielsen classes.

PRroOOF. Compute:

grwa3 = (91,92, 93, 94) ko (Q1Q2Q3)* (Q1Q3 1)

=(91'95 1,95 91 )(@1Q2Q3)*(1Q3 )
9, (92 )% (91 1) (92 1)) (@1Q2Q3)(Q1Q3 )
9391 (g7 )99, (g5 )79, (g5 )79 )(@1Q3 )
92201 ()98, (g 1)as8s (gt)os " 9204
(92179, (9519, (927)

= (91,92, 93, 94 )k

93

—_ = = =
S
N
-
— — —  —

(
(
(
= (
(
(
(

= gRg4.

Thus k,, and k4 are equal on the reduced Nielsen class. O

The above computation was inspired by a geometric picture. Let z = (21, 29, 23, 24) arranged
clockwise along a circle, with z; conjugate to z4, zo conjugate to z3, and z1, 22 in the lower half plane,
as in the picture describing k,,. Let @ = (x1, 22,23, 24) as in the picture of k4. Let o € PSL(C) be
such that a(z) = & C R preserving order, so the a(z;) = z; for i = 1,2,3,4. Then o maps the circle
inscribed by z to the real line. Since « does not fix the real line (setwise), it is not defined over R,
so if ¢ is a ramified over z and defined over R, then a(y) is not defined over R. However, the paths
chosen for the operator x,, map to paths admissible for the operator x4, which shows geometrically
why these operators are equal on the reduced Nielsen class.

Let A = (A1, A2, A3, A1) be a bouquet admissible for ky. Rewrite the paths in the bouquet w in

terms of the paths in A; one sees that up to homotopy we have

()\17 A27 >\37 )\4) = (w1w2w1_17w1w3w1_17 Wi, U}4).
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Find a braid that takes one bouquet to the other:
leQQ - (w1w2w1_17w1w3w1_17w17w4) - (>\13 )‘23 A37 A4) - A

Therefore,
gro = 905 Q7 KwQ1Qa.
We now consider the practical implications of these considerations.

3.2.4. Computational Implications. Enumerate the elements of Ni(G, C)™* and compute the
action of M, on this set to obtain the monodromy group M < S,, (where n = [Ni(G, C)™4|) of the
cover H(G,C)™rd — 7, with respect to some basepoint jo € (1,00). According to Proposition 23,
the real points in the fiber over jj are fixed points of the action of a kappa operator for configurations
of either 4 real branchpoints or 2 pairs of complex conjugate branchpoints.

These kappa operators act directly on the Nielsen class to produce elements in Ng, (M), and
they reflect the action of complex conjugation on the cover H — J4, which is defined over R by
Theorem 22. Therefore, there exists ¢ € Ng, (M) which reflects the action of complex conjugation

on the fiber over the basepoint. Let v = (70,71, Vo) denote the images of these paths in M. Then

Y= (v (o ) m)-

Such a ¢ with this effect is unique up to multiplication by an element of Cg, (M); note that every
outer automorphism of G produces such an element.

Assume that K4 = ker(My — M,) acts faithfully on Ni(G, C)™. Every point in the fiber over jo
is represented by two inner classes of covers with four real branchpoints (related by (Q1Q2Q3)?) and
two inner classes of covers with no real branchpoints (related by (Q1 Q;l)). These points correspond
to integers in the enumeration only by attaching the same bouquet to every element in the inner
Nielsen class (for some configuration of points mapping to jo), and taking the corresponding cover,
and reducing. Each bouquet produces a different x operator, which we also view as elements of

Ng, (M). We ask which bouquet A produces a kappa operation x = k such that v* = ~v°.

PROPOSITION 25. Let ¢ be the image of ky in Ng, (M). Then
c __ —1 —1I\711
Y=o (0 ) m)-
PROOF. It suffices to show that if § is the beta operator induced by complex conjugation as in

Proposition 21, then 3 has the desired effect. Let ¢; and +y; also denote their images in M. Then

7P = (qgv (0102)°71 % (11a2q1)")
= (g5 "y "0 ey ety Day e ta ot tar Y

= (v (0 )™ 1)
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Thus the complex conjugator equivalent to k. is given by the action of x4 on the Nielsen class.
However, our preferred operator for the detection of real points will be xq, because of its relation to
Harbater-Mumford tuples. These are now related.

Let ¢ = q1q2 = 7o be the image of this braid in M. Let k4, kg, and k, denote the images in
M. Then k4 = Ky = K¢. In particular, let F), be the set of integers fixed by an operator . Then
Fl =Fy,.

3.2.5. Following. Let H be the closure of a component of a reduced inner Hurwitz space, with

ramified cover H — ]P’}. Select a basepoint jg € (1,00), and let y € H be a point over jg. For z =1

or £ = oo, let d,, denote the cycle of v, which involves y.
PROPOSITION 26. Let y be a real point over jo. If ord(d,) = 2n, then yyy is also real.

PROOF. Let ¢ be the complex conjugator for H — IP’}. Let ord(6¥) = 2n. Since y is real, it is
a fixed point of ¢, so o3, = 4, L, and the unique other point involved in ¢, , which is fixed by c is
Yoy - O

There is a geometric interpretation of this. Starting at y, move along the preimage of the closed
interval [1, 00] in H towards the ramification point over 1. If this point is ramified, continue through
the shift node and back towards the fiber over co. Alternately and repeatedly apply 71 and v to
the appropriate orders, until either one of the nodes does not have even order, or y is again achieved.
If all nodes have even order, this produces a real component of kH.

On the other hand, if one of the nodes of v or 7, involving a real point does not have even

order, this process discovers real points over the interval (—oo, 1).

4. Harbater-Mumford Fibers

4.1. The Case r =4 and p = 2.

4.1.1. The Case r = 4. We focus for the rest of the paper on the case r = 4. Here, the reduced
Hurwitz spaces are quotients of the upper half plane covering the j-line.

4.1.2. The Case p = 2. The case p = 2 presents a special situation for a Modular Tower, given

by the following.

PROPOSITION 27. Let MT,(G, C)™™ be an inner Modular Tower with centerless groups of even
order and p = 2. Let @y : Hr11 — Hyi denote the map of the inner Hurwitz spaces between the
indicated levels. Let (] € Hy41(R). Then Bpt(¢) € R. If Bpt(y) NR = @, then Dy([¢)]) is a

Harbater-Mumford cover.

PROOF. Since G is centerless and 1) is a static cover, it is defined over R. All involutions of G 1
are in the Frattini subgroup, so the branch points of ¥ cannot be contained in R by Proposition 17.
Let fr : Gk41 — G be the universal elementary 2-Frattini cover. Let h be a branch cycle

description for ¢ with respect to a bouquet A which is admissible for k(). Then g = fx(h)
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is a branch cycle description for ¢ with respect to A, where [p] = ®x([¢)]). Then there exists
¢ € Gp41 such that kx(h) = h°. Since G411 is centerless, ¢ is an involution, so ¢ € ker(fy). Clearly
fe(ka(h)) = kx(fr(h)); therefore kx(g) = g. O

This shows that the real points on level k+1 of an inner Modular Tower with p = 2 lie over points
on level k given by Harbater-Mumford covers. We call points given by Harbater-Mumford covers
Harbater-Mumford points. Since Harbater-Mumford tuples always lift to the next level, projective
systems of real points on a Modular Tower with p = 2 are exactly those given by Harbater-Mumford

points.

4.2. Duals and Perturbations.

4.2.1. Setup. Let f: H — G be a Frattini cover between centerless groups with characteristic
elementary 2-group kernel K. Let C be a tuple of conjugacy classes in G whose elements have odd
order. Our goal is to understand the cover H(H, C)"™* — H(G, C)™ . To do this, we first analyze
the fiber over a Harbater-Mumford tuple. It clarifies notation in what follows if we sometimes denote
the identity of K by e.

4.2.2. Complements. Application of Proposition 4 requires finding a complement for the cen-

tralizer in K of an element h € H. We can do this explicitly, as follows.

PROPOSITION 28. Let H be a finite group with a normal abelian subgroup K. Let h € H and
set V.={a"ta" |a € K}U{1}. Then

(a) V=[K,h] <K;

(b) K=Cy(h)a® V.

PROOF. Let a € K; then a”" € K, so V C K. The elements of V are commutators: [a,h] =
a~ta". Clearly 1 € V. Let ai,as € A. Since K is abelian, afla?aglag = (alaz)_l(a1a2)h eV, so
this is indeed a subgroup of K. Moreover, this shows that the map K — V given by a — a~'a” is

a group homomorphism. The kernel is exactly Cps(h), producing the splitting in (b). O

4.2.3. Duals. Let g = (91,97 '+ 92,95 ") € Ni(G,C)* be a Harbater-Mumford tuple, and let
h = (hl,hfl,hg,hgl) € Ni(H, C)* be a Harbater-Mumford tuple over g, that is, f(h) = g. Let
w € K. The dual of h with respect to w is
h’[e‘w] = (hla h1_17 h’g)a (hQ_I)w)
This is another Harbater-Mumford tuple in the fiber of g. If w € Ck (hs), then hl€*) = .
Suppose that w; and wy are in different cosets of C'k (h2) in K, but that plelw]l — plelwal 4 the
inner Nielsen class. Then there exists ¢ € Ck(g1) such that we = wic and wiwaee € Ck(gs). Since

H is centerless, generated by h; and hg, we have Ck(g1) N C(g2) = {1}. If W is a complement for

Ck(g1) ® Ck(g2) in K, then YW = [pleI") | 4y € W1 is the complete set of duals of h. We have

[elW]) _ |K|
|h | T ICk (g)IICK (92)]°
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4.2.4. Perturbations. Let a € K. Then hy'hy(hy')® lies over ga, so there exists b € K such
that hy(h;')*h5hyt = 1. The perturbation of h with respect to a is

h[a\e] = (h17 (hfl)av hg? hgl)'

Say that b fulfills a. Clearly we can restrict a to a complement V of Ck(¢1) in K, in which case
b is determined up to an element of Cy (g2). Then hlVI¥ = {nlelel | ¢ € V} is the complete set of
perturbations of h, with |h|V1e) = [K : Ck(g1)].

The perturbation with respect to a is homogeneous if a fulfills a. This occurs exactly when a

centralizes the middle product:
hi(hTH)*h3hst =1 < (hy'ha)® = hy thy.
4.2.5. Description of the Fiber. Let a,w € K, and set
R = (b, (h)" 15" (hy)™),
where b fulfills a. Let W be a complement of Ck(g1) ® Ck(g2) in K, and let V be a complement of
Ck(g1) in K.
PROPOSITION 29. The fiber over g in Ni(H,C)™ is
RVIWI — fplalvl ) g e vViw e W

PROOF. First note that the perturbations of distinct Harbater-Mumford tuples are nonoverlap-

ping, so the perturbations of the duals are all distinct members of Ni(H, C)™. Thus

2
RLVIW]) = |K| .
[Ck (91)*Ck (92)]
By Proposition 10, this is largest possible size of the entire fiber. O

4.2.6. Real Points in the Fiber. Henceforth, we take the real points on the reduced Hurwitz

space to be those corresponding to Nielsen tuples which are fixed by the k( operator.

PROPOSITION 30. Let hl@ = (hy, (h7Y)%, b8, hy?) be a perturbation of a Harbater-Mumford

tuple. Then Rlale] produces a real point on the inner Hurwitz space if and only if

dee Ck(g1) | cabs’ € Ck(92)-

PROOF. Note that h4(hy ') = bb"> . Compute modulo inner equivalence
nyt hyt
h[a\e]lio _ (hclzbb 2 ,(h;l)bb 2 Do, (h;l)b)
—1

— (h: (h=1)e habbhle Bl ab’2
= (h1, (hy )" h5™ " (hy) )-

The result follows. O
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CHAPTER V

Nielsen Graphs

1. Twist Graphs

1.1. Motivation. Let ¢* : Z* & P, 2 PL be a factored ramified cover of compact Riemann
surfaces. Let @ = (x1,...,x,) be the branch points of 1*; the branch points of ¢® are among
these. Remove the branch points and the fibers over them to obtain a factored topological cover
(URA Ly L X Let zo € X and let A be a bouquet on X based at zy with respect to x.

In the case that the genus of Y is zero, we would like to compute a branch cycle description
for &, given branch cycle descriptions for 1 and ¢ with respect to A. We need a tuple of classical
generators on Y with respect to which this branch cycle description will be given. Computing this
will not yet depend on ), but only on ¢. Let g = (¢1,...,9-) be a branch cycle description for ¢
with respect to A.

Let y1,...,ym be the fiber over zy. Select a basepoint, which we may as well call y;, over xg.
For each point y € (¢®)~!(x), we obtain a loop in Y based at y; around y as follows. The point y
is in the fiber over x; for some ¢, and corresponds to one of the disjoint cycles of g;. Let d be the
order of this cycle, and select an integer j in the support of this cycle. Then A¢ lifts to a loop at
y;. Since 71 (X, o) acts transitively on the fiber over xy, we may find an element a; € m (X, zo),
written as a product of \’s, such that «; lifted to 3, ends at y;. Then 3; = aj)\foz;1 is an element
of 71 (X, xg) which stabilizes y1, so it lifts to a loop at y; which proceeds towards y, goes around it,
and returns to y.

Lifting these 3’s to Y gives a candidate for a bouquet on Y. Indeed, one may use these §’s to
find the shape of the branch cycle description for the cover £. However, there is no guarantee that
the paths in Y do not cross, so we do not yet have a bouquet or a legitimate branch cycle description
for £. To alleviate the situation, we need to further control the paths «; so that we are certain the
corresponding 3;’s proceed from y; in the correct order. To do this, use a special type of graph
which tracks the relative order of the edges at a vertex.

We begin by introducing much terminology with respect to graphs. We have tried to make most
of this standard, as put forth in [Tr93], although there are some minor adjustments made for our
purposes. “Twist graph” and “Nielsen graph” are our terms; a similar concepts of “fat graphs” was
later found in [MP93]. Our usage of Nielsen graphs at level zero is similar to “dessins”, as we found

described in [CG95], which points to further literature.

7



1.2. Graphs. A graph (V, E) consists of a finite set V' together with a subset of the power set
of V, E C P(V), such that e € F = |e] = 2. The elements of V are called vertices and the elements
of E are called edges. For v € V, let V(v) = {w € V | {v,w} € E} and E(v) ={e € V | v € e}.
There is an obvious bijective correspondence between V' (v) and E(v). If w € V(v), we say that v is
adjacent is w. If v € e, we say that e involves v. The degree of a vertex v, denoted d(v), is |V (v)].

Let (V4, E1) and (Va, E3) be graphs. A morphism from (Vi, E1) to (Va, Es) is a function
f:Vi—Vy suchthat {v,w} e E; = {f(v), f(w)} € Ea.

This produces the category of graphs, and defines the notion of equivalence of graphs as isomorphism
in this category.

A subgraph (Vp, Ep) of a graph (V, E) consists of a subsets Vy C V and Ey C E such that
{v,w} € Ey = v,w € V,. In this case we write (Vo, Ey) < (V,E). If (V1,E;1) and (Va, Es) are
subgraphs of (V, E), say that (Vq,E;) < (Va, Eq) if Vi C V4 and E; C Es; that is, if (Va, Es) is a
subgraph of (V1, F1). This places a partial ordering on the collection of subgraphs of a given graph.

Let (V, E) be a graph and construct a topological space CW(V, E) as follows. For each edge
e € E, let I, = [0,1] be a copy of the closed unit interval and let o, : dI. — e be injective. Set
U = [].cp Lo and collect the o.’s together to produce a function ¢ : OU — V. Then CW(V, E) is
the fiber coproduct of ¢ and the inclusion ¢ : U — U:

o —-— U
UJ lWE

V —— CW(V,E)

wv
If (Vo, Eo) < (V, E), then CW(Vp, Ep) is naturally a subspace of CW(V, E).
A drawing of a graph (V, E') on a smooth manifold X is a continuous function f : CW(V, E) — X
such that

(a) forveV and z € CW(V, E), f(z) = floy(v)) = z = wy (v);

(b) for t1,ty € I, f(t1) = f(t2) = t1 = to;

(c) the composition fowg : U — X is smooth on the interior of U.
A drawing of (V, E) induces a drawing of any subgraph of (V| E). Any graph can be drawn on any
Riemann surface by selecting the image of the vertex set and selecting paths according to the edges.
In particular, any graph can be drawn on C.

A drawing is an embedding if it is injective. A graph is planar if it can be embedded in C.
This is equivalent to the ability to embed the graph in P'. Every graph can be embedded in some
compact Riemann surface; we briefly describe why. First draw the graph on P!'. There will be a
finite number of points of intersection of the edges. For each intersection, attach a tubular handle to
act as a bridge and remove the point of intersection. This increases the genus by 1 for every point

of intersection eliminated from the drawing.
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The genus of a graph is the minimum genus of a compact Riemann surface in which the graph
can be embedded. We point out that any embedding can be “extended” to an embedding into a
manifold of arbitrarily higher genus by attaching handles along the boundaries of disks which avoid
the image of the graph (see [Tr93] chapter 7).

An embedding of a graph into a Riemann surface X induces, for each v € V', a c¢yclic permutation
of V(v) as follows. Select a smooth loop A around a vertex which intersects every edge attached to
that vertex exactly once, and intersects no vertices or other edges. Construct a cyclical ordering of
the edges attached to v by following A in a clockwise direction. This produces a transitive (cyclic)
permutation of V(v) which is independent of A and dependent only on the isotopy class of the
embedding.

1.3. Walks and Trees. A walk in a graph (V, E) is a finite sequence of vertices (v, ..., v,)
with n > 1 such that {v;,v;11} € E for i € {0,...,n—1}; pairs of consecutive vertices in a walk are
called the edges of the walk. The number n is called the length of the walk. We call vy the initial
vertex and v,, the terminal vertex of the walk. Similarly, {vg,v1} and {v,—1,v,} are the initial and
terminal edges. The graph is connected if for every v1,vy € V there exists a walk in V' whose initial
vertex is v; and whose terminal vertex is vs.

A subwalk of a walk (vg,...,v,) is a walk of the form (vo,...,vm), with m < n. A corneris a
walk of length 2. A trail is a walk with distinct edges. A simple trail is a walk with distinct vertices
except possibly at the initial and terminal positions. A circuit is a walk whose initial vertex equals
its terminal vertex. A cycle is a simple trail which is a circuit.

A tree is a connected graph which does not admit a circuit. Note that every trail in a tree is
simple. Given two vertices in a tree, there is exactly one trail from one to the other. A subtree is
a subgraph which is a tree. In the partial ordering of subgraphs, a maximal subtree is precisely a
subtree which contains all vertices.

A root in a graph is a specified vertex, and a rooted graph (V, E,v) is a connected graph (V| E)
together with a root v. A rooted walk in (V, E,v) is a walk whose initial vertex is v. In a rooted
tree, there is a unique rooted trail terminating at every vertex other than the root.

A bush is a rooted tree (V) E,v) such that v € e for every e € E. Given a rooted graph (V, E, v),

obtain the corresponding rooted bush (V, EW), v) by setting
EW = {{v,w} |w eV~ {v}}.

We move towards setting up an induction which converts an embedded tree into the corresponding
embedded bush with special homotopy properties.

Let (V, E,v) be a rooted tree and let w € V ~\ {v}. We construct a new rooted tree (V, E(,),v)
whose vertex set is V such that w has a unique adjacent vertex. Let {w;,w} be the terminal edge

of the unique trail in V' from v to w. Note that since V is a tree, there are no edges in F between

79



distinct elements of V(w). Set
By = (BN {{w,wa} | w2 € V(w) \ {w1}}) U {{wr, wa} | w2 € V(w) N {wi }}.

Repeating this process for every vertex other than the root leads to a bush.

1.4. Twist Graphs. A twist structure on a graph (V, E) is a function ¢ : V' — Sym(V') such
that 6(v) is an element of order d(v) which fixes every point of V'~ V(v); that is, §(v) is a cycle
which acts transitively on V' (v). We may write §, instead of 6(v).

A twist graph (V, E, ) is a graph (V, E) together with a twist structure § on (V, E).

Let (V,E, ) and (W, F,€) be twist graphs. A morphism from (V, E,d) to (W, F,¢€) is a graph
morphism f : V' — W together with a group homomorphism f, : 6(V') — ¢(W) such that eof = f.00.
This produces the category of twist graphs and defines equivalence in this category.

Let ¢ = (vg,v1,v2) be a corner in a twist graph. The twist of ¢, denoted 7(c), is defined to be
the minimum positive integer ¢ such that (5{;1 (vg) = v2. Note that 7(vg,v1,v9) = d(vy).

Let ¢; and ¢y be two corners in a twist graph with the same initial edge. We say that ¢; < co if
7(c1) < 7(c2). This puts a partial ordering on the set of corners of a twist graph.

Let Wy = (vo, ..., vy) and Wa = (wo, . . ., Wy, ) be two walks in a twist graph with the same initial
edge. We say that Wy < Wy if W5 is a subwalk of W1, or if 7(vj_1,vj,vj41) < T(wj—1,wj, wit1),
where v; = w; for ¢ < j and vj41 # w;41. This imposes a partial ordering on walks in a twist graph.
In a graph with at least one edge, walks can always be made longer, so there are no minimal walks.

A drawing of a graph (V| E) on a Riemann surface induces a unique twist structure 6 on the
graph; the vertices adjacent to a given vertex v are permuted by ¢, in the order they emerge from
v. Refer to this as the twist structure induced by the drawing.

A twist drawing of a twist graph (V| E, §) is a drawing of the twist graph on a Riemann surface
such that the twist structure is induced by the drawing. A twist drawing of any twist graph exists
on any Riemann surface. A twist embedding of a twist graph (V, E, ) is a twist drawing which is an
embedding. Every twist graph has a twist embedding; this can be seen by taking a twist drawing
and resolving the intersections as we have previously discussed. The twist genus of a twist graph
is the minimum genus of a compact Riemann surface into which a twist embedding exists. Clearly
this is greater than or equal to the genus of the underlying graph. A twist graph is contrived if the
twist genus is greater than the genus, and a twist embedding is contrived if the genus of the image

is greater than the genus of the graph.

1.5. Rooted Twist Graphs. A root (v, e) for a twist graph (V, E, §) consists of a vertex v € V
and an edge e € F with v € e. A rooted twist graph (V, E, 6, v, e) is a connected twist graph (V, E, d)
together with a choice of root (v, e). We call v the root vertex and e the root edge. Rooted subgraphs

of a rooted twist graph contain the edge e.
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Let (V,E,d,v,e) be a rooted twist graph. We extend the partial order on walks initiating at
v as follows. Let e = {v,w}. Let Wy = (vg,...,v,) and Wy = (wy, ..., wy) be walks in V with
vg = wog = v but v; # wy. Declare W, < Wh if 7(w,v,v1) < 7(w,v,w;). In this way we obtain a
linear ordering on the set of walks in V initiating at v.

Let (V, F,v) be a maximal rooted subtree of a rooted twist graph (V, E, §, v, e), with e = {v, w}.
Distinct rooted trails in (V, F,v) terminate in distinct vertices, so the linear ordering on these trails
produces a linear ordering on V'~ {v}. This in turn induces a twist structure 6} on the rooted
bush (V, EW®), v); the permutation attached to v cycles the adjacent vertices according to the above
linear ordering. Now w is the maximum vertex in this order, and the trails in (V, E() () v, e)
are linearly ordered, correspond to the trails in (V, F, v) according to the terminal vertex, and this
correspondence preserves the linear ordering. Call (V, E @) 5 o, e) the corresponding rooted twist
bush.

We now take a twist embedding of (V, E, §, v, e) and a maximal subtree (V, F') to derive a twist
embedding for the corresponding rooted twist bush. We may do this by removing extra edges from
one vertex at a time. Recall that given w € V ~\ {v}, we obtained a new rooted graph (V, F{,,v).
To obtain a compatible embedding of this graph, we proceed one edge at a time.

Let wg be the vertex that precedes w in the unique rooted trail from v to w. Select w; so that

7(wp, w,wy) is minimal. If w; = wy, we are done, so assume that wy # w;. Set

Epw) = (BU {{wo, w1}}) ~ {{w,wi}},
and consider the graph (V, Ef,). We find a specific embedding of this graph.

Let f: CW(V,E) — X be a twist embedding of (V| E,d,v,e) into a compact Riemann surface
X. Let U be a simply connected open neighborhood of f(wy (w)) with smooth boundary and the
property that the intersection of QU with f(CW(V, E)) consists of exactly one point for each edge
involving w.

Consider a path which moves from wqg along f(wg(I{w,w})) up to its intersection with U,
then along OU in a clockwise fashion up to its intersection with f(wg(I{w,w,})), then from this
intersection point to wy. There is a slight homotopy of this path in X \ wy (v) which ends in smooth
path which does not intersect the interior of f(wg(I{wg,wy U lfw,w,})); call the resulting path u. Let
v :[0,1] = I{y,,w,} be an appropriate parametrization, and define
f) ifwe f(CW(V, E)) N wp(l{w,w});
ult) it e = wp().

Now f,) is an embedding of CW(V, Ep,) into X.

Inductively define Ep,ji+1 = (Eju))w). Repeat the above process to take an embedding of
(V, E})i) and produce an embedding of (V, Ej,)i+1). For n = d(w) — 1, we have E(,) = Ej,», and
we obtain an embedding of (V, E(,,) with properties inherent from the construction. Repeat this

process for every vertex w other than the root to obtain an embedding of the bush (V, E()).
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2. Nielsen Graphs

2.1. Nielsen Graphs.
2.1.1. Nielsen Graphs. A Nielsen graph of degree m and rank r is a connected twist graph with

the following properties:

(a) The vertex set is partitioned in r + 1 blocks labeled 0 through r. Blocks 1 through r are
called positive blocks. Vertices in block 0 are called hubs and vertices in positive blocks are
called nodes.

(b) There are exactly m hubs, labeled 1 through m.

(c) For every hub and every positive block there exists a unique edge between the hub and a
node in the block. No other edges exist.

(d) For every hub, the associated cycle is of the form (u; ... w,.), where u; is in block i.

(e) For every hub, every minimal trail initiating at that hub is a cycle.

A morphism between Nielsen graphs of the same rank is a twist morphism which preserves
the block numbers. This produces the category of Nielsen graphs, and defines equivalence in this
category. As we will see, a Nielsen graph is an uncontrived twist graph.

2.1.2. Nielsen Tuples produce Nielsen Graphs. There is an equivalence of categories between
Nielsen tuples and Nielsen graphs. We briefly describe this.

Let g = (g1,...,9r) be a Nielsen tuple of degree n; thus G = (g) < S,, is a transitive subgroup,
and IIg = 1. Then g produces a Nielsen graph as follows:

e the hubs are the integers 1,...,n;
e the nodes in block ¢ are the disjoint cycles of g;, including singletons;
e the edges are pairs {j, c} where j is a hub and ¢ is a cycle involving j;
e 0(c) = ¢ for ¢ a node.
Similarly, a Nielsen graph produces a Nielsen tuple by viewing d(c), for ¢ a node, as an element
of S}, and taking the product of such cycles in block i to obtain g;. The transitivity is given by the

connectedness of V' and the product one condition is assured by Nielsen graph property (e).

2.2. Branch Cycle Designs.

2.2.1. Branch Cycle Designs. A branch cycle design is an isotopy class of uncontrived twist
embeddings of a Nielsen graph in a compact orientable manifold. These canonically produce covers
of the Riemann sphere, via their correspondence with branch cycle descriptions, which we now
describe.

2.2.2. Embedded Bushes produce Bouquets. Let (V,E,§,v,e) be a twist bush embedded in a
compact Riemann surface X*. Let {zg,21,...,2,} be the image in X* of the vertex set, where x
is the image of v and {xg,x,} is the image of e. Let u; be the path from z( to x; determined by

the embedding. Let A; be a small disk around z; with the property that its boundary intersects the
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image of CW(V, E) in a single point, say x;. Let J; be a parametrization of the boundary of A, in
a clockwise orientation. Let pu} be the path from zg to x} along ;. Set m; = puf - d; - (uf)~!. Then
n=(m,...,n) is a bouquet of classical loops on X*® with respect to (x, zo).

2.2.3. Bougquets produce Embedded Bushes. Let * = (x1,...,x,) be a tuple of distinct points in
a compact Riemann surface X*® and let X = X® ~ «. Let ¢y € X and let A be a bouquet with
respect to (x, ), chosen so that A;, §;, and p} all exist as above with \; = 7 - &; - (uf) =t

Set V.={0,...,r} and E = {{0,i} | ¢ =1,...,r}. Let o be the cyclical permutation of 1,...,r
in that order; we obtain an associated twist bush (V, E,J). Select uj to be a smooth path in A;
from x} to x; such that p; = pf - p; is smooth. Define f : CW(V, E) — X* by f lwop (Io..)= #i; this
is a twist embedding of the associated twist bush.

2.2.4. Ramified Covers produce Descriptions. A ramified cover of P! of degree n with r branch
points produces a branch cycle description of degree n and rank r. To fix notation, we briefly recall
this process. Notation will accumulate in the rest of this section.

Let ¢® : Y* — P! be a ramified cover of degree m. Let © = (x1,...,2,) be the branch points
of the cover. Let X = P1 \ z and Y = Y* . ¢~ !(x) and obtain a topological cover ¢ : ¥ — X.
Select a basepoint zp € X and let y1, ..., ym be the fiber over z5. Then (X, zo) acts on this fiber
through path lifting, creating a permutation representation p : 71 (X, zg) — Sp,.

Let A = (M\1,..., ) be a bouquet of classical loops with respect to (x,zg). Let [A] denote
the homotopy class of a loop A. Let g; = p([\i]) and g = (g1,...,9r). Then g is the branch cycle
description of ¢® with respect to .

2.2.5. Bougquets in the Base Space produce Twist Embeddings of Designs. Just as selection of
a bouquet puts geometric meaning to a branch cycle description in the form of a ramified cover,
it simultaneously induces a twist embedding of the corresponding Nielsen graph into the covering
space, thus giving a branch cycle design.

Continue notation from section 2.2.4. Set
Vx ={0,...,r} and Ex={{0,i}]i=1,...,7}.

Let dx : Vx — Sym(Vx) be given by the identity for ¢ > 0 and §(0) = (1 2 ... 7). We have seen
that the bouquet A produces a twist embedding of the twist bush (V| E, §) via paths po = (1, ..., i)
as constructed in subsection 2.2.3.

Let (Vy, Ey,dy) be the branch cycle design corresponding to g.

The preimage in Y'* of the twist embedding of the twist bush (Vx, Ex,dx) produces a twist
embedding on Y* of the branch cycle design (Vy, Ey,dy) corresponding to g. The hubs map to the
preimages of the basepoint zy and the nodes in block i map to the preimages of the i*" branch point
x;. Specifically, fy : CW(Vy, Ey) — Y is constructed by defining the image of an arbitrary edge
I.; now e is an edge between a hub, say the integer j, and a node, say ¢;; (the I*" cycle in the i

branch permutation). Then fy (wg(le)) equals the lift of p; to y;.
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2.2.6. Twist Embeddings of Designs produce Bouquets in the Covering Space. Let (V, E,§) be a
branch cycle design and let f : CW(V, E) — Y* be a twist embedding of (V| F,d) into a compact
Riemann surface Y*. Let Y equal Y'* with the image of V' removed.

Select a vertex v € V and an edge e € E(v) to use as a root. Let (V, E® §®) v, ™) be the
twist bush corresponding to (V, E,d,v,e) as described in section 1.5. In that section we selected a
maximal rooted subtree of (V, E, 8, v, e) and produced a twist embedding f*) : CW(V, E(")) — Y™*
compatible with the ordering of the vertices. Let yo be the image of v under this embedding. As

discussed in subsection 2.2.2, this embedding produces a bouquet based at yq.

PROPOSITION 31. Let n = (m,...,ns) be the bouquet corresponding to the twist bush embedding

f®) . Then n is a bouquet of classical loops on'Y based at yq.

PROOF. By construction the loops emanate from yg in the given order. Also by construction,

each is a classical loop. a

2.2.7. Classical Generators in the Covering Space. Continue notation from subsection 2.2.5. Let
vo € Vy be a hub and (Vy, EL, vg) be a maximal rooted subtree of (Vy, Ey). Let 1 be the bouquet
produced by the embedding fy : CW(Vy, Ey) — Y'e, with respect to these choices. We now describe
the bouquet 1 on the covering space combinatorially in terms of the bouquet A on the base space.
This will allow us to compute information about covers of X factoring through Y using finite group
theory.

Let W = (vg,...,v,) be a walk in (Vy, Ey); the embedding fy allows us to view W as a path
in Y'* between the images of vy and v,. If n is odd, then v,, is a node; associate to this walk a loop
B(W) in X based at xp, and hence an element of m1 (X, zg), as follows.

Let b(v) denote the block of vertex v. Set b; = b(v;), d; = d(v;), and t; = 7(vj—1,vj,Vj41)-
Define

aw)= [ »-
A
The lift of «(W) to Y is a path in Y between the images of vy to v,_1, that is, between two points

in the fiber over xy. The loop in X associated to the walk W is
BW) = oc)\g:ofl.

The hub vy maps to some element of ¢~ (zg) = {y1,-..,Ym}, say yo. Select eg = {0,7} to
use as a root edge so that the order of the adjacent vertices to vy corresponds to the order of the
branchpoints as determined by A. This produces a linear order on the set of walks in (Vy, EY)
initiating at vo. Let W1,..., Wy be the trails of odd length in (Vy, EL), with W; < W; when i < j.

Note that there is a unique such trail terminating at each node. Let §; = G(W;).
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PROPOSITION 32. Let B = (01,...,8s). Then

(a) n; is homotopic in'Y to the lift of B; to yo;
(b) (B) = @u(m1 (Y, 10));
(c) IB =1.

PROOF. It suffices to demonstrate (a). This follows from the construction, because the \’s
proceed around z; in a clockwise direction, and the n’s were formed by avoiding the preimages of

x;’s by tracing circles around them in a clockwise direction. O

We call 3 the tuple of design generators produced from the branch cycle design, and the selected

rooted maximal tree.

3. Condensing, Crunching and Splicing

Let v : Z 5 Y % X be a factored cover, where ¢ : Y — X is as above. We assume that the
genus of Y is zero. Let m = deg(y), d = deg(§), and n = deg(v)) so that n = md.

We use the branch cycle design produced above to construct algorithms for producing the branch
cycle descriptions for £ and . Condensing is the process of constructing a branch cycle description
for ¢ given ones for ¢ and £. Crunching is the process of constructing a branch cycle description
for £ given ones for ¢ and . Splicing is the process of constructing a branch cycle description for

1 given ones for ¢ and &.

3.1. Condensing. Let h be a branch cycle description for i) with respect to a bouquet A on
X and suppose that f:{1,...,n} — {1,...,m} is a function which describes the map between the
enumerated fibers over zg in Ze and Y*® given by £. Then the fibers of f are blocks of imprimitivity
for the action of H = (h); then f, : H — S, is a well defined homomorphism. Let G = f.(H) and
g = f«(h) so that G = (g). Now g is a branch cycle description for ¢ with respect to A.

3.2. Crunching. Let h be a branch cycle description for i) with respect to the paths A. We
wish to find a branch cycle description for & with respect to 3; to do this, we need to find the action
of B on the fiber over .

The action of §; on the fiber in Z over zq is given by plugging h into the description of 3; as a
product of X’s; that is, we find the image of 3 in the monodromy group H of ¢ via the homomorphism
m (X, z9) — H < S, given by path lifting. Now these paths act on the fiber over y; because each
stabilizes y;. Compute the action of B on this fiber by restriction. This produces a branch cycle

description for &.

3.3. Splicing. Let u be a branch cycle description for £ with respect to the paths 3. We wish
to find a branch cycle description for ¢ with respect to the paths A; to do this, we need to find
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the action of A on the fiber in Z over zq. For reference in future work, we offer (without proof) an
algorithm to do this, which has been implemented in [GAP]. This subsection may be skipped.

Let g be the branch cycle description of ¢ with respect to A, and let D be the Nielsen graph
produced by g. Let T be a maximal tree in D based at 1 (corresponding to y; € Y).

First we enumerate the fiber in Z over xy. Define a function
spl: N,,, x Ny — N,, by spl(¢,j) = (i — 1)d+ ;.
This function is bijective. The components of the inverse are defined as
bot: N, = N,, by bot(:)=][(¢—1)/d]+1,
where [x] is largest integer less than x, and
top: Ny —N; by top(i) =((i —1) (mod d)) + 1.

In this way, each integer between 1 and n has a top part and a bottom part. We enumerate the
fiber in Z over g so that £(2;) = Yuot(s)- Thus it remains to attach the top part, which is an integer
between 1 and d, to each element of {1 (y;) for j € N,,.

The existence of u presupposes assignment of the top part for the fiber over y; let {z],..., 25}
be this fiber. In order to push this enumeration to the fibers over the other y;’s, construct a path
inY from y; to y;. We do this as follows. Select one of the branch points on X to be the primary
branch point for this process; for simplicity, we choose the first. Then j in involved in a unique
cycle ¢ of A1, and there is an edge from y; to ¢ in D. Let W’ be the unique trail in 7' from y; to
c. Either y; is the second to last vertex in W', or y; is not in W’. In the first case, let W be the
subwalk of W’ which terminates at y;. In the second, let W be W' extended by y;; in this case, W
is a walk in D but may not be in T. FEither way, W produces a well-defined homotopy class of a
path in Y from y; to y;. Lift this path to the various points of the fiber in Z over y; to transfer the
top enumeration to the fiber in Z over y;. This enumerates ¢~ !(x¢) as {z1,...,2n}.

Now we need to compute the action of the classical generators A for 71 (X, o) on this fiber. The

algorithm is:

(1) For j € {1,...,m}, apply the action of u,; to the fiber over y;; that is, construct a permu-
tation h; of {1,...,n} so that h(k) = spl(bot(k), top(k)™).

(2) Construct a conjugator v so that if h; = (h})", then (hq,...,hs) is a branch cycle descrip-
tion for .

Construct v as follows: Let W; ; denote the walk described above, only this time to any node
involving y; over branch point ;. Then W, ; and W; ; both terminate at v;. Concatenate the second
to last vertex of Wi ; to W; ; and call this L. Similarly concatenate the second to last vertex of
Wi ; to Wi ; and call this Ly. Let Wy denote the walk corresponding to the k*® entry of w. Then v
is the product of ug, in the order of the walks, for every k satisfying L1 < Wy and Wy < Lo, when

86



L1 < L. If Ly < Ly, then switch the roles of L1 and Lo in the above statement and take the inverse
of the product thus obtained.

We need to explain how this works. Let’s first give a simple case. Let m = 5 and d = 8. Suppose
that the cycle of \; containing 1is (1 4 5 2 3). and that 3; = A}. Lifting \; to y1, and then to the
fiber {z1,..., 24} over y;, induces and enumeration of the fiber over y,; specifically, the endpoint of
the lift to 24 is zo7 since spl(4,3) = 3d + 3 = 27. Powers of A; push the enumeration around the
cycle until it gets back to the beginning, at A®, and these fiber points have already been enumerated.
But \° is just 31, and we are given the action of £y on {z],...,24}; it is u.

All of the @’s are conjugates of powers of some given A, and the above point of view carries over
to conjugates (the conjugation is part of the numbering scheme). So this gives the action of A; with
respect to enumeration by paths which are lifts of paths to a point near ramification of A;. The
trick is to relate the enumeration induced by varying the branch point. This is done by constructing
the path which proceeds to a node over branch point 1 containing an integer j and the path which
proceeds to a node over branch point ¢ containing j. Concatenating the first path with the inverse
of the second creates a loop in Y. This loop is the product of some classical generators for m (Y, yo).
The action of this loop on the enumeration of the fiber over y; is exactly the renumbering we need
to accomplish.

The walks that correspond to classical generators of 71 (Y, ) are either completely inside the
loop given by Wy ; * W, ! or intersect it by entering the loop through the point of concatenation

0,j
y;, are exactly those W, described by Ly < Wy, < Ls.

4. Full and Final Ramification

4.1. Designs on Reduced Rank 4 Hurwitz Spaces.

4.1.1. Set Up. In our study of collections of ramified covers with fixed monodromy groups, our
usage of branch cycle designs is not on the covers themselves but rather on the reduced rank 4 inner
Hurwitz spaces which parameterize them. We outline the idea.

Let f: H — G be a p-Frattini cover of finite groups, and let C' be a rank 4 tuple of conjugacy
classes with ged(ord(C),p) = 1. Let Ha C H(H, C)™* be a component and let H; C H(G, C)™rd
be its image, yielding a factored ramified cover

vty S £

Computation of the braid action on the orbit O C Ni(G,C)™*! corresponding to H; gives a
permutation representation v = (70,71, %e0) F 7, Where (¥) < S|p| is the monodromy group of *;
use the Riemann-Hurwitz formula to compute the genus of H$. If this is zero, then the branch cycle
design for 7 produces classical generators for m (HS, o), where yg € kHY.

The design generators are written in terms of vy, 1, and 7, and yg corresponds to a cover which

is given by a Nielsen tuple g = Ni(G, C)™™. To understand Hs, we may apply these generators
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directly to the preimage of g in Ni(H, C)™™ via braiding, obtaining an action on the fiber over g
which produces the monodromy group of the cover H3 — H3.

4.1.2. Trivial Action. The branch cycle designs may produce complicated generators. We would
like to be able to rule out as many as we can, and then if possible, simplify the remaining paths.
By rule out, we mean deduce that they have trivial action. When this is the case, no ramification
occurs above the node which corresponds to the generator with trivial action, and we can eliminate
that generator from the design tuple.

Trivial action here is of two types: trivial action on the next Nielsen class under consideration,

or trivial action for any cover by a reduced rank 4 Hurwitz space. We consider the latter case first.

4.2. Final Ramification. Let H be a component of an reduced rank 4 inner Hurwitz space,
with associated cover ¢ : H — J4. Let y € ¢~1(0,1) be a node of ¢. Recall the mapping class cover
V4 — 74, which is universal for reduced rank 4 Hurwitz spaces. We say that y is finally ramified
in H if y is not a branch point of Y, — 7.

Any node in H; over 0,1 € J; which ramifies in H; — Jy will have an unramified fiber in
Ho. This is because ramification over these points is always of prime order (order 3 and order 2
respectively). Such nodes are finally ramified. If all nodes over «y; for i = 0,1 are finally ramified,

we say that -y; is finally ramified in H;.

4.3. Full Ramification. Let y € H; be a node (that is, ¢(y) € {0,1,00}). We say that y is
fully ramified with respect to f : H — G if it is not a branch point for the cover £°* : H§ — HS.

Suppose ¢(y) = oo; let J§, be the v, cycle corresponding to y. Let ¢ be an integer in the support
of ¢,, corresponding to a point y; € H; in the fiber of H;y — J over a basepoint in J, and let
g = (91,92,93,94) € Ni(G, C)™ be the reduced Nielsen tuple corresponding to ;.

The order of ¢, is the length of the v, orbit containing g. Since v acts as @2, this orbit length
is tied to the middle product order mpo(g) = ord(g2gs). Specifically, ord(d,) divides 2 - mpo(g).

Let z € Hs be in the fiber over y, with associated Nielsen tuple h = (hi, ha, h3, ha), so that
f(h) = g. If ord(s,) = ord(d,), then z is not ramified over y. If ord(d,) = 2 - mpo(g), then
ord(d,) = 2 -mpo(h), and z ramifies if and only if mpo(h) = p - mpo(g).

4.4. Arrangement Factorization.

4.4.1. Arrangement Covers. Let H(G,C)™ be an inner Hurwitz space. The Hurwitz mon-
odromy group acts on the arrangements of the conjugacy classes through a quotient of S, and the
stabilizer of a given arrangement produces covers A(G, C)™ — U, and A(G,C)™* — 7., through
which the corresponding Hurwitz spaces factor. The map H(G,C)™ — A(G,C)™ is obtained by
sending a branch cycle description to the corresponding arrangement of its conjugacy classes. One

may equivalence by Abs(G) to obtain an absolute version of this.
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Let r = 4. In this case, arrangement spaces can give information about final ramification. Note
that in this case, Hy4 acts on arrangements through Sy, and the reduction kernel IA(4 from Hy to My
acts through the normal Klein four subgroup of Sy.

Consider the case where the conjugacy classes are distinct. Then A — U, is a normal cover
with group S;. The reduced cover A" — 7, is normal with group S3 = S4/Ky4, with S5 in its
regular representation. In this case, both vy and ~; are finally ramified in A, and so they are
finally ramified in H*<.

4.4.2. Bipolar Tuples. Let ¢ be an odd prime and let G be a group whose elements of order ¢
lie in two conjugacy classes, labeled C; and C_, which are swapped by an outer automorphism.
We call C‘Ii = (Cy,C4,C_,C_) a bipolar tuple of conjugacy classes. These arise in the following
situation.

Consider G = PSLy(F,), where ¢ is an odd prime. Let g = [(1) ﬂ and h = [i Z], where
a,b,c,d € F, and ad — bc = 1. One quickly computes that g is an element of order g and that
h=lgh = ¢® if and only if c = 0, ad = 1, and d? = z in F,. So exactly half of the nontrivial elements
of the cyclic subgroup generated by ¢ are conjugate to it. All other elements of order ¢ are conjugate
to a power of g by Sylow’s theorem. Yet a change of basis given by conjugation from GL,, (F,) will
produce an outer automorphism which swaps the conjugacy classes.

Let C = C'qzi be a bipolar tuple from a group G, and consider A(G, C)™* — 7,. There are
three reduced arrangements of the conjugacy classes upon which S3 acts in its standard representa-
tion; 4o must act as a three cycle, so it is finally ramified in A(G, C)™ (see chapter VII for more
details).

Suppose we can find elements in SLy(F,) in conjugacy classes above C and C_ whose product
has order 4. Conjugate this pair by an element of the centralizer of the product to obtain a generating

4 tuple with product of order 2. Its image in PSLy(F,) is a Nielsen tuple which does not lift to
Ni(SLy(F,), C)™.
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CHAPTER VI

Automorphisms and Spin Covers

1. Universal Elementary 2-Frattini Covers of A; and Aj

1.1. Restricted and Induced Modules. Let G be a finite group with H < G. We will work
exclusively over the field Fy. Let 1 = Fy, viewed as a one dimensional module with trivial action.

Let M be a Fy[G] module. The Fy[H] module given by restriction, denoted Res% (M), is given
by restricting the action of G on M to the action of H on M.

Let 1 = 1y be the trivial Fo[H] module. The F5[G] module induced by 1g, denoted Ind$ (1),
is viewed to be the vector space over Fo of dimension n = [G : H| which is freely generated by the
left, cosets of H in G; that is, points in Ind% (1) are sums of cosets. The action of G on Ind% (1) is
given by the action of G on the cosets by left multiplication.

The augmentation map o : nd% (1) — {0,...,n} is given by S0 a;giH +— Y. a;, where
g1,--.,9n are coset representative for H in G, and ay,...,a, € {0,1}. To compress notation, we
typically enumerate the cosets, producing an explicit isomorphism Indg(l) — F3, and write an
element of Indfl( 1) as a tuple containing zeros and ones. The augmentation map counts these ones.

An induced module Indg(l) always contains a submodule generated by the sum of the cosets,
upon which G acts trivially; denote it by Trvg(l). Let & denote the quotient of the augmentation

map by Trv&(1); its range is {@ | a = 0,...,n} with @ = {a,n — a}.
1.2. Universal Elementary 2-Frattini Module of As.

THEOREM 33. Let ¢ : %A5 — As be the universal elementary 2-Frattini cover, and let Dy be the

normalizer of a five cycle in As. Then the universal elementary 2-Frattini module of As is

My(As) = Indg; (1) /Trvgi (1).
PRrROOF. [Fr95] Proposition 2.4. O

Since we are interested in comparing A4 and As, it is convenient to slightly modify the previous
notation. Unless otherwise indicated, explicitly take Ay to be in its standard representation, with
Ay < As given by Ag = Stba,(5), and Ds = ((1 2 3 4 5),(2 5)(3 4)) < As.

Let Us = %Ag, and let M = My(As) be the universal elementary 2-Frattini module of A5. By
Proposition 6, M = {a € Us | a*> = 1}. We now use this characterization of M to describe the

conjugacy classes of involutions in Us.
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PROPOSITION 34. The conjugacy classes of involutions in Us are
(1) M) ={ae M|a(a)=2}, with |M}| = 15;

(2) M} ={a€ M |ac(a) =3}, with |M}| = 10;

(8) M} ={ae M|c(a)=1}, with |ML| =6.

Let V.= My U{1}. ThenV is a submodule of M, and V = [Us, M].

PrOOF. Enumerate the cosets of D5 in A5 to obtain a permutation representation p : A5 — Sg,
which induces a linear representation A5 — F$, thus realizing Indg55 (1) as an Fy[A5] module. View
As as acting on coordinate slots via p. The universal Frattini module M is the result of modding out
by the fixed subspace Trv‘gi (1) ={(0,0,0,0,0,0),(1,1,1,1,1,1)}; thus two hexatuples are equivalent
if and only if they are complementary.

If two tuples are in the same orbit, they must have the same number of ones. There are (2)
tuples with k ones. Since the one slot stabilizer Dy acts transitively on the other slots, A5 acts
doubly transitively on six slots. Thus As acts transitively on sets of tuples with 0, 1, 2, 4, 5, or
6 ones. Those with k£ ones are equivalent to those with 6 — k ones; modulo equivalence, this gives
orbits of sizes 1, 6, and 15; the latter two are M{ and M.

The action of A5 on tuples with 3 ones in not transitive, because the two point stabilizer of As on
slots is an involution acting on four slots as a pair of transpositions. This breaks the set of tuples with
3 ones into two orbits. However, equivalent tuples lie in separate orbits because complementation
commutes with the action. Modulo equivalence, this gives one orbit M} containing 10 tuple classes.

Since V' is the union of conjugacy classes, it is a submodule if it is a subgroup. One sees that
this is so because we equivalence tuples with two cosets to their complements. It is also clear that
V' is a minimal subgroup of Us, so we show it contains the stated commutators. Let a € M and
g € Us. Then [g,a] = g taga = a%a € M. If a € M \. V, then so is a9, and since V has index two
in M, we have aa? € V. O
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View the elements of M as equivalence classes of hexatuples, with the equivalence class of

(21, 22, 23, 24, 25, 26) denoted by [z1, 22, 23, 24, 25, 26|, where z; € Fs.

PROPOSITION 35. Let g € As have order three and let a € M),. Then aa%ad” " =1. If h € Uy is
a lift of g of order three, then (h,a) = Ay.

PROOF. The element a is an equivalence class of hexatuples, with two ones and four zeros.
Renumber the slots so the orbits of g are the first three slots and the last three slots, and so that
either a =[1,1,0,0,0,0] or @ = [1,0,0,1,0,0]. In the first case,

aafa? = [1,1,0,0,0,0] +[0,1,1,0,0,0] + [1,0,1,0,0,0] = [2,2,2,0,0,0] = [0,0,0,0,0,0].
In the second case,
aafad = [1,0,0,1,0,0] +[0,1,0,0,1,0] + [0,0,1,0,0,1] = [1,1,1,1,1,1] = [0,0,0,0,0,0].

Thus (a,a") is a Klein four subgroup of V, and (a, h) is a semidirect Thus (a,a”) is a Klein four

subgroup of V', and (a, h) is a semidirect product isomorphic to Ay. O

PROPOSITION 36. If ¢ € {3,5}, then the map a — Ca.(a) produces a bijective correspondence
between M, and the normalizers of Sylow q-subgroups of As.

If a € M}, then Ca,(a) is a Sylow 2-subgroup of As. Fach element a € M} is in a unique
Klein four subgroup K, <V such that the map K, — Ca,(K,) produces a bijective correspondence
between {K, | a € M3} and the Sylow 2-subgroups of As.

Ifa € M, then Cy,(a) = p=*(Ca,(a)). Therefore

(a) a € M= |Cy,(a)] =128;
(b) a € M} = |Cy.(a)] = 192;
(c) a € M = |Cy,(a)| = 320.

PrOOF. The action of A5 on M, is transitive on x = |M;| points, so the one point stabilizers
are of index = in As. If ¢ = 5, then x = 6 and these are the D5 subgroups which normalize a
Sylow 5-subgroup. If ¢ = 3, then x = 10 and these are the S5 subgroups which normalize a Sylow
3-subgroup.

If ¢ = 2, then x = 15 and the one point stabilizers are the K, subgroups which are the Sylow
2-subgroups of As. Thus let a € M} and let K = Cy,(a) be the centralizing 2-Sylow. The other
two points in M} centralized by K are in the orbit of a three cycle in As which normalizes K.

The statement that Cp, (a) = ¢~ (Ca, (a)) reiterates that the conjugation action of Us on M is
given by lifting elements from As. The final statement on orders follows from these considerations.

O
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1.3. Universal Elementary 2-Frattini Module of A4.

THEOREM 37. Let ¢ : %fl5 — As be the universal elementary 2-Frattini cover, and let Zy =

AsN Ds. Then ¢ [,-104,): 0 Y(Ay) — Ay is the universal elementary 2-Frattini cover of A4, and

Mo(Ay) = Res’y® (Mo(As)) = Ind ! (1).

PrOOF. [Fr95] Proposition 2.9, or [BF02] Proposition 5.6. O

Henceforth, with ¢ as above, set Uy = p~1(A4) =2 1A4,.

PROPOSITION 38. Let K4 denote the Sylow 2-subgroup of A4, and let C be a conjugacy class of
three cycles in Ay. Then the conjugacy classes of involutions in Uy are

(1) J1 =Cyn(Ky) {1} € M, with |J1] = 3;

(2) Jo =ML~ Jy, with |J] = 12;

(3) J3 =UgecCum(g) C Mg, with |J3| = 4;

(4) Jy = ML~ J3, with |J4| = 6;

(5) Js = ML, with |J5| = 6.
The proper nontrivial submodules of Mo(A4) are Vi = Jy U {1}, V3 = J3 UV, and V. Again,
V = [Ugy, M].

PROOF. The list of conjugacy classes, and the fact that V; is a submodule, follow from Propo-
sition 36. The appearance of J; and J3 are obtained by collecting together the elements which are
centralized by some Sylow 2-subgroup of Ay. If a1,as € J3, compute directly from the cosets that

ajas € V1. Thus V3 is a subgroup, and so is a submodule. O

PROPOSITION 39. Let a € M. Then

(a) a€ Jy = |Cy,(a)]
(b) a € Jy = [Cy,(a)
(c) a€ Js=|Cy,(a)l
(a)]
(a)]

128
32;
96;
(d) ae Jy=|Cy,(a 64;
64.

(e) ae Js = |Cy,(a

PROOF. We have Cy, (a) = Cy, (a) NUy. The elements of J; are centralized by the preimage of
K, € A;. The elements of Jy are centralized by elements of M; if a € Js, its full centralizer in Uy
comes from a conjugate of K4 in As. For J3, an involution in As which normalizes a 3-Sylow is not

in A4, and does not lift. O
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2. Automorphisms of U,

2.1. Automorphisms of Universal Frattini Covers. Let ¢ : H — G be a group homo-
morphism with characteristic kernel. For o € Aut(H), define a, € Aut(G) by a.(g) = ¢(a(h)),
where h € p~!(g). This produces a well-defined homomorphism ¢, : Aut(H) — Aut(G) given by
a +— a,. Let Aut(H,p) = ker(p.); this is the group of automorphisms of H which preserve the
cosets of ker(y). Also set Inn(H, ) = Aut(H, ¢) NInn(H), and Out(H, ¢) = Aut(H, ¢)/Inn(H, ¢).
Then Out(H, ¢) is the image of Aut(H, ¢) in Out(H).

It is clear that .(Inn(H)) < Inn(G), and if ¢ is surjective, this is equality. If ¢ is a Frattini
cover, then every inner automorphism of G lifts to an inner automorphism of H. In this case,

(Out(H)| = . (Aut(H)) : Tin(G)]|Out(H, ¢)|

PRrROPOSITION 40. Let G be a finite group and let ¢ : Iljé — G be its universal elementary
p-Frattini cover, with M = ker(yp). Then

(a) M is characteristic in ;GN;

(b) ¢ : Aut(}né) — Aut(Q) is an epimorphism, with kernel Aut(zl,é, ©);

(c) @ : Out(;é) — Out(G) is an epimorphism, with kernel Out(zl,é, ©).

PRrROOF. By Proposition 6, M = {a € 11,(? | a? = 1}, so it is characteristic. Thus every auto-
morphism of })CNT' descends to an automorphism of G. If @ € Aut(G), then «a o ¢ is an elementary

p-Frattini cover of GG, and the universal property produces & € Aut(zljé) which lifts «. |

Let ¢ : p@ — G be the universal p-Frattini cover of G, and let a@ € Aut(G). Since a0 1) is a
p-Frattini cover, there exists an homomorphism J : G — @ such that 1) = aotpoB. By the Frattini
property, this is surjective, and since G is profinite, it is an automorphism. Now 37! descends to an
automorphism of G which lifts « if and only if kery is stabilized by §. As noted in [BF02] Lemma
3.10, if kerq is characteristic, then so is kery, for k > 1. If all of the p-Sylows of G intersect in {1},
for example if G is a simple group, then kery is characteristic. However, whether or not kerg is

characteristic, we have the following.

PROPOSITION 41. Let 1) : pé — G be the universal p-Frattini cover of G, and let o € Aut(G).
Then there exists & € Aut(,G) such that é(kerg) = kerg, and o & = a0 1.

PROOF. The universal elementary p-Frattini cover of ’; G is ’;“é. Iterate the lifts of a given by

Proposition 40; the projective limit will be an automorphism of pé as claimed. ]
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2.2. Automorphisms of p-Groups. The Burnside Basis Theorem states that the Frattini
subgroup ®(P) of a p-group P is generated by p'" powers and commutators (see [Sc87] 7.3.10 or
[R0o93] 5.3.2, or [FJ86] Lemma 20.36 for the profinite case). As a consequence, P/®(P) is a vector
space over [F,,, whose automorphism group is GL;(F,); here, ¢ is the rank of P. Let ¢ : P — P/®(P)
be the canonical homomorphism and let Aut(P, ¢) denote the subgroup of automorphisms which are
trivial on P/®(P). A theorem of P. Hall concludes that |Aut(P, )| divides p**, where p* = |®(P)|,
and that |Aut(P)| divides p** [['4(p" — p*) (see [Sc87] 7.3.11 or [R093] 5.3.3).

We apply the method proof to the universal elementary p-Frattini cover ¢ : P, — Py = IF;,. In
this case, ker(¢) = ®(Py). The universal p-Frattini cover of P, is pﬁt, the pro-free pro-p group on ¢
generators. The kernel of pl*:’t — Py is the Frattini subgroup of pﬁt, so it is characteristic, and the
profinite version of the Nielsen-Scheier formula implies that the rank of ®(,F}) (and of ®(P,)) is
s=1+(t—1)p* (see [FI86] Proposition 15.27).

PROPOSITION 42. Let Py be an elementary p-group of rank t, and let o : P — Py be its
universal elementary p-Frattini cover, with kernel M. Let @ = (x1,...,x:) be generators of Py, and
fora=(ay,...,a;) € M, set € ® a = (z1a1,...,74a:). Let s =1+ (t —1)pt. Then

(a) for every a € M* there exists a unique automorphism &g of Py such that £q(x) = © a;

(b) Aut(Py,¢) ={&a | a € M'};

(c) [Aut(Pr)| = [Aut(Py, 9)| - [Aut(Py)| = p* - ([TiZo(p" — 7).

PROOF. Let ¢ : p]5 — Py be the universal Frattini cover of Py, with kernel kerg. Then p15 is
a pro-free pro-p group on ¢ generators, given by lifting « to & = (Z1,...,3¢). Let @ = (a1,...,a:)
be a lift in pP of a. Since pP is pro-free, there exists an homomorphism g}z : pP — pf’ defined
by & — & ® a. Since (& ® @) generates Py, £ is necessarily an epimorphism by the Frattini
property, and since pP is profinite, it is an automorphism. Moreover, it is clear that g& preserves
kerg, and since ker; is characteristic in kerg, this descends to an automorphism &, : P, — P; with
the prescribed effect. Every element of Aut(Gy, ) is necessarily of this form. Since |M| = p® and
Aut(Fp) = GL4(F,), the last formula follows. O
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2.3. Automorphisms of Split Groups. We plan to combine Proposition 42 with the follow-
ing lemma to obtain information about Aut(Uy). Call a semidirect product K x H faithful if it is given
by an antihomomorphism p : H — Aut(K) with trivial kernel. Let A = Aut(K) and set C4(H) =
Cu(p(H)) and No(H) = Na(p(H)). For o € No(H) and h € H, set h* " = p~Y(a(p(h) o a~1)).

PROPOSITION 43. Let G = K x H be a faithful semidirect product. Let A = Aut(K) and let
a € Ny(H). Then o extends to o, € Aut(G) given by a, : kh — a(k)h® .

PRrROOF. Every element in ¢ € G may be written uniquely as g = kh, so the indicated map is

well-defined. For simplicity of notation, identify H with p(H). Compute

o (kyprkapa) = o (kyp1(k2)p1pz)
= a(k)a(p1 (k) (p1p2)*
= a(k)py (a(k))ps o5
= a(k)ps alk)ps .

O

2.4. Automorphisms of Uy. Let ¢ : H — G be a Frattini cover, and let h € H. Let
Aut(H, h) denote the group of automorphisms of H which fix h. If the conjugacy class of h in H
is characteristic, then every automorphism of H differs from an element of Aut(H,h) by an inner
automorphism. In this case, the map Aut(H, h) — Out(H, ¢) is surjective. This applies for H = Uy
and G = A4, and allows us to find Out(Uy).

PROPOSITION 44. Let hy and hy be conjugate order three generators of Uy. Let x1 = hihihs and
29 = hihohy. Thenord(x;) = ord(ze) = 4. Let Py be the normal 2-Sylow of Uy. Then Py = (21, x2).
Let A= Aut(Py), ai,a0 € M, and £ = &, as in Proposition 42. Then & € Ca(hy) if and only if

a1 €V and as :afl”.

In this case, & extends to an automorphism of Uy such that E(hy) = hy and &(h2) = haa;.

PrROOF. Let g1,92 € Ay be conjugate elements of order three which lift to h; and he. Then
gflgg has order two, and its lift x1 has order four. Let x3 = hohihy; since o = xé“ and z3 = xg”,
these elements also have order four. Also x; and x5 generate P; since they lift generators from Py,
where Py is the 2-Sylow of A4. The kernel of P; — Py is M, so all automorphism of P; which are
trivial on Py are of the form &,, with aj,as € M. Note that x3 = (z221)~!. Compute

1 1,.—1 x3

-t —1
E(x3) = (zoagmiar) ™t = arzy tagry ' = 27wy talay? = xzaitay® .

Now £ and p commute in A if and only if they commute on the generators z; and xo. Compute

pé(x1) = plzrar) = z2ay’  and  Ep(x1) = &(72) = @2a2;
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thus ag = a2, Also

-1
pE(z2) = p(r2a2) = waah’  and  Ep(xa) = &(ws) = wsai®ay’® .
1 —1 —1 p—1,—1
Thus a}' = a¥?a5? ; replace as with al* to get a;“ = a;uhl a?z i Conjugate by h; to arrive at
-1
a; = a?"’a}fz . By Proposition 35, this condition is satisfied by every a; € V. By Proposition 43, £

extends to an automorphism of Uy which fixes hy. Finally, £(hg) = hié(x1) = hiz1a1 = hoay. O

PROPOSITION 45. Let hy and hs be conjugate order three generators for Uy. For each v € V
there exists a unique automorphism v, € Aut(Uy, ) such that v,(h1) = hy and v, (he) = hY. Let
¢i € M be the nontrivial element of Cpr(hi). Let W be a complement in V' for (c1c2). Then the map

W — Out(Uy, p)  given by  w +— vy, (mod Inn(Uy, p))

is an isomorphism.

PROOF. The map &, € Aut(Uy, ) from Proposition 44 fixes h; and sends hy to hoaq; this
defines it. For each a; € V there exists v € V such that hea; = hY, and the map a; +— v is bijective.
Thus v, is an automorphism, and all elements of Aut(Uy, hy) are of this form.

Now v, ., is the unique nontrivial inner automorphism in Aut(Uy, hy). The elements of W rep-
resent the outer automorphisms from Aut(Uy, h1), so W — Out(Uy, ¢) is well-defined and injective.
It is surjective because any automorphism of U which is trivial on A4 differs from an element of

Aut(Uy, hy) by an inner automorphism of Uy. O

PROPOSITION 46. Let hi,he € Uy be conjugate generators of order three. Then there exists a

unique automorphism pu € Aut(Uy) such that u(hy) = hy' and p(he) = hyt.

PROOF. Let x1,z9,23 € Uy and P; be as in Proposition 44. Now x; and x3 generate Pi; lift
z1 and z3 to elements Z; and Z3 in the universal p-Frattini cover P;. Then (z1,23) — (55;1,501_1
defines an automorphism of P;, which descends to a unique automorphism £ € Aut(Py) such that
£(x1) = 23" and £(x3) = 27", Since xp = (z123) !, we have

E(x2) = E(mray) ™t = (w3 tay ) =ag
This automorphism normalizes the action of hq, as follows. Let p € Aut(P;) denote conjugation
by hi; we wish to show that p¢ = p~!. Compute
_ -1y _ . —1 -1 _ _ -1,
pE(z1) = p(zg ) ==z and  £p~ (1) =&(ws) = a1 ;
also
pé(xs) = plar!) =5 and  &p'(x3) = &(wa) = w5 "
By Proposition 43, ¢ extends to an automorphism pu € Aut(Uy) such that u(hi) = hy'. Finally,
pha) = p(hazr) = by ezt = byt 0
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The automorphism p is an order two lift of the nontrivial outer automorphism of A44,. We put

this together with our previous proposition to obtain the following.

PROPOSITION 47. Let hy and ho be conjugate order three generators for Uy. Let W and v, be
as in Proposition 45 and p as in Proposition 46. A complete list of coset representatives for Out(Uy)

is {vw, vwp | w € W} In particular, |Out(Uy)| = 16.

The next proposition follows as a corollary, and implies that there is only one Harbater-Mumford
component of 7—((U4,C’32i )2>. In chapter VII we will see that there are two Harbater-Mumford
components of H(Uy, C32i )", Recall that mpo denotes the middle product order.

PROPOSITION 48. Let h = (hy,hi*, ho,hyt) € Ni(Uy, C34i)in be a Harbater-Mumford tuple with
mpo(h) = 4. Let ¢1 and ¢y be the nontrivial elements of M which centralize h1 and ha, respectively.
Let W be a complement in V' for the subgroup generated by the cico, so that R is the set of eight

duals if h. For every h'®") € hl¥W there exists a unique automorphism v = vlel*) € Aut(Uy) such

that v(h) = R,
3. Spin Covers

3.1. Spin Groups.

3.1.1. Lifting Involutions. Let 0 : G — G be a central extension with kernel an elementary
abelian 2-group. An element g € A,, of odd order has a unique lift § € A, to an element of odd (the
same) order; the other lifts have order 2 - ord(g). However, if the order of g is even, the order of the
lift is independent of the choice of the lift. In particular, we are interested in lifting elements of order
two through factors of the universal elementary 2-Frattini cover of G. One method of computation
lies in computing the spin covers of G.

3.1.2. Standard Spin Groups. The Lie group SO, (R) admits a degree two universal cover, de-
noted by Spin,, (R), which is also a topological group so that the map 6 : Spin,, (R) — SO, (R) is a
nonsplit central cover whose kernel is of order two.

Let 0 : A, — SO, (R) be the linear representation induced by the standard permutation repre-

sentation of A,. The standard spin group of degree n is
Ay =071 (o(An)).

The corresponding cover 6 : A, — A, is a central Frattini cover with kernel of order two, which we
call the standard spin cover of A,,.

3.1.3. Clifford Algebras. The spin groups can be defined as certain subgroups of Clifford alge-
bras. A technique of J. P. Serre uses this Clifford algebra to obtain information about the order
of lifted elements. The following proposition analyzes the orders involutions lifted from A, to A,,
and was reported in [BF02] Proposition 5.10; it offers an interesting change of pace, so we repeat

it here.
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PROPOSITION 49. Assume n > 4, and g € A, of order 2 is a product of 2s disjoint 2-cycles.

Any lift g € A, of g has order 4 if s is odd and 2 if s is even.

PROOF. We review the Clifford algebra setup used in [Se90]. Let C,, be the Clifford algebra

on R™ with generators x1,...,x, subject to relations
r2=1,1<i<n, and z;x; = —x;z; if ¢ # j.
In the Clifford algebra, write [i j] = %(mz — ;). Then, [ij]*> =1 and [ij] = —[ji]. The collection

of [ij] under multiplication generate a subgroup S,. Characterization: It is the central nonsplit
extension of S,, whose restriction to transpositions splits, and whose restriction to products of
two disjoint transpositions is nontrivial (see [Se92] page 97). The map S, — Sn appears from
i1 (i4).

So, A, = A, x {£1} if n < 3. That A, — A, is nontrivial if n > 4 shows from lifts of certain

elements of order 2. Example: (12)(34) lifts to have order 4:

1 1
—(r1 — z2)—=(x
( \@( 1~ 22) \@( 3

Of course the order of a lift is conjugacy class invariant. Similarly, with n > 8,

- x4))2 = —[12]2[34)% = 1.

([12][34] ... [s—13])% = (—=1)26=2([12][34))2([56] . . . [s—1 5])2.

By induction, the result is (—1)®: [12][34]...[s—1s] has order oI+ =G O

3.2. Spin Representations.

3.2.1. Spin Covers. Let G be a finite group, and let ¢ : G — S, be a faithful permutation
representation. Suppose that o(G) < A,; for example, if G is generated by elements of odd order,
this will always be the case. Set G = 0~1(0(G)), and let 6, : G — G be given by restriction.

A spin representation of G is a faithful permutation representation o : G — A, such that
0, : G — G does not split. We call 8, a spin cover of G.

In this case, that 6, does not split is equivalent to it being a Frattini cover. Thus, spin covers
are quotients of the universal central elementary 2-Frattini cover of G.

3.2.2. Computing Spin Representations. Proposition 49 offers a serious tool for computation of
the order of lifts of involutions from A, to A,,. The next proposition, which is a rewording of [BF02]
Lemma 9.13, uses the coset representation to produce a formula for applying this tool to a group

embedded in A,,.
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PROPOSITION 50. Let G be a finite group generated by elements of odd order, and let T be a
coreless subgroup of G. Let o0 : G — Ay be the coset representation given by T, where d = [G : T].
Let 7 : G — G be given by pullback to Ag. Let J be a conjugacy class of involutions in G, and let
a€J. Letay,...,a, € TNJ represent the orbits of T on T' N J by conjugation. Then the number
of cosets of T in G fized by right multiplication by a is

m

fla) =) [Cqla:) : Cr(as))-

i=1
Thus d > f(a). If |Cr(a)| is constant on T N J, let o(a) = m, so this formula becomes
fla) = 0(a)[Cq(a) : Cr(a)].

Ifa et 1(a), then ord(a) =4 < (d — f) =4 (mod 8).

PrROOF. We have T'ga = Tg & a9 € T, so the fixed cosets are exactly those represented by
elements of G whose inverses conjugate a into T. Suppose ad = a;. If g3 € Tg, then g1 = tg for
some t € T, and a9t f= afl, so any two members of the same fixed coset conjugate a into the same
T orbit. If go € G with a9 = q;, then ggQ_1 € Cg(a;), so the cosets with representatives conjugating

a to a; are in bijective correspondence with Cg(a;)/Cr(a;). O

3.3. Spin Covers of Us and Uy,.

3.3.1. Spin Covers of As and A,. Our example base groups have easily determined spin covers.

The spin cover of As = PSLy(F5) is realized as 6 : SLa(F5) — PSLy(Fs5).

The spin cover of Ay = PSLy(F3) is realized as 6 : SLa(F3) — PSLy(F3).

3.3.2. Spin Representations of Us. Let o : Us — A, be a spin representation, and let 6 : U5 — Us
be the corresponding spin cover. By [BF02] Proposition 9.12, if ¢ € 6=(M), then ord(a) = 4 &
0(a) € M \V and ord(a) = 2 < 0(a) € V. Thus 6 is the antecedent universal elementary 2-Frattini
cover of Uy (see subsection I11.1.4.3). By [BF02] Corollary 9.16, all spin representations of Us are
of degree 40, 60, or 120.

3.3.3. Spin Representations of Us. We aim to show that U, has three distinct spin covers, one

of which does not come from a coset representation of Uy.

PrROPOSITION 51. If o : Us — A, is a spin representation, and let 7 = o [y,. Then 7 : Uy —
A, is a non-transitive spin representation, and the corresponding spin cover 0 : Uy — Uy is the

antecedent central elementary 2-Frattini cover of Uy.

PROOF. Since |Uy| = 384, U, cannot act transitively on 40, 60, or 120 elements.

However, if 6 : U, — U, is the pullback cover of Uy induced by 7, nevertheless every involution
in M \V C Uy lifts to an element of order four. So this cover cannot split.

Since V is the only normal index two subgroup of My(Ay), it is clear that Uy /V — Uy /M is the

universal central elementary 2-Frattini cover of A4, giving the last claim. ]
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Let o : Us — A, be a spin representation. Let S = Stby, (1) and let T = .S N Uy. This induces
a transitive representation 7 : Uy — A,,, where m = [Uy : T; call this the transitive representation

of Uy induced by ¢. We wish to show that 7 is not a spin representation.

PROPOSITION 52. Let 7 : Uy — Ay, be a transitive faithful representation, with T = Stby, (1).

Then |T| < 24, and consequently, m > 16. Moreover, [T : T N M| divides 6.

PRrROOF. It suffices to consider |T| = 32 and |T'| = 48.

If |T| = 32, then it contains an element x of order four, and |T N J3| = 6. The elements of Jo
do not commute with x. Select distinct element a,a®,b,b” € T N Jy. Now aa”, bb” € J; since each
is centralized by z. If aa®™ = bb*, then ab = (ab)® € J; \ {aa®}; in any case, T contains at least two
nontrivial elements of V7, and so it contains Vi, and T is not coreless.

If |T| = 48, then T cannot contain an element of order four, and again |7'N J3| contains at least
six elements. Apply the previous argument, with x an element of order three.

The last statement comes from the fact that if 4 divides [T : T'N M], then the image of T in Ay

contains K, and any lift of K, contains the entire 2-Sylow of Uy; in this case, T is not coreless. [J

PROPOSITION 53. Let 7 : Uy — A,, be a transitive spin representation and let 6 : U4 — Uy be
the induced cover. Then 6 is not the antecedent central p-Frattini cover of Uy, and T is not induced

by a spin representation of Us.

PROOF. Assume that € is the antecedent central p-Frattini cover of Us. Then ord(a) = 4 if
a € M~\V,and ord(a) =2ifa € V. Let T = Stby, (1). Let Y be the 2-Sylow subgroup of T'. Since
T is coreless, Y cannot contain V.

Suppose TNM C V. For a € M NV, o(a) = 0 so the degree of the representation is congruent
to four modulo eight, which implies that |Y| > 16. Since the squares of elements of order four are
in M\V,wehave Y CV, so |Y]| <8, a contradiction. Thus [T N M| =2|TNV]|.

Suppose that |Y]| < 8. Let d = [Uy : T]. Then 2* divides d, and 2 divides [Cg(a) : Cr(a)] =
64/|Cr(a)| for a € Jy or Js, whence 8 divides d — f, a contradiction. Thus |Y| = 16, and from
Proposition 52, |T'| = 16. Moreover, T contains at most one coset of elements of order four, so the
size of T'N M is either 8 or 16. Thus the size of T'NV is either 4 or 8. The corresponding possible

sizes for T'N Jy are 2 or 6.

Suppose |T'N J3| = 2. In this case, T contains an element of order four which swaps these
elements, so o(a) = 1, and f(a) = [Cg(a) : Cr(a)] = 32/8 = 4,s0d— f =24 —4 = 20, and
ord(a) = 4.

Suppose |T'NJz| = 6. Then T C M, and since M is abelian, o(a) = 6. Thus f(a) = 6(32/16) =
12, and d — f = 24 — 12 = 12; in this case, ord(a) = 4.
Either case contradicts that a € V = ord(a) = 2, and completes the proof. |
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The lifting pattern of a representation 7 : Uy — A, is
patq— = (xla T2,T3,T4, 1’5),

where x; is the order of a lift of a; € J; to A,,.

PROPOSITION 54. Let x € Uy be an element of order four, and let a € M ~ (V U Cy(x)). Let
T = (z,a). Then T is coreless in Uy, |T| =16, and [TNM|=38. Let 7 : Uy — A,, be the associated
transitive faithful representation. Then T is a spin representation, and

(a) if a € Js, then pat,. = (2,4,4,2,2);

(b) if a ¢ Js, then pat, = (2,4,2,4,4).

PROOF. As in the proof of Proposition 53, [T NV| = 4, [T N Jz| = 2, and if a € Ja, then
ord(a) = 4. Moreover |[T'NJi| =1, s0if a € Jy, then Cr(a) =T, o(a) =1, f(a) = 128/16 = 8, and
d— f=24-8=16,soord(a) = 2.

Suppose a € Js; then a” is also in Js. If T' were to contain any more elements from Js, it would
not be coreless. Thus o(a) =1, f(a) =96/8 =12, and d — f = 24 — 12 = 12, so ord(a) = 4. There
are two elements in 7'M (Jy U J5), one of which is 22, and the other, which we label b, is also is
centralized by z. Then Cr(a) = T. Now b = z2a”a = 2%z, so b is conjugate to z? in Us. Thus
o(a) =2, f(a) =2(64/16) =8, and d — f = 24 — 8 = 16, so ord(a) = 2.

Suppose a € Jy (the case of J5 is identical). Then a” € Jy, and {1,aa®} € V;. If T contains
an element of Js, then it must contain at least two; this cannot be the case, since 22 € T. So
TN .Js =@. Thus for b € Js, we have o(b) = 0, f(b) =0, d — f = 24, and ord(b) = 2.

Let ¢1,c0 € M .V be the elements of T' in Jy U J5 which are centralized by x; one of them is
22. If ¢; € Jy, then craa® € Js. For b € Jy, we have o(b) = 2, f(b) = (64/16) + (64/8) = 4 +8 = 12,

d—f=24—-12=12, so ord(b) = 4. O

Each lifting pattern produces a distinct spin cover. Denote them by
(a) 61 comes from pat = (2,2,4,4,4);
(b) 62 comes from pat = (2,4,2,4,4);
(c) 03 comes from pat = (2,4,4,2,2).
Computations aided by [GAP] indicate that each of these obstructs a different set of Nielsen tuples
(see chapter IX).

102



CHAPTER VII

Ascent of MTy(A4,C32)

1. The Nielsen Class Ni(43, C32 )

1.1. Definition of Ni(As, C3i). Let A3 denote the subgroup of S3 generated by g = (1 2 3),
that is, cyclic of order three. Let Cy = C4(As) be the conjugacy class of g (containing only ¢) and
C_ = C_(A3) denote the conjugacy class of g2 = g~!.

Let C32 = (C4,C-,C4,C-). Our interest in the Nielsen class (A3, C3z ) lies in the fact that it

codifies information about braiding arrangements of conjugacy classes.

1.2. Elements of Ni(Aj3, C3z ). The total Nielsen class Ni(As3, Cyz )* contains exactly (5) =6
elements corresponding to the six possible arrangements of the conjugacy classes. Since Ag is abelian,
the inner classes are the same. Now Az has an outer automorphism of order two which sends an

arrangement to its complement. We enumerate these arrangements and their complements:

LisT 55 (Elements of Ni(As, Cgfi)i“).

[1] +-+- [4] —+-+
[2] ++-- [5] ——++
[3] +-—+ [6] —++-

1.3. Braid Action on Ni(A43, C32 ). The Hurwitz monodromy group Hy acts on Ni(As, C'zz )in,

Using the enumeration of the arrangements above, we compute that
Qi— (163 4); Qr—(121&5); Q3 (13)(46).
The reduction kernel has this effect:
QiQ3" — 1 B 6);  (Q1Q2Q3)° — (2 5)(3 6).

Thus the reduced classes equal the absolute classes, and are represented by [1], [2], and [3]. On

the reduced classes we have
Qi— 13); Qa—12); Qz— (13,

so the monodromy group of the cover H(As, C3zi)i“’rd — Jy is S3. The branch cycle description of

this cover is
¥ = (70,71, 7e0) — ((1 3 2),(2 3), (1 2)).

Apply the Riemann-Hurwitz formula to see that the genus of H(As, C32i yinrd equals zero.
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1.4. Branch Cycle Design for H(As, ngi)i“’rd — J4. Recall that the hubs of a branch cycle
design are the integers of the branch cycle description, and that the nodes are the disjoint cycles,
including those of length 1. In our current situation, label the hubs by [1], [2], and [3], and nodes

as follows:
e Over 0, let A1 = (1 3 2);
e Over 1, let B1 = (1) and B2 = (2 3);
e Over oo, let €1 = (1 2) and €3 = (3).
The branch cycle design for this cover is given by the following labeled planar graph. We take

care that the twist sequence is accurately represented at each vertex.

[1] Al [3]
@)
B1 C3
O o O
Cc1 [2] B2

Branch Cycle Design for H(As, C3zi)i“’rd — T
Produce maximal trees initiated at specified basepoints and terminating in nodes according to
the algorithm presented in chapter V. There are two parameters to this algorithm; the initial vertex
and the initial edge. Select a Harbater-Mumford tuple as a basepoint. In Ni(A4s, C3i)i“’rd, one such
tuple is described by +-+-; that is, it is labeled [1]. Draw trees such that the height of a node

indicates the complexity of the design generator it produces.

B20 3 B2 c3 B2 Cc3

(3] 2 (2] (3]

A1 B1 1 B1 c1 Al BY
[1 (1 [1

Recall that nodes over 0,1 € J; are finally ramified if they ramify to order three or two,
respectively, and no further ramification can occur over them. The branches terminating in hubs or
finally ramified nodes may be ignored.

If H is a reduced rank four Hurwitz space, let H* denote H with the nodes over 0 and 1
which are not finally ramified removed. Let J; = J4 ~ {0,1}, so that the design generators are

images in J* of loops in H*. In the present case, all three trees will give the same generators for
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m1(H"(As, Csz )inrd [11) inside 71 (75, jo), up to order. Choose the first tree, ignore the vertices B2

and [2] and their adjacent edges, and obtain these walks and generators:

Wi [1] — A1 — [3] — C3 Br = Y0700
Wsy: [11 — Bl B2 =m
Ws: [1] — C1 Bs =12

Let B8 = (1, B2,03). Any Hurwitz cover of Jy which factors through H(As, Cgi)in*rd has branch

cycles over H(As, 031 )inrd given by acting on the fiber over the arrangement +-+- by 3.

2. The Nielsen Class Ni(44,C3z)

2.1. Definition of Ni(A4, C33 ). Let A4 be the alternating group on 4 letters in its standard
representation. It is generated as a subgroup of Sy by (1 2 3) and (1 3 4). The Sylow 2-subgroup of
Ay is a normal Klein four subgroup which we denote by K. We have A4/K = A3, and Ay = K x A;.

There are two conjugacy classes of three cycles in Ay, each containing 4 elements. For an element
of order three, its inverse is in the opposite conjugacy class. An outer automorphism (conjugation
by (1 2)) swaps these conjugacy classes.

Let Cy = C1(A4) be the conjugacy class of (1 2 3) and C_ = C_(A4) be the conjugacy class
of (1 3 2). Let C32 = (C4,C-,C4,C-). We analyze the Nielsen class Ni(A4, C'32 ).

2.2. Size of Ni(Ay, C3i)i“. To compute the size of the inner Nielsen class of (A4, C3z ), note
that six arrangements of these conjugacy classes appear in the Nielsen class, so we may count the
total number of Nielsen tuples in the ordered arrangement C32i and multiply by six, then divide by
the order of A4 to obtain the number of inner Nielsen tuples.

We begin by showing that if g € Cy and gy € C_, then g = gfl or ord(g1g2) = 2. Conjugate
so that g1 = (1 2 3), and consider the action of g; on C_. There is one orbit of length 1 consisting of
g7 and one orbit of length 3. Suppose that go is in the length 3 orbit; we show that ord(gigs) = 2.
Since g195" = gag1 and ord(g1g2) = ord(g2g1), it suffices to test a representative from the orbit.
Such a representative is go = (1 2 4), and g192 = (1 4) (2 3), which has order 2.

Moreover, if g; and g2 are in the same conjugacy class and generate Ay, there product has order
3. To see this, again let g3 = (1 2 3) and select any nonidentical element in the same conjugacy
class, say go = (1 3 4). Then g192 = (1 2 4), which has order 3.

Consider the map C; x C_ — A4 given by (g1, g2) — g1g2. The order of the product is either 1
or 2. If the order of the product is 1, then g = gl_l. There are 4 such pairs, so there are 16 —4 = 12
pairs with product of order 2.

In a Nielsen tuple (g1, g2, g3, g4) of rank 4, the product of the second pair must equal the inverse
of the product of the first. Call the first pair the initial pair and the second pair the terminal pair.

Then if the initial pair satisfies go = g; ', the terminal pair satisfies g4 = g5 ', and {g1, g3} generates

105



the group. The latter condition holds in our case when g1 # g3 (since g1,g93 € C4), so there are
4 -3 =12 tuples with trivial initial product.

Now suppose that ord(g;g2) = 2. Then {g1, g2} automatically generates A4. Let Cy denote the
conjugacy class of involutions. The 12 elements of C'y x C_ with product of order 2 map surjectively
onto Cy. Conjugation permutes the fibers over elements in Cs, so all are of the same size. If (g1, g2)
maps to h, then (g1, g2)? maps to h if and only if g € Cy, (h). Elements of order two are centralized
by the normal Klein four subgroup of Ay, so the fiber over an element in C5 contains four elements.
Thus there are 12 - 4 = 48 tuples with initial product in Cs.

Conclude that |Ni(Ay, C3z~i)in| = % = 30.

2.3. Labeling elements of A;. The elements of A4 can be described in terms of an arbitrary
pair of order three generators. Although we understand A, so well that this is unnecessary, the
technique is presented here in this simple case to make later extensions more transparent. Notation

set here will be used throughout the rest of this section.

LEMMA 56. Let G be a group and let g1,g92 € G be elements of order n.
Set a; = g 'gogi™! fori=1,...,n. Then

(a) af* =aj4q fori=1,...,n—1;

(b) aft =ay;

(c) a?? =af" fori=1,...,n, if ord(gig2) =n = 3.

PROOF. Part (a) is a direct computation; part (b) follows because g; has order n action.

If ord(g192) = n = 3, then a;l = g2g192- Compute the orbit of the action of gs on this. O

LEMMA 57. Let g1, g2 € C(Ay) be distinct.
Then ord(g1g2) = 3 and ord(g; *g2) = 2. Label the following elements of Ay:

(1) e is the identity;

(2) a1 = 919192 = 97 925

(3) a2 = g19291 = g29192;

(4) a3 = 920191 = 9297 '
Then

(a) K ={e,a1,a9,a3};

(b) af* =af? = a2, af' =a3® = a3, and o' = af® = ay;

(c) g1 = 95" and g» = g7*.

PRrROOF. We have seen that ord(g1g2) = 3 and ord(gflgg) = 2. Combine this with Lemma 56
to obtain (a) and (b). Since ord(g1g2) = 3, we have gag1go = a5 ', and since ay has order two, we
have gag1g2 = az. Now g5 = (919291)92(919291) = (9192)*91 = g1. This gives (c). O
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Fix ggs = (@123 and go = (1 34),and let e = O, a1 = (1 4)(2 3), az = (1 2)(3 4), and
az = (1 3)(2 4), as in the lemma. The tuple g = (gl,gl_l,gg,gg_l) will be the base camp upon

which we mount our ascent to level one. The elements a; will come into play in the next stage.

2.4. Elements of Ni(Ay, Cs ). To list the elements of this Nielsen class, it suffices to list five
with conjugacy class arrangement (C4,C_,C4,C_), and to braid each with six braids permuting
the arrangements. Up to inner equivalence, there is only one Nielsen tuple with trivial initial product
in this arrangement; conjugate so that g1 = (1 2 3) and g3 = (1 3 4) to give the first entry in the
list below.

Now suppose go = (1 2 4). Then g19o = (1 4)(2 3) has order two, and the above argument
shows that the other four inner tuples with initial product in C5 are given by finding the second pair
of entries, that is, four pairs from C; x C_ with product (1 4) (2 3). These are given by conjugating

(91, 92) by the centralizer of (1 4)(2 3) in A4. This yields the last four entries in this list:

LisT 58 (Fiber over +-+- in Ni(Ay, ngi)rdvin — Ni(43, C3zi)rd*in).

(11 ((123),(132),(134),143))
[21 ((123),(124),(1 34),(234))
[3] ((123),(24),142),(132)
[4] ((123),(124),(123),(24)
[5] ((123),(124),(243),23))

2.5. Reduction of Ni(Ay, 031 ). The amount of reduction is a braid invariant, because we
reduce by a subgroup which is normalized by braiding. Thus to compute the amount of reduction
of this Nielsen class, it suffices to consider only the fiber listed above, as it will pass through every
braid orbit.

Direct computation on Nielsen tuples [1] and [4] show that (¢1¢2¢3)? acts trivially, and (q1¢5 ")
maps each to a tuple to which it is absolutely equivalent. We will see that these represent all braid
orbits, which shows that the amount of reduction in each braid orbit is two. Thus the discrete
information which produces the reduced space (braid action on the Nielsen class) equals that which
produces the absolute space (however, the reduced absolute Nielsen class is smaller).

Since the amount of reduction in Ni(As, C3i )in is also two, the degrees of the maps induced by
A, — Az are the same on the inner Nielsen and reduced inner Nielsen classes. Thus the list above

represents the fiber over +-+- for the reduced inner Nielsen class as well as the inner Nielsen class.

2.6. Braid Action on Ni(A4,C'32i)i“’rd via Branch Cycle Designs. Let H*(As, C32i)i“’rd
denote the reduced inner space, with points to fill in the finally ramified places over 0 and 1, and with

the unramified node over 1 removed. Using branch cycle designs, we have computed that classical
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generators for H*(As, C3i)i“’rd have these images in J*:

B = (B1,52,82) = (Y0YooVo s V1, Vo)

Use this to compute the reduced braid action on the Nielsen class. Compute the orbits of Nielsen

tuple [1]:
((123),(13),1 2).

Compute the orbits of Nielsen tuple [4]:
((4 5),(1), (4 5)).

Therefore

(a) H4 has two orbits on Ni(A4, 031)1“, one of size 6 - 3 = 18 and the other of size 6 - 2 = 12;

(b) H(Aq, ngi)i“’rd has two components, each of genus zero.

2.7. Branch Cycle Design for H(A4,ngi)i“’rd*HM — 'H(Ag,Cgi)i“*rd. If H is a Hurwitz
space, let HHM denote the disjoint union of its Harbater-Mumford components; in the present case,
there is only one such component. The branch cycles for H (A4, C32i)i“’rd’HM — H(A3, C32 )inrd are
((1 2 3),(t 3),(1 2)). Label the branch points on H(As, C3zi)in’rd by A, B, and C, and the nodes as

follows:

e Over A, let A1 = (1 2 3);
e Over B, let B1 = (1 3) and B2 = (2);

e Over C, let C1 = (1 2) and €3 = (3).

We obtain the following branch cycle design.

[2] Al (3]
@)
B2 Cc3
O ® O
c1 [1] B1

Branch Cycle Design for H(Aq, ngi)in’rd’HM — H(As, C3zi)i“’rd

Our basepoint for covers of H* (A4, ngi)i”d will be g = (91,97 '+ 92,95 "), where g1 = (1 2 3)
and go = (1 3 4); this is the Harbater-Mumford tuple whose middle product has order two, and is

enumerated [1] above. Draw the three possibilities for trees based at [1].
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B20 c3 €30 B20 B20 €30

[2]e (3 [3le [2]e [2]e [3le

Al B1 c1 B1 C10 At Ct A10 B1
[1 [1 [1

Select the middle tree, and compute the maximal trails beginning at the hub [1] and ending at
nodes within this maximal tree. Since B lies over 1 € Jy, the node labeled B1 is finally ramified, and

may be omitted. We obtain these walks and generators:

Wy [1] — B1 — [3] — C3 ar = Bafsfy = Vet
Wy : [1]1 — C1 — [2] — B2 ay = P33205 " = VNV
Ws: [1]1 — ¢l az = 33 =%

Wy [11 — Al Qg = ﬂ? = ’YO’Ygo'YO_l

Let a = (a1, 2, 3,a4). Any Hurwitz cover of J by a reduced rank four Hurwitz space which
factors through H(Ay, C3zi)in’rd’HM has branch cycles over H(Ay, ngi)i“’rd’HM given by acting on

the fiber over the g by a.

3. The Nielsen Class Ni(Ay, Cs)

3.1. Definition of Ni(/14,C32i). Let Qg denote the quaternion group of order 8, generated
elements ¢ and j of order 4 with ij = k, and we write Qs = {1,—1,4, —4,j,—J, k, —k}. This group
has an automorphism o € Aut(Qs) given by i — j and j — —k so that k — —i. This automorphism
must fix the unique element of order two in Qg. Identify o with (1 2 3) and the cyclic subgroup of
Aut(Qs) generated by o with Ag, and form the semidirect product Ay = Qg x As.

The center of Ay is generated by the single involution from Qs, and A,/Z(A4) = (Qs/Z(Qs))
As = Ay, Thus A, is a central extension of A4 by a single involution denoted by —1. The map
Ay — Ay is the spin cover of Ag; it can be identified with the cover SLa(F3) — PSLa(F3). Any
generators for Ay lift to generators for /14; it is a Frattini extension. The outer automorphism of A4
lifts to an outer automorphism of Aj.

Elements of order 2 in A4 lift to elements of order 4 in A4, and elements of order 3 in A4 have
a unique element of order 3 in A4 above them (the other element above a three cycle has order six).

The conjugacy classes of three cycles in A4 lift uniquely to conjugacy classes in 1214, which we

denote by Cy (A4) and C_(A,). Let C32 denote (Cy, C—,Cy,C) in either case.
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The product of elements of order 3 from opposite conjugacy classes in Ay has order 1 or 4. To
see this, suppose the elements are not inverses. Then the product has order 2 is A4, and the product
of the lifts is a lift of the product. Lifts of elements of order 2 have order 4.

The product of distinct elements of order 3 from the same conjugacy class in Ay has order 6.
To see this, apply an automorphism to select the first element to be §; = (1,¢9) with g = (1 2 3)
in the semidirect product formulation; the conjugate element will be gy = (z,g) with = € {3, j, k}.

Then §192 = (27, g%), whose cube is (ac":cx"_l, 1) =(-1,1).

3.2. Size of Ni(/ALl7 ngi)in. With unique lifts to tuples of elements of order three, we obtain
an injective map Ni(A4,C32i) — Ni(A4, C32 ) which commutes with the braid action. This map
is not surjective. An element in Ni(Ay, C3i) which does not lift to an element of Ni(Ay4, C32i) is
obstructed with respect to Ay — Ay

Let g = (91,92,93,94) € Ni(A4,C32) and g = (91, 92,93, 94) € A}, where g; is the unique
element of order 3 over g;. Then g is obstructed if and only if [Ig = —1. This product is a braid
invariant; thus we may refer to entire orbits of the braid action as either obstructed or not.

We have seen that there are two braid orbits on Ni(A4,C32); these may be differentiated
by this invariant. One easily sees that Harbater-Mumford tuples always lift, so their orbits are
unobstructed. Now consider the tuple labeled [4] in List 58. It is of the form (g1, g2, g1, 92) with g1
and go in different conjugacy classes, so ord(gig2) = 2. Therefore ord(§192) = 4, so (§192)? = —1,
and this tuple is obstructed. Therefore the size of Ni(/h, Cgi )" is the size of the braid orbit in
Ni(A4,C32 )i which contains the Harbater-Mumford tuples.

Conclude that |Ni(Ay, Cs )| = 18.

4. The Nielsen Class Ni(O4,C3z2 )

4.1. Definition of Ni(Oy, C32i). Let Z, denote a cyclic group of order 4 generated by z with
identity e. Let Z2 = Z, x Zy; it is generated by (z,e) and (e, z). Then Aut(Z?) contains an element
o of order 3 defined by (z,e)? = (e,2) and (e, 2)? = (2,2%). Identify (1 2 3) with o and (¢) with
Asz. Set Oy = Z3 x Az. The Sylow 2-subgroup of Oy is normal and abelian. The elements of order
two in O4 generate a normal Klein four subgroup; denote it by L. This is the Frattini subgroup of
O4. We have Oy /L = Ay.

Let ¢ : O4 — A4 be the canonical homomorphism. This is a Frattini cover, so any lift of a set
of generators of A4 produces a set of generators for O4. Elements of order 2 in Ay lift to elements of
order 4 in O4. By Proposition 9, the conjugacy classes C’32i in Ay lift uniquely to conjugacy classes in
O4. We may consider L as an A4 module; clearly three-cycles in A4 act transitively on the involutions
in L, and involutions in A4 act trivially. In particular, O4 is centerless, and the centralizer in L of

an element h of order three in Oy is trivial, so the coset of his hL = {hl |l € L} = {h! |l € L}.

110



The conjugacy classes of three cycles may be differentiated by their action on L; that is, if we
enumerate the three nontrivial elements of L, an element of order 3 in O4 acts on them as a three
cycle. Those in one conjugacy class act as (1 2 3) and those in the other act as (1 3 2). For [ € L,

let [t =1"forhe Cy and I~ =" for h € C_.

4.2. Size of Ni(Oy, Cs’i)in- We have seen that |Ni(Ay, C3zi)in| = 30.

Elements of order three in O4 have trivial centralizers, and the map O4 — A4 is a Frattini cover.
Additionally, both groups are centerless. Thus by Proposition 12, every element of Ni(Ay, C'32i yinord
lifts to Ni(Oy, C3i)in7 and

INi(O4, C32 )| = |L|?|Ni(Ay, C32 )™| = 4 - 30 = 480,

with 288 of these over the Harbater-Mumford orbit of Ni(Ay, C3f§>t )in and 192 over the other orbit.

In particular, the fiber over a point in Ni(Ay, C32¢ )" contains sixteen points.
This method will not work for computing the size of Ni(A4, C32 ) from the size of Ni(As, Cs2 )in

because Ay — Ajs is not a Frattini cover; the Frattini subgroup of A, is trivial.

4.3. Duals and Perturbations in Ni(O4,C3zi)i“. Let h = (h1,hy*, ha, hy ') be a Harbater-
Mumford tuple. Since Cp,(h) is trivial for h of order 3, the four duals and four perturbations are
distinct up to inner equivalence. The fiber over g consists of the duals of h and their perturbations,
for a total of 16 elements.

There are two types of Harbater-Mumford tuples in Ni(O4, C3z ); those with middle product
4 have arrangement +-+- or —+-+ and those of middle product 3 have arrangement +--+ or —++-.
Reduction preserves these distinctions.

Suppose that mpo(h) = 4. Then the middle product of h commutes with elements of L, so the

perturbations are homogeneous:

h[”e] = (hh (h;1)17 hl27 hgl)

4.4. Reduction of H(Oy, C32i)i“. The action of reduction is faithful, so reduction is 4 to 1.
Downstairs over A4, reduction is 2 to 1. Thus reduction glues together pairs of fibers (via Q1Q3 1)
and has a 2 to 1 action within a fiber (via (Q1Q2Q3)?).

In particular, in the unreduced inner Nielsen classes, there are 16 Harbater-Mumford tuples lying
over 4 such tuples in Ay, and in the reduced classes there are 4 Harbater-Mumford tuples lying over
2. Given h = (hi,hy', ho,hy'), there is a unique nontrivial I € L such that (hy, k', hb, (hy')) is
reduction equivalent to h (via (Q1Q2Q3)?; Q1Q35 L actually changes the arrangement of the conjugacy
classes).

Let h™ = (hy, 7' R, (hy )Y ) and h™ = (hy,hy ', By, (hy')!); these are equivalent modulo

reduction, and represent the reduced dual of h. The perturbations remain distinct upon reduction.

111



4.5. Labeling Elements of O4. Let g1,92 € A4 be given by g3 = (1 2 3) and go = (1 3 4).

Compute that

e ord(gag1) = 3;
e ord(g19291) = 2;

919291 __ .
® g = g2;
919291 __
® 92 =41

Let hi,he € O4 such that h; — g1 and hs — go. Then ord(hihe) = 3 and ord(hlhgl) = 4.
Moreover, the nontrivial elements of Klein four kernel of Ay — A3 are g19192, 919291, and g29191-

This motivated the investigation which produced the following definitions and lemmas.

LEMMA 59. Let hy,hy € C(Oy4) be distinct.
Then ord(hih2) = 3 and ord(hth_I) = 4. Label the following elements of Oy:

(1) e is the identity;

(2) a1 = hihihy = hi'hy = (hythy)~%;
(3) ay = hihohy = (hohiho)™';

(4) a3 = hahihy = hohy' = (hihy ')~

(5) 01 = a%;

(6) 02 = a%;

(7) o3 =a3.
Then

(a) L={e 01,02,03};
(b) a™ = ay and aX* = as, and these elements have order 4;
c) o =0y and o' = 03, and these elements have order 2;
1 2
(d) of =09 and of = 03;
(e) hy = hy?';
(f) ho = h§22.

PROOF. The conjugations in (b) are immediate computations, and a; = hflhg has order four
since hy* and he are neither conjugates nor inverses. Part (c) follows by squaring, since conjugation
is a homomorphism.

Now
02 = hihahihihohy
= (hahg ") (hy ' ha)(hahg ) (hy ' o) [ord(h2) = 3 = ho = h3?]
= 0103 [hlhgl and h;lhl commute].
Since 01 and o3 commute, {e, 01,02,03} form a Klein four group. This proves (a).
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Part (d) follows from (c), recalling that all elements in C; act the same on the nontrivial
elements of L, and all elements of C'_ act in the reverse.

As for (e), first note that h{' = olhlolhl_lhl = 0107 h1 = o02h1; conjugate by o1 and use this
to see that it suffices to show that 22"t = o,h;. Note that since o3 is an involution, o3 = 03 * =
(h1hy )2, so

phihzhn — Bt hohy o by

= hi(hihy ') (hy 'he)(hihy )Ry T h [ord(h1) = ord(hg) = 3]
= hyos(hiho)hy thy [hy'hg and hihy ' commute]
oy
= 09h;.
The proof of part (f) is analogous, and has the following consequence. Since hy = hi”]”hlolo?,

we have pfithzhior — poz O

4.6. A Fiber of Ni(O4, C32 )" — Ni(Ay,Cs2 )™ Continue notation from the previous

subsection. For the rest of this section, we sometimes shorten notation as follows:

(1) a=oy;
(2) b:OQ;
(3) ¢ =os;

Consider the map Ni(Oy, C3i)in’rd — Ni(Ay, ngi)in’rd. The fiber over g consists of perturba-

tions of duals of h. For z,y € Oy, set
R = (hy, (hy)7,RS7, (hy')Y).
Typically x,y € L, but we reserve some leeway in this regard.
LEMMA 60. k2 = RIZW podulo inner reduction, via (Q1Q2Q3)>.

ProOF. Conjugate h(Q1Q2Q3)? by hihs to see that this tuple is equivalent to (hg, hy*, by, ht).

Now conjugate by ago1 and apply that hi2°* = h32. O
A complete set of representative tuples upon which design generators act can now be given.

LisT 61 (Fiber over g in Ni(Oy, CSi)i“’rd — Ni(Ay, C3i)in’rd).

[1] hlele (5] hllc
[2] Al t61 hltll
[3] hlole [71 hlle
(4] hlol? [8] hlll

We use this characterization of the fiber over an Harbater-Mumford tuple in Ni(Ay, C3i ) to

further investigate the Nielsen class Ni(Oy, C32 ).
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4.7. Braid Action on Ni(Oy, C3zi)i“’rd via Branch Cycle Designs. Denote the components
of H(Oy, C3zi)in’rd which lie over H(Ay, C3i)in’rd’HM by H(Oy, C3zi)in7rd’Re. Using branch cycle de-
signs, we have computed that classical generators with nontrivial action for 71 (H* (A4, Cyz )inrd HM)

inside 71 (J4) are

a = (1, 00,a3,04) = (MY VoM Vac s Vaos W07V Vo -
View g = ((1 2 3),(1 3 2),(1 3 4),(1 4 3)) as a point in H(A4,ngi)i“’rdeM, and the fiber over
it (as enumerated above) as points in H(Oy, C3i)i“’rd*Re. The action of path lifting corresponds to

the braid action.

LEMMA 62. Let o be a braid which acts on perturbed duals of an arbitrary lifted h over an
Harbater-Mumford tuple g induced by abelian kernel K. If h¥1¥q = RA@IL@N for come functions
fi,fo: K — K, then Rzl — i@y f(a)] _ (h[wle]a)[ely]'

PROOF. Since h is an arbitrary lift, then h®¥ is also an arbitrary lift. Replace hy with Ly
throughout the computation to obtain the first equal sign. The second is explained by the fact that
K is abelian. O

We now compute the action of & on the fiber over g as enumerated above. All equal signs mean
“modulo inner reduction”. In each case, for arbitrary x,y € L, compute the action on h!*lel and then
insert y via the previous lemma. We compute h[xly]ai, then apply this to the enumeration of the fiber
over g as given by List 61 to obtain the image of «; in under the map m (H* (A4, C3z~i)in’rd’HM — Ss,
which is the monodromy representation of the cover H(O4)™Re — H (A, Cs2 )i HM S The most
difficult to compute is a4, so we compute the first three and know that «, is the inverse of the
product of the first three.

4.7.1. Action of ay. Since hihy' = zzh2' = zz~ = 2, modulo inner reduction we have
Ry = (hy, (h7)", 05, (hy ) mr2om
= (b7, 15, (g ) )

= ((hTH, 15" hg" ha)m

— xT ZL‘JJ+ — (l?+
= (hla(hl 1) 7h2 a(h2 1) )
_ plelet]
Therefore
aq : bl plelve’] = a1 (D@3 @G 6) (T 8);

in particular, 1 has trivial action on the first four tuples.
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4.7.2. Action of as. The following computation will be used again in a more complex group; we
do not use the fact that the Sylow 2-subgroup is abelian, but only that the element of the kernel (in

this case L) commute with elements of this Sylow. We will use these comments:

T9 = x”aza? so that (hi )*2 = hy;

a3ro = agxfaga% =X ap;
r17y = v a; fazr T aza? = w;
—1 2
azhy™ _ jap _ pajz,
hy = hy* = hy®;

—1 2
arhy ™ _ ;a3
R = s,

(1)
(2)
(3)
(4)
(5) azas = aj';
(6)
(7)
(8)
(9)

A ay = (ho, (b7, h8, by )2 ves

= ()" by b ) fvia (Q1Q37)
= ((hy Y ha,hy S BS )i [comment (1)]
= ((A7H* A5, (k)™ hs ) nves [comment (2)]
= (hy (A 1)" R (hy 1))yl
= (h5 ,(hyh)™ ™R3, (hy 1)) [comment (3)]
= (b1, (7)™ T172 AT (hy 1) aT2) [conj by 2]
= (b1, (hyY)*", h32% (hy 1) @) [comments (6) and (7)]
= (o, ()7 5 ()5 [conj by h; ']
_ pleleted

Therefore
ag s W plelveTd (1 2) (3 2) () (6) (7) (8);

in particular, g has trivial action on the last four tuples.



4.7.3. Action of az. The order of the middle product of a perturbation is equal to order of the
middle product of the original tuple; both equal the order of hyh;. Now ((hy*)*h%) = ((hy')he)® =
ar. Thus ((hy1)*h%)~2 = a;? = a, and

Wi Wag = (ho, ()7 5, hy ')
= (hy, (h )™, h3% hy ")
:h[aza|e].

Therefore
as 1 bl plealy] = Qs — (1 3)(2 4)(5 7)(6 8).

4.7.4. Action of ay. Finally, use that fact that [T = 1 to compute

ay = (a1asaz) ™!
— ((5 6)(7 8)(1 2)(3 4)(1 3)(2 4)(5 7)(6 8))"

=1 4)(23)(58)(6 7).

4.7.5. Conclusions regarding H(O4,C3z~i)in’rd. There are two components of H(O4,C3zi)in’rd
which lie over H(Ay4, C3z )imrd HM: “each is a Klein four normal cover ramified over three points.

Only one of these components contains Harbater-Mumford points.

4.8. Branch Cycle Design for H(Oy, CSi)i“’rd’HM — H(Ay, Cgi)in’rd’HM. Let Y and X de-
note the closures of the components of H(Ox4, C2 yinrd and H(Ay, Cs2 )inrd which contain Harbater-
Mumford tuples. Let ¢ : Y — X denote the canonical ramified cover. This is a three branch
point normal cover whose group is Klein four. The branch cycle description for ¢ is given by
((1), (1 2)(3 4), (1 4)(2 3),(1 3)(2 4). We include the initial unramified point, as it may become
a nontrivial branch point at a later stage. Denote the branch points by A,B, C, and D, with corre-

sponding generators aq, as, ag, and a4. Denote the nodes over these branch points as follows:

A A1 = (1), A2 = (2), A3 = (3), and A4 = (4);
B: B1 = (1 2) and B3 = (3 4);
C: C1=(14) and C2= (2 3);

D: D1 = (1 3) and D2 = (2 4).

The branch cycle design for this cover is drawn below. Since B lies over 1 € J; and is now
completely ramified, we may ignore the trails terminating at B1 and B3. The other trails in the

maximal tree with respect to ([1],A1) are indicated with bold lines.
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[2]

(3]

O A1

Branch Cycle Design for H(O4, Cyz )™ M — H(Ay, Cya )1 HM

The pertinent walks in this tree and the generators they produce are

Wy
Wy .
Wis
Wy -
W :
W :
W -
Wy -

[1] — A1

[1] — B1 — [2] — C2
[1] — C1 — [4] — D2
[1] — B1 — [2] — A2
[1] — C1 — [4] — A4
[1] —cC1

[1] — D1 — [3] — A3

[1] — D1

w1

w2

w3

Wy

Ws

We

Wy =

wsg

a =t
= apajay = VeV
= azaday’ e 050 P T A e el ra i
= apanay = VMY MY o Y
= azaag’ = YNV e
aj =%
asaray’ = 707%% MYV 0V
aj =%07%7%

5. The Nielsen Class Ni(O4,ngi)

5.1. Definition of Ni(OA47 ngi ). Let 04 be the fiber product of Ay and O, over Ay, asindicated

by this commutative diagram:

Oy —— Ay

l

/|

0, — A,

Therefore Oy = {(§,h) € Ay x Oy | f1(§) = f2(h)}. In both A4 and Oy, all elements of order two

map to the identity in A4, and centralize the normal two Sylow. Thus this remains true in 04, and

the involutions are the nontrivial elements of the subgroup {£1} x L.
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The kernel of the map O, — Oy contains a single nontrivial element, which is an involution.
This is a central Frattini cover. Every element of order 2 in Oy lifts to two elements of order 2 in
04, so this is not a spin cover. Every element of order 3 in Oy lifts to a unique element of order 3
in 04, and the conjugacy classes lift uniquely. Let C’32i denote the conjugacy classes in O, as well

as in Oy.

5.2. Size of Ni(O4,Cs3)™. The map Ni(O4,Cy3 )™ — Ni(O4,Cy3 )™ is injective. Since
Harbater-Mumford tuples always admit lifts, so do their braid equivalents, so the map is surjec-
tive onto the Harbater-Mumford orbit. Also, those tuples which are obstructed with respect to
A4 — A, are necessarily obstructed with respect to 04 — Ay, and there lifts to O4 are obstructed
with respect to O, — Oy. There remains one braid orbit in Ni(Oy4, C 32 ) to check; it suffices to show
that perturbations of Harbater-Mumford tuples always lift.

Consider h[ble}; this is in the non-Harbater-Mumford orbit which is not obstructed via A4.
Recall ¢ = (hohy!)?. Let h; be the unique elements of order three over h; for i = 1,2. Let
(el

[cle]

¢ = (ﬁgﬂfl)z; this lifts ¢, has order two, and commutes with ﬁlﬁgl. Then h ‘ lies over h

Hﬁ[éld = ﬁl(ﬁflﬁg)éﬁgl = 1. This shows that this braid orbit is unobstructed with respect to the

, and

map 04 — Oy.

5.3. Branch Cycle Design for Ni(Oy, C3i)in’rd’HM — Ni(Ay, Cgi)in’rd*HM. The components
of H(Oy, C32 ) map isomorphically onto the unobstructed components of H(Oy, Cyz ).

Let X denote the Harbater-Mumford component of H(A4, C?’i yinrd 'y the Harbater-Mumford
component of H(Oy, ngi)i“’rd, and Y the Harbater-Mumford component of H(Oy, C3zi)in*rd. Then
the covers Y — X and Y — X are isomorphic as ramified covers, and Y — X produces the
same branch cycle design as ¥ — X. Thus we are set up for the last step in our ascent to the

Harbater-Mumford components of H(%fh, ngi)in’rd.



6. The Nielsen Class Ni(Us,C32 )

6.1. Definition of Ni(Uy,C3z ). Let Uy = 1A4 be the universal exponent 2 Frattini cover of
Ay. Let M be the kernel of Uy — A4. We understand M as an A4 module.

The map U, — Ay factors through the spin cover A4 of Ay; denote the kernel of Uy — Ay by V.

The map U, — A4 factors through Oy; let NV be the kernel of Uy — O4. The index of N in M
is 4, so the size of N is 8.

The map Uy — Ay factors through the map O, — Oy; denote the kernel of Uy — O, by W.
Then W = NNV, and W has index 2 in N. Fit these groups into a diagram:

o Oy Ay
| |
Oy Ay As

The conjugacy classes of three cycles in Oy lift uniquely to conjugacy classes in Uy. Again we
denote these conjugacy classes by Cy = Cy(Uy) and C_ = C_(Uy), where C_ = {h™' | h € Cy},
and denote (C,C—,C,,C-) by Cyz . Our ultimate goal is to understand H(Us, Cgi)in’rd.

As is the case in Oy, conjugate three cycles have the same action on W; for h € C* and w € W,
let wt = w" and w— = wh .

If Y is the normal 2 Sylow of Uy, then W = Z(Y).

6.2. Size of Ni(Uy, C32i)i“. We have seen that [Ni(Oy, C'3zi)i“| = 288.
Let f: Uy — O, be the canonical homomorphism with kernel W. For g € O, of order three, the
action of g on W has no nontrivial fixed points. Thus if h € Uy is over g, we have Cy (k) is trivial.

By Proposition 12,

IWPINi(O4, Ca3 )™ 42 288

200 fzuy) 2o

INi(Uy, C33)"| =

In particular, the fiber over a point in Ni(é4, C32i)i“ contains eight points.

6.3. Labeling Elements in U;. We label elements of U, in a manner analogous to our labeling
in Oy, using the same names where appropriate. Here, however, the a;’s are relative to elements
h1,ho € Uy of order three as opposed to in Oy; they live over the identically named elements in the

O, case.



LEMMA 63. Let hy, ho € C(Uy) be distinct.
Then ord(h1hs) = 6 and ord(hihy ') = 4. Label the following elements of Uy:

(1) e is the identity;
(2) a1 = hihihg;
(3) az = hihahy;
(4) as = hahihy;

(5) o1 =ai;

(6) 02 = a3;

(7) o3 = a3;

(8) hs = (hihs)? € Cy ;

(9) hy = (hah1)? € Cy;
(10) e1 = (hohs)® = [ar, a5 "] = [as,ay '] = [a3,05];
(11) 5 = (h3h1)® = [az, a3] = [a2, a7 '] = [a3, a7 ];
(12) e3 = (h2)® = [a1,a3) = [a1, 03 '] = [a5 ", a3];
(13) e4 = (hah1)? = [a1,a2) = [az, a3 '] = [ay ', a3);

(14) u1 = eze3 = [az, 01];
(15) ug = ere = [ag, 02];
]

(16) Uz = €3e1 = [04703 .
Then

(a) W ={e,ur,uz,u3z} and N =W U {ey,ea,e3,¢e4};

(b) " = ay and a}* = a3, and these elements have order 4;
(c) o' =0y and o' = 03, and these elements have order 2;
(d) v =uy and ul* = us, and these elements have order 2;
(e) uf =wuz and ui = us;

(f) e; generates Cy(h;);

(8) hi=h3*"";

(h) hg = hyo".

PROOF. We have ord(hihs) = 6, because its image in Ay has order 6. Thus hs has order 3.
Since hg is the square of a product of elements of C, , it is also in C,.. Clearly hg centralizes es.

Let f : Uy — O4 be the canonical homomorphism. Let x = hohs = hohihohihso; since
ord(f(hih2)) = 3 in Oy, f(z) = f(hy'). Now the action of f(x) on z® by lifted conjugation in
independent of the lift, so z and h1_1 act identically; in this case, trivially. Thus h; centralizes e;.
Similarly, ho centralizes es.

The images of the e;’s in O, are nontrivial, but are trivial in Oy, so they are in N . W. Since

[N : Cn(h;)] = 3, e; must generate the centralizer. In particular, the e;’s are distinct and then so
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are the u;’s. Moreover the u;’s must be in W so they are the nontrivial elements of W. This proves
(a) and (f).

The conjugations in parts (b) and (c) are the same as the analogous parts in O4. The a;’s have
order 4 in U, because their images in fl4 have order 4 and in A4 have order 2.

Part (e) will follow from (d), and for this part it suffices to show that u?* = uy, which amounts
to showing egl = ej1eqe3. But ejeses € N N W and is distinct from eq, es, and ez, so it must equal
e4, and one easily computes that eg“ =ey4.

The first equal sign in (10) through (16) denotes definition; the others are identities. We prove
only what we will use. Note that the commutators have order two, so [a;,a;] = [a;, a;].

Next we show that e; = [a3,a; ']. Expanding the commutator gives [as,a; '] = €5*. Since hihs

and a% commute with ez, we have

—1 —1 —1
az _ 03 _  hihy" _ ho _ hahyhi _ ashy
es® =e3® =eg =e;’ = e4 =3

This shows that hy commutes with e5®, so e5® = e1. The other identities of (10) follow by conjugating

with hy. The identities of (12) are obtained from these by conjugating with as.

To show that identity in (16), compute uz = eze; = [ag,al][al,agl] = a;laf103a1a§1. This
element in necessarily in W, and so commutes with the element a3_1 of order four. Conjugate by it
to find us = [a1, 03].

Now use this identity to prove (g); (h) is similar. Compute

hg?°1t? = U201a2_1h2a201UQ
= ugaflaghgagoluQ [a;l =qaqa3 and 01a1 = afl]
= ugafloghlagoluzhflhl [he = azhq]
= uQaflogalogulhl [conjugate ag01us by hfl]
= uglay, o3)hy [W centralizes the 2 Sylow]
=h [(16) identity]
This completes the demonstration relating generators of Uy to elements of M. ]

6.4. A Fiber of Ni(U4,C'32i)in’rd — Ni(O4,C3i)i“’rd. Continue notation from the previous

subsection. For the rest of this section, we sometimes shorten notation as follows:

(1) a=us;
(2) b= ug;
(3) ¢=us;

Consider the map Ni(Uy, ngi)in’rd — Ni(Oy, C32i)i“’rd. Let g denote a Harbater-Mumford tuple
in Ni(Oy, C32 ) which lies over g € Ni(A4, C32 ). The fiber over g consists of perturbations of duals
of h. For x,y € Uy, set

R = (b, ()", b, (B 1))
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Typically z,y € W, but we reserve some leeway in this regard.
LEMMA 64. kW = RV modulo inner equivalence.

PRrROOF. By Lemma 63, b is the product of the generators for the centralizers in M of h; and

ho. Thus the claim is a particular case of Proposition 29. ]

A complete set of representative tuples for the fiber of g can now be given.

LisT 65 (Fiber over g in Ni(Uy, Ci@)i“’“i — Ni(Oy, ngi)in’rd).

[11 hlele (51 hl*lc]
[2] hle (61 Al
[31 hlel (71 hlelel
(4] Rl (8] Al

We use this characterization of the fiber over a Harbater-Mumford tuple in Ni(OA4,C’3§t ) to
further investigate the Nielsen class Ni(Uy, Csx).

6.5. Braid Action on Ni(Uy, C3zi)i“’rd via Branch Cycle Designs. We now determine the
action of the w’s. For z,y € W let R be as before. We still have conjugacy classes consistency
of the action of conjugation on elements of W; let z™ and z~ be as before.

6.5.1. Action of wg. The node corresponding to wg is fully ramified, so no further ramification

can occur. Thus the action of wg is trivial on the entire fiber, so
we > (1) (2) (3) (4) (5) (6) (7) (8).

6.5.2. Action of w;. The terminal product of h is one, so the shift has middle product one, and
Yoo acts trivially on such a tuple. Thus w; is trivial on a Harbater-Mumford tuple.

We have computed that hl*¥a; = R for b € Ni(Oy, C3z‘i)i“’rd; this computation is equally
effective for h € Ni(Uy, Cj2 )™, Now plug in to find that we have

wy — (1D(2)(3)(4) (5 6) (7 8).

6.5.3. Action of wg. Consider (hih%)?, which has order 2. Then the value of this element is
independent of x, that is, (h1h%)? = (h1h2)® = e3, which can be seen by pulling the z’s past all the

h;’s and accumulating the effects of conjugation. Use these comments:

(1) h$® = hS, because ey centralizes hy and ¢ = egeq;
(2) hs® = hg, similarly;
hyt - _
(3) e3? = ea(ege3)he - e2a” = ejezes;
hy
(4) ny?
(5)

— ha.
= ny;

5) Yo =711



Therefore

g = (ha, (BT )", 5, by )Yt Yo Y
= (h1,h3, (hy )Ihz hy )71 Y& Moo
= (hy", ha, g, ()38
= (hy ' B2, h5%, (h) ™2 )1y
= (h§*, b3, (hy )™ hy ' )vee
= (h*, (hy >"”“”<h DT hg by )
— (s ()b (1))
= (ha, (1 1)*, B3, (hy1)®)
_ plsala]

Deduce that
Wl = plralval  — o (1 4)(2 3)(5 8) (6 7).

6.5.4. Action of ws. Consider (h¥hy")? with z,y € W; the value of this is independent of z and

y, and equals o1. Similar comments apply to 02. Define these variables and derive these comments:

(1) @1 = (ha(hy")™);
(2) @2 = ((hy )™ h5)?;
(3) #y =a* ?1 01 = x% 0301, so ord(z1) = 2;
(4) o122 = a.
Therefore

Jws = (hy, (h")", hg, by a2 e
= (ha, (A7 1)™, b5 hy mvsen '’
hy 'y by, (hy D)™ B2 Mt
NN (e SN A e
B by b (AT

(
(
(
= (
= (
= (h3™, (hy )™, h*™, (hyt)ere)
= (
= (

hl ( )molzg hw01$1$20301c (h2—1)z10301c) [COHj by 1‘01&2011)]
h ( )ra hzam+c7(h2—1)z+c)
h[za|x c]
Deduce that
Ry = plealve™d o (1 a) (2 3)(5 7) (6 8).
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6.5.5. Conjugation by as. Recall that as interchanges the Harbater-Mumford tuples over g, so
conjugation by as moves the action to the fiber over the dual. We adjust the computation for the

action of ay slightly for the Uy case. Thus h is in Ni(Uy, C32¢ ), the a;’s are relative to h. Make these

adjustments:
1) zy = (h{")* h{* =2 hi a3 hias = 2t a;  as;
(1) z1=(hy") 1 Ty a3 a3 =T a; as;
(2) wy = 2~ agatug so that (hg )*2 = hy;
(3) azas = aj '
(4) azxs = a3z~ aza3us = v~ auz;
(5) x1a9 = x+af1a3x_a2a%uQ = TUs;
-1 2

(6) W™ = h§* = b
(7) halhl_1 o hagul

2 =ng” .

h[mle]a2 _ (h%f ’ (hlfl)a;’acl’hclzgacl7 (h;l)GS)

= (hq, (h7h)™ mr@2 p{ma®2 (pyt)ese2) [conj by z2]

1)
= (hy, (hy 1) U2 pgsvuz (pytye” aruz) [comments (6) and (7)]
= (R, ()™ BT ()i ) [conj by h']

+

h[mul\agz u1)

So

as Ryl h[fﬁullyagx*ul]'

It is the appearance of a3 which changes the fiber.

We note that if the first position h; is the same in two Harbater-Mumford tuples, the u;’s written
in terms of these tuples are the same. This follows from the fact that w; is the product of the two
involutions of N ~. W which do not commute with h;; then us and us are determined by the effect
of conjugation by hy on u;. Thus we can use the formula above equally as well on perturbations of
duals of A€,

To compute the actions of the remaining generators, we conjugate by as. As before, it suffices
to compute with y = e.

6.5.6. Action of wo. Since wg has trivial action on the set of perturbed duals of h[e‘ag], conju-

gation of it by ay ! has trivial action on the set of perturbed duals of h. Therefore

wa ~ wg? ~ wg — (1)(2) (3) (4) (5) (6) (7) (8).
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6.5.7. Action of wy. Since Rl = plelva].

-1 2.+
h[m‘e]agwlaQ _ plruilazz ul]CL)lOéQ

— plewladrtu @)t

_ h[mu1u1|a§U3za§u1(Iu1)+]

_ plalat]

Therefore
wy ~ WP~ wp = (1)(2)(3)(4) (5 6)(7 8).

6.5.8. Action of ws. Since Rl g = plrulyal,

_ 2.t
Rl qpwgayt = plewlestul e,
2
— h[mulul\a3z+u1u1]a2

+ +

:h[xululul\agz u2a§m u1]

_ h[mul\ug]

— plzwrfu]

Therefore
w3 ~wg? ~wg— (1 4)(2 3)(5 8)(6 7).

6.5.9. Action of wr. The product one condition now forces
wy ~ws— (1 4)(2 3)(5 7)(6 8).

6.5.10. Conclusions. The tuples of List 65 lie in three braid orbits; these orbits are {[11, [4]},
{[21, [31}, and {[51, [6]1, [71, [8]}. The first two orbits each contains one Harbater-Mumford tuple,
and the third contains none.

There are three components in H(U47032i )mrd which lie over the Harbater-Mumford com-
ponent of H(Oy, C’gzi yinrds two contain Harbater-Mumford points and the third does not. The
Harbater-Mumford components of H(Uy, C?,2i )mrd are degree two covers of the genus zero curve
H(Oy, C3i )i HM pamified over four points; that is, they are elliptic curves presented in a stan-
dard way. The other component is a normal Klein four cover of H(Oy4, C 32 )i HM pamified over

six points; by the Riemann Hurwitz formula, it has genus three.



CHAPTER VIII

Analysis of MTy(A4, Cy:)

1. Fields of Definition in H(Uy, C3zi)i“’rd’HM

1.1. Rationality of H(Uy, C3i)i“’rd7HM. The tuple (732i of conjugacy classes of Uy is a rational
tuple. Thus the reduced Hurwitz space H(Uy, C32i yinrd g defined over Q, and the absolute Galois
group Gal(Q/Q) acts on the components. This action fixes the space H(Uy, C3§t )i HM Sg6 the two
components of this space are either defined over QQ, or are conjugates over Q. Since they contain
real points, their field of definition is either @Q, or it is the same real degree two extension of Q.

We begin to explore what can be said about the common field of definition of the Harbater-

Mumford components by collecting the ramification information which we have computed.

H Loop \ Action \ Over Cycle H
Yo (132)
At (1@ 3)
Yoo (1 2)(3)

b1 (12 3) (4 5) Yoo (3
B 1 3)(©@) (4) (5) Y 1)
B3 1 2)(3) (4 5) Yoo 12

oy (12 (3)4) (5 6)(7 8) B3 3
an (12)(3 4) (5)(6)(T)(8) | B2 (2)
a3 (132 4) (5 7)(6 8) B3 12
oy (1 4)(2 3) (5 8)(6 7) 51 123)
w1 (W@ (3)4) (B 6)(T 8) aq (1
Wo (W@ B)ME BB | as (2 4)
ws (142 3) (58)(6 7 oy (2 3)
Wy (D@34 B 6)(T 8) aq (2)
ws (142 3) (5 7)(6 8) a1 (4)
we (V@B BYBI(TMB) | as (13)
wy (142 3) (5 7)(6 8) a1 3)
ws (1 4)(2 3) (6 8)(6 7) oy (1 4)
Summary of Design Generators

This shows that the two Harbater-Mumford components are ramified over the same four points in
H(O4,C 3zi)in’rd*HM. Thus, they have the same j-invariant; if this j-invariant is irrational, the elliptic
curves cannot be defined over Q. We intend to compute the j-invariant by finding an appropriate

inrd, HM T4 do this, we lift coordinates through the sublevels of

coordinate system for H(O4,Clz )
the Modular Tower which we have explored. This requires precise usage of the ramification at each

level, as supplied by the design generators.



1.2. The j-invariant of £. Let £ be the closure of one of the Harbater-Mumford components
of H(U4,C32i)in’rd; then £ is an algebraic curve of genus one, that is, £ is an elliptic curve. We
intend to find its j-invariant. Let Hs3, Ho, H1, and J denote the closure of the image of £ in the
Hurwitz spaces H(Oy, ngi)i“’rd, H(Ay, C’3zi)i“’rd7 H(As, C3zi)i“’rd, and Jy, respectively. We have a

sequence of covering maps
¥3 Y2 Y1 $o
ESHs = Hy = HL = )

where Hs, Ha, H1, and J have genus 0.

The map ¢3 is of degree two and ramified over four points. If we can put coordinates on Hs
and identify these four points, then we can compute the j-invariant of £.

Each of the maps ¢s, ¢1, and ¢ is a rational function. We have the branch cycle descriptions
of each of these maps. Indeed, each of these is a three branch point cover which belongs to a pure
Nielsen class containing a single element.

Both ¢y and ¢ are S3 covers with ramification of shape ((3),(2),(2)). Any cubic polynomial

with distinct roots gives this shape; set
f(z) =2 -3z

Then f’(2) = 322 — 3 = 3(2% — 1); the finite ramified points are {£1}, so the branch points are
f(1) = =2, f(—1) = 2, and co. We also have f(—2) = —2 and f(2) = 2. We can compose on the
left or the right with a linear fractional transformation with rational coefficients, without changing
the Q weak equivalence class of the cover.

The map 9 is a K4 cover of shape ((2)(2),(2)(2),(2)(2)). Let

9(z) = (%)2

This is a composition of z — 22, then a linear fractional transformation z — 2=%

z+1

which moves the
branch points, followed by another z ~— z2. Its branch points are 0, 1, and oo, and its ramification
points are (£1 — 0), (0,00 — 1), and (+i — 00).

Compose f on the left by a linear fractional transformation hy of J so that the branch points

of hgo f are 0, 1, and oo; specifically, select

4

ho 1 (00,2,—2) — (0,1,00) given by ho(z) = ok
z

Compose this on the right by a linear fractional transformation h; of H; which positions the
branch points for the next step. The cover Ho — H;p has shape (2) (1) at the unramified point over
1 € J, shape (2) (1) at the ramified point over co € J, and shape (3) at the unramified point over

infinity. Thus select

-2 2
hi:(=2,2,00)  (2,1,—2) given by hl(z):%f
z
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Apply f on the right; the points on the domain over which Hs is ramified are now labeled —2,

—1, and oco. The other point over co € J is 2. Compose with

hg : (0,1,00) — (—1,00,—2) given by ha(z) = %
Now the points on Hs over which Hjs is ramified are 0, 1, and oo, and we are in a position to compose
with g. We need to label the other point over co € J, because ramification of £ — Hs occurs over
it. Pull back 2 through hy and find that this point is h; ' (2) = 3.

Let Hs have the coordinates so induced by
h:Hs —J givenby h=hgofohjofohyog.

Now € — H3 has two ramification points over 1 € Hy and two over 3 € Hs. Since g~'(1) = {0, 0o},
these are two of the ramification points of & — Hs.

Setting g(z) = 3 shows that the fiber g=*(2) consists of the roots of
214z 1= (P 42+ 1) (2% — 424+ 1).

Since both of the genus one components of H(Uy, Cg?i )inrd are ramified over the same points, this
set of points must be an algebraic set over QQ; thus the other two ramification points of £ — Hg are
either {2 4+ /3} or {—2 4 v/3}. Either choice produces the same j-invariant. Let u = 2 + /3 and

uy = 2 — /3, and assume {u,u,} are the ramification points. Note that u=! = u,.

H(Us)

H(O4)

(=53)°

H(As) | 22

25— 3z
Be
M | 220 | (T4 o
3
25— 3z
Yo

Ja ziQ (00

Node Mapping Tree for MT3( Ay, ngi)i”d
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Recall the formula for the j invariant when z4 = oc:
4 (21 + 22+ 23)2 — B(2122 + 2223 + 2321))°

(2) = 27 (21 — 22)2%(22 — 23)%(23 — 21)?
When 21 = u, 25 = u,, and z3 = 0, we have
. 4 [(u+u.)? - 3(uu,)]® 4 (42-3)3 133
](5):§ w2u2 (U — uy)? ~ 97 (2v/3)? =31

This j-invariant nails down the holomorphism class of £. It also tells us that there is some

elliptic curve, defined over QQ, which is isomorphic to £ over C. But what does it tell us about the

field of definition of &€ itself?

1.3. Equations for £. This method fails to describe the rational points on &, or even its field
of definition. For example, consider the elliptic curve given by the equation 3> = f(x), where f(z)
is a cubic polynomial over Q. Let a € C. Then the equation y? = af(z) gives an elliptic curve with
the same branch points, not defined over Q unless a € Q.

Even if we knew &£ were defined over Q, this method would not decide upon the existence of
rational points of £, as we now describe.

Our choice of {0, 1,u,u,}, as opposed to {0, 1, —u, —u.} as ramification points was arbitrary in
the following sense: there exists a linear fractional transformation (defined over Q) which switches
these sets; it is z — —z. Each choice produces a different potential equation for £. Let F; and F,
be two possible elliptic curves with these branch point sets, given by equations

(1) By :y? =2 + 42 +
(2) By:y?=2%—4dx + .
Using Cremona’s computer programs MWRANK and TORSION, we find that the only rational

points of Ej are those over 0 and oo, whereas E5 has infinitely many.

1.4. A Moduli Problem. We now rephrase our question regarding the fields of definition of
the Harbater-Mumford components.

Recall Proposition VI.48, which states that for any two inner Harbater-Mumford tuple in
Ni(Uy, C3z )™ which lie over the same element of Ni(Ay, Cs )i there is a unique outer automor-
phism of Uy which sends one to the other. There are eight such automorphisms acting on the Nielsen
class. Modulo reduction, half of them are trivial and half switch the two orbits. Let o € Aut(Uy)
be an automorphism which switches the orbits.

Let & and & denote the two components of H(Uy, Cgi)i“’rd’HM. Define a function
Q:& =& by [pT]=pToal

here, [¢, 7] denotes the reduced equivalence class of (p, 7), where ¢ is a ramified cover and 7 : G —
Aut(yp) is an isomorphism. This map is holomorphic. The field of definition of & and & is Q if and
only if this map is defined over Q.



CHAPTER IX

GAP Results and Mysteries

Wittgenstein [Wi21] said
What we cannot speak about, we must pass over in silence.

I believe that it is traditional, in a Ph.D. dissertation, to ignore this advice, and attempt to say
things that might be. We follow this tradition here. However, in our case, the computer language

[GAP] can be made to speak for us, and we report on the findings we have coaxed from it.

1. GAP Programs

1.1. Groups. Most of our results have been either originally discovered or checked with the
aid of the public domain computer language [GAP]. This is an amazingly well designed interpretive
language, together with a wealth of subroutines which do group theoretical (and other algebraic)
computations. We used version 3.4.

The universal exponent 2-Frattini cover of As was described in [Fr95], and was originally taught
to [GAP] using a package for cohomology. This cohomology package only runs under Unix, and
since most of the programming was done on a DOS machine, this was the sole use we made of this
package. By passing it matrices for the Frattini module, it returned generators and relations for a
nonsplit extension of A5. We found a coreless subgroup to create a permutation representation, and
eventually searched for all coreless subgroups in order to both shrink the degree for faster execution,
and to help understand spin representations.

Occasionally one finds that the specific situation is not amenable to the general algorithm. In
our case, we wished to find automorphism groups, normalizers and centralizers, as subgroups of
symmetric groups. We found [GAP] to be nearly interminable for our cases, even though it is
extremely fast for some computations.

Since Us and U, are generated by two elements of order three, their automorphism groups were
found by an exhaustive search which looked for other pairs of elements of order three to see if
mapping one pair to the other produced an automorphism; these groups were returned as subgroups
of Ng,ys0(Us) and Ng,,, (Us), acting on the elements in the regular representation. Then one may
generate the full normalizer as the group generated by Us or U, and its automorphism group; this

outperformed [GAP]’s Normalizer command in our case.
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1.2. Covers. Our [GAP] programs views topological covers as given by the permutation rep-
resentations on the fibers; in [GAP], they appear as permutation groups.

To find the automorphism group of a cover, we need the centralizer of the monodromy group in
Sp. We wrote a program utilizing the explicit isomorphism Ng(S)/S — Cg, (G), where S is a one
point stabilizer. This outperformed [GAP]’s Centralizer command in our case, probably because
the order of G was small relative to the degree.

For ramified covers of the Riemann sphere, we add an entry to the Group record for the branch
cycle description. From this, the Riemann-Hurwitz formula can compute the genus. All of the kappa
operators discussed in this paper have been implemented in [GAP] as functions which act on branch

cycle descriptions, realized as lists of permutations.

1.3. Nielsen Classes. We implemented Nielsen classes as a [GAP] domain. This means
that it has an operations record which instructs various general [GAP] commands, such as Size,
Elements, and Print, what to do.

Our function to declare a Nielsen class takes the basic form
Ni := NielsenClass(<group>,<list of conjugacy classes>)

Here, <group> is a subgroup of the automorphism group of the group generated by <list of
conjugacy classes>, and for inner classes should equal it.

The main subroutine with respect to Nielsen classes is that which finds all of its elements. Once
these are found, braiding them is relatively easy, although it can be time consuming. Eventually
the program creates a list of Nielsen tuples, assigning each a number, and returns the action of each
braid generator ); as a permutation of these integers. Then the monodromy group of the Hurwitz
space cover becomes the subgroup of S, generated by these permutations, where n is Size (Ni).
The orbits can then be found with [GAP]’s Orbits command.

Various operators on Nielsen classes, specifically those for complex conjugation, are produced

in [GAP] as elements of S,.

1.4. Quotient Classes. Any block system for the braid action allows one to equivalence ele-
ments in the Nielsen class, and condense the monodromy group accordingly, along with any associ-
ated operators. We implemented absolute and reduced Nielsen classes using this idea.

Much more can be said about reduced Nielsen classes in the case of four branch points, and we
have additional code for this case. In particular, the program uses the reduction kernel to find the

reduced Nielsen class, and computes the genus of each component of a reduced Hurwitz space.

1.5. Branch Cycle Designs. The algorithms discussed in chapter V for finding design gen-
erators and combining branch cycle descriptions via condensing, crunching, and splicing, have all

been implemented in [GAP].
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2. GAP Results

2.1. Description of H(Us, C3z ).

2.1.1. Components. There are six components of H (U, ngi)in’rd, two of genus 1, two of genus
0, and two of genus 3. The two of genus 1 contain Harbater-Mumford points, and so they are
unobstructed, and the components above them at level two contain real points; label these Hqy(Uy)
and H1g(Uys). One of the genus three components contains real points and one does not; label these
H3r(Us) and Har(Uy), respectively. The two genus zero components are complex conjugates; label
these Hop(Uy) and Hop(Us). The number of real points in a fiber over an appropriate branch point
set is indicate has been determined through use of the kappa operators.

2.1.2. Spin Covers. We have described the three spin covers 61, 65, and 83 of Uy. Each of
these obstructs a different set of components. The only unobstructed components are the Harbater-
Mumford components.

2.1.3. Automorphisms. Outer automorphisms of Uy swap the two genus one components and
the two genus zero components. Thus the absolute spaces given by the regular representation of Uy

contains four components.
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Inner Components

Regular Components

Comp Deg\Red\HM\M\ng\no\Obs Deg\Red\HM\m\f-@g\/@o
[H(As) || 3] 2] 1[ 0] 0] 4] | 3] 2] 1[3[ 1] 3]
H.(Ay) 18 2] 4] 0] o] 8 9 1] 2[ 5] 1] 5
H-(Ay) 12 2 ol o]l of 86 6 20 0] 4] 2| 4
H.u(O4) || 144 47 161 0] 024 36 1] 2] 8] 0] 8
H.r(O4) || 144 47 ol ol of16]6 36 21 0] 2] 2] 6
H-a(O4) || 96 47 ol ol of o6y 24 2 0] 8] 4] 4
H(04) || 96 47 ol ol o] o6y

Hia(Ug) [ 288] 4] 16] 0] 0]48 36] 1] 2]12] 0]12
Hi(Us) || 288 4] 16] 0| 0]48

Har(Us) || 576 4 0] 0 064|605 36 2 0] 4] 0]12
Hoa(Us) || 288 47 ol ol ol of6,05] 36 41 of 4] 2| 4
Hos(Uy) || 288 41 ol ol of 06,05

Hsr(Us) | 576 4] 0] 0] 0] 0]61,6,] 36] 4] 0] 0] 2] 4

Reduced Inner Components

Reduced Regular Components

2.2. Description of H(Us, C’5zi ). We present [GAP] information regarding the Hurwitz spaces
relating to H(Us, C'52i ). One notes the striking similarity with the Uy case. Indeed, we have used
[GAP] to find a map between the Harbater-Mumford fibers which shows that H(Uy, ngi)in’rd —
H (A4, C3zi)i“’rd’HM and H(Us, C5zi)i“’rd — H(As, C5zi)i“’rd’HM are equivalent as covers.

This is made possible by the following observation: the branch cycle design for H(As5, C 52 )
Jy, when simplified for final ramification, is identical to the branch cycle design in the A4 case ex-
cept for the occurrence of a single additional generator: fmgoyo— 1 which corresponds to the six
cycle over co. However, one computes that this cycle acts trivially on tuples g = (g1, 92,93, 94) €

Ni(As, C5i)in=rd if ord(g193) = 3. When g is a Harbater-Mumford tuple whose middle product is

Table of Obstruction for MT2 (A4, Csz )

four, this is the case, and the detrivialized branch cycles designs are the same.
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Comp Deg\Gen\HM\M\ng\ng\Obs Deg\Gen\HM\m\ng\no
[H(4s) [| 3] of 1[3[ 1] 3] [ 3] of t[3[ 1] 3]
H.(Ay) 9 0 2] 5] 1] 5 9 o] 2[ 5] 1] 5
H-(Ay) 6 0o o 2] o 216 3 o of 3] 1] 3
H.u(O4) | 36 0] 4[16] 0]16 18 o] 2] 8] 0] 8
H.(O4) || 36 0 0| 8/ 0| 8|6, 9 0 0] 5] 1] 5
H-a(04) || 24 0 o[ 0] o] 0] 12 0 of 4] 2 4
Hs(04) || 24 0 o[ o[ of 0]
Hu(Uy) | 72 1 41247 024 36] 1] 2[12] 0[12
Hip(Us) || 72 1 4124 024
Hap(Us) || 144 3 0[32] 0[32]6,,05] 18 0 o[ 8] 0] 8
Hoa(Us) || 72 0 0] o] o 0]6,65 9 0 0o 5] 1] 5
Hos(Us) || 72 0 O 0] 0] 0]6y,03
Har(Us) | 144] 3] 0] 0] 0] 061,60, 9] 0] o[ 5] 1] 5
Table of Components for MT2(A4, Cz )
01 0o 03
Lifts 1A,1B,3R | 1A,1B,0A,0B | 1A, 1B, 3C
Obstructs | 0A, 0B, 3C | 3R, 3C 0A, 0B, 3R



Let 6y and 6, denote the unique spin covers of A5 and Us, respectively.

Inner Components Regular Components

Comp Deg\Red\HM\m\mz\mo\Obs Deg\Red\HM\m\ﬁg\ﬁo
H.(45) 30 2 4114 2| 6 15 1 21 711 7
H-(As) 12 2 0] 8| 4| 416 6 2 0 4| 2| 4
Hu(Us) [ 480] 4] 16] 0] 0[48 240 2] 8] 0] 0[40
Hig(Us) || 480 4] 16 0| 0]48
H3ze(Us) || 960 4 0] 0| 0|64 240 4 0| 0] 0|32
Hoa(Us) || 480 4 ol ol o] 0]6, 240 4 0] 0] 024
Hoe(Us) || 480 4 0] 0| O 0]6,
Hs1(Us) || 960 4 0] 0] O 0]6, 240 \ 4 \ 0 \ 0 \ 0 \ 16

Reduced Inner Components Reduced Regular Components
Comp Deg \ Gen \ HM \ K4 \ K9 \ Ko \ Obs || Deg \ Gen \ HM \ Ka \ K2 \ Ko
H.(A45) 15 0 20 71 17 15 0 21 7] 1 7
H-(As) 6 0 O 4| 2| 4|6 3 0 0 3] 1| 3
Hu(Us) [[ 120] 1] 4[28] 0]28 120] 1] 4[28] 0[28
Hig(Us) || 120 1 41281 0128
Hae(Us) || 240 3 0]32] 032 60 0 0120] 0|20
Hoa(Us) || 120 0 ol of o 06 60 0 0[12] o] 12
Ho(Us) || 120 0 0] 0| O 0]6,
Har(Us) | 240 3] 0] 0] 0] 0]6, 60 0] 0]12] 0]12

2.3. Description of H(Us, C34). The following table lists the same information for the case of
four 3-cycles in A5 and Us. [BF02] explains is detail exactly why these things are true; in particular,

there is a precise module-theoretic explanation for the two components of H(Us, C34)™, describing

Table of Components for MT3(A5, Cz ).

exactly which tuples are obstructed by the spin cover.

Table of Components for MTs(As, C34
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Inner Components Regular Components

Comp Deg\Red\HM\m\ﬁg\ﬁo\Obs Deg\Red\HM\m\ng\mo
H(As) 18 1 21 4| 2| 4 9 1 11 3| 3| 3
Hy(Us) || 1152 4|1 16| 0| 032 288 4 41 0]16] 16
H_(Us) || 1152 4 0O 0| 0| 0|6, 288 4 0] 8] 0] O

Reduced Inner Components Reduced Regular Components
Comp Deg\Gen\HM\m\/ﬁg\ﬁo\Obs Deg\Gen\HM\m\/{g\no
H(As) 18 0 21 4| 2| 4 9 1 11 3| 3| 3
H(Us) 288 12 4116| 0116 72 2 1| 8| 8| 8
H_(Us) || 288 9 0| 0] 0| 016, 72 2 0| 8] 0] 8

).
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