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ABSTRACT. Hurwitz spaces are parameter spaces for families of (non-
singular Riemann surface) covers, ¢ : X — P., of the Riemann sphere
uniformized by a variable z. Two types — differing by covering equiv-
alances — play a role in most investigations: absolute and inner. Re-
duced equivalence figures in applications connecting to classical moduli
spaces. Covers have a monodromy group, G, constant on a connected
component of a Hurwitz space. Another constant on such a connected
component is the set of conjugacy classes C — cardinality rc — that ap-
pear when one identifies an element of a Nielsen class (defined by (G, C))
with those covers having a fixed (unordered) set of branch points.

When a Hurwitz space has more than one component — several braid
orbits on Nielsen classes, r > 4 — that is significant. For one, for finding
the moduli definition field of those components. Two tools have success-
fully applied to distinguishing component geometry.

1. A Iift invariant when G has a nontrivial Schur multiplier.
2. The sh-incidence matrix of this paper’s title.

#2 is our main topic (but relating to #1): an algorithm for computing
components based on cusp orbits. The case r = 4 compares reduced
Hurwitz spaces with the special case of modular curves. We show the
algorithm on two distinct series of Nielsen classes, relating components
and their cusps to many Hurwitz space issues.

Primary 11F32, 11G18, 11R58; Secondary 20B05, 20C25, 20D25, 20E18,
20F34 Moduli of covers, j-line covers, Hurwitz monodromy group, Spin and

Frattini Scovers, Lift invariants

1. Braid action and the objects of applications

[BFr02, §2.10] introduced the sh-incidence matrix. That paper used
it to display Hurwitz space components that lay above — in a modular

inrd corresponding

tower structure — the reduced Hurwitz space H(As, Cs1)
to Galois covers with group A; having branch cycles given by 4 repetitions
of the 3-cycle conjugacy class. It proved Main MT conj. 1.16 for this case,
using genus computing tool Thm. 1.9 on reduced Hurwitz spaces of 4 branch
point covers. The literature now contains a fuller enhancement of cusp types,
and an expansion of what towers of Hurwitz spaces should be included in
MTs. Using that, we show the general value of the sh-incidence matrix.
§1.1 lists the problems for which the sh-incidence algorithm identification
of components of Hurwitz spaces is valuable. Our two big example sections
illustrate the extra structure on cusps that arises on Hurwitz spaces, and
how the graphical display helps visualize components. We did all the results
on the examples with standard proofs. Still, we hope this will guide an expert
on, say, GAP (or Maple or Magma) to produce a user interface for the
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sh-incidence computation to help test those unsolved problems we describe
here and in [Fr20b].

§1.2 reminds of Nielsen classes, and the braid group action on them.
This includes practical definitions of Hurwitz spaces that suffice for this
paper. §1.3 separates out material on reduced Hurwitz spaces. These are
closer to classical moduli spaces than the non-reduced spaces. We note this
while doing our examples. Finally, §1.4 does an exposition on ¢-Frattini
lattice quotients, from which we get the canonical towers of reduced Hurwitz
spaces and the applications to Modular Towers (MTs) whose applications
(for the regular Inverse Galois Problem and generalizing Serre’s Open Image
Theorem) are our the ultimate objects of study.

[Frv91] and [FrvV92] and [BFr02], greatly expanded applications ben-
efitting from analysis of Hurwitz spaces and moduli definition fields of their
components. Especially, we focus on recognizing the differences between the

covers in distinct components, of a given Hurwitz space.

1.1. Goals of the paper. The name sh-incidence (shift incidence)
matrix derives from its use of the shift, from the braid group, on elements of
a Nielsen class defined by a finite group, GG, and some generating conjugacy
classes, C, of GG. §1.1.1 lists the most elementary goals — about cusps and
components - of the sh-incidence algorithm. §1.1.2 lists refined data goals
on components and moduli definition fields: That is, identifying cusp types
and definition fields involved in applying Hurwitz spaces to solutions coming
from their moduli.

When combined with §1.4, these are the generalization to Hurwitz spaces
of results one would expect for modular curves. Example: detecting if in
appropriate towers of Hurwitz spaces that are j-line covers if the genus of
high levels goes to co. We compute those goals on our examples.

Finally, §1.4.4 gives a result based on using the lift invariant (Def. 2.8)
which has a simple conclusion — under a stable homotopy hypothesis — that
points to Hurwitz space components with moduli definition field Q that have
already played a serious role in the regular inverse Galois problem. Since
the sh-incidence matrix applies to all Hurwitz spaces, there is no technical
reason for restricting to spaces of covers with only » = 4 branch points.
Though our examples don’t satisfy stable homotopy, a lift invariant is still
relevant to organizing properties of their components.

1.1.1. Conjugacy classes. Suppose C’ is a generating collection of G
conjugacy classes. Denote the gcd of the order of elements in C by N¢.
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DEFINITION 1.1. Refer to a conjugacy class collection C as a rational

untion if for each k mod Ng, C* & {¢*geC}=C.

We will always assume C’ is a rational union, giving the collection
(1.1) Mg &f {C is a rational union supported exactly on classes of C'}.
For C € M, denote the multiplicity of C' € C' in C by r¢ . Consider
(1.2) Mg > ={C Mg | rerc > ' for all C' € C'}.

When the number of classes, r oof rc is 3, the group action (1.11) is
through S;. Except for induction purposes, we assume r > 4. The sh-
incidence matrix automatically reveals properties of Hurwitz spaces associ-
ated to (G, C) by idenitfying cusps with cusp group orbits in the Nielsen
class. We recall the basic definitions, especially how braids act on the Nielsen
classes (§1.2), and the combinatorial cusps (§1.3). Then, §2 produces the al-
gorithm at the heart of the paper.

63 and §4 are examples of using the algorithm. Each section is a series

of related Nielsen classes, related to other papers featuring three themes.

(1.3a) Why cusp orbit geometry often catches the the effect of a lift
invariant (Def. 2.8).

(1.3b) What orbits are easily recognized as having trivial lift invariant.
In this paper these are Harbater-Mumford orbits.!

(1.3c) When more than one orbit has trivial lift invariant there are
unsolved problems.

Here is the distinction between the two methods.

(1.4a) The sh-incidence matrix precisely catches all braid orbits (Hur-
witz space components).
(1.4b) Cusps with distinct lift invariants are in different components,

but several components may have the same lift invariant.

REMARK 1.2. A complete treatment of Riemann’s Existence Theorem,
as in Thm. 1.4, starting from [Ahl79], is at [Fr90]. A practical exposition,
using Davenport’s Problem takes up the first sections of [Fr12].

[V096| primarily aims at group theorists who are into the regular Inverse
Galois Problem. It complements [Se92] ([Fr94] ties them together). These
are less group theoretic, and more arithmetic/geometric than [MM99].

IThese have a natural generalization, including those given by g-¢ cusp type of (2.7).
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1.1.2. Cusps and moduli definition fields. To simplify we state results
when the cover equivalence class is inner (1.10):*> about Galois covers where
the definition field includes coordinates of automorphisms of the cover.

The BCL gives a cyclotomic field, Q¢ ¢ with this relation to a definition
field K of any cover ¢ : W — P! (and its automorphisms) corresponding to
a point p € H(G, C) on a Hurwitz space corresponding to (G, C).

(1.5a) K contains Qg c(p) (adjoin the coordinates of p to Qg ).

(1.5b) If fine moduli holds, then ¢ over Qg c(p) exists.

An example result [FrV91], the one we use most often, is that Qg c = Q
if and only if C is a rational union (Def. 1.1).

For inner Hurwitz spaces where fine moduli means G has no center,
(1.5b) then produces a regular realization of G with branch cycles in C
over this field (and no smaller field). Our examples uniformly take the case

&c = Q. In practice the case where the cover equivalence is absolute
(Thm. 1.4) is also of significance. For that there is a corresponding field
&e, contained in Qf ¢

It would be super if, for any Hurwitz space component, say H', we could
decorate the braid orbit, ', corresponding to that component (as gleaned
from (1.3a) and (1.3b)) to get an analog, Qu, of Qg ¢ for the inner and
absolute cases. See Prob. 1.19 and Rem. 1.20. That there are cases where
we can’t yet do this — as appears in our examples — is the point of (1.3c).

The sh-incidence matrices are graphic devices to display Hurwitz space
components. Princ. 1.7 serves as a Hurwitz space definition corresponding
to the equivalences between sphere covers that we use. The groups of our
example sections are accessible to anyone with a 1st year graduate algebra
course: A,, n >5in §3, and (Z/(*t1)2 x*Z/3, ¢ > 3 an odd prime in §4.

The first series extends [LOO8] which considered only absolute Hur-
witz spaces, It thereby concluded a simply stated result; one, however, that
didn’t reveal the complexity of the inner Hurwitz spaces. In this example
we precisely give the analog of Q¢ ¢ for all components.

The second series is natural as a test/illustration of the conjectures for-
mulated in [Fr20b, §5] for generalizing Serre’s Open Image Theorem (OIT;
as begun in [Se68]). The in progress book [Fr21] aims to complete that.
In these examples, though, the Hurwitz spaces have several components.
Indeed, we special attention to those that have more than one Harbater-
Mumford — with trivial lift invariant — components. We explain what it
would take to give the analog of Q¢ ¢ for these components.

2There are versions when the covers are absolute equivalence classes.
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Both series are level 0 of a natural tower of Hurwitz spaces, akin to
modular curve towers, and for which MTs (§1.4) are a practical analog for
modular curves of explicitly showing the rise of the genus of components in
these towers. We explain this, and apply this to our examples.

The sh-incidence matrix is based on using cusp group orbits, the equiv-
alent of cusps on the geometric space. The labeling of cusps is what gives
structure to the sh-incidence matrix and a handle on information on re-
duced Hurwitz spaces. Our examples are for » = 4 — where the spaces have
dimension 1. §1.3 gives the definitions for what we will compute including

components and their cusps, genuses and whether we have fine moduli.

1.2. Braid action on Nielsen Classes. With notation as used in
Thm. 1.4, unless otherwise said, we make these two assumptions.

(1.6a) Conjugacy classes, C = {Cy,...,C,}, in G are generating.
(1.6b) G is given as a transitive subgroup of S,,.

Meanings: (1.6a) = the full collection of elements in C generates G; and
(1.6b) == the cover associated to branch cycles g is connected. Even with
(1.6a), it may be easy to decide if there exists g € G" N C that generates.

Denote projective r-space by P" and its discriminant locus by D,. The
Riemann sphere, P! “cu {0}, is a copy of P! with 2z — as in 1-complex
dimensional analysis — as a uniformizing variable. Then, D, is the image
of the fat diagonal locus A, on (PL)" of two or more equal coordinates, by
modding out by the action of the symmetric group, S,.

Thm. 1.4 and Thm. 1.6 combinatorially describe, respectively, absolute
and inner equivalence classes of Riemann surface covers with invariants
(G, C) with specific

(1.7) unordered branch points z € P" \ D, =N

1.2.1. Ezplaining Nielsen classes, Ni(G, C). This is based on choosing
a collection of classical generators, P = {Py,..., P}, for the fundamental
group of the r-punctured sphere U, = P!\ {2} as documented in Rem. 1.2.

The cover comes from the mapping P; — ¢;, 1 = 1,...,r, producing a
permutation representation m(U,, z9) — G < S,. How this uses the theory
of the fundamental group to give a degree n cover f°: W9 — U, is explained
in many places. It is convenient to quote [Fr20b, §2.2], as we will use this
reference to connect to more detailed work on Nielsen classes.

Completing the converse to, say, Thm. 1.4 or is not immediate. You must
fill holes over 2z in fy to get the desired f : W — PL, as documented a’la
Rem. 1.2 in [Fr80, Chap. 4].
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DEFINITION 1.3. Two covers ;f : ;W — Pl = 1,2 are absolutely
equivalent if there exists a continuous ¢ : {W — oW such that o f o p =1 f.

Denote the subgroup of the normalizer, Ng_ (G), of G in S, that permutes
a given collection, C, of conjugacy classes, by Ng (G, C).

THEOREM 1.4. Assume z & 21, .., 2z € P distinct. Then, some degree
n cover f : W — PL with branch points z, and G = G; < S, produces
classes C in G, if and only if there is g € G" N C with these properties:

(1.8a) (g) = G (generation); and

(1.8b) [1:_, g =1 (product-one).
Two such 19, 2g represent absolutely equivalent covers if, for h € Ng, (G, C),
hogh™ = 1g. Indeed, r-tuples satisfying (1.8) give all possible Riemann
surface covers — up to absolute equivalence — with these properties.

The index of an element g € S, is n minus the # of disjoint cycles in g.
Refer to one of those covers attached to g as f, : Wy — PL.

r

(1.9)  The genus g, of W, appears in 2(deg(f)+g, — 1) = Zind(gi).

i=1
DEFINITION 1.5. Given (G, C), the collection of g satisfying (1.8) is

the Nielsen class Ni(G, C), with Ni(G, C)', 1 = abs referencing absolute
equivalence from the representation 7' : G — S,,.

Similarly for inner Nielsen classes, whose elements correspond to Galois
closures, f N P!, of the covers labeled f, above, with an explicit
isomophism 1 : Aut(f/P!) = G.

THEOREM 1.6. Suppose given two such (fl, ), (fg, o) and a continuous
Q: Wl — Wg for which fg op= fl. This induces

©* + Aut(Wa/PL) — Aut(Wy/PL) by
a € Aut(Wy) = (@) 'oaop e Aut(Wy).

Then, ¢ is an inner equivalence if
(1.10) Py 0 Q" otpy ! is an inner automorphism of G.

Equivalence classes of such pairs (f, 1Y) correspond to elements of Ni(G, C)T,
with T = in. Or, denote them Ni(G,C)/G with the g € G action mapping
g € Ni(G, C) to conjugation by g distributed on all entries of g.

Ordering z would destroy most applications number theorists care about.

This makes sense of saying a cover is in the Nielsen class Ni(G, C).
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1.2.2. Braid action on Ni(G,C)'. The rubric of [Fr20b, §2.1.1] called
dragging a cover by its branch points gives a sense of how the braid group
enters. Here we give basic facts and how two generators of the Hurwitz

monodromy group, H,, act on Nielsen classes.

(1.11a) H, is the fundamental group m; (U,, 2°) with 2° € U,, a basepoint.
(1.11b) Two elements generate H,.:

G 9Z (g1 s0) > (G0 Gimts GiGir1 07 S Gis Givas - G0);
sh: g—(92,93--.,9-,01) and H, o (qo,sh) with
shg sh™'=q 4, i=1,...,r—1.
(1.11c) Braids, B, on r strings give H, = B,./{q1 " ¢-—1¢r—1 - q1)-
The case r = 4 in (1.11b) is so important in examples, that in reduced
Nielsen classes (Def. 1.8), we refer to ¢o as the middle twist. As usual, in
notation for free groups modulo relations, (1.11¢) means to mod out by the
normal subgroup generated by the relation ¢; ---¢,_1¢,—1- -1 = Rpy.

PRINCIPLE 1.7. From (1.11), we get a permutation represention of H,
on Ni(G, C)'. Given t, that gives a cover ® e ot H(G,C) — U,: The
Hurwitz space of T-equivalences of covers.

The elements in (g1 - Gr—1¢r—1 - 1) have the affect

g € Ni(G,C) — ggg™" for some g € G. Indeed, for
9 €Ni(G,C),{(9)g 'Ruq | g€ B,} ={9 99| g € G}.

Circumstances dictate when to identify covers ;f : ;W — PL i = 1,2,

(1.12)

branched at ¢z, obtained from any one cover using the dragging-branch-
points principle. One might regard inner (resp. absolute) equivalence as

minimal (resp. maximal). Act by H, on either equivalence Ni(G, C)T.

1.3. Reduced Nielsen Classes. Mdébius transformations PGLy(C)
act on P, so on (P!)", and therefore equivariantly on (P!)"/S,,.

DEFINITION 1.8 (Reduced action). A cover f : W — Pl is reduced
equivalent to awo f : W — P! for a € PGLy(C).

Also, o acts on z € U, by acting on each entry. That extends to an action

on any cover ®f : H(G, C)' — U,, giving a reduced Hurwitz space cover:
(1.13) ot (G, C) = U, /PGL,y(C) & J,.

Somewhat abusing language, we refer to a point of J,. over which U, — J,
is not smooth as an elliptic point.
We concentrate in this section on reduced spaces when r = 4: §1.3.1

has the genus formula and §1.3.2 has the formula for fine moduli. Both
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are ingredients we expect to be able to compute based mostly on the sh-
incidence matrix.

1.3.1. Genus formula for r = 4. When r = 4, U, /PGLy(C) identifies
with P} \ {oo}. A reduced Hurwitz space of 4 branch point covers is a
natural j-line cover. Significantly it is an upper half-plane, H, quotient by
a finite index subgroup of PSLy(Z) [BFr02, §2.10]. We don’t directly use
that finite index subgroup. It is never a congruence subgroup except when
G is closely related to a dihedral group.?

The cover completes to H(G, C)*d — IP’Jl- ramified over 0, 1, co.

(1.14) Denote the group (g1q5*,sh?) by Q"
[BFr02, §4.2] contains the formula whose statement in Thm. 1.9 uses
(1.15) reduced Nielsen classes Ni(G, C)'™ ¥ Ni(G, €)1/ Q.

THEOREM 1.9. Suppose a component, H', of H(G, C)" is given by a
braid orbit, O, on the corresponding Nielsen classes Ni(G, C)"4. Then, the
ramification, respectively over 0,1,00, of H' — ]P’} 1s giwen by the disjoint
cycles of 0 = q142, 71 = 14241, Yoo = G2 acting on O.

The genus, gz77, of H', a la Riemann-Hurwitz, appears from

2(|0[ + gz — 1) = ind(70)+ind(71)+ind (7).

Using reduced spaces allows us to compare Hurwitz spaces with classical
moduli spaces, starting with the case G is a dihedral group, Dy, ¢ a prime
(which we here take to be odd) and C = Cau is 4 repetitions of the involution
conjugacy class, or more generally in the dihedral case with hyperelliptic
jacobians, as in [Fr20b, §1.3.1 et. al.].

Being able to compute cusps and genus of components when r = 4, as our
examples illustrate, makes very specific the value of using reduced classes
of covers, and the Nielsen class version (1.15) of this. We determine a great
deal from the Nielsen class, and the braid action on it.

While @' in Princ. 1.7 is an unramified cover of manifolds, (1.16) records
geometric complications when considering ®7*9.

(1.16a) For r = 4: ®"™ is finite and flat but the cover is ramified — as

recorded precisely in Thm. 1.9.

(1.16b) For r > 5: Depending on the braid orbit, @74 can have singular

fibers over the image of those z in J, fixed by some a € PGLy(C).

Fine moduli for a reduced Hurwitz space requires an addition from fine
moduli for the Hurwitz space. We expect computing that to be part of

3Comparing with Serre’s OIT, [Fr21, Chap. 6 §3] develops this point carefully.
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the sh-incidence computations, as explained for » = 4 in §1.3.2. The sh-
incidence matrix works for » > 4, and that calls for comparing sh-incidence
results for different values of r as in §5.

1.3.2. Fine moduli. This is a summary from [BFr02, Prop. 4.7]. In ab-
solute equivalence, with G < S,,, denote the subgroup stabilizing 1 in the
representation for absolute equivalence by G(1). In a check for fine moduli
we assume fine moduli for H (G, C)':

(1.17a) Absolute equivalence: G(1) is self-normalizing.*
(1.17b) Inner equivalence: G' has no center.

A standard change of variables on the j-line puts j = 0 and 1 as the
elliptic points on U;. Prop. 1.10 then adds the additional condition to (1.17)
to get fine moduli for r = 4. Rem. 5.2 explains the Nielsen class element
check for fine moduli when the image points are elliptic for general 7.

Consider a component HI of #(G, C)' for which: the moduli definition
field, QHI is known. We refer, as previously to the braid orbit on the Nielsen
class attached to Hi.

PROPOSITION 1.10 (Birational fine moduli). Assume also p*¢ € HI™d
has image in U; \ {0,1}. Then, there is a cover in the reduced equivalence
class defined over Qira(p) (and no smaller field) if Q" acts as the Klein
4-group on the braid orbit attached to Hi.

For p™ over j =0 (resp. 1), the conclusion still holds if vy (resp. 11) in
Thm. 1.9 does not fix the reduced Nielsen class element associated to p™.

The same conclusion holds in (1.16b) (here there is no group like Q"),
if the image of p*d € HI™ is not an elliptic fized point. But there is another
issue: is the equivalence class of the cover isomorphic to P! or to a quadric
over the resulting field, Rem. 5.1. RETURNM

Comments on J. for r > 5 (below), including Rem. 5.2, describes the
conclusion here also holds if the extension of o to an action on branch
cycles, does not fix for the cover corresponding to p.

Both results in Prop. 1.10 — excluding Rem. 5.1 — depend only on the
Nielsen class braid orbit, though the classification of the precise statement
for (1.16b) is in print only in special cases in [FrG12].

We consider including fine moduli data as part of the computations im-

plemented here for » = 4, based on the success of Thm. 1.9.

1.4. Modular Towers. For a prime ¢, here is the definition that makes
the constructions of this section canonical.

YFor g € G, if gG(1)g~ = G(1), then g € G(1).
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DEFINITION 1.11. A cover vy : H — G of profinite groups is Frattini
(resp. ¢-Frattini) if for any subgroup H' < H with ¢y (H') = G, then
H' = H (resp. in addition ker(¢ ) is an ¢-group. For C a conjugacy class of
G, consisting of elements of order d, (d, ) = 1, there is a unique conjugacy
class of H — refer to it as C, too — of elements of order d lying above C.°

§1.4.1 gives the definitions of ¢-Frattini lattice quotients, and then of
MTs. §1.4.2 gives the main conjectures, noting the relevance of our tools to
make computations toward them. §1.4.3 gives examples of /-Frattini lattice
quotients, thereby including as special cases all of our examples.

The overlapping results of [?] and [?] on the case r = 4, give explicit
problems that call, on one hand for extending Falting’s Theorem, and on
the other differentiating between MT's (with levels that are upper half-plan
quotient) that resemble modular curve towers (though they aren’t) and
those that don’t.

1.4.1. MT definition. In our examples, a given Hurwitz space, Ho, is

level 0 of a canonical Hurwitz space tower,

Hecer & {H;}72, as given in (1.23).

(1.18)  For simplificity, and as in our examples, assume (¢, N¢) = 1.°

Now we explain from where, with G an ¢-perfect group, these L s arise.
[Fr20b, §1.3.3] documents/surveys existence and properties for the uni-
versal (-Frattini cover ﬂ; ; gé — G the maximal (-Frattini cover of G.7
Modding out by the commutator [ker(;1)), ker(y1))] subgroup, produces:

the Universal abelianized (-Frattini cover of G:

1.19 e ~
( ) L(;j d:f (Zg)emc — gGab —e—wab—%G

DEFINITION 1.12. The characteristic Z/¢|G] ¢-Frattini module is
ker(ﬂﬁab)/f ker(gizzab)) def Mg Its Z /¢ dimension is ymg.

The universal exponent ¢ Frattini cover of G is j¢ : ;G — G. Consider
any (non-trivial) Z/¢|G] quotient M’ of ;M¢, with kernel K. It is ele-

mentary that any quotient of ﬂ;ab mapping through G is a Frattini cover,

therefore giving juyy : G/ Ky 1 G — G is an (-Frattini cover. We say

it is unique if the following Z/¢ module has dimension 1 (see Rem. 1.15):
(1.20) H*(G, M") = Ext (1, M") [Be91, p. 70].

SThis is the most trivial case of Schur-Zassenhaus.

6A condition like this is necessary for the tower to be canonical. See Lem. ??. [Fr21]
extends it, but all our examples here use this particular condition.

"The treatment is a variant on that of [FrJ86, Chap. 22],.
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PrRoPOSITION 1.13. Notation as above, there is a short exact sequence
(1.21) Ly — G, NG with these properties.®

(1.22a) by factors through by

(1.22b) ¥ Epp JOF Y Epy = M as a Z)C|G) module, k > 0.

If M is an indecomposable Z/C|G]| module, then Ly is an indecompos-
able Z[G] module [Be91, Thm. 1.9.4].

PROOF. For (1.21), inductively form ¥pp 0 ¥Gyp — G as a quotient of
]gd]ab : ?Gab — G

Use the universal property of §™'¢_ : #*'G  — G for (-Frattini covers
of G with exponent (*1 kernel: This factors through 5y as

"o k+1 . k41 k
w c/ ¢ab Y Gab — ZGMI'

To continue inductively, assume we have formed ¥ K the kernel of §G 5 —
51Gy. Then, on 571G, mod out by ("1 (*Ky) € 1K, to form
IEH_IGM/ — G,

For the final profinite group cover given by ¢y, take the projective

b?

limit of these group covers of G. O

Refer to ZQZM/, or by abuse Ly, as an (-Frattini lattice quotient (of ﬂ;ab).
Now we seriously use (1.18): (Ng,?) = 1 to equate the conjugacy classes
C in §Gyp with those in G = Y9G, following Def. 1.11. From Prop. 1.13,
using (1.13), form the canonical Hurwitz space sequence

def rd def o
(123) HG,C,@,L = {H(?GM/, C)T’ 4= Hk}k:()‘
DEFINITION 1.14 (MT). A modular tower on Hg ¢y is a projective
sequence of absolutely irreducible components H' = {H.}?2, on He c e L.
That is, H},,, a component of Hj, maps to Hj, by the natural map, Or,

its a projective sequence of braid orbits on Ng e r, o {Ni(kGpp, C)T12,.

REMARK 1.15. The uniqueness definition in (1.20) extends to consider
all related coefficients (Z/¢* and Z;). We think that [, in Prop. 1.13 is
unique for Frattini covers of G with kernel M’ if and only if (1.21) is unique
with properties (1.22a) and (1.22b). The only if part is easy, but at this

time we don’t have a complete proof of the other direction.

S8Referencing (1.21) just by M’ is a simplification of notation, since M’ can appear,
in cases, as a quotient of ;Mg several ways. Usually this won’t be a problem.
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1.4.2. Main conjectures. As previously, denote the moduli definition field
for Hj, by Qu . Relevant to (1.26b), there are two possibilities for H'.

(1.24) The ascending sequence {Q% 122 either stabilizes at Ky
([Km : Q] < 00) or there is no degree bound over Q.

Since we are using reduced Hurwitz spaces, when r = 4 all components
of the H s are upper half-plane quotients and natural P} \ {co} with j the
well-known j-line parameter [BFr02, §2.3]. Using the sh-incidence algo-
rithm, Thm. 1.9 can efficiently compute the genus of the natural projective
completion of the Hurwitz space, presented as a ramified cover of the j-line.
Conj. 1.16 has been proven, but the interest has these points based on the

notion of ¢-cusp (2.7). Assume H' is a MT on Hg ¢y 1.

(1.25a) If for some value of k, a component has at least 2 ¢-cusps, then
Thm. 1.9 shows the genus goes up rapidly.

(1.25b) Unless (1.25a) holds, at this time we have no way to estimate
when the genus of H), has surpassed 1.

Our basic assumption (1.1) on the moduli definition field implies all tower
levels have moduli definition field Q. They have, however, in our examples
several components, and some of those will have moduli definition field
larger than Q.

Though condition r = 4 is not necessary, that case poses unsolved prob-
lems (geometric and diophantine) for the solved case, r = 4, of Conj. 1.16.
Problems for which sh-incidence data is relevant.

CONJECTURE 1.16. Let K be a number field. High tower levels satisfy:

(1.26a) All components have general type; and
(1.26b) there are no K points.

Statements (1.27) on ;M¢ — using considerable modular representation
theory — give some sense of tools at our disposal for using Prop. 1.13. They
are respectively [?, Chap. 3, Prop. 1.26] (or [Fr95, Proj. Indecomp. Lem. 2.3]
with help from [?]) and [?, Chap. 3, Prop. 1.27] (or [Fr95, Prop. 2.7]). [?]
collects these tools under four ¢-Frattini principles. That material also has
detailed explanations of the cohomology involved.

(1.27a) It is indecomposable (if not then its summands would be obvious
examples of M*) and dimg,(H*(G, M¢)) =1 (see Lem. ??).

(1.27b) Describing it requires having explicitly only the projective inde-
composables belonging to the principal block representations.’
97./¢|G] decomposes as a sum of indecomposable 2-sided ideals (blocks) corresponding
to writing 1 as a direct sum of primitive central idempotents. The block “containing” the
identity representation is the principle block [Be91, §6.1].
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Given |G — G, its kernel is (M, the characteristic (-Frattini Z/¢[G]. We
call ¥° : G° — G an (-Frattini lattice quotient if it is an ¢-Frattini cover,
with kernel a Z,[G] module, free as a Z, module.

1.4.3. Ezamples of (-Frattini lattice quotients.

EXAMPLE 1.17 (Frattini Central extensions). Consider the smallest pos-
sible non-trivial ¢-Frattini central extension ¥y : H — G: ker(¢y) = Z/{ is
in the center of H. We also assume G is centerless. Now consider another
quotient of ;G given by ¢° : G° — G. First consider what happens if ¢°
factors through v y. RETURNM A

1.4.4. A model for results on components. Since the sh-incidence matrix
works for all r, a separate §5 comments on reduced Hurwitz spaces for r > 5.
The topic isn’t yet fully developed. One issue is that for a collection of
distinct conjugacy classes, C’, by increasing the multiplicity of the classes
from C’ appearing in C, we get sequences of spaces that ought to be related,
and for which we can see relations between their respective sh-incidence
matrices.

The following stable homotopy result puts our definitions together where

they apply for all r. Use the notation of (1.2).

PROPOSITION 1.18. There is an v’ for which, if C € Mc >, there is one
component of the Hurwitz space H(G, C) consisting of covers with trivial
lift invariant. Further, the moduli definition field of that component is Q.1°

PROOF. This is an extension of [FrV91], which only considered the
case when the lift invariant is trivial, but stated a version of this in [], which
says for 1’ large each value of the lift invariant is achieved by exactly one
component. With our assumption that Qg ¢ = Q, components are mapped
among each other by the Gg action. Thus, it suffices to see the component
attached to the trivial lift invariant is stable under Gg.

Showing this amounts to showing that any cover, p : W — Pl  defined
over Q in the component with trivial lift invariant is mapped to another
with trivial lift invariant. The characterization of having trivial lift invariant
considers a representation cover 1, : G* — G (central Frattini extension)

10We know for certain as in Rem. 4.1, usually the moduli definition field would not
be Q for the other components.
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and the natural map Ni(G*, C) — Ni(G, C)." Trivial lift invariant means:

H;:1 g7 = 1. That is, there is an unramified cover

(1.28) ¢, : W, — P! factoring through .

Using Thm. ??, that gives a Galois cover ¢, : W* — PL. From RET, this
cover is defined over Q. This characterization doesn’t depend on the choice
of g representing . From [Fr77, §5], there is a connected Zariski open
family

ﬁLng X IP; that includes a cover equivalent to .
For o € G, apply o to all these spaces and covers. That gives
. vy ..
a new family 7, —%H, x P! containing 7.

A component with trivial lift invariant corresponds to a braid orbit repre-
sented by g € Ni(G, C) that is the image of g* € Ni(G*, C). Our assumption
is there is precisely one braid orbit of such. Therefore, the assumptions say
that the unique component consisting of covers with trivial lift invariant
has moduli definition field Q.2 [l

Contrary to Prop. 1.18, when r = 4 the lift invariant may not separate
components. In most of our examples it does not. Therefore, the moduli
definition field of the components of covers with trivial lift invariant requires
more work. The foremost arithmetic geometry problem on Hurwitz space

components.

PROBLEM 1.19. Find the moduli definition field, (1.5) of each component
when there is more than one component of a Hurwitz space (see Rem. 1.20).

REMARK 1.20. The standout unsolved case of Prob. 1.19 is where, among
several Hurwitz space components, more than one has HM type.!® One
possibility here is when the Gg orbit of one component contains them all.
The other extreme is when the moduli definition field of all components is
Q. That leaves the problem of finding an explanation (geometric?) for why

there are distinct components.

11Again, for simplicity compatible with our examples, we assume
(| ker(¢,)[, NbfC) = 1, so that we may lift any element of g € C to a unique
same order element ¢g* in G*.

12With a little extra notation, if Qg¢,c is any field, the same argument would show
the result is the component with trivial lift invariant has the same moduli definition field.

I3This is a natural subcase of several components having trivial lift invariant, but
this one case has arisen several times.
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2. sh-incidence Algorithm

The sh-incidence matrix entwines the interaction of the braids and the
group GG, showing up in invariants of components of Hurwitz spaces through
a labeling on cusps. All spaces are normal varieties. In this paper a  su-
perscript corresponds to inner or absolute equivalence. Reduced Hurwitz
spaces, denoted H™® have dimension ¢ — 3. Their components, though,
correspond one-one with the braid components of the Hurwitz spaces HT.

Here is the difference between them.
(2.1a) For r = 4, H"™ (resp. ﬁmd) is a nonsingular (finite, flat) cover
of Uj (resp. P})."*
(2.1b) For r > 5, p € H", is a singular point if RETURNM

2.1. Twist orbits. The sh-incidence matrix is given in Def. 2.4. Its
rows (and columns), listed in Lem. 2.2, are labeled by cusp orbits. Def. 2.1
gives the most easily identified Nielsen class elements defining a very com-
mon type of cusp orbit. It also turns out to be problematic, though rare,
when more than two braid orbits contain these types of cusps.

The name combines the phenomena of [Ha84] and [Mu72] that appears
on the boundary of a Hurwitz space component containing an HM rep. The
significance was that under mild explicit conditions this appearance allowed
showing the moduli definition field of such a component would be Q, even
if there was more than one component, as in [Fr95, Thm. 3.21].

DEFINITION 2.1. An element ¢ € Ni(G,C) is a Harbater-Mumford
(HM) representative if it has the form (g1,g;",...,¢s,97") (so 25 = 7).
A braid orbit O is said to be HM if the orbit contains an HM rep.

There is a superficial similarity between the Nielsen class Ni(Aj, Cs1),
with one braid orbit, and Ni( Ay, Cs1) with two braid orbits. Both have braid
orbits with HM reps. Yet, both are one case of a natural series of Nielsen
classes, very different in their behavior.

Lem. 2.2, for all r, lists ¢; orbits. Note though, one index ¢ suffices for
the sh-incidence matrix. For historical reasons we choose i = 2.

LEMMA 2.2. Let g € Ni(G,C) be a Nielsen class representative. With
1= giGi+1, the orbit of Q; on g is the collection

(g)gk = { (90901, W™ 1l g giva, ) for k=21
' (91 Gi1s 1 Giginrg; 1t plgip ™, giva, ) for k=1+21.

14 Cover here means ramified cover with, with flat meaning, having fibers of locally
constant dimentions.
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Ifr =4, and g € Ni(G, C)! is an HM rep. (g1,9, ", 92,95 "), then so are
all elements in the Q", of (1.14), orbit of g.

Then, the Q" orbit length on Oy is 4/(m+1) with m the count of conju-
gacies, in T equivalence, given by

hgih™" = go or g1 = hgy 'h™" with h* = 1; or h(g1, g2)h ™" = (97", 95").

If G (resp. Ng, (G,C)) has no center (resp. element that centralizes G) for
T =1in (resp. abs) then h is determined by these conditions.

PROOF. The formula of the 1st paragraph comes from the definition of
g;- Similarly, if you apply qiq5 ! or sh? to an HM rep, then it is immediate
the result is another HM rep.

Now consider the Q" orbit length, which is 4 divided by the number
of elements ¢ € Q" for which (g)q = hgh™' for some h € G (resp. h €
Ns, (G,C) if = in (resp. = abs). The cases are similar, so we will just
do the 1st.

If h? = 1 for which g, = hgoh™', then g;! = hgy 'h~! and

h((g)sh®)h™" = h(g2, 955 91,97 ) = g.

If hi, he both satisfied these conditions then hqhs U would commute with
g, contrary to the centralizing assumption. Either one or all three of those
conditions are satisfied. Add that number to 1 (for the trivial element in
Q") to get m. O

REMARK 2.3. General expectation from Lem. 2.2 is that () orbits would
have length 2-ord(g;g;+1) 4 26. There is an important exception —Prop. 77
— for which the orbit length (even without concerns about centralizers) is
half that expectation. The first condition is that o is odd. It applies to the
cusp labeled (O 5 in the Nij block of the case Ni(Ay, Cz:) §3.1.

2.2. Listing cusps for the sh-incidence matrix. Now we give the
algorithm using Def. 2.4, the sh-incidence matrix, for computing braid orbits
on specific reduced Nielsen classes.

For, S, a set of representatives in Ni(G,C) and any equivalence rela-
tion e on the Nielsen class, denote by S92 (resp. S5™*) the collection of e
equivalence classes of ¢ (resp. sh) orbits.

We use O for braid orbits on a Nielsen class. For go (cusp) orbits the
notation will be .O, with the understanding e-equivalence holds.

If r = 4 and e is one of the reduced equivalences, then sh has order 2,

thereby producing a symmetric matrix.
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DEFINITION 2.4. List e-equivalence classes, .O,...,.O,, of ¢ (cusp)
orbits. The sh-incidence matrix A(G, C) has (4, j) term |(O;)sh N O;].

Denote the transpose of an n x n matrix by 7. Equivalence n x n
matrices A and TA™T running over permutation matrices T associated to
elements of S,,. Refer to a matrix A as in block form if there are matrices
By, ..., By, for which A has the form of a u xu diagonal matrix with diagonal
entries By, ..., B,. The proof of Lem. 2.5 is the algorithm. Rem. 2.10 and
Rem. 2.12 add extra comments.

LEMMA 2.5. For some T, A(G,C) is in block form with the block rows
(and columns) labeled by cusp orbits whose union of elements consists of a

single braid orbit on Ni(G,C) under e-equivalence.

PROOF. Start with any ¢y orbit and label it .O; ;. Then form the se-
quence

(22) COl,l — (CO??')‘D»' N (((COT?')on)sh,o)qQ,o o

until the sequence stops. The result will be a union of distinct ¢ orbits
under e-equivalence.

Denote this collection by Oy = {cO11,...,cO1y, }. Since H, = (g0, sh),
together .O; contains all elements — modulo e-equivalence — in the Nielsen
class that are in the H, orbit of any element of (O ;.

Label the rows and columns of the first block of your matrix, By, by the
elements of 0. In step 1 of (2.2) you iterate applications of sh on (O,
and check for all new g, orbits. The (i, j)-entry is |(cO;,)sh N O ;|. Call
O; and O, neighbors if |(.O;;)sh’ N O, | is nonzero for some ¢t. If the
process stops after one step, then all go orbits are neighbors of O, ;. In step
2 you do the same thing to any of the new ¢y orbits, etc., until you stop
getting new g9 orbits. The resulting sh-incidence matrix is obtained from a
maximal sequence of neighbors.

Therefore, this gives exactly one block, B; as described in the opening
paragraph of the lemma. If further ¢o orbits in the Nielsen class haven’t
been used, then start again until you have used them all. Eventually you
get blocks By, ..., B, corresponding to unions of ¢, orbits .0y, ...,.0,. O

2.2.1. Comparing inner and absolute classes.
2.2.2. The Lift invariant. We here define the lift invariant, in a re-
stricted situation, that suffices for the paper. Defining it is one thing, com-

puting it another. Our examples take advantage of computation formulas.
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The fundamental group of the orthogonal group,O,,(R), is naturally writ-
ten as the spin cover 1, : Spin,, — O, (R). Regard ker(¢,,) as {£1}. The

natural permutation embedding of A, in O,, induces the
Frattini cover 1, : Spin,, — A,,, abusing notation a little.

A braid orbit O of g = (g1, ..., 9:) € Ni(A,, C), with C conjugacy classes
consisting of odd-order elements, passes the (spin) lift invariant test if the
natural (one-one) map Ni(Spin,, C) — Ni(A,, C) has image containing g.
Each g; lifts to a same-order element g; € Spin,,.

DEFINITION 2.6 (Lift invariant). Then, sgpin /4, (O) &of IT—, g € ker(¢,).
Generally, for (-perfect G, vy : H — G a central (-Frattini cover, and ¢’
conjugacy classes C:'® for sp/c on a braid orbit O on Ni(G, C) substitute
A, — G and Spin, — H in sgyin /4, (0) using same-order lifts to H.

One result was that if the genus attached to Ni(A,,, C) is 0, then the lift
invariant depends only on the Nielsen class and not on O, and there is an
explicit computation for it.

ExXAMPLE 2.7. For n = 4, there are two classes of 3-cycles, C.3, but
just one for n > 5. For g € Ni(4,,Cz:.-1), n > 5, n—1 repetitions of Cs,
Sspin, /4, (9) = (—1)""1. For n = 4, the only genus 0 Nielsen classes of 3-
cycles are Ni(Ay, C,33) and Ni(Ay, C_33), and the lift invariant is -1.

The short proof of [Fr10, Cor. 2.3] is akin to the original statements I
made to Serre for [?]. A

DEFINITION 2.8.
2.3. r =4 and finishing the computation.

LEMMA 2.9. Now assume r = 4, and e-equivalence is one of the reduced
equivalences, so qo orbits are 7o, orbits. Then the sh-incidence matriz is
symmetric.

Replacing sh by either vy or vy, acting on v orbits gives the same blocks
in the resulting matriz. Then, fived points of v;, j = 0 or 1, on any My orbit

give nonzero entries along the diagonal of the corresponding block. Then,
|<cOl,t)Sh N COl,t" = |(col,t)5h2 N (0017t’>5h| = |001’t M (COLt’)Sh|'

That shows the final matrix in block form, has each block symmetric.

PRrROOF. Take r = 4 and for e-equivalence one of the reduced equiva-
lences, where sh? is the identity on braid orbits.

15You can drop both assumptions, as in [FrV91, App.|, but the definition is trickier.
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Use that on reduced classes ¢; = g3, with relation (?7?), ¢1¢2q1 = ¢2q1¢2-
Now consider what happens if we replace sh by 7, represented by ¢;¢.. Since
we start with a go orbit, say O, the collection with sh applied is given by

(cO)sh = (cO)CI1Q2Q1 = (cO)CI2Q1Q2 = (CO)CHQQ-

That shows the matrix is the same with vy replacing sh. Of course, 7 is
sh. That finishes the proof of the lemma. Il

REMARK 2.10 (The algorithm-Part 1). Regard the sequence of expres-
sion (2.2) as iterated steps — it shows two steps — in computing one braid
orbit on the e-equivalence classes on Ni(G, C). Our examples often have one
step.

We have used the example Nielsen class Ni(A4, C 32 32) several times
to illustrate increasing numbers of quantities you would like to compute
about them: For example, [Fr20b, §2.3]. Especially properties of the two
components in each case of reduced inner and absolute spaces as j-line
covers (and upper-half plane quotients) in light of their not being modular
curves. We don’t do this one again, but note that it is the case ¢ = 2 of
the series of §?7 which does the cases of prime ¢ > 3. Each component
corresponds to the braid orbit of two types of cusps: an HM rep. Def. 2.1,
and a D(ouble)I(dentity) rep. These give their Hurwitz space components
corresponding monikers.

It makes sense to list ¢, orbits, referring to the blocks, as
Ow1,1 Owl,b1 Ow2,1 Ow2,b2 Owu,1 Owu,bu
CM1,1 v CM by 9CY21 vt CY 2y vttt C iyl ottt C b,

with the superscript w; ; the cusp width (cusp orbit length). Still, should
there be more than one step, labeling within any one block probably should
correspond to the step in which it appears. Especially if the seed orbit has

been chosen well.

LEMMA 2.11. For r = 4, in the ith block of the sh-incidence matriz, we
can read off the degree of the component H; over IP)} as Z;’;l w; j. Further,

b;

Wi = Z 1(c0i5)sh N Ol 5 =1,....b:.
k=1
ProoOF. This follows by recognizing the cusps as the ¢y orbits on the
ith braid orbit of the Nielsen classes under reduced equivalence. This is a
piece of the proof of Thm. ??. The rest is from the combinatorics of the

sh-incidence matrix. O
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REMARK 2.12 (The algorithm-Part 2). Fixed points of 79 or 71 on a
reduced orbit imply that the reduced Hurwitz space component does not
have fine moduli. We can almost read that data off directly from the sh-
incidence matrix. If there are no nonzero diagonal elements corresponding
to that block in Lem. 2.5, then for certain 7y or v; have no fixed points.
Then the only test necessary for fine moduli is that Q" acts on that orbit
as a Klein 4-group.

Yet, if their diagonal elements aren’t all 0, there may, or not, be v, or v,
fixed points. Both cases occur in the Ni(Ay, Ci32) §3.1.

2.4. Cusp Principles. Princ. 2.13, a version of [BFr02, Prop. 2.17],
makes transparent the width of most cusps. Princ. 2.14 smooths the way
between r = 3 and r = 4 for pure-cycle Nielsen classes. It is a version
of [LOO08, §4], the hardest part of their paper (r = 4). Our simplification
results using cusps improves the efficiency in computing braid orbits.

For g1, g2 in a group, denote the centralizer of (g1, ¢g2) by Z(g1, 92).

Let 9192 = g3, and g2g1 = g5. Let 0(g1, g2) = o (resp. 0'(g1,92) = o be
the length of the orbit of 4 (resp. v) on (g1, ¢g2). If g1 = go, then o =o' = 1.

PRINCIPLE 2.13. Assume g1 # go. The orbit of v* containing (g1, g2) 18
(939195”, 939295”), 7 = 0,...,ord(gs)—1. So,

0 = ord(gs)/|(gs) N Z (g1, g2)| < (g1, 92).

Then, o' = 2-0, unless o is odd, and with x = (g3)°"Y/2 and y = (g4)°~V/2

(2.3) (so g1y = xg1 and ygs = g2x),ygo has order 2 and o' = o.
PRroOOF. For ¢ an integer,

(91, 92)7*" = (d59195 j gétgzgg‘ 0 and
(91, 92)7* = (gha19291 "95 ", 9o g197 ' g5 ").

The minimal ¢ with (g1, g2)7** = (g1, g2) is 0(g1, g2). Further, the minimal
J with (g1, 92)7 = (91, g2) divides any other integer with this property. So
jl20(g1, g2) and if j is odd, jlo(g1, g2)-

From the above, if the orbit of v does not have length 20(g;, g2), it has
length o(g1, g2). Use the notation around (2.3). The expressions g1y = z¢;
and yg, = gox are tautologies. If o is odd, then (g1, 92)¢5 = x(g1, g2) 2",
Assume this equals (g1, g2), which is true if and only if zg; = gz = ygo. The
expression (g1¢2)° = 1 and xg1yg, = 1 are equivalent. Conclude (ygs)? = 1.
So long as the order of ygs is not 1, this shows (2.3) holds. If, however,
Yga = g1 = gox = g1y = 1, then g1 = go, contrary to hypothesis.

This reversible argument shows the converse: (g1, g2)q5 = (g1, g2) follows
from (2.3). This concludes the proof. d
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Use the notation of Princ. 2.13, in the case the elements are pure-cycle.

PRINCIPLE 2.14. Consider the common support of (ge, g3). With no loss,
unless it is empty, take it to be {1,... k}. Then, consider the overlap, U(g),
of that with (g)mp. This consists of at most two integers.

If [U(g)| = 1 (with no loss take it to be k) then (g, g3) has the form

(k...1v),(1 ... kw)) withv, w and {1,..., k} mutually disjoint.

Here, (g)mp = (kww), is an odd pure-cycle.
If|U(g)| = 2, then there is no common support in the 3-tuple (g4, g1, gag1)-
Further, (g2, g3) has the form

(24) ((k? e Zo+1 (1 io e 1’02), (]_ R 7:0'11)1 Zo+1 R ]{3’11)2)),
with the sets v1,vq, Wy, wy and {1,... k} pairwise disjoint and
(2.5) (g)mp = (kwsv2)(igw;v1), a split-cycle.

The two disjoint cycles are the inverses of g1 and g4, giving conditions (see
(2.6)) on the lengths (orders) of v; and w;, i = 1,2, so the g entries have
the right orders.

The condition |U(g)| = 2 happens for some rep. in each allowed Nielsen
class if and only if it is not Ni(nTH)4 for some n > 4.

PROOF. We characterize each case of (?7). For a segment labeled v (or
w) in the calculations, compatible with previous notation, denote its length
o(v).

If U(g) is empty, then g5 and g5 are disjoint. Otherwise, assume k € U(g).
If no other letter is in U(g), then consider the effect of g2g3 to see that
by reordering 1,...,k, we may assume g3 maps ¢ — i+1, and gy reverses
this, for ¢ = 1,...,k—1. So, these integers disappear in the support of the
product, and (g, g3) has the shape given in the proposition statement. The
length of (¢)mp is 1+ o(v) 4+ o(w), and 2k + o(v) + o(w) = ds + ds. Since dy
and ds are both odd, conclude o(v) + o(w) is even, and the length of (g)mp
is odd.

It is similar for |U(g)| = 2. Now consider, by cases, what happens with
the complementary pair (g4, g1)-

Suppose |U(g)| = 2. Then, two integers having three supports among
the entries of g appear in (g)mp. Apply the argument to (g4, g1,9491 =
(gog3)~') that we used on (gs, g3, g2g3). If there were further integers in
the common support of (gs, g1, 9491) and (g4, g1), that would give at least

three integers appearing in the common support of three entries of g. So,
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that can’t happen. Similarly, if |U(g)| = 1, then the common support for
(94, 91, (9291) 1) has also cardinality 1, different from the integer in U(g).
For g € Ni ntl)e, all pairs of g entries have overlapping support. So there

can be no split-cycle cusps. Given d # (”T“)4, we now produce split-cycle

cusps.
With dy < dy < ds < dy, apply a braid to produce g’ with o(g.) = d; 1,
1 =1,...,4 mod 4. This assures the two smallest lengths are at positions 1

and 4. From genus 0, Zle d; = n+2 implies d; +ds < n. Here are equations

expressing the respective segment lengths of ¢}, g1, g5, g5 using v and w:

L+o(v) +o(w) =dy, 1+ 0(vy)+ o(ws) = ds,

(2.6) k+o(vi) +o(v2) =ds, k+o(wr)+o(ws) = dy.

Solve the equations, as in Ex. ??, to canonically, up to absolute equiva-
lence, produce a split-cycle cusp. For example, d; —14+ds—1 = d3—k+ds—k,
determines k. This concludes the proposition. Il

[?, 83.2.1] has three generic cusp types that reflect on Hurwitz space
components and properties of MTs containing such components:

(-cusps, g(roup)-¢ and o(nly)-¢'.

Modular curve towers have only the first two types, with the g-¢' cusps the
special kind called shifts of HM.
[?7, §3.2.1] develops these cusps when r = 4 (as alluded to in (7?777)):

(2.7a) For g = (g1, g2, 93, 94) in the cusp orbit (??), the cusp is g-¢ if

Hy g = (g1,94) and Hyy = (go, g3) are £’ groups.
(2.7b) It is o-¢', if ¢ fgog3 but the cusp is not g-¢'.
(2.7¢) It is an ¢ cusp otherwise.

These generalize to all r. For example:

DEFINITION 2.15 (g-¢' type). For g in a braid orbit O on Ni(G, C), we
say O is g-0' if g = (g1, - .., g-) has a partition with elements

P = 9u, Gus1,-- -, Gurw] (subscripts taken  mod r)
and Hp = (Gu, Gut1, - - - Gurw )] an £’ group for each partition.
The following is from [?, Prin. 3.6, Frattini Princ. 2].

THEOREM 2.16. There is a full MT over the Hurwitz space component
corresponding to O if O contains a g-¢' representative (no need to check

central Frattini extensions as in Thm. 77).
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The approach to more precise results has been to consider a Harbater
patching converse: Identify the type of a g-¢' cusp that supports a Witt-
vector realization of gé .

Typically we label a braid orbit O in Ni(G, C) by the type of cusp it con-
tains. In actual examples, as in §4, even these generic names get refinements

where we call particular o-¢ cusps double identity.

3. The Nielsen classes Ni(4,, C(nT+1)4)T

[LOO08| considered absolute Nielsen classes with the conjugacy classes
pure-cycle, where the absolute classes were of genus 0 covers. The groups
here can only be A, or S,,. With these stipulations, we take the case r = 4.
In addition we ask that C consists of just one class repeated 4 timesthe
cycles are pure-cycle of the same length k, denoted Cg: just one disjoint
cycle of length exceeding 1. That is, from RH (Thm. 1.9) the pure-cycle has
n+tl

2

length and n is odd.

An example element of C; would be
k—1
(12)(13)---(1k),a product of —5 2-cycles.

Therefore, G is A, if and only if n = 1 mod 4.1 Here 1 indicates the
equivalence could be either inner or absolute. As set up in §2.2.1 and done
in particular in §3.1.4, we go from absolute to inner classes starting with the
result lacking complications for absolute classes of [LOO08|. The difficulty

for inner classes, reverts in Prop. 3.3 to whether 2 pure-cycle elements of
n+1
2
We can write out the sh-incidence matrix for all n = 1 mod 4 in this

order in A ni1 are conjugate in this group.

case. Prop. 3.2 shows the most easily stated distinction between the cases
n =1 mod 8 (two components) and n = 5 mod 8 (just one component)
using the algorithm of §2 encapsulated in Table 4. S3.2 has the actual sh-
incidence display. Table 3 (n = 5) doesn’t tackle all cusp matters. So, Table
7 has n = 13, the next case for n =5 mod 8, to show the concise abs-inn
sh-incidence form. Prop. 3.17 has how the genus of the reduced spaces comes
from these matters.

3.1. Braid orbits on Ni(4,, C(nT-Q—l)zL)T’rd. §3.1.1 uses HM reps. to set
up the most memorable result. §3.1.2 decorates the x; ; notation to precisely
label the shift of an ,cusp (Def. 3.1). §3.1.3 displays the shifted Nielsen class
representatives (denoted ,g") that dominate the rest of the computation.

6The case for all r > n—1 and k = 3 has already appeared (Rem. 3.19).
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Then, §3.1.4 has the sh-incidence display for absolute classes, used to get
that for inner classes.

3.1.1. Shifts of elements in HM reps. Fixing the 1st and 4th entries in
pure-cycle reps. Prop. 77 says all g-2' cusps are sh applied to HM cusps
(91,97 %, 92,95 1). Also, all remaining cusps are pure-cycle.

With z; ; = (ii+1 --- j), inner HM class have one of two reps:

HM, &

def
HM2 = (HMl)(J1 = (xl’nTH’anH’l’anH

($n;171, an;l 3 :L‘n;l’n, ajn’n;l)

Ly st )

7”7

DEFINITION 3.1 (Splitting <Oy o). For k = n—2¢, { as in (7?7?77), let
Oy (resp. cO)5) be all inner (reduced also from Lem. ??) classes in Ry
(resp. Ry, ,). We call these ,cusps. The concept p-,cusps (extending p-cusps)

makes sense.

ProOPOSITION 3.2. For n = 5 mod 8, HM; and HM, are not inner
equivalent. So, there is one braid orbit on Ni(A,, C(nTH)4)in

Forn =1 mod 8, if h € S, \ A, there is no braid between g and hgh™'.
So, there are two braid orbits on Ni(A,, C(nTH)4)in

3.1.2. Organizing conjugation parities. We use special notation for Prop. 3.3.

For V' = {%™® ... n}, m > 3 denote the alternating (resp. symmetric)

group actingon V by Anim , (resp. Sn-!—van). Also, k—1—[2u—(k—1)| & Mo

and

(nk1)mp = (Togr np1 @y 61 ) & ok (as in Lem. 77).

The cycle oy ; maps “2= "H — 1. Yet, sometimes we group "T“ with {1, ..., %}
As i runs from ";Ll toward %, use 7; ; to mean the segment from i to j,
including interpreting ', , (i = 2ty as (2541 ... j). Example:

2 2

Also, the end points of the list for ;,g as w varies include cases where
we mean to indicate x; ; is empty. Example: Tuthozu nis Appears as the 2nd

segment of the first entry of (3.2), with 0 < u < . In all terms except
u= kA nth2u > 0t Go denote it ng 20 nts to mean $n+1 nss is empty.

Similarly, for xwk k22 appearing in the 2nd segment of the 2nd entry
of (3.2): When u = 0 take it to mean :anrk bkt2 is empty.

3.1.3. Finding conjugating elements. Use the Ok;] convention of §77,
and the splitting of Oy o5 into ,cusps (Def. 3.1), to include these, too. We
could have denoted (O}, by Opyy.y, and similarly formed Oy, for Nielsen

class rep. g.
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Explicit asides on the sh-incidence column for the cusp of n31 help follow

notation. The n31 row of Table 1 is (2 s, (2 nl),x, npr, Tn y),
with middle product as; = (1 22 251). Conjugate the 2nd and 3rd positions

of n31 by ajg,, then shift. Here are the 1st and 2nd positions of the result
foru=1,2:

1) sih=((z, s 1), 2001 ,) 3ok = (2,05 1282), 20pn ).
The respective products of entries of 5,k and 32h are
(# nt5 Tns1 o) and (2, ngs LTnsr o 242).

Key to Prop. 3.3: Apply ¢; 'gs, leaving the reduced Nielsen class un-
changed. Once ¢ is given in Prop. 3.3, denote the entries of nf2 by (g, ¢4, Ty ni1 anH’l).

PROPOSITION 3.3. Each O, .O,., and (O, _,, intersect once with

(cO3)sh giving all nonzero sh-incidence entries in the column (or row) of
0%, j = 1,2 (Table 5). Elements of (.O}.,)sh have reps. of form

def u —u u / —u
kud = (O‘k,lxm%ak,l?ak,l(x%,% xﬁfwkﬂ,n)ak,p‘,x%ﬂ,ﬁ
in Oy U Opg, £ =n—mypy with my, = 2u (resp. 2(k—1 —u)) for 0 <

u < % (resp. % <u<k-=1). For0 <u< %, kug s inner equivalent

to some 9" with 4th entry xn+1 | and with respective 1st and 2nd entries
b 2 )
" "
(32) (.I'n n+12c+2 I'n+k2,2u n+3 xl,l—‘ru)u (I1+u kJer Ltk ntk4+2—2u an+12c+2 n)
’ T2 ’ 2 2 ’

Conclude: g € Opy (resp. (Opy) if St is odd (resp. even), if and only if
for some ' € AnTHm and j,

(3.3) Bagh(B) = 045729&/@;%, with g the 2nd entry of k.9 .

Here is the analog of expression (3.2) for % <u<k-1,withk—1—u=
u':
(3.4)

T, n+tk+2 T r E ’ L n+3+2u/ 3 L 1 k—3—2u/ 1 L nt+k+2 .
( n, L2 1,14u n+k7n+32+2u )7( n+ 2+ u ’n;r nJ2r —( > u ),"<2|’ T'")

PROOF. Three distinct sets of form g™ comprise (COg;l)sh. From Table
2, CO;;j,j =1, 2, gives two. Then, g* = ((anHn "T*?’),hg’l, fL’27nT+3) is the 3rd,
and it is in the cusp of one of cO;,Q;j, j=1,2. Apply ¢; *¢3 to g* to get the
4th entry zap ;. Conjugating (§?7) by Ty ng1 gives:

def
3,19/ = (('rn,"T+5 1'1’2), (2an+37n>, o, x”T‘HJ)'

Now conjugate the first entry of 319’ to the first entry of

nn—22 = ((x"T""E’,n x1,2>7 xZ,%u mn,%‘“? I"T‘H,l)‘
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The conjugation is by 5 ,: It inverts |xnnT+o| (parity +1 from Lem. 77).
The result g has the same 1st and 4th entries as nn—22. Lem. ?? now says
Cuspg- = cO;,_y.y. Rem. 3.4 shows k = 3 matches the general case.

That accounts for the column in the ,cusp sh-incidence (comment fol-
lowing Lem. ?7) for the cusp of n31. Analogously, for n32: one intersection
with each of the cusps for HM; and HM,; one intersection with the cusp
of nn—21.

Now we extend the pattern above for computing into which ,cusp does
the shift of inner, reduced elements fall in the columns of the other COﬁﬁl.
(It is then automatic to deduce the same for .Oy.,.) With ay, o a1, as in
the statement, apply Princ. ?? and ¢; '¢3 as above to get

def —u
kud = (0, 1Oy “ag(nit oy Bt Lotk 20 ,.71'71;171).

The following steps give the sh-incidence matrix:

(3.5a) As (k,u) varies, 3 < k <n odd and 0 < u < k—1, compute
¢ = ord((k.9)mp) = ord(:ch+171 : aZ:cmn%rla,;“).

(3.5b) Conjugate g by some power Iy n1 to get kug with 1st entry
having the same segment from {1,..., "T“} as does g7

(3.5¢) Conjugate i .g" by Bru € Suys , t0 get g" with 1st entry g/.

(3.5d) Find 3, centralizing (gi’,anﬂJ) so 391 (B") 7" € Oppa-

To help with notation (3.6) gives an example of “translate segment” §?77.
For k =7 and 0 < u < 6, it has the 1st (col. 1) and 2nd (col. 2) entries of
kug: That is of the shift of the ,cusp (O ;. Here oy = (25T 252 03 ntl 7 9 3)
(k=T1).

The value of ¢ = ord((y.g)mp) heads each row. Here ¢ is n minus two
numbers: the cardinality of the subset of {%t£, ... 23} (resp. of {1,2,..., 2})

missing from ajx, sna™ (resp. moved by ajw, nuog™ asin @y np1).

nioT, na (28 13 g )
n—2 (ImnTJrg Tngs ni 1) (]3 nt? Tnto )
n—4 (xnnTJrg Tngs ngt r12) (x T23 Tutt nis Toto, )
(3 6) n—>6 (xn’nTJrQ nil 5(1173) (3 In+77n+3 :En+9 Jl)
n—4 (:Cmn;-g T13 ’%ﬂ) (%713—77% Tnto, )
n—2 (xnnTJrg l’QﬁfL‘nT?’n;a) (Togs np1 1onye )
n (I n+9 3an77nTS) ($nT+3)7i 12.In+9 )

The pattern is clear. For a general £ the g; term has ¥, ntri2 on its
T2
left side, and the g, term has xn+rs2 , on its right side. For each ¢ in the
2 b

support of ay, going in the direction "TH — 1, start with ”TH Then, the
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rest of g; (resp. g2) is the integers including ¢ and immediately to the

ket
2
left (resp. right) of 4 in ag. Then, u = 0 <+ i = 2y =1+ i = 1, etc.

T2
Also, for u from 0 to 51 (resp. £t to k—1), my, is u (resp. k—1 —u). This

concludes step (3.5a).

Here is the analog for 0 < u < *21 for u (or i) of (3.6) for a general
(n, k):
1 / / "
(3.7) (@, k2 Trik-2u n4s Toar )y (T ko1 Tnok nokrz—zu Totkrz ).
T2 7 02 2 U ) 2 2 2

Conjugating j.g by ntl ) (leaving its 4th entry unchanged) shows  ,g’,
with entries expressed by (3.2), is inner equivalent to j,g; (3.4) similarly.

Now turn to the proposition’s last paragraph. The first entries of both n/2
and , xg’ (asin (3.2)) each have as support the segment |z 14|, and no other
integers of {1,..., %}, This concludes showing that ;g  satisfies (3.5a)
and (3.5b). The conclusion is an interpretation of (3.5¢) and (3.5d). O

REMARK 3.4. Prop. 3.3 starts with £ = 3. Lem. 7?7 says the conclusion
about nn—22 didn’t need the 2nd term in g' = B4, (319')(B5,) " Still,
a pattern emerges. Conjugating by ((nn—22)mp) o (g, np1 2, ngs)) on
the 2nd term gg = (2 "T” Ty nts ) of g' contains Ty nts, the second entry of

nn—22.

3.1.4. sh-incidence for absolute Liu-Osserman spaces. The 2nd para-
graph of Prop. 3.3 lets us fill in the absolute sh-incidence table for all n = 1
mod 4.

(3.8a) Forodd k, 1 <k <wand1<u<%1 (040, 9,) =2.
(3.8b) (O, cOpn—(r-1)) = 1 and, modulo symmetry, all other entries are
0.

We list cusps in descending width along the rows and columns, as in
Table 4. The case n = 13 (Table 7) shows how we build the abs-inn form of
the inner sh-incidence matrix along a(nti)-(sub)d(iagonal)s. A less intricate
version is in the absolute sh-incidence matrix: the 1-1 a-d is ”TH 1’s, the 3-3
a~d is "T’l 2’s, etc.

abs,rd

TABLE 1. sh-incidence Matrix: r = 4 and N134

Cusp orbit CO5 ‘ CO3 ‘ COI
O, | 2 2 1
Os | 2 1 0
01 1 0 0

in,rd

Prop. ?? says H(As, Csa)™* has genus g, = 0. So, its degree 9 image
over P}, H(As, C31)**", does too. Then, v) has at most 3 orbits of length
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3, and 74 has at most 4 orbits of length 2. Apply RH: the maxima are
necessary so that

2(9 4+ g2 — 1) = ind(y}) + ind(7;) + ind(+.,) gives g™ =0

since ind(v,,) = (1 —1)+(3—1)+ (5 —1) = 6. This shows ind(+() = 6, and
ind(v;) = 4. So, 1 has one fixed point, ~, none.

In general, then, the sh-incidence matrix for Ni(4,, C, ni1 )4)abs’rd has 1’s
along the anti-diagonal, 2’s above that, and 0’s below that.

REMARK 3.5. Prop. 7?7 shows that for n = 5, Lem. 3.14 accounts for all
the ramification from ’F[(An, C(nTH)4)abs,rd to 7:[(An7 C(nTH)4)in’rd.

REMARK 3.6. To save space, Prop. 3.3 left a e for the 3rd term of 4 ,g
and j,g'. We fill them for Prop. 3.17: (x%an .:E%ran%k) and T gk in
(3.2).

3.2. Completing inner sh-incidence entries. The absolute sh-incidence
entries are in (3.8). This section produces the inner ,cusp sh-incidence matrix
for which we have only to find B, (resp. 3, ,) from (3.5¢) (resp. (3.5d)).

§3.2.1 does this when u < % §3.2.2 completes the rest and §3.2.3
combines them for the inner ,cusp sh-incidence display using the §3.1.4
absolute display.

3.2.1. sh-incidence parities — 1st half. Start with 0 < u < %: Table 2
handled v = 0 and u = % appears in Cor. 3.8. This gives the 1st (resp. 2nd)
entry of (3.2) as g] &f kud) = (]Jn%ku T nh—2u g3 T1144) (resp. gb).

As in (3.5¢), for such (k,u) (with ¢ = n—2u), find B, € Suis,

gating g to (xn+22u+37n T1144), the 1st entry g] of nf2.

., conju-

The element By, = Byu,15) o that works comes from these two (Lem. 3.7):

Bru2 = Tugs ner (shifts |xn+k272u nT+3| t0 |Tnik—20u-1) nss|); and
) ) )

(3.9)

Brua inverting |:1cn+22u+3 al (Lem. 77).

Finally, consider u = % In the previous notation, we drop the z”

segment in g = (z,,, ke |x17%), while ¢gj = (&4 Ttk nts |:cn+§+z ) Tetains

its previous form. Then, the resulting 5, x—1 is just 5, -1 ;: invert |xntus2 |.
b 2 b 2 b 2 b

k—1 .

Take ay = (—1)“‘(¥). With u = £, ay is (1) 2 (*3*) = 1 shows the

k—1

general computation for B, even works for u = =3

LEMMA 3.7. If B = (iyiy ... ix) (parity (—1)*1) and U = |iy iy ... 4],
1 < j <k, is in pure-cycle a, then, Baf~" substitutes |igis ... ij41| (Tight
B-shift) for U. So, By, o has parity ay. Also, B,y has parity (—1)71724%3 =
(=1)2" (resp. (—1)""% = (=1)'"%) if u is odd (resp. even).

Conclude: By, has parity (—1)1_7““% (resp. (—1)'72 ) ifu is odd (resp. even,).
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With 1 .9 def Bk,u(k,ug/)ﬁ];i (even for u = %), consider gg

@;@u("ljl_&_u?% :L‘nT-Hc,n+k-g2—2u xn+§+2 m)ﬁk_’i
(3.10) = Brat (T b1 Tns2uss ngs m%wn)ﬁkfil

Xz k4+1 L nt+2utl nt+3 T k—1—2u n+2u+3).
( 1+u, =5 2 0 2 n=—"%5" 7 2

Recall Qp_2y2 = ($1+u7nT4—1 $n7n+22u+3) (Lem. ??), and gg = (x1+u7n+22u+1), the
2nd entry of nn—2u2. By inspection, 3 , o B’ that inverts ’$n+22u+17nT+3|
conjugates the orbit of (a,_g,2) to contain g5. Combine this with Lem. 3.7
forl1 <u< k—;l

COROLLARY 3.8. Foru odd (resp. even), ' has parity (—1)"= (resp. (—=1)% ).
So, for u odd, (3.2) is in (O,,_,,, if and only if k = 3 mod 4. Otherwise,

/

it is in O o, 1. Foru even, (3.2) is in O _,, 5.

PROOF. Apply Lem. ?? for the 1st sentence parities. If u is odd (resp. even),
then Lem. ?? says <O, 5,0 = O, o5 (tesp. (O, 5,). Then, from Lem. 3.7,

the parity of By .8 is +1 iff either uiseven or uisodd and k =3 mod 4. [

3.2.2. sh-incidence parities — 2nd half. Now consider % <u< k-—1.
With v/ = k—1—u, compare 1st and 2nd entries of nn—2u'2 with corre-
sponding entries gi, g5 of (3.4). 1st conjugate (3.4) by [rw € SnTwm X
<an+171> to get x.g' whose 1st and 4th entries match those of nn—2u/2. A
Bk inverting both segments |:EHT+IQ%W| and |xn%k+2| does it. An induc-

tion computes its parity.

LEMMA 3.9. With t odd, the conjugation «y; € Sy that inverts both
segments |x1 ;| and |zj414], 1 < j <t—1 has — independent of j — parity
=2

(=1)= . With t even, the analogous result is that ot has parity (—1)=2 .
Apply t = %_2“, to B : For v’ odd (resp. even), By has parity

(=1)

PrROOF. The 1st paragraph is easy. For the 2nd, we do the toughest

n—3—2u'
4

— (1) (resp. (=1)'"% if k=1 mod 4,(—1)% if k=3 mod 4).

case, when u/, so t, is even. The lengths of the two segments are "T_k and
’“_IT_W. These are even (resp. odd) if K =1 mod 4 (resp. k = 3 mod 4).
According to the 1st paragraph, the parity in each of these cases will be the
same as for the case when the seqments have length 2 and %_2“/ (resp. 1

and 2=2-20), O

We insert dividers in the relevant permutations to see the effect of a
middle product translation. Denote the 2nd entry (as previously) of nn—2u'2
by

n o .
92 — $1+u/7n-2+1+u/ — ($1+u/7n-2!—1 ’$n-2k3’n-2&-1+u/>.
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Denote the parity for (k,u’) in Lem. 3.9 by by, 1. Note: a,_o, 2 translates
the segment |anH_(k_32_2u/)7nTﬂ xnnTJrk’ of g} in (3.11) into \:c1+u,7nT+1| of 4.

LEMMA 3.10. Assume u' > 0. So, for ' inverting xnis nt1_,, and some
2 7 2
J:
with ¢} = (z., 320\ ni1 T, nik|Tn n
with 93 = (Pogs _pmspanty s Tt ot o).
! n—-1 _ J "7
(B)g5(8) " = 9w 2920, 9y 2

Then, for v’ odd (resp. even), ' has parity by o = (—1)% (resp. (—1)%/)
Conclude: (3.4) is in O, o1 if and only if by b2 = 1. For v’ odd,

(3.11)

nn—2u
(3.4) is in O, g, 5. Foru' even, (3.4) is in O, _y,, if and only if k =1
mod 4.

Now combine Cor. 3.8 and Lem. 3.10, with 0 < u = v/ < %, where u
(resp. ') corresponds to 19" € (O 1)sh (vesp. rug* € (O}, )sh) in (3.2)
(resp. (3.4)).

!
n—2u,2

COROLLARY 3.11. For u even: y g € CO;_%Q; and j.g* € O
(resp. O, _,1) if and only if k =1 mod 4 (resp. k=3 mod 4).

Foru odd: ,g* € Cusp,,_g,5; and pug' € O, _o,5 (resp. (O, _o,,) if and
only if k=3 mod 4 (resp. k=1 mod 4). Always: ky%g’ € 0y ri10-

REMARK 3.12 (v = 0 in Lem. 3.10). The case v = 0 for inverting
Tets g4y differs from the others: the range is descending, not ascending.
The final parity value (—1)* is also wrong, but Table 2 already handled

that case.

3.2.3. sh-incidence display. Use Defs. 7?7 and 3.1 (as in Table 2), for
n =5 mod 8 to label columns/rows of the general ,cusp sh-incidence matrix

as follows:
/ / / / !/ /
COn;lﬂ COn;27 COn—271’ COn—2727 e ’C03;17 CO3727 C0172'

Use the subscripts of the symbols to label its entries as ((¢;7), (¢;")).
By shortening this to (£, ¢'), we can throw in the (1,2) subscript as another
l.

§77? lists cusps and their widths. Conclude: 2 - (”T“)2 is the cover degree
of

- 7in,rd  def in,r

PRINCIPLE 3.13. For n =15 mod 8, the (£,{') are all 0, 1 or 2. Also:
(3.12a) Symmetry: (€,0) = (¢, 1).
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(3.12b) Width sum: Entries in the row for (O, (resp. .O1,) sum to (
(resp. 2).

(3.12c) With0 < u < 51 or (resp.u = 52), (6, 1), (¢;1))+((6; 1), (¢52)) =
2 (resp. 1) if ' = n—2u; and 0 otherwise.

To describe the ,cusp sh-incidence matrix of Ni?ﬁ ja use §3.1.4 for Ni?@i i
You get the former from the latter using symmetry and these two rules.
Rule 1: At an entry (¢,¢') (odd integers) with 3 < ¢ < ¢ < n: Replace 2

(resp. 1; resp. 0) by one of these matrices

(6 2): (2 0) (3 1)iCresp- (g 1) (Y o) vesp (g )

In each case, you determine the replacing matrix from just one of its entries.

Rule 2: At the entry (1,n) (resp. (1,/), ¢ odd, between 3 and n—2;
resp. (1,1)): Replace 1 by (11) (resp. (00); resp. 0).

Use symbols such as 32, % 4L etc. to substitute for the 2 x 2 matrices,
and 111, 00 (resp. 1, 2) for the 2 x 1 (resp. 1 x 2) matrices. Refer to the matrix
of such substitutions as abs-inn form.

We already know the last three sh-incidence rows (and from Table 2 the
first two), including all the data of Rule 2. The first two rows of Table 5 are
from the opening paragraph of Prop. 3.3, with the last from the first line
of Prop. 3.2. Table 6 renders this with even more detail in the abbreviated
abs-inn form:

TABLE 2. Rows for .05, (O3, and (O 5

e [ Ot | O [ <O an | O ga | - | <Oy | <Oha | <O
O |1 1 0 1 0 0 0
Ol |1 1 1 0 0 0 0
Oy | 1 1 0 0 0 0 0

TABLE 3. Abs-inn form of the rows .O3 and O,

Cusp orbit COn ‘ COn—2 ‘ CO’VL—4 ‘ o e ‘ CO3 ‘ COI
11 o1 010 0,0 0
O3 it 1o oo e 00 0
O 111 010 010 e 010 0

Use the anti-subdiagonal notation of §3.1.4. For n = 13, Table 7 gives
the abs-inn form of the matrix. For example, the 1-1 a-d (read from lower
left to upper right) consists of 111, then five %’s, followed by ;. Below the

1-1 a-d are %’s except at the right edge (2), bottom edge (o0), or lower

0
right corner (0). Table 2 says column O, fills down as $ — "T_?’ﬂ%’s — 1.
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TABLE 4. Abs-inn ,cusp form for n = 13

Cusp orbit 0013 ‘ 0011 ‘ COg ‘ CO7 ‘ CO5 ‘ C03 ‘ COl
O | % ® % B B R
On | # % H B B w0
Oy | % B o® owowmoow
O | W B @ % ®moowm
Os | B o# 0w B o®moo®m
Oy | 0m o® o o®oomoowm
cOl 111 010 010 010 010 010 0

TABLE 5. Abs-inn ,cusp form for n = 13

Cusp orbit CO]_3 ‘ COll ‘ C09 ‘ CO7 ‘ CO5 ‘ CO3 ‘ CO]_
Oy 212 212 4 22 111 0l0 0
07 212 212 212 2 010 010 0

Superscripts 0 and 1 along the diagonal indicate fixed points for v, and ~}
a la Prop. 3.14 and Prop. 3.17.

The distinction for the sh-incidence matrix for n = 13 requires replacing
the rows and columns respectively for .O; and .Oq4. The process, say in the
columns is to add the contributions for .0}, ; and .Oj, , across the rows, but
since you also do this with rows replacing columns, that adds extra at the
diagonal terms. Table 8 gives the row result, using the notation .O, for the

collapsed form:

3.3. Elliptic fixed points. Thm. ?? outlines the absolute and inner
sh-incidence matrices for the Nielsen classes Ni(A,, C ng1 ). While related
through Lem. ??, we need more to complete finding the fixed points of
and ~; on Nielsen classes. We do that here to compute the absolute and
reduced space genuses.

3.3.1. An absolute ~; fized point. Lem. 3.14 locates a ~; fixed point that
ramifies in the cover from the absolute space to the inner space.

LEMMA 3.14. Forn =1 mod 4, the 1-1 a-d diagonal term in the abso-
lute sh-incidence corresponds to (COnTH, COnT-&-l). A la Lem. ??, this arises
from a fized point p| € ﬁ(An,C(nTH)4)abs’rd of vi (lying over j = 1). The
only n-n a-d term (a 2, on the diagonal) does not correspond to points fized
by~.,v=0 or 1.

For n = 5 mod 8, the inner sh-incidence diagonal terms above the 1
in the absolute sh-incidence are both 0. This means | fizes no point of
ﬁ(An,C(nTH)4)i“’rd over py. So, this and the width 1 cusp give two known
points of H(A,, C(%)Ll)absvrd that ramify to H(A,, C(nT-H)4>in’rd.
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PROOF. For any n = 1 mod 4, Prop. 3.3 says a unique absolute (re-
duced) class (represented by o1 no1g’ ) of the cusp .O o shifts into (O np.
Since the sh-incidence entry is 1, Lem. 77 says this corresponds to a fixed
point of v].

Now consider the n-n a-d. Table 1 explains the 2: nnj, 7 = 1,2 represent
the two reduced classes in .O,, N (.O,,)sh. We show neither ~y nor v; fixes
either. In My, the shift represents ;, and that sends nn12*>™ to HM?t’g .

Lem. ?? says this either fixes nn125™ or it sends it to nn23>*, It is the

latter: Conjugate (nnl)sh by (n1)(n2)--- (%2 221) followed by (n %£2)(n—12£2) - - ..

2 2 2
The resulting 3rd and 4th terms are z, i1, Zns (same as nn2). Check:

The resulting 1st term is also the same as that of nn2.

Characterize that 7, fixes nnl: ((nnl)g, *)sh € nn1?*™. From Prin. ??,
¢; * has the effect of conjugating the 2nd and 3rd terms of nnl by (nnl)mp%.
The combined effect is to send nnl back to the shift of the HM rep. it came
from in Table 1. So, it has the wrong middle product to be fixed by 7.

For n = 5 mod 8, the symbol (as in §3.2.3) for what lies above the
diagonal 1-1 a-d in the inner sh-incidence matrix is %, the last sentence of
Cor. 3.11. At the diagonal position, it means there are no fixed points of 4
(or 7)) over pi. O

3.3.2. 7y fized points. For n =5 mod 8, the degree 2 cover (Prop. 77?)
\Tjgl,abs . Q(Ana C(nTH)4)in,rd N ﬁ(Ana C(nTH)4)abs,rd

maps 7, fixed points on the upper surface 2-1 (on)to 7, fixed points to the
lower. Consider the reduced class of ;.9 = (g1, 92,93, 94) (from Prop. 3.3),
and denote the common support cardinality of the pair (g1g2g; ", g4) bY Vg
Recall (Lem. ??): The degree of Wa> : H(A,, C(nTJrl)4)abS’rd — Plis (%)2

PROPOSITION 3.15. Inner sh-incidence diagonal positions correspond to
(k,u) with u = ”T_k or W (subject to the latter being > 0 and 0 < u <
k). For such a (k,u), if the reduced absolute class of k.9 = (91,92, g3, ga) is
a fixed point of v, Vi equals the common support cardinality of the pair

(91,94). Then:

(3.13a) For 0 <u < % Vi = % —u.

(3.13b) For Bl <w < k-1 and v’ = k—1—u: vy, = k_lT_W + 1.
If 3|n (resp. n =1 mod 3), then koskd (resp. k73k_2n_2g) with 3k = 2n + 3
(resp. 2n+1 = 3k ) represents the only possible absolute diagonal fized point
of ¥ If n =0 or 1 mod 3, then deg(¥2™) =1 mod 3, and this is the one
absolute fized point of ~,. There are none if n = —1 mod 3.
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PRroOOF. From Prop. 3.3, among values of u § 2= one diagonal position
is from (k,up) with n—2uy = k, or uy = k A 2nd from u; = wug +
2(%—1/@), giving the other u value in the lemma statement.

For g € Ni(4,, C(nTJrl)4)7 Princ. 2.14 says if there are ¢ integers of common
support in g; and g;, 1 <4 # j < 4, then ord(g;g;) = 2(™)—2t+1. That
is, ord(g;g;) determines the common support of g;, g;.

Now suppose the reduced (absolute or inner) class of 4 ,g is fixed by
¢1¢2 (that is by 7). Then, (x.g9)mp = ((k..9)71¢2)mp. Applying g» doesn’t
change the middle product. So, ord((1..g)q1)mp) = ord(g1g3) = ord(gsg1929; "),
computed again by a cardinality of overlap. Since the common support of
(g1, 94) is the same as the common support of (gs,93), that completes the
statement before (3.13).

We have fixed g4 to be Tng1 ;. As in Prop. 3.3, denote k—1—u by u’.
With a1 = (%,% anﬁ»knTH) (Lem. ?7), for a given (k,u) we figure the
1)

cardinality, vy, of the support in {1,..., of g19297"

(3.14)
Oka,l ($n,"T+1 (x/n%ly% m%m,n)l‘%“,n)alsz = a}é,l (:E"T"’k,n xl,% )alsz

k—1
(:Un;—k’rH—kQ—Qu :En+§+2’n JJH_%%) for 0 <u< =

= / kt1
{ (% nt2w's1 nas Ty ooy ow UFRSSE o) for B <u < k-1
2 72 2 2 ’

To see the 2nd case, substitute 04“ “+1 for ak . Clearly, v, has the values in
(3.13).
The conclusion on the possible representatives of fixed points follows by

equating k£ and 2 2vp 4, + 1 for values of u at the diagonal positions.

) _
For (3.13a), v, o = %51 — 255 For (3.13b), with v’ = (k—1) — %2,

1
("5

— k—1—2u' — 2k—n+1
Vk,Sk—Qn—Q 1+ - ptl,

Then, k = 2(®-)—(2k—n+1)+1 completes the condition in the statement.
U

EXAMPLE 3.16 (7, fixed point, n = 13). Use Cor. 3.11 notation. Prop. 3.15
says 7o fixes (929*)™ when n = 13. Apply ¢1¢2, and conjugate by x%yl to get
T98 T2 4212,13), \L10,11 L7 1 L8 9 , (X13,12 2,4 T11,10), T7,1)-
(( ) ( 71789 13), ( ) %71)

Conjugate in order by 3 = :E%Lg, B2 = w1213 and B = $%3710 to get

13,12 L2,4 X11,10), (8,9 L7 1 £12,13 , €, T7.1
(( ), (w89 2%, 10) )

Then, conjugate by 5 = (89), with /315205 of parity +1 to get back to
029" This shows 7 fixes (929%)™. It also fixes (929" (8)~")™. This works
on v, fixed points for all n =5 mod 8.



36 M. D. FRIED

3.3.3. Genuses of the inner and absolute spaces. Prop. 3.17 finishes the
elliptic fixed point analysis, giving absolute/inner reduced space genuses for
n =5 mod 8. (Also for n =1 mod 8 for the absolute case; as in Lem. 77,
inner components have the same genus.) Note: For ¢ an integer, [(3t+m)/3]
is t, for m =0 or 1.

PROPOSITION 3.17. Let v = [n/5]. Then, v; has only one absolute fized
point and no inner fized points. Evactly 2v+2 points of H(A,, C(nTH)4)abs’rd
ramify in WabS: The width 1 cusp, the point over j = 1 indicated in
Lem. 3.14, and the 2v cusps .O7igm, cOgigm, m=0,...,v—1.

abs,rd

Conclude the following formulas for the respective genuses, g and

gt of H(A,, C(nTH)4)abS’rd and H(A,, C(nTH)4>in’rd.
(3.15)
2((=2)? +ga?3’rd—1) = ((2£2)? = 1)/2+ 2(=1)?/3] + (221) (242)
202(21)2+g™r 1) = (242)” +4[(=52)?/3] + 2(271) (24) + 1 + 0.

PRrROOF. To check for fixed points of +; consider first the absolute case.
For each odd k between 3 and n—2 (1 and n are already done), and u =
nok < B2l we are asking if . o ((xg')sh)q; ‘g3 (asin (3.2)) is conjugate
by some [ € S%,n X <$%11> to r.g'- The point of applying ¢, g3 is to
assure — without changing the reduced class — that they both have x ntl )
as their 4th entry.

With ¢ = (22 nol ko) T n+k) use Rem. (3.6) to fill in h%kgT:

T2 2

(91: (91) 1@’7%1%—%—1 Ttk o $%fc+2,n)917 o, anH,l)

The assumption on 3 means it conjugates gI to g1. So, the power of = nil )

in it would translate the segment |2 2t-n-1 r—1| t0 |Zx+1 n+1|. That is, you add
2 ’ 2 2 7 2

"‘T’“*z to the subscripts. That means a conjugation in the second position of

the form ¢” = (x%%l . )*1(xn7§+2 Bl .. )(ka a1 ...) would end up

means mtegers in {22, ... n}.

(13 2

as (a:’n+1 R ) In each case
2

So, 1t seems ¢”" maps 2

“ — 1 for k in the allowed range. Yet, the con-

"

stituents of ¢’ don’t even have 1 in their supports. Conclude: no appropriate

[ gives even an absolute fixed point.

n+1)

Now we compute the genuses. Lem. 77 gives ( as the degree of

\I/st . H(An, C(%H)AL)abs,rd N ]P]l

and the lengths of the disjoint cycles of the absolute ~ as all the odd
integers from 1 to n with multiplicity 1. So 7/, has index 2 (2 —1).
Write 1 4 4t = n. According to Prop. 3.17, ind(v{) is 2 - ((”T“)2 —-1)/3
(resp. 2- (®1)?/3) if t =0 or —1 mod 3 (resp. 1 mod 3). Similarly, from

the above ind(v;) is ((%+)? — 1)/2 (indicating one fixed point).
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The degree doubles in going to the inner case (Lem. ??). Above we've
computed the indices from the contributions of 7 and ~; in the inner case,
leaving the contribution of 7/, (in (??)). The cusps O1, O7.4ms, Og4ms ramify
of index 2 in the cover. So, if we denote the width of one of these by &, then
its index is k—1 and the index of the cusp above it is 2k—1 = 2(k—1) + 1.
For all the other absolute cusps, there there are exactly two inner cusps of
the same width above it. The calculations come directly from this. U

EXAMPLE 3.18 (No converse to Lem. ?7). Assume n =1 mod 4; as in
(3.8) or Table 4. Then, sh-incidence matrices for Ni(4,, C nt1 )4)abs7rd have
a 1l and "T’l 2’s as diagonal entries. Lem. 3.14 shows the diagonal term 1 in
the 1-1 a(nti)-(sub)d(iagonal) corresponds to a fixed point of ;. While the
2 in the n-n a-d corresponds to no fixed points of either ~{, or ~;.

In the inner case: Table 8, for the sh-incidence matrix labeled NiZ, has

a nonzero diagonal entry, though neither 4{ nor v has a fixed point.

REMARK 3.19. From [BFr02] The kth level of the (A5, C34 , p = 2)
Modular Tower passes this test for b-fine moduli, k 1 (Prop. 7.9); even for
fine moduli (Ex. 8.5 and Lem. 8.1). It is not even b-fine for level k = 0.

4. Braid orbits on Ni((Z/{)? x°7/3,C 52 _52)""4
REMARK 4.1 (Moduli definition field).

5. Reduced spaces r > 5

A future implementation of the algorithm should include tests for where
fine moduli at the elliptic fixed points might fail for r > 4.

(5.1) lists two well-known, but difficult, literary concentration points that
reflect on both the prestige and and yet, still unexplored territory around the
properties of J.. We follow these by subsections of comments, respectively
§5.2 and §5.1.

(5.1a) [MuFo82, Chap. 4, §1] refers to PGLy(C) acting on (PL)"/S,
as binary quantics — not quadrics, cubics, ..., but collectively,
quantics — as the simplest of reductive group actions.

(5.1b) [Th91, p. 100] refers to PGLy(C) acting on (PL)"\ A,, producing
the moduli A, of distinct ordered branch points.

5.1. Comments on (5.1a). [Fr12, Prop. A.8, reduction Prop.] already
quotes [MuFo82, Thm. 1.1]: a general proposition says reduction by a re-
ductive group on an affine scheme gives a(n affine scheme) geometric quo-

tient without reservation. That means that reduction of a cover of affine
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varieties H(G,C)" — U, to H(G,C)" — J. works as well as you might
expect. The proof makes use, as does most of the book, of the Reynolds
operator [MuFo82, Def. 1.5]. This extends complete reducibility — as an
idempotent — to the level of schemes. There are further points worth noting.
The definition of categorical and geometry quotient [MuFo82, p. 3-4]
is compatible with the idea of a moduli space. It, the categorical quotient
Y, in this case of a scheme X (over a scheme S) for an algebraic group G
acting on X, is a target — by which you induce from X — Y that pullback
over Y/ — Y gives Y’ as a categorical quotient of X’ Xy Y’ by the action of
G. The book aims at applying these ideas to many moduli situations, even
to the moduli of abelian varieties, and through Jacobians to the moduli of
curves of genus g. It doesn’t seem to apply (directly) to Hurwitz spaces.
Reduced Hurwitz spaces use U,/PGLy(C) & ] as a target where we

recognize the discriminant locus, D,, as having these properties:'”

PGL2(C) has a closed action on the invariant set U,;
and U, is an affine set.

(5.2)

The classical theory aimed at extending this result to a maximal locus in
J,, called the stable points in P for which the PGLy(C) equivalence classes
would still form a quasiprojective scheme. Especially to describe it explicitly.
[MuFo82, Chap. 4, §1] regards — expressed in 3 compressed pages — the
PGL2(C) case as the simplest of all the reductive group cases, even among
the cases G = PGL,(C).

Yet, it isn’t simple. It involves most aspects of the general case. This
starts (Chap. 1, §3) by extending the G on X to the vector bundle attached
to an invertible sheaf £, and thereby to the sections H°(X, L") for all n
[MuFo82, p. 32]. These are the G-linearized sheaves, denoted Pic“(X).

[MuFo82, Chap. 1, Prop. 1.7] implies £ (assuming it has sections with
no common zeros) gives a morphism ¥, : X — P", on which the G action
extends, with a G-linearization of the twist sheaf Opn (1) that induces the
G-linearization on £. Almost everything in [MuFo82] reverts to schemes
over a characteristic 0 algebraically closed field.

[MuFo82, p. 33| notes that Opr (1) admits no PGL,,1(C) action. Since,
however, the nth exterior power of the cotangent bundle to P" does admit

such an action, so does its nth exterior power (isomorphic) to Opn(n+1).

17Meaning the image of closed sets is closed; since the spaces are separable we can
just use sequences with limits to test this, where the test passes since a limit element in
PGLy(C) applied to a limit in U, is in U,..
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Back to our case G = PGLy(C). [MuFo82] seeks the semi-stable points
which includes droppng the closed action condition in (5.2), and for which
the goal is the following.

(5.3a) Find the maximal set of z € P" for which there is an affine set
U containing 2z that resembles the description of U, in (5.2).

(5.3b) Replace the condition s(z) # 0 with s the discriminant function
by some G-invariant element s € H°(L") for some n.

(5.3c) This starts with finding that PGLy(C)-linearizable sheaf L.

The case n = 1 suggests the minimal possible twisting is n = 2, from which
[MuFo82, p. 77] uses the notation (P™)*/PGL4y(C) as the classical quantics
goal. Their statement is that:'®

(5.4)  Op(2) admits one and only one PGLy(C)-linearization (cf. §1.3).

The first italicized one is not stated in the section for all n, just n = 1. It
looks as if they intend this to be obvious. Here is an argument.

Use the the PGLy(C) morphism from (P')” — P, as in (1.7). Then,
consider an embedding of P* %P as the

thinnest piece of the fat diagonal: z — (2, z,...,z) € (P)™.

This embedding is equivariant for both the S,, and PGLy(C) actions, with
the former a trivial action on the range of &;.! This induces an isomorphism
of Pic(P'/C) and Pic(P"/C) — both generated by their twist sheaves O(1)
— that is PGLy(C) equivariant.

[MuFo82, Prop. 1.5] says, in general, an invertible sheaf L on X, cor-
responding to A, € Pic(X/k) (k a field) with a G action has a power L"
that is linearizable if and only if the corresponding point A} € Pic(X/k) is
fixed by G. Apply this to L = Opi(1) and n = 2 in Pic(P'/C) to conclude
Ao, (2) 18 fixed by PSLy(C). Therefore so is Apya(2). Therefore, Opn(2) is
PGLy(C)-linearizable.

5.2. Comments on (5.1b). The spaces A,, especially r = 4 and 5, are
the locales for the profinite Grothendieck-Teichmiiller group. That means
the degree r! natural map A, — J,. does lead to some confusion, for this

reason.
(5.5a) Sharp triple-transitivity of PGLy(C) on distinct points of P*
identifies Ay with P} \ {0,1,00}, and A, with (Ag)"3 \ A,_3,

r > 4.

18With the subscript P missing the indication of which P"s they refer to.
9The fat diagonal, Ay, on X* is the locus where > 2 coordinates are equal.
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(5.5b) The upper half-plane H C C modulo SLy(Z) is unramified over
Pi\ {0,1,00} (U; together with its elliptic fixed points).*

A convenient starting point for (5.5a) is [Ih91]; for (5.5b) is [Fr95],

though both have generated series of papers. Here are some comparisons

between the two, using the symbol Th for the former, Fr for the latter. Both,

for each value of » > 4, deal with towers of covers of their respective spaces

A, and J,.
(5.6a)

Comments on J, for r > 5t
REMARK 5.1.

REMARK 5.2.
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