CHARACTERIZATIONS OF ESSENTIAL IDEALS AS OPERATOR
MODULES OVER C*-ALGEBRAS

MASAYOSHI KANEDA* AND VERN IVAL PAULSEN*

ABSTRACT. In this paper we give characterizations of essential left ideals of a C*-algebra
A in terms of their properties as operator A-modules. Conversely, we seek C*-algebraic
characterizations of those ideals J in A such that A is an essential extension of J in various
categories of operator modules. In the case of two-sided ideals, we prove that all the above
concepts coincide. We obtain results, analogous to M. Hamana’s results, which characterize
the injective envelope of a C*-algebra as a maximal essential extension of the C*-algebra,
but with completely positive maps replaced by completely bounded module maps. By
restricting to one-sided ideals, module actions reveal clear differences which do not show up
in the two-sided case. Throughout this paper, module actions are crucial.
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1. INTRODUCTION.

Let A denote a C*-algebra. In t e C*-algebral terat reat o- ded deal o A  alled

le en a ategor and an obe t ontaned n an
obet t en alled an 0 ro dedt at e er or 0
t atretr t tobean o or 0 tnee arl bean o or 0 Int
aer e td t erelaton bet eent eet od erenta roa e toe entalt a

e ar t e ategor .
er let deal an be regarded a anobet nt e ategor o o eratorlet A- od le

t or et erte o letel ontrat eor o letel bo nded let A- od le
a . t  ntere tng to no t e relat on bet een an deal benge ental
nA nt eC*algebra ene and Abengane entale ten on o nt ee ategore .
ort o- ded deal e o tatallt ree onet on de. oreoer t ee ondton
are e alent tot e net e en elo e and A beng o letel o etr all
o or aa a tatretr t tobet e dentt on

oeer orlet deal t ee onet d er. It tll tr e t at and A are

o letel o etr all o or aa a tatretr t tobet e dentt on t en

ane entallet deal n A tt e on er edoe notnee arl old.

Int ae e arater et ee entallet deal o A at er ro erte a od le
nt eabo e ategore. ealog e o e arater aton ot elet deal or A
ane entale ten on n o eo t ee ategore n C*algebra ter . tt ereare o e
ategor e or e are nable to g e C*-algebra ara ter aton ot ee a le o
let deal .

nteerler or o . ran and t e eond a t or e ndtat ente
or aret e o letel ontrat e a tenor eton red etot e aeo

o letel ot e a andrel otl ont eearlerre It o . a ana. o e er

ent e or are ta en tobet e o letel bo nded a or nt e aeo one-
ded deal t en earedealng t a o letel o or t at on re re ne
te n e ortereentre It o and .

oo . a ana orgnal arater aton ot enet eeneloe A o A erea
te n alnet eobet ontanngAanda a a ale entale ten ono A nt e
ategor o o erator te and o letel ot e a .Inte or o . ran and
t e eond at or t a ontat A oldalobe arater eda te n al
net e ontanng A nt e ategor o o eratorlet A- od le and o letel bo nded

a . Co letngt eto dea e o tat A analobe arater eda te
a ale entale ten ono A nt latter ategor .

o gott a er C*-algebra arenotnee arl ntal. In eton e teare It
0 ere ntal a ed. ta re aredtere an re It nldngt one
ollo nte aeo anon- ntal C*algebra A b ta ng t n al nt aton A and
ober ngt at A- od le arenat rall A - od le.

INITION .

ebegnb reallngare ar ro . en dealng t a ategor oe oOr
are etor ae o bondedlnear a tenre rngt at anobet net e onl
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g arantee t at e er bo nded Inear a a abo ndede ten on b tnot nee arl o

t e a enor . en e antton tt ateten on alo aet e a enor ten e
allreertot eobet a net e.Ilt ea to et attgtnet t e alent
b alng tore rngt ateer ontrat elnear a a a ontrat elneare ten on.
tgtnet t tea ea a ngtatteobet net e na ategor ere

t e or are all ontrat e lnear a . rogott aer e all reer to
t aton a tg t or l o tte ordtgt nteado on tantl reerrngtoa ange
o ategore. to orebot e ont are e L

e tart t de nton o e eralnoton an o arealread no n bt er a
not no r art lar ettng.
D Let A and be o erator algebra .

1 n A an o erator a e aloan A -b  od le
t and

A I A re . ontan dentt 1 re . 1

eal a a et at 1 re . 1 ealo a an

orano eratorA -b od le
re . o erator A-b od le o erator A A-b od le.

A o an o erator A -b od le a ar
o ano erator A -b od le anda o letel bo nded o or re . a o lete
o etr aloan A -b odle a t att e dentt a on
t eonl o letel bo nded re . o letel ontrat e A -b odle a on
e ea ele ento

A o an o erator A -b  od le a

ar o an o erator A -b od le anda o letel bo ndedl o or re

o letel o etr A -b odle a t at or an o erator A
-b od le and oran o letel bonded re . o letel ontrat e A -
b odle a a o letel bo nded o or re . a o lete
o etr ene er .I t ere no ro ere beddngo b a o letel bo ndedl
0 or re . o letel o etr A -b odle a ntoan re . tgt A -
e ental e ten on o or e alentl t ere mno roer re . tgt A -e ent al
e ten on o ten e a a re .tgt A -e ent al e ten on o
n o erator A -b od le A or an o erator
A -b od le and t a a atr nor anda od lea ton n erted
ro an o letel bo nded A -b odle a e tend toa o letel

bo nded A -b od le a re . reer ngt e o letel bo nded nor
A o an o erator A -b od le a
ar o an o erator A -b od le anda o letel bo ndedl o or re .
o letel o etr A -b odle a t re .tgt A -net e
n A o an o erator A -b od le a ar 0 an
o erator A -b odle anda o lete o etr A -b od le a t
a n altgtA -net eo erator A -b od le ontanng .e. or an

A one-to-one completely bounded linear map whose inverse is also completely bounded.
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tgtA -net eo erator A -b  od le t ne e arl

old ere a a atr nor anda od leaton n erted ro .. edenotet
b . re entl e dent t and regard t a
Int eabo e and oten e 1 rte or

R 1 ere are tll o ed Ilte noled ntr ngtodene net e
enelo e nt enon-tgt ettng. In aboe ereall arede nng net een elo e
onl ntetgt ettng.
e ollo ng a ell- no narg ent . Let A and be C*-algebra . or an
o erator A -b odle taean tgt A -net ee ten on 0 ) en a
n al - ro e ton on t en t ollo t at an A -net eenelo e
0 t erangeo a n al -roetonon o e A -net eo erator
A -b  od le ontanng . In art lar oran o erator A -b od le t
tgtA -net eenelo ee t.
en Aand are C*-algebra a ro ed nCorollar . n an o erator A
b odle tgtA -net e and onl t -net e and al o en
an o erator A -b  od le an A -net eencelo eo and onl a
-net eenelo eo . ort Treaon en an o erator A -b od le e
re entl all t an o . lot at t etat e ete
le notat on t ot entonng A and

NTI T N ION IT ODU CTION .

Int eton eobtant enee ar ara ter aton o net eeneloe a a -
ale entale ten on. Int etgt t aton t e e are ba all re tate ent o re It
0 . a ana. o eer ntenontgt taton t ee arater aton rel on re ent
or o . ran andt e eondat or etend a ana rgdt re lt to
o letel bo nded odle a . nalogo re 1t tot e no nre It nt e ategor
o odle oerarng eore .1 . =nl ereobtanedb . a ana nte ae
0 ana od le C*-algebra o erator te and o erator a e .
t otan ntrn ange n roo larre It old ort e ae o o erator
od le o er C*-algebra . e ar et e e at belo

T A

Such an extension exists even if  is an operator A  -bimodule, since  can be considered as
for some Hilbert space by the representation theorem for operator modules 4, 2, and is a
tight A -injective by the bimodule version of . Wittstock’s extension theorem Theorem 4.1in 1 . See
also 15. .

The existence of a minimal projection can be shown in the same way as 8.
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roo . rt e oet at an o erator A -b  od le.
at ed atel ollo 1o t eo erator od le o er C*algebra
er ono Le a .11 n btt 1re Itrele on e eralearlerre 1t. ort e on e-
neneo t ereader ealo nl deano tlneo t e roo o t art.
eonl need to o n alt o . Let beatgtA -net e
o erator A -b od le t at . en e tend toa o letel
ontrat e A -b odle a . tea t on a to be a
o lete o etr ot at
e a ea te roo o Le a . n . ena | ngt roo note
t at an - roe tonon ..a o letel ontrat e A -b od le a on
t and t enl atgtA -net eo erator A -
b odle ot atl b n alt o . ene a n al - roe ton
on and t range.
e a ea t e roo ee t o eore .. n
Let be an A -net eenelo eo
atgtA -e ent al e ten on o ot at atgtA -e ent al
e ten on o en e b a alt. tgtA -net e
Let beatgt A -e ental e ten ono . net t o
e tend toa o letel ontrat e A -b od le a
tb e entalt o a tobea o lete o etr. .
nall e o o letene . Let at tee alent ond t on and let
bet o leton. en anA -b od leandob o I atgtA -e ent al
e ten ono . net t o e tend toa o letel ontrat eA -
b odle a t o letel o etr . tb ane entalt o

a tobea o lete o etr ot at

R 1 ro t teore n art lar oran o erator A -b odle a
a altgtA -e entaleten one t mneA -net eeneloee t e ar
It edatel ollo ro rgdt nteaboet eore t atteA -net e

en elo e n e to o letel o etr A -b od le o or .
In art lar A t Aa ntal C*algebra A o letel o etr all
o or to . a ana net een elo e C*algebra A o A ea |

een b ober ng ntal o letel ot e a are tte a ea ntal o letel
ontrat e a and ngrgdte o A and A.I1 A anon- ntal C*algebra
tll A o letel o etr all o or to A aa a tatretr t tobet e
dentt onA b roo ton . n ere A te n al nt atono A. a el

A o letel o etr all o or to A. t all t eabo e dent aton o
A t A or A aloa A A- A - and A-b odle b e ar

Int enon-tgt aea larre It old t an to Corollar . n t e
general atono rgdt tot enon-tgt aente reeneo a odlea ton.

T
A
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A
A A
A
A
A A
roo . rogotte roo t otlo o generalt e a a et at A
A e ar .
at a roen n eore .. n .
at ollo b notngt atan A -net eeten ono A
o letel bo ndedl o or toa n alA -net eeten ona let A- od le
alo n alandt at A a n alA -net ee ten onb eore dn
t otlo o generalt e a a et at A . Let be an
o erator let A- od le and A a o letel bo nded let A- od le a
a o letel bo nded o or on A. Let A Abete nere
ot a and e tend toa o letel bo nded let A- od le a A .
ne A A t e dentt on A t te dentt on A b rgdt
Corollar . n ) o t at A o letel bo ndedl o or to A.
a alt oet at an A e ental e ten ono A. o letel
bo ndedl o or let A- od le a A A etend toa o letel
bo ndedlet A- od le a A . e entalt o a tobea o letel
bo nded o or ot at A
e a a et at A or o e lbert ae b te
re re entat on t eore or o erator od le . tend t e dentt a on A
toa o letel bo nded let A- od le a A ten A
o letel bo ndedl o or to . e a e tend toa o letel
bo nded let A- od le a A rgdt Corollar . n
tedentt on A. ene e aeAd A t A o letel bo ndedl
o or to A. ae A an o erator A -¢ ental e ten ono A Db
a | ng t at e a ealread ro ed. b a alt o A
ot at A o letel bo ndedl o or to a letA- odle b
0 e aet at n e learl and 1 .
et e o t at . t ea t on t e dentt a onAe tend to
a o letel bo ndedlet A- od le a A andt e a e tend
toa o letel bo ndedlet A- od le a A ) en t e dentt on
tb rgdt Corollar . n t e dentt on A.
t otlo o generalt e a a et at A . en
edatel ollo ro Corollar . n

net t o t e dentt a onAe tend toa o letel bo nded
let A- od le a A . lat] b net t o A t e dentt a on A
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e tend toa o letel ontrat eA -b od le a A . t
and b rgdt o A Corollar . n and re et el.
een nt eaboe roo Corollar . n la eda r alrole.

eore o0 ngontot e anre It let ntrod e o ede nton.

NTI T ID
eallt ata loedt o- ded deal n a C*-algebra A le
or e alentl le or e alentl or all
non- ero lo edt o- ded deal nA ere A. eno general et ee dea tot e
one- ded ae. otet ata bet A a loedlet deal n A and onl a
loedrgt deal n A. Let bea loedlet deal n A ell non a 1 1
1 a a ontrat ergta ro ate dentt . a el an
n rea ng net and | and 1 .Clearl t aloa ontrat e
leta ro ate dentt o
L
A
roo . lear. e o . Let and argt
a ro ate dentt o t en 1
P
A
o0 . oe or At en ot at .
Let bea loedrgt deal n A ¢t t en b
Le a .1 ot at b tea t on
Clear.
b o 1 a loedt o- ded deal n A o e onl o e entalt .
Let A t en a loedt o- ded deal n A. oet at
and t en or all ot at en e
ea t on eld
R Let Aand bet e a ea t ea ton o0 1o o ton . andlet
bearg ta ro ate dentt o
1 t et o- ded deal n A generated b nA 1lo A ne oran
A 1 1
n r tten a 1 en e een A non- ntal

larl
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D Let Aand bete a ea t ea ton n ro o ton .. en
tee alent tate ent n ro o ton . old e a an n A.
are de ned larl .
INR UT.
Int eton e reentor anre It o ngt erelat on bet eent e aro
noton o e ental orlet deal. e a olog etot ereader nad an e ort e rat er

longl to ondton t at aree alent to a let deal beng e ental nt e C*-algebra
ene. o eer t onenentto no t atallo t eearee alent. e a e re ented

tere It nt art lar a on ot atone an oreea 1 ontratt enon-tg tand
t o- ded ae.
T

I IT
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1
|
A
A
A
1
A
1
A
1
1
A
1
1
IT A
1
11
1 A
1 A
1 A
1 A
1 A
1 A
_T00 . 1 t o tlo o generalt e a a et at A A .
Let be an o erator a-e A an o lete ontra ton o letel
o etr on . ne tgt -net e e tend toa o lete
ontra t on . en agan b tgt -net t o e tend
toa o lete ontra ton t . rgdt eore .1
en e a tobea o lete o etr.
Clear.
1 ne tgtA -net e e tend toa o letel ontrat e

let A- od le a A . t ea t on a o lete o etr.
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ne A tgtA -net e A Ae tend toa o letel ontrat e
let A- od le a A. en and are o letel ontrat elet
A- odle a ot at and b rgdt eore .1. ene
and areonto o lete o etre ot at o letel o etr all o or to

A

Let de ne A b A.  nd let
A A er tenA ano erator ae t a ell-de ned atr nor ere

er A . e ne A Ab
er . en a o letel ontrat elner a o letel o etr
on ot at o letel o etr on Ab tea t on . ene
A .
at 1 t at and t at

are lear.

1 Let be an o eratorrg t - od le and A an o letel

ontrat ergt - odle a o letel o etr on . en and
A
1
1
1
o t at o letel o etr on A ere A de ned
b
1 1 Clear.
1 1 Let A t en a loedt o- ded deal n A and
. Let A be e ed t te otentnor tat ae A
a C*-algebra en e an o erator A -b odle t nd ed atr nor and nat ral
od le a ton. Let A A bete otent a tat a* o o or and
aloa o letel ontrat eA -b odle a. ne one-to-one on
en e* o etr on . o letel o etr on e e all on
t ea ton 1 one-to-oneon A ot at ean an e ent al
le t deal.

11  Let be an o eratorrg t - od le and A an o letel
bo ndedrgt - odle a o letel bo ndedl o or on . ent ere
e t t at t 1

en e and A

1
1
1

a o letel bo nded o or
11 1 Clear.
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1 1 tte a ea tat 1 1 .
1 1 oe A. Let A bet e atr t at
and all ot er entre are . en b tea t on
le ro 1 ot at . ene ane entallet deal n A ot at
ane entallet deal n A
1 1 ne ane entallet deal n A t e anon al
e bedd ng A one-to-one ro o ton . ene t a*
0 or )
1 1 Clear.
1 Let an Let on dert e ollo ng a
A
ere eregard a argt lbertC* od leo er t t e nner rod t
de ned b
t e eto ad ontable a on
te eeo o atadontable o erator on a el
~an ere de ned b or
andt e lo re taen n
e a t e anon ale bedd ng.
e a de ned nt e ollo ng a
a ell-de ned *- o o or and e tend to an onto
* 0 o or ro o ton . an e entallet
deal n t one-to-one and en e a * o or ) ere ore e obtan a
¥ 0 or
e a de ned nt e ollo ng a
ere ora roo t at
a* o or ee 11 1
e anea | eet at ere A
en e ollo
1 e a ea tatl
R 1 doe not de endona o eo ontrat ergta ro -
ate dentte. In at ta eanot er ontrat erg ta ro ate dentt en b
not ngt at and aloa ontrat eleta ro ate dentt o e ar
1 1 en e
|
|
lar] t eot er ne alt old. e lart ng old n eore . Corollar

and Corollar
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It ntere t ng to note t at net e en elo e are related to t gt - or
A -e ent al e ten on le e ental let deal are related to tg t - or
A -e entale ten on .
In and o eore .1 e anre lae b .In at
lar on deraton old n  eore
Corollar . and Corollar
0 eore .1 e alent to a ngt at or all A. lar
on deraton old n eore . Corollar . and Corollar
e tate ent t 1 e alent to a ngt att elet A- od le
nt eter nolog o . ene e a t at eregard let deal o Aa o erator
let A- od le t en beng at | and beng -at laree alent or an 1
Int e roo t at 1 and t at 1 e edt e Ibert C* od le
t eor. e ang eanalternat e roo ot ee art t atloo ea erbt le nor at e
e nolton notg ene 1 tl.. rt notet at t at 1 1 and t at
1 1 el olo. ot e to o tat 1 . e e an alread
non rn le 1 1 n ontrat e o o or ro C*-algebra to ana
algebra a *~ o o or t a ertan nol ton nt erange. In at
a ana algebra and t e anon al e bedd ng A a ontrat e
0o o or .1 le t att e beddng one-to-one enea®* o or 0
t at ollo
ort enon-tgt ae e o ldnot onnete entale ten on t net eenelo e.
anl bea e e annot a a non-tgt A -rgde ten ono . ¢t
tlla larre 1t old .
T
a a a a II
a
a A
a 1
A
a 1
A
o0 . a a Clear.
a a lar to t at n eore .l
at a a n eore .1 lear.
otet att e tate ent a a tt at A In at Aten e antaea
-roeton onA .. a o letel bo ndedlnear a onA t and
t at I A t te od en ono I nA 1.
oget er t tergt deal er on o eore .1 and eore . and b not ng
t at en at o- ded deal n A -or A -n 1 1 o eore .1 an
be re la ed b A-or A A- t tr al od aton nte roo t enet orollar

ed atel ollo

This is e uivalent to saying that J is an essential left ideal in A in our definition Definition 4.4 .
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C
1
A
a A
A
a 1
A
A
a 1
A
1
A
1 A
1
1
A
1
1 A
1 A
11 A
1 A A
1 A A
1 A
1 A
1 A
1 A

ntet o- ded ae allt e onet o e entalt t at e a e ntrod ed are
e alent.

ro t eaboe orollar and b ober ng an e ental let deal n A
ane entalt o- ded deal n A enton . t e ollo ngalo
old .
C
IT

1b

b

b A

ab A
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b A
ab 1
A
b A
ab 1 A
b 1
A
b
1 A
b 1
1
A
b 1
1 A
1 b A
11b A
1 b A A
1 b A A
1b A
1b A
ND IC TION .
It ea to ontr tanea leo aletb tnott o- ded deal at e allt e
tate ent n  eore 1.
E Let A be an C*-algebra ro er] ontan an e entalt o- ded
deal . et
A
A
en aletb tnott o- ded deal n A and A ene e an
ae A t an net een elo e 0 e
dentt a on e tend toa o letel ontrat elnear a A
A atgt A -e ental e ten on o b Corollar . and
A atgtA -e entale ten ono Ab eore .1 ot at A
atgtA -e entale ten ono . eneb rgdt eore .1 a o lete
o etr met e ea ele ento . A
e ollo ngea le o tatea tate ent n I n eore .1 doe not ne -
e arl | n eore .lor a n eore .. e all ane entallet
deal nA e alentto a ngt atA a tgt -e entale ten ono b ttoe
do not ne e arl l tatA atgt A -e entale ten ono

E Let A and
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en A a C*-algebra and a loedlet deal n A t a ontrat erg t dentt .

1 . It ea to ee A oe e all ane entalt o- ded deal

nA ene ane entallet deal n A b enton .. Let and let

A be t at 1 or 1 en 1 le

R In general A a C*-algebra and a loedlet deal n A and A
are . tgt A -e ental e ten on o and ro erl ontaned n A t en
doe not aea re . ontrat e rgt dentt. In at oet at a a re

ontrat e rgt dentt . en A de ne a

o letel bo nded re . o letel ontrat e let A- od le a A

o letel o etr on ot at a o letel bo nded o or re . a o lete
o etr . ¢ er or A en e a ontrad t on. e all oran
nted en onallet deal A A annotbhea tgt A -e ent ale ten on o

e loet eton t anot era 1 atono a arto eore  .l. de ned n
1 ort o C*algebra A and t A or o e lbert ae e a t at
A ent e ollo nge aton old orea 1 and or ea

A A 1

ere A and A arere et el ro and ol n atr e oerA e o
t at A ane entalt o- ded deal n t en A nor Le a . nl t
e to o t at orea 1 and or ea

A 1

t A ane entallet deal n ot ee aton ollo 0] eore 1

ONC U ION ND U TION .

1 Co ared t tetgt aet enon-tgt ae general nno n. ed It
nt enon-tgt ae anl o e ro tela oargdt re ltt atdoe notneed o e
od leaton. en nt e ana ae aeterearea e dee re It b tt eentre

t re nlear., edonot no t ee teneo a non-tgtnet eenelo e na el
a n alnet ee ten on oranarbtrar o erator ae. lotela orgdt ae

td It to onnete entale ten on t eentgt net eenelo e. are It
e do not no et ero t e ollo ng l aton tre A atgtAd -e ent al
e ten on o A an A -e ent ale ten on o

e 1 at on n  eore .1 and a a a n

eore . are tll n no n.

one o blegeneral atono t ere It nt a er one an on derre la ng
C*-algebra b o erator algebra . In a aeted It oe ro teattat e
t lldo not no et er ornot t ere re entat on o ano erator A -b od le

A -net e. Cone entl edonot no t ee teneo an A -net e
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o erator od le. od le la an ortant role n ara ter ngand on tr tng
e entale ten on .

C L . e rtator e toe re gratt de tot e e -
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