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Introduction

Classical Differential Geometry is the study of curves and surfaces in the plane and three-dimensional
space using multi-variable calculus, linear algebra & differential equations. At a more advanced level,
topology, analysis and abstract algebra become more important, but none of this is required for our
treatment.

Of particular interest is the notion of curvature: a measure of the ‘bendiness’ of a curve or surface.
Intuitively, a straight line should have zero curvature, while the curvature of a circle should vary
inversely as the radius: a very large circle should have very small curvature.
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Understanding and quantifying this concept for more complicated curves is our first important goal.
The rough idea is to imagine a curve as a roller-coaster along which you travel at a constant speed;
the curvature is then the force necessary to keep you travelling along the curve.

Curvature is a more difficult concept for surfaces. In particular, we will hunt for quantities which
measure how much a surface appears to be dome- or saddle-shaped.
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The third surface is saddle-shaped near the narrow neck and dome-shaped away from it.



1 Curves in Euclidean Space

1.1 Euclidean Space, Tangent Vectors & Regular Curves

We begin by refreshing and developing a little notation.

4 )
Definition 1.1. The set of n-tuples of real numbers is denoted R".

An element can be thought of either as a point P or as its position vector
p= ob connecting the origin O = (0,...,0) to P. p
In co-ordinates, points are typically written as row vectors

O

P = (p1,..., pn) where each p; € R P has position vector p

For vectors, either row or column vector notation is acceptable.

For each i, the co-ordinate function x; : R" — R returns the i co-ordinate of a point: x;(P) = p;.
. J

Since the focus of the course is curves and surfaces in 2- and 3-dimensions, we’ll mostly restrict to
n < 3 and quote theorems in this context We typically use x, v,z for the standard (rectangular)
co-ordinate functions

x(P)=p1, y(P)=p2 z(P)=ps

You should be comfortable with this notation from previous classes and, in particular, with partial
derivatives of functions defined in terms of the co-ordinate functions x, y, z.

Examples 1.2. 1. If P = (3,1,5) € R?, then y(P) = 1.

2. The function f : R®> — R defined by f = x%sin(yz) has partial derivatives

of 42 of _ 3 of _ s
Fy 3x“ sin(yz) P x°z cos(yz) 5 =X ycos(yz)
A vector is a directed line segment joining two points. We've already seen the position vector of a point

P, namely Cﬁ’ In differential geometry it is crucial to distinguish the vectors based at a given point.

4 N\
Definition 1.3. A tangent vector v, is a pair of elements of R%: a base point p and Vp
a direction v. It is the directed line segment from the point with position vector P 7
. . oy /
p to the point with position vector p + v. / v
/
The tangent space at p is the set Tlg]R3 of all tangent vectors based at p. At each p/ - p+v
point, R® has a different tangent space! S e
1,7 =
& - - A\
(@)
\ J

Be aware that v, = w,; <= p = gand v = w: the same direction at different base points means a
different tangent vector!

For simplicity’s sake, we'll almost always state theorems in R3. The majority are valid in R” with a simple notational
modification {x,y,z} ~» {x1,...,x,}. For R? just delete z = x3; many results even make sense in R = R



The tangent space at p is suitably named, for it is indeed a

vector space: to add tangent vectors v, w, € T,R3, simply /
sum the direction vectors w
/ P ___
Vp+w, = (V+w), (%) i
O\
\
Scalar multiplication is similar: Av, := (Av),. v X

In chapter |2 we will see a more abstract discussion of tangent vectors, vector fields, and their appli-
cation.

Euclidean Space: E” versus R"

To describe curves and surfaces in differential geometry, we parametrize using functions.

Example 1.4. There are multiple ways to do this for a given curve: for instance

1-s% 2
x:(—n,n]—ﬂRZ:tH(cost,sint) and y:lR—>]R2:S|—><1+Zz,1+SS2>

both parametrize (most of) the unit circle in the plane (y ignores the point (—1,0)).

Plainly the codomain IR? is where the geometric action is: in the above we have the same circle, and
concepts such as length and angle can be measured. This extra structure motivates us to distinguish
the codomain with new notation.

4 \

Definition 1.5. Euclidean space E" is R" equipped with the usual dot product. Specifically in E>:
. q1
The dot product of pand qisp-q = qu = (p1 p2 p3) (Z;) = p191 + p2g2 + p3qs
The length of p is ||p|| = /PP = /Pl + 3 + 13

The angle 6 between p and q satisfies cos 0 = m

Vectors are orthogonal / perpendicular if p - q = 0, equivalently 6 = 7; we write p L q.

Curves in [E? and E?
This course is primarily concerned with functions x : U C R™ — E". In particular:

Plane curves: m = 1 and n = 2; for example the above circle.

Spacecurves: m =1 and n = 3; we'll see several momentarily.

Surfaces: m = 2 and n = 3. For instance, the parametrization x : R?> — B3 : (u,v) — (u, v, u? + v?) of
a paraboloid should be familiar.

Surfaces are the focus of Chapter (3| It is now time for the formal definition of a curve.



( )
Definition 1.6. A (smooth parametrized) curve is a function, x : I — B3, x(t) = (x(t),y(t),z(t)),
defined on an interval I and whose components x, y, z are infinitely differentiableﬂ everywhere on [.
Its derivative (also velocity or tangent vector) is denoted

The curve’s speed is the continuous scalar function

(1) = X (®)]] = /= (2 + v/ () + 2 (t)?

A curve is regular if its tangent vector X' (t) is everywhere non-zero.

In the context of Definitions[I.1]and [1.3] note that for each t € I:
x(t) is a position vector whose nose describes the location of a point on the curve.
X (t) € T,E? is a tangent vector based at the point p with position vector x(t).

A parametrized curve has an orientation (indicated by the blue arrow): as t increases along the interval
I, the point x(t) moves in a particular direction along the curve.

Examples 1.7. Straight line: The line through points with position
vectors a, b may be parametrized by

x(t)=a+t(b—a)=(1—t)a+tb

The tangent vector at x(t) is the constant x'(t) = b — a and the
parametrization has constant speed ||b — a||. For instance,

x(t) = (2+1,3—2t)
has constant velocity x/(t) = (1, —2) and speed v(t) = /5.

Circle (Example The parametrization x(t) = (cost,sint) has ve-
locity x/(t) = (—sint, cost) and constant speed v(t) = 1.

By contrast, y(s) = — (1 — s2,2s) has non-constant speed
y y Tts P
2 y 2
y'(s) = m(‘zs,l —s')  o(s) = 1552

A particle moves quickest at s = 0 when v(0) = 2 and the speed
tends to zero as s — +oo (see the linked animation).

2The meaning of smooth depends on the author: at a minimum it means that x,, z must be differentiable with continuous
derivative. We take the maximal approach for simplicity.


http://www.math.uci.edu/~ndonalds/math162a/curves-animcircle.html

Helix x(t) = (cost,sint,t) parametrizes a helix (ascending spiral).

To help visualize this, imagine sitting on top of the z-axis and look-
ing down; you’d see its horizontal projection t — (cost,sint) (a
counter-clockwise circle). Since z(t) = t, the curve moves upwards
at constant speed. One can similarly project onto the xz- and yz-
planes.
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The tangent vector at x(t) is x/(t) = (—sint, cost, 1) and the speed is constant v(t) = v/2.

Tangent Line Let x : [ — IE3 be regular and t; € I be fixed. The tangent line

at x(tp) is simply the straight line through the point with position
vector x(tp) oriented in the direction of the tangent vector x'(tp). It
is itself a parametrized curve, y : R — E3:

y(s) = x(to) + X' (to)

For example, the tangent line to the above helix at ) = 77” is

y(s) = (;??) + (—\f ;1> s

The tangent line has the same speed as the helix V2.

Self-intersections These are no problem for our formulation! The curve

x(t) = (sin%,cost), te€[0,6m)

passes through the origin at both #; = 3Z and t, = 2F, with
corresponding tangent vectors

%

27T

X(F)=(=51), ¥F)=(=5-1) -

In this example, we shouldn’t talk about the tangent vector to the
curve at the origin, since it is non-unique. Rather we should refer

to the co-ordinates 37” or 97”.

The linked animation shows the variable speed v(t) = \/ § cos? & +sin’ t of this curve.

9


http://www.math.uci.edu/~ndonalds/math162a/curves-helixnew.html
http://www.math.uci.edu/~ndonalds/math162a/curves-helixnewtan.html
http://www.math.uci.edu/~ndonalds/math162a/curves-selfint.html

Corners and Cusps To ensure that a tangent direction exists, a regular curve has everywhere non-
zero derivative. Here are a couple of examples of curves with non-regular points.

Examples 1.8. Corner A curve mightenter and leave a point in dif- y
ferent directions. For example, x(t) = (t,1 — |t|) has deriva- 1
tive

) = {(1,1) ift <0

(1,-1) ift>0

Atx(0) = (0,1) the curve is non-differentiable and thus non-
smooth and non-regular. y

Cusp The curve x(t) = (#3,1?) has derivative

X' (t) = (3t%,2t)

The origin is a cusp, a special type of corner where the curve { {
leaves the point in the opposite direction to how it entered. 1 0 1
In this case the curve is differentiable at the origin, but is non- X
regular since its speed v(0) is zero.

Exercises 1.1. 1. A twice-differentiable curve x(t) has the property that its second derivative x”(t)
is identically zero. What can be said about x?

2. Find the unique curve such that x(0) = (1,0,5) and x'(t) = (£2,t,¢).

3. An ellipse in the plane has equation %2 + ]"9—2 = 1. By modifying the standard parametrization
of the circle, find a regular parametrization of this ellipse. What is its speed?

t

4. Show that x(t) = (et+2€7t, ¢ _264) parametrizes half of the hyperbola x*> — y?> = 1. How would
you parametrize the other half?

3

5. (a) Find the speed of the re-parametrized standard helix y(s) = x(s>) = (cos s%,sins?, s%).

(b) More generally, if x(t) is a regular curve, show that y(s) := x(s%) is non-regular.

6. Verify that our cusp example (above) may instead be parametrized y(u) = (u,u%*/%). Is the new
parametrization still non-regular at the origin? Explain.

7. Show that the tangent vectors to the regular curve x(t) = (3t,3t?,2°) make a constant angle
with the vector (1,0,1).

8. Consider the plane curve x(t) = (t —1+e¢~!,e7"). Find the equation of its tangent line at = £,
and find where the tangent line intersects the x-axis.

9. Let f : R — R be a smooth function. Find a parametrization for the graph of y = f(x) and find
its tangent line when x = xo.

10. Find a parametrization of the straight line through the points (1, —3, —1) and (6,2, 1). Does this
line meet the line through the points (—1,1,0) and (-5, -1, —1)?



1.2 The Arc-length Parametrization and Curvature

As we’ve seen, the same ‘curve’ (viewed as a subset of IE?) may be parametrized in different ways.
For instance, in Exercise 1.1}5] the standard helix x(t) = (cost,sint,t) was re-parametrized to obtain

y(s) = (coss?,sins®,s%) (%)
This new parametrization is non-regular at s = 0; it slows down and stops before resuming its journey
up the helix! Regularity is not, therefore, an intrinsic property of a curve viewed as a set (range(x)),

rather it is a property of the parametrization.
Thankfully it is easy to create new parametrizations that remain regular.

Lemma1.9. Ifx:I — E%is regular and « : | — I is smooth with nowhere-zero derivative, then we
obtain a new regular parametrization

y: ] —=E, y(s):=x(a(s))

Proof. By the chain rule, % = &/ (s) %, which is non-zero by assumption.
By contrast, if x(t) is non-regular, no smooth reparametrization can possible regularize it.
Since o/ (s) is continuous and non-zero, there are two distinct casesﬂ

«a(s) increasing We call this an orientation-preserving re-parametrization, since a ‘particle’ travels along
the curve in the same direction.

«(s) decreasing The re-parametrization is orientation-reversing.

In the language of the Lemma, (*) turned a regular parametrization into a non-regular one because
a(s) = s® has &’ (s) = 3s? which is zero at s = 0.

Our next goal is to develop a special parametrization for regular curves. First we recall a concept
from multi-variable calculus.

4 )
Definition 1.10. The (signed) arc-length of a curve x : I — [E® measured from x(t() to x(t) is the

integral of the speed

5(t) = /t: 1% (T)|| 4T = /t:v(T) dT

The arc-length is signed because it is negative if t < to: we are measuring length against the orienta-
tion of the curve. Of course if x : [a,b] — 3 has domain a closed bounded interval, then it is most
sensible to measure arc-length from fy = a so that s(t) > 0 everywhere on the curve.

Example 1.11. The standard helix x(t) = (cost,sint,t) has constant speed V2, whence the arc-
length measured from x(0) is simply s(t) = v/2t.

30bserve that a/(s) is always positive or always negative. In particular, a(s) is 1-1. If, in addition, « is onto, then x and y
parametrize precisely the same subset of IE3.



Recall the Fundamental Theorem of Calculus: is s(t) is the arc-length of a regular curve, then

b [ Imllar= o =0

is the curve’s speed, which is positive and continuous. The same is therefore true for its inverse function

a1
ds  §(t)  o(t)

Definition 1.12. An arc-length parameter for a regular curve x(t) is the inverse a(s) = t(s) of an
arc-length function s().

Lemma 1.9 tells us that y(s) = x(a(s)) is a regular re-parametrization of our original curve. Indeed
it is a re-parametrization with a very special property:

YOI =26 ¢ )] = 55000 =1 0

The curve y(s) has unit-speed. We have therefore proved a key result.

Theorem 1.13. Every regular curve has a unit-speed parametrization, namely by an arc-length pa-
rameter (measured from wherever you like).

The usefulness of the Theorem is abstract; by assuming that we have a unit-speed parametriza-
tion, certain analyses become much simpler. As a practical matter, explicitly finding an arc-length
parametrization might be essentially impossible (evaluate an integral then invert a function...).

Examples 1.14. 1. Since the standard helix has arc-length parameter s(t) = +/2t, it is trivial to
observe that the re-parametrization

(s) = (coss sin —— S)
d V2TV V2
has unit speed.

2. More generally, if x(t) has constant speed v, then s(t) = vt is an arc-length parameter and
y(s) = x(%) a unit-speed re-parametrization.

3. The graph of y = 3x*?2 (t > 0) may be parametrized by x(t) = (t,3t*/2). The arc-length
measured from the origin is then

)= [VITTAT =3[0+ 1] = a(s) =1(s) = (1+3)° 1

We’ve obtained an explicit unit-speed parametrization

(9 =x(a(s)) = ((1+ 3 =13 [0+ 397 1] )

though is it really something you ever want to compute with?!



Armed with unit-speed curves, we can now define our principal notion of bendiness.

( )
Definition 1.15. The curvature of a unit-speed curve x : I — E? is

x(s) = [|x"(s)]]

We modify this slightly for curves in the plane: x(s) is positive/negative if the tangent vector rotates

counter-clockwise / clockwise as we traverse the curve. This corresponds to the usual right hand rule.
\. J

By Newton’s second law, a unit mass travelling along the curve at unit speed experiences a transverse
force of magnitude «(s).

Examples 1.16. 1. A straight line has curvature zero. For example, the line joining (1,4) and (—3,1)
has unit-speed parametrization x(s) = (—3 + 25,1+ 2s), whence x"(s) =0 = «(s) = 0.

2. The circle of radius r has unit-speed parametrization x(s) = r (cos £,sin %), whence

1

This is positive since the tangent vector rotates counter-clockwise. Observe that x = 7 is in-

versely proportional to the radius: smaller circles have larger curvature.

3. The standard helix with unit-speed parametrization x(s) = <cos %, sin \i@, \%) has

N —

09 = = (<o Ty sin J50) = o) =

Since finding a unit-speed parametrization is difficult, there few curves for which this approach is
sensible. What we want is a method that works for arbitrary parametrization. This is indeed possible,
though for spacecurves it will take a while. For curves in the plane however, things are fairly easy.

Curvature of Plane Curves Ify:I[ — E2 has unit-speed, we can write
;o [cosB(s)
y(s) = (siné)(s))

where 6(s) is the angle between the tangent line and the positive x-axis.
Now observe that

r6=06( 250

Since (— sin6, cos #) points to the left of y'(s), we conclude:

Theorem 1.17. The curvature of a unit-speed plane curve is the rate of change k(s) = 6'(s) of the
angle of its tangent line.

This should be intuitive for constant curvature examples such as the straight line and the circle.



Now suppose x(t) = (x(t),y(t)) is any regular parametrization of the same curve; its speed satisfies

v(t) = /X()>+y (1) =5'(t)

where s(t) is an arc-length function for x(t). Moreover, the angle 6(s) plainly satisfies

_ 1 Y (@)
f(s) = tan (D)
Now differentiate and applying the chain rule:
_d oy _dtd Y
k(s) = 3 tan () Is qp fan ()

The result is a formula for the curvature as a function of an arbitrary regular parametrization.

e

Corollary 1.18. A regular curve x(t) = (x(t),y(t)) has curvature

y//x/ _ x//y/ y//x/ _ x//yl x// . ]X/

K(t) = (X2 1 y2]372 e P
where Jx' = <(1) I)l> (;:) = (;’l)' In particular, the graph of a smooth function y = f(x) has
curvature
1
(x) = £z 3/2
Y
[1+ (7(2)°]
L
Examples 1.19. 1. The graph ofy = %x3/ 2 has curvature
1x=1/2 1
k(x) = 2 3 =
(1+x)%2  2,/x(1+x)3

—sinx

2 1 f(x) = sinz, then x(x) = =5 a7

3. The spiral x(t) = (tcost, tsint) has

() = <cost—ts1nt>/ X (1) = <—281nt—tcost>

sint + tcost 2cost —tsint
(2cost —tsint)(cost —tsint) — (—2sint — tcost)(sint + tcost)
[(cost — tsint)2 + (sint + t cos t)2]*/?

= K(t) =

242
1+ 2]/

10



Exercises 1.2. 1. Compute the arc-length of the following curves by parametrizing and evaluating
an integral:

(a) The straight line between points (3,1,2) and (1,1,0).
(b) The circle centered at (1, —2) with radius 5 measured clockwise from (6, —2) to (1, 3).
(c) The graph of the functiony = 2x3/2 — Ix/2for 1 < x <9.

2. Find the curvature of the following plane curves (use Corollary [1.18).
(a) The graph of y = x2.
(b) The catenary: the graph of y = J(e* 4+ ¢™*) = coshx
(c) The figure-eight curve x(t) = (cos f,sin 2t)
(d) The exponential spiral x(t) = (e’ cost, e’ sint).

3. Find a unit-speed parametrization of the straight line between points with position vectors
a # b in E® and hence verify that its curvature is zero.

4. Suppose x : R — E3 has unit speed. Verify that x is parametrized by an arc-length parameter.

5. Find the curvature of the spacecurve x(s) = (% COS S, sin s, % cos s). What is this curve?

6. (a) Find the arc-length of the standard helix x(t) = (cost,sint, t) betweent = —mwand t = 271.

(b) Suppose a particle travels down the standard helix so that y(0) = (1,0, 2m) and such that
its speed is v(t) = 21/2t. Find a parametrization which describes this motion.

(c) Letr, h be positive constants. Find the curvature of the general circular helix
x(t) = (rcost,rsint, ht)
and interpret how it depends on r and h.
7. Check the evaluation of x(t) and «(x) in the proof of Corollary[1.18|
8. We find the curvature of the exponential spiral x(t) = (e’ cost, e’ sint) the hard way.

(a) Calculate the arc-length s(t) measured from x(0).
(b) Find a unit-speed parametrization y(s) where y(0) = (1,0).

(c) Hence compute x(s) and show that it equals your answer from Exercise

9. A circle of radius 1 rolls at constant speed with-
out slipping along the x-axis so that the angle
indicated in the picture is ¢ at time . 1

~

The curve described by a point on the circum-
ference of the rolling circle is a cycloid. ;

o
NR

T ot 27
(a) Find a parametrization x : [0,27r] — E2.

(b) Find the curvature of the cycloid as a function of ¢.

(c) Compute the arc-length of the cycloid over a complete rotation of the circle.

11



1.3 Orthogonality, Moving Frames & The Structure Equations

Our plan is to analyze a curve with respect to a family of moving orthonormal bases. Before embark-
ing on this, we summarize the relevant ideas from linear algebra. Hopefully most of the concepts
are familiar. Most proofs are omitted, but will be met in a standard linear algebra class. As usual,
definitions and results are stated in 3-dimensions, but are valid in others, particularly 2-dimensions.

In E3, points are typically denoted with reference to the standard basis {i, j, k}. For instance,

3
v= 4| =3i+4j+6k
6

The numbers 3, 4, 6 are the co-ordinates of v with respect to the standard basis. Of course other bases
are available. ..

4 )
Definition 1.20. A set B = {ej, e, e3} C E? is a basis if every vector v € E? can be expressed

uniquelyﬁ as a linear combination of e, e;, es3: that is
V = c1eq + o€y + c3e3 (%)
for unique ¢y, ¢z, c3 € R, the co-ordinates of v with respect to p.
0 ifj#k

Consider the (invertible) matrix E = (e; e, e3) whose columns are the elements of B viewed as

column vectors (with respect to the standard basis). A basis is positively oriented if det E > 0.
\, J

1 ifj=k
A basis is orthonormal if e; - ey = djx = { nJ

Examples 1.21. 1. {%ﬁ (%) , = (i) , = (—11 ) } is a negatively oriented orthonormal basis of I3

(detE = —1 < 0).

2. Every orthonormal basis of [E? has the form - sin 9)
cos 6

cos 6 —sinf cos 6 sin 0 (c_os 6)
sin@ /)’ \ cos® or sin@ )’ \ —cos® @ \sin6

for some angle 6. The first is positively oriented (det = 1 > 0) o
and the second negatively (det = —1 < 0). (,Scosg)

A positively oriented orthonormal basis in IE3 satisfies the right-hand rule: e3 = e; X ep. In E?, positive
orientation means that e; is obtained by rotating e; counter-clockwise by 90°: we can write this as

0 -1
ez=]elz<1 0>el

*In a linear algebra class this is usually broken into two definitions which imply, respectively, the existence and unique-
ness of the linear combination ().

Spanning Set Every v € IE3 can be expressed as a linear combination v = cje; + cye; + cze3 for some c¢1,¢5,c3 € R.
Linear Independence The only linear combination summing to 0 is trivial: cie; + cpep +c3e3 =0 = ¢y = =3 = 0.

12



Finding the co-ordinates of a vector with respect to a basis () is really a matrix problenﬂ

a1 1
v=E| — ) = E_lv
C3 c3

Inverting a 3 x 3 matrix is tedious. Thankfully the co-ordinates can be found more easily if the basis
is orthonormal just by taking dot products!

v-e = (C1E1 + crep + C3E3) -e; = (j

Lemma 1.22. If B = {ej, ey, e3} is an orthonormal basis, then for any vector v € [E3,

v=(v-ej)e;+(v-ey)ex+ (v-e3)e3

Example 1.23. B = {ej,e2} = {1 (4),%(®)} is a positively oriented orthonormal basis of E2.

With respect to f, the vector v = (1) can be written

7

! =(v-ej)e;+(v-ex)ey = —e +1e
1) = 1)el 2)e2 = ze1t e

Orthogonal Matrices Recall Definition Given B = {ej, ez, e3} and its associated matrix E =
(e ey e3), observe that

el le]]” er-ex e-e3
ETE: eZT (818283): ey - e HezHZ e -e3
T 2
e; e;-e; ez-e |les||

When f is an orthonormal basis, this matrix is very simple.

( )

Definition 1.24. A 3 x 3 matrix A is orthogonal if ATA = I (equivalently AAT = I). The set of all
such is denoted O3(IR). In addition, if det A = 1, we write A € SO3(IR) (special orthogonal matrices).

J

rLemma 1.25. 1. If A € O3(R), then it is invertible with inverse A" (also orthogonal).
2. The product of two orthogonal matrices is orthogonal.
3. A is orthogonal if and only if (Ax) - (Ay) = x - y for all vectors x,y € E>.
4. Letp = {e1, ey, e3} and E = (e ep e3) € M3(R):

(a) E € O3(R) <= B is an orthonormal basis.
(b) E € SO3(R) <= B is a positively oriented orthonormal basis.

\, J

Parts 1 and 2 together say that O3(R) forms a group under matrix multiplication; it is therefore known
as the orthogonal group.lﬂ

5For obvious reasons, this is known as the change of co-ordinate matrix from B to the standard basis {i,j, k}.
®Knowledge of group theory is not necessary for these notes. Lie Groups, of which O3(RR) is an example, are critical to
more advanced differential geometry.

13



Examples cont).

1. Ttis no fun to check ETE = I directly, but since we have an orthonormal

basis, the lemma tells us that

€ O3(R)

SILSILS-
SHSILS-

2. Every 2 x 2 orthogonal matrix has one of two forms:

. _ [cosf —sinf . _ (cosf sinf _
Rotations Ay = (sin 0 st ) € SO, (R) Reflections By = (sin 0 cos 9) (detBy = —1)
The effect of the map x — Apx is to rotate x ~ The effect of x — Byx is to reflect x across the
counter-clockwise by 0 radiansﬂ line making angle § with the positive x-axis.

Y1 i 71 A
0 0
(§R6) /) (§h6) N
|
******** & | NCIIPN

-] >
(—sin@) : 7 P \\ )

cos 0 | / _ i [ \
[0 » ! o 2 | >
x ™ N 7 ™
-1 1 -1 N 1

X PN N X
7 Tt 01" ( sinf )
—cos@

Motivated by the 2 x 2 case, it is common to refer to every orthogonal matrix in O3(IR) as a rotation
(det = 1) or a reflection (det = —1)EI
Part 3 of Lemma says that multiplication by an orthogonal matrix preserves the dot product and

thus (Definition[1.5) the lengths of vectors and the angles between them. We use this to define a useful
family of transformations of IE>.

7

S(x) = Ax+b

\.

Definition 1.26. An isometry is a function S : E> — E3 acting on points/position vectors by

where b is a constant vector and A € O3(IR). We call S a direct isometry or rigid motion if det A = 1
(A € SO3(R)), and an indirect isometry otherwise.

Isometry literally means equal length; it can be seen that every function S : E®> — IE3 which pre-
serves distances between all pairs of points is an isometry. Congruent geometric objects (in standard
Euclidean geometry) are precisely those which are related by an isometry.

7Recall that the matrix of a linear map is found by evaluating the map on the standard basis: the 15' column of Ay is

the column vector Agi = (

P g ). The pictures should verify the remaining columns; for By you might find it helpful to

consider how the required reflections of the standard basis vectors i, j may be computed using rotations.
8 A full analysis is more complicated. For instance, the map x ~ Ex in the first example is the composition of a reflection
across a plane in [E3 followed by a rotation in that plane.
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Moving Frames

Thus far we have analyzed curves with reference to the standard orthonormal basis € = {i, j, k}. We
now replace this static frame of reference with one that moves. The goal is eventually to describe a
special moving frame with respect to which the fundamental properties of the curve are clear.

( N\
Definition 1.27. Let x : I — E? be a smooth curve. Suppose that ej, e;, e3 are smooth functions on I

such that, foreach t € I,
{e1(t), ex(t), e3(t)} is a positively oriented orthonormal basis of the tangent space Ty E?

We call this family of functions a moving frame along x.

Equivalently, E(t) = (e1(t) ex(t) e3(t)) is a smooth function E : I — SO3(R). We will often refer to

this matrix-valued function as a moving frame.
\, J

el(t)

A moving frame in [E? A moving frame in [E?

The smoothness criterion needs a little unpacking. At each point on the curve, the tangent space
Tx(t)IE3 has a standard basis of tangent vectors { Lx(t) Ix(t) Kx(t) }, with respect to which

aj(t)
ej(t) = aj(t)ixr + bj(t)ixe) + ¢j(Dkery = | ()

cj(t)

We require that the functions a;, bj,c; : I — R be smooth. Strictly speaking, e;(t) is a smooth vector
field along the curve.

Example 1.28. We define a moving frame along the unit Y es(t)
circle x(t) = (cost,sint) via

at)=(53)  e0= () fac

Click on the picture to see how the frame rotates twice as one
travels once round the circle! es(t)

In accordance with the definition, for each ¢, -

E(t) = <c052t —sin 2t

sin2t cos?2t > < SOB’(]R)
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The obvious disadvantage of a moving frame is that we have to understand how such a frame moves!

4 \
Theorem 1.29 (Structure equations). Suppose {e;(t), ex(t), e3(t)} is a moving frame (orthonormal
positive orientation). For each j, express the derivative as a linear combination

e; = eywy; + exty; + esws;

where each wj(t) = e; - € is a scalar function. Then the matrix W = (wy;) is skew—symmetricﬂ

0 w2 W3
(el ey e3) =(e1 ex e3) [ —win 0  wxy (matrix form E' = EW)
—wiz —wy 0
L J

In [E?, there is only a single function wy, = ej - €}. As we've done already, we often drop the (f) to
make things more readable; just remember that everything is still a function!

Proof. Since e; - e; is constant (equals 0 or 1), the product rule says that

d )
:a ]-:>w]-i+wij:O .

Examples 1.30. 1. Example described a moving frame in [E%:

wa(t) =) ex(0) = (o) ( pepmat) = 2

0 (ej-ej) =¢ei-ej+e-e

sin 2t

The structure equations are therefore

o) = (ere) (5 )

2. A moving frame can be described without mentioning a specific curve x(t):

cos?t sin f sin f cos t
e1(t) = | costsint ey(t) = | —cost e3(t) = sin?t
sin t 0 —cost

The structure equations are easily computed

w1y (t) = e; - ey = cos’t + cos t sin’t = cost,

wi3(t) = ey - e = cos?t(cos’t — sin®t) + 2(cos t sin t)* + sin’t = 1

wys(t) = ey - e = sint(cos’t — sin’t) — cost(2cos tsint) = — sint
0 cost 1
(ef e €)= (e1 e e3) | —cost 0 —sint

-1 sint 0

9The set of skew-symmetric matrices is sometimes denoted so3(IR). The structure equations are an example of the
relationship between a Lie group and its Lie algebra, a foundation on which much advanced differential geometry rests.
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Exercises 1.3. 1. Express v =

10.

) 1e1 + azez as a linear combination with respect to the or-
_ 1 2
= {1 ( ) y13 (13) ) of B2

2
(a) Show thatp = { (2) ( ) ( ) } is an orthonormal basis of E®. Is it positively
oriented? 1

= (3
thonormal basis B = {ej1, ez}

(b) Find the co-ordinates of (8) with respect to .

(a) Explain why the product rule §(x-y) = x' -y + x -y holds for differentiable curves x, y.
(b) Let x, y be differentiable on an interval and use the product rule to answer the following:

i. Suppose x(tp) and x'(t) are orthogonal to a fixed vector v (the latter for all f). Show
that x(t) is always orthogonal to v.
ii. If y(#o) is a point on y which is closest to the origin, show that y(ty) L y'(to).

. Find the function wy; for the moving frame {eq,ex} = {L < 2 ) 112 <t2 ot ) }

1+2\1—1#

. Find the structure equations for the moving frame {ej, ey, e3} = { (COSt) ( ) ( —ant ) }

sint COS t

(a) Explain why every moving frame in [E? has the form {ej, e} = { <;O§g((tt)) ) , (ng}fgg ) ) }
for some function 0.
(b) Find the structure equations for this frame: how does w;; relate to 6?

(c) If x(t) is parametrized at unit speed such that e; () = x'(t), what is w1, (#)?

(a) Let E(t) be a square matrix-valued function. Show that $(E(t))~! = —E"'E’E-L

(b) Suppose E : I — O3(R) is differentiable and define W(t) := E~1(¢t)E’(t). Use part (a) to
prove that W(t) is skew-symmetric (WT = —W).

(a) Verify parts 2 and 3 of Lemma(T.25
(b) Suppose f, g are rigid motions. Show that f o g and f~! are also rigid motions.

Leti = (). Suppose p € E? and a unit vector v are given. Prove that there is a unique rigid
motion S : x — Ax + b such that

S0)=p and S(i)=p+vVv

Write ig = (0,i) € TolE? and v, = (p,v) € TpIE? as tangent vectors, explain why it is reasonable
to write vp, = S(ip) = (Ai)p: i.e., only A affects the directional part of a tangent vector.
(Hard) Suppose that a moving frame has structure equations

I 1 /1

1 /
el - —ﬁ(ez +e3), 92 == ﬁel, 93 - ﬁel

(a) By considering ef, show that the vector e; x €] is constant.
(b) Show that ||/ || is constant.

(c) Prove that there exists a constant positively oriented orthonormal basis {a, b, ¢} such that
e1(t) = costa + sintb and compute e, e3 in terms of this basis.
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1.4 The Frenet Frame for a Spacecurve

In this section we analyze spacecurves with respect to a moving frame adapted to the curve. To do
this, we need to restrict our class of curves slightly. For this section, we work exclusively in [E3.

[Deﬁnition 1.31. A regular spacecurve x : I — B3 is bireqular if it has non-zero curvature .

regular but not biregular. Indeed for a biregular curve, the vectors x'(t) and x”(t) must be linearly
independent.

Every biregular curve is necessarily regular, but the converse is false. For instance, a straight line is
p

Definition 1.32. Let x : [ — [E® be a biregular unit-speed curve. The Frenet frame E(t) = (T N B) is
the moving frame defined as follows:

\

T := X is the unit tangent vector field
N := 1

Tk

\

T’ is the principal normal vector field

B := T x N is the binormal vector field

We verify that the Frenet frame is indeed a moving frame:

J
1. Since x is unit-speed, T has unit length.

2. By the productrule, T-T=1 = 2T'-T=0 = N-T = 0. Moreover, the definition of
curvature tells us tht

I NI ST T
NI = 2T = e = £ =1

so that N is a unit vector perpendicular to T.

3. Standard properties of the cross product finish things off:

* B has unit length since ||B|| = ||T|| ||N|| sin6 = 1 (8 = 90° is the angle between T, N).

* (TxN)-z=det(T N z) withz = T or N says that B is perpendicular to T, N. Finally, let
z = B to see that the Frenet frame is positively oriented.

\

Theorem 1.33. The Frenet frame is a moving frame. Its structure equations are

T = xN
xk 0 -7 N' = —xT + 7B
0 7 0 B’ = —1N
where x > 0 is the curvature and T = N’ - B = —N - B/ is called the torsion.

0 —x O
(T' N’ B) = (T N B)

The structure equations for the Frenet frame are also known as the Frenet—Serret equations. The mov-
ing planes spanned by pairs of these vectors have special names:

Span{T,N},Span{T, B} and Span{N, B} are the osculating, rectifying and normal planes.
At any point, the tangent line lies in the osculating plane.

J
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Examples 1.34. 1. We compute the Frenet frame and its structure equations for the standard helix

x(s) = (cos \i@, sin %, \%) parametrized by arc-length (3D pic)(animation)

z
—sin % t
e smsﬁ T/_1c9s\tﬁ
(s) =x'(s) = 7 cos 55 | = (s) = —5 | siny;
1 0 -
t
c9s Ve .
= N(s) = sin 5 |, k(s) = 5
0 T /
in 5= B
1 [ V2
= B(s) =T(s) x N(s) = 7 —cols\ﬁ
sin == sin ==
_ N/ B _ 1 o ﬁs o ﬁs _ 1 <
T(s) = N'(s) - B(s) = 5 cos 75 cos 5| =5
0 1
The Frenet-Serret equations for the helix are therefore ‘\E
0 -1 o0 AT
(" N'B)=(TNB)|: 0 -1
0o 1 o <

xr

Y

2. Letx(s) = ((1+5)%2,Lg 1(1—5)3%2) fors € (—1,1). First we verify this is unit-speed
3 3 y %

V2

1 V1+s 1
x’(s)zi V2 :>v(s):|‘x’(s)H:§\/1+s+2+l—s:1
—v1-s
It follows that T = x’. Now compute the rest of the Frenet apparatus:
-1/2
o1 (1+z) :>K_HT'H_1 L1 1
4 (1_5)_1/2 4 1+s 1-—s 2\/5\/1—52
~1/2 V1 —
1, 2vavi—s ((1t9) 1 (V1=
N:fT:f 0 = — 0
* 1-s12)  V2\ 175
1 V1+s 1
B=TxN== —V2 — 1=N-B=—_ ~
2 —V1=s 221 —§2

(T" N’ 13/):m (1) _01 ?
2v2v1-s* \op -1 0


http://www.math.uci.edu/~ndonalds/math162a/frenet-helixstill.html
http://www.math.uci.edu/~ndonalds/math162a/frenet-helixanim.html

The Frenet Frame in arbitrary parametrization

Since there are relatively few curves for which an explicit unit-speed parametrization can be found,
we want to be able to compute the Frenet frame for any biregular curve, regardless of parametriza-
tion. This requires nothing more than the careful application of the chain rule...

Example 1.35. We compute for the exponential spiral x(t) = (e’ cost, e’ sint,e').

cost —sint 1 cost —sint
X' (t) =e' [ sint+cost | = ov(t) = V3e! = T(t) = —= | sint + cost
1 V3 1
Since T(t) has unit length, T’ L T. But then
1 —sint —cost —sint — cost
T(t) = —= | cost—sint = N(t) = —= | cost—sint unit length || T/
0= 5| et 0= | et (unit length | )
—cost +sint
= B(t) =TxN=— | —sint —cost
(t) 7 ,
It is tempting to think that the curvature should be ||T’(t)|| = /3, but this is not so. Since x is not

unit-speed, we need to use the chain rule:

dt d 1 op V2,

o=||5T0|| = | EHTO|| = s TN = e

The torsion may be computed similarly

= %f B = v(lt)N’(t) B(t) = Lt

For the general result, simply(!) repeat the example in the abstract.

7

.

N\
Corollary 1.36. Let x(t) be a biregular spacecurve with arbitrary parametrization. The speed, cur-

vature, torsion, Frenet frame, and structure equations are as follows.

B , B Hx/ X x//H B (x/ X x//) . x///
o(t) = ||x'(1)]| K(t) = — 3 T(t) = BT
1 ox"" —ov'x x' x x"
T(t) = =% N(t) = —% B(t) =~
() = x (=27 (=22
0 —ovx O
(" N'B)=(TNB)[vk 0 —or
0 ot 0

The curvature formula also holds if x(t) is merely regular.
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Exercises 1.4. 1. Compute the curvature and torsion of the spiral x(t) = (e’ cost, e’ sint, e') directly
using the expressions in Corollary

2. A circular helix has the form x(t) = (r cost,rsint, ht), where r > 0 and h are constants. Find
its Frenet frame and show that its curvature and torsion are given by

P S
2+ k2 2+ k2

3. Find the curvature and torsion of the curve x(t) = (t, 2, ).

4. Given x(t) = % (\/ 1+ 2,2t, ln(t ++v14+ t2) ) , find the Frenet frame, curvature and torsion.

5. Let f(t) = v2 fot V1 —e2¢du, and define the curve x(t) =

(a) Verify that x(f) has unit speed.

(b) Calculate the curvature of x and show that tlim k(t) =0.
—00

(etcost e tsint, f(t)), t > 0.

S

6. Let a, b be positive constants and x(t) = (4a cos’t, 4a sin®t, 3b cos 2t) where 0 < t < % Find the
Frenet frame, curvature and torsion of x.

7. Let x : I — B3 be a twice-differentiable regular curve.

(a) Prove the formula for « in Corollary

K(t)

Hence conclude that x(fp) = 0 <= x'(to) and x"'(#o) are parallel.
(Hint: let x(t) = y(s(t)) where y(s) has unit speed)
(b) Prove as much else as you can tolerate of Corollary

_ X x|

03

8. Suppose x : I — [E? is a curve lying on the surface of the unit sphere (||x|| = 1).

(a) If x has unit speed, show that x”" - x = —1.

(b) Hence or otherwise, prove that the curvature of x is at least 1 everywhere.
(Hint: x and x" are orthonormal. ..)

(c) What happens if x lies on the surface of the sphere ||x|| = r of radius r > 0?

(d) (Hard) If a unit-speed curve lies on a sphere of radius r, show that

K2T2(}’2K2 _ 1) — (K/)Z
(Hint: compute the coefficients of x with respect to the Frenet frame)
9. (Hard) Letd(t) > 0. Suppose x(t) and y(t) = x(t) + dN(t) are unit-speed curves such that
the principal normal vector field N of x is the translateﬂ of the binormal vector field B of y.

Prove that the distance d between corresponding points of the curves is constant. Prove also
that the curvature and torsion of x satisfy 2x = d(x? + 72).

(Hint: Compute T and take dot products with something useful. ..)

That is, the directional parts of N, B are identical: of course these are members of different tangent spaces.
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1.5 The Fundamental Theorem of Biregular Spacecurves

Our goal for this section is to see that curvature and torsion determine a spacecurve uniquely up to
rigid motions. We do this by recognizing the Frenet-Serret equations satisfied by the Frenet frame as
a system of ordinary differential equations; provided sufficient initial conditions (starting point and
orientation), the usual existence and uniqueness theorem for initial value problems shows that there
is a unique curve with this data.

As a precursor, we consider how to interpret curvature and torsion, and how they change (or don’t!)
under rigid motions of a curve.

Theorem 1.37. 1. A regular spacecurve has x = 0 if and only if it is a straight line.

2. A biregular spacecurve has T = 0 if and only if it is contained in a fixed plane (the unmoving
osculating plane of the curve).

Proof. In both cases, we assume, without loss of generality, that x(s) is a unit-speed parametrization
of our spacecurve.

1. x(s) = ||x"(s)|| =0 <= x"(s) = 0. Thus x is a straight line.

2. (<) Suppose the curve lies in a fixed plane. Then x’ and x” are parallel to this plane, whence
T and N are also. But then B is a continuous unit vector orthogonal to the plane and is therefore
constant. From the Frenet equations, —TN = B=0—= 7=0.

(=) Asabove,if T =0, then B is constant. But then
(x-B)=xB+x-B'=T-B=0
from which x - B is constant. The curve therefore lies in a fixed plane perpendicular to B.

Curvature measures the deviation of a curve from a straight line; its bending. Torsion measures how
badly a curve fails to be planar; its twisting.

To visualize the difference, the pictures below show a segment of a standard helix. In the first we
look down the binormal onto the osculating plane; the non-zero curvature is clearly visible. In the
second we look along the principal normal vector N and across the osculating plane; the positive
torsion (T = }) indicates that the curve crosses the plane similarly to how the cubic function y = x3
crosses the x-axis. The full 3D curve is linked via either picture.

N %
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( )
Theorem 1.38. Under an isometry X := Ax + b (recall Definition[1.26)), the curvature and torsion of
a biregular spacecurve transform as follows:

Direct isometry /rigid motion: & =«x, T=T.

Indirect isometry: &k =x, T=—T.
. J

Proof. Suppose x(s) has unit-speed. We relate the Frenet frame (T N B) of  to the original
Since orthogonal matrices preserve the dot product (Lemma|1.25), X has unit-speed also:

K (s) = AX(s) = 0(s) =||¥(s)]| = [|X(s)|| =1 = T = AT
Moreover, since A is constant and both N and N have unit length,

N:T’:AT/:%AN — #=x and N = AN

| =

Curvature is therefore invariant under any isometry. Since A preserves angles, AB is perpendicular
to both T and N, and so AB = +B. Since the Frenet frame E = (T N B) is a special orthogonal
matrix, AE is also orthogonal, and moreover

det AE = det AdetE = detA

We conclude that det A = 1 <= AE = (AT AN AB) = (T N AB) is positively oriented, whence

B — (det A)AB — AB %f the %sometry %s fiirejct,
—AB  if the isometry is indirect.

Finally, we compute the torsion:

t=N"-B = AN’ ((detA)(AB)) = (det A)(AN’) - (AB) = (det A)N’- B = (det A)T

Existence and Uniqueness of Solutions to ODEs

Our classification of spacecurves depends on the ‘usual” existence and uniqueness result for ODEs.
Here is a version suitable for our needs.

~

p
Theorem 1.39 (Existence/Uniqueness for Linear ODE (Picard, Lindeldf, etc.)).
Letty € R and ¢ € R" be given, and let M(t) € M,(R) be a continuous matrix-valued function
defined on an interval |t — to| < T. Then the initial value problem

dE
S = M(ME  E(t) =c

has a unique solutionE : [ty — T, ty + T| — R".

. J

10Recall Exercise 1.3@ when we write T = AT we mean that the directional parts of the tangent vectors are thus related.
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The rough idea of the proof is to define a sequence of functions

ot t
Eo(t) :=c, Ei(t) :==c+ [ M(u)Eo(u)du, Ex(t) :=c+ [ M(u)Ei(u)du, ...
to to
which are seen to converge to the required solution; this last step requires advanced ideas from
topology/analysis. A simple example should convince you of the approach.

Example 1.40. Given the initial value problem ‘é—f = 2tE, E(0) =1, we obtain

t t 1
Eo(t) =1, El(t):1+/()2udu:1+t2, Ez(t)zl-l-/o2u(1+u2)du:1+t2+§t4,...

The Picard iteration builds up the correct solution as a power series

i 1 1
E(t):etzzz =14+
n=0

2 6

tﬂ
n!

2
n

~

p
Corollary 1.41. Let O be an orthogonal matrix, I = [ty — T, to + T|] an interval, and W : [ — M3(R)
a matrix-valued function such that each W(t) is skew-symmetric. Then:

1. There exists a unique solution E : I — O3(IR) to the initial value problem

dE

G =W, E@)=0

2. IfdetO =1, thenE : I — SO3(R).

Proof. 1. The initial value problem is a system of nine linear first order ODEs in the entries of the
3 x 3 matrix E. We are therefore in the case of Picard’s theorem where E : I — R°. There
therefore exists a unique solution E : I — M3(R). Now differentiate:

d
a(EET) =E'E" + E(E')" = EWET + E(EW)" = EWET + EWTET

= EWET + E(-W)ET =0 WT = —W1)

Thus EET is constant. However E(ty)E(tg)T = Isince E(ty) = O is orthogonal. We conclude
that E(t) is always orthogonal.

2. Determinant is continuous (it is a polynomial!); E is differentiable, and so detE : I — R is
continuous on an interval. But detE = =+1 since E is orthogonal. It follows that detE is the

constant 1.
]

For simple W, we might be able to state the solution using the matrix exponential; for instance
W constant = E(t) = Oe!"

This is of limited utility: the matrix exponential is rarely computable except as an infinite series, and
the approach fails for general W(t).
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p
Corollary 1.42 (Fundamental theorem of biregular spacecurves).

\

Suppose we are given the following data:

* Smooth functions x > 0 and T on an interval I = [to — T, to + T|.

* A position vector ¢ € E3 and a positively oriented orthonormal basis (To Ny By) of T.E3.

Then there exists a unique unit-speed biregular spacecurve x : I — [E® with curvature x, torsion T,

initial position x(tp) = ¢ and Frenet frame E(ty) = (To No Bo) at x(to).

J

Proof. The structure equations E’ = EW put us in the situation of Corollary 1.41} there exists a unique

solution E = (T N B) : I — SO3(R). Integrate the unit tangent vector field to finish:

x(t) =c+ tT(u) du

to

This is plainly the unique curve with the required initial conditions, curvature and torsion.

Alternatively, a biregular curve is determined up to rigid motions by its curvature and torsion.

Corollary 1.43. Given two biregular spacecurves with the same curvature and torsion functions,

there exists a unique direct isometry transforming one to the other.

Proof. Suppose x; : [ — E3 and x; : I — IE® have Frenet frames E;, E», and the same curvature and
torsion functions. Choose some (any!) ¢y € I. The required rigid motion S : x — Ax + b must satisfy

the conditions at ty, whenc

S(Xl(to)) = Xz(t()) and AEl(to) = Eg(to)

Plainly A = E;(to) (El(t‘o))*1 and b = xz(t9) — Axy(to) provide the unique isometry S. Moreover

det A = 1 since both E; and E, do so also.

By Theorem x3 := S(x1) is a spacecurve with the same initial conditions (at t), curvature and

torsion as xp. The Fundamental Theorem says that x, = x3 = S(x1).

Compare what we’ve done to the standard acceleration/position kinematics problem, where three
scalar functions X" (t) = (x"(t),y" (t),2"(t)) and six scalar initial conditions x(ty) and x/(t) recover the

motion by twice integrating.

The Fundamental Theorem says that a spacecurve is determined uniquely by three scalar functions

v(t),x(t), T(t) and the initial conditions x(to), T(to), N(to), which also amount to six scalar constants

One benefit of our result is that, by standardizing v(t) = 1 and ignoring rigid motions, we see that

the physical shape of a curve depends only on two scalar functions «(t) and T(t).

11 As in Theorem S acts on position vectors but Frenet frames consist of tangent vectors and thus only see A.

12You don’t need explicitly to specify B(tg) = T(ty) x N(tg)! The position x(ty) requires three constants; T(ty) needs

two angles (spherical polar co-ordinates), and N(ty) a single angle in the plane (T(ty))".
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We finish this discussion with a quick application of the Fundamental Theorem.

[ Corollary 1.44. Every biregular curve with k and T constant is a circular helix (circle if T = 0). J

Proof. By (Exercise 1.4, the circular helix x(t) = (r cost,rsint, ht) has constant curvature x = ﬁ
and torsion T = 7’2—0—le2
Given constant «, T, it is a simple exercise to find suitable r, h. By Corollary this is the only such

curve up to direct isometry (and constant speed re-parametrization). .

What changes in other dimensions?
For plane curves things are a little simpler. Here is a summary.
Assume: x : I — E? is regular; we don’t need biregularity. N(t) V/T(¢)

Frenet frame: Define T := ix’ and N := JT, where | = (9 !)
is rotation by 90° counter-clockwise; no differentiation is re-

quired to compute N!

. _ 1 /‘ . . . .
Curvature: x = T’ - N is signed as we saw in Sectlon « > 0: x bends towards N

Frenet-Serret equations: In arbitrary parametrization
(T Ny = (TN () "
vk 0

Isometries: Direct preserves k, indirect changes its sign.

Fundamental Theorem: Given x(s), x(so) € E? and To € Ty(s,)E?,
there exists a unique unit-speed curve with curvature «(s)

and these initial data. Exercise[/]gives an elementary proof. x < 0: xbends away from N

Example 1.45. Constant k curves are circles, as we can see explicitly in a couple of ways. The unit-
speed structure equations E' = E (9 ) become T” = —x?T which may be explicitly integrated.
Alternatively, 0/ (t) = x => 6(t) = xt + ¢, yields an explicit circle of radius 1:

T = (S0 9) = X0 = x(t) + [ Tandu=xtro)+ 1 ()

sin(xt 4 ¢) to k \ cos(xt+c)
We can also play this game in higher dimensions. Given a unit- 0 —x; 0 0 0
n . . . x1 0 —xo 0 0
speed curve x : I — [E" whose first n — 1 derivatives at each ) 0 x5 0 0 0
point are linearly independent, apply Gram-Schmidt orthog- E=E]| . :
onalization to obtain a moving frame E = (e; --- e,) and 0 0 0 0 —K, 4
00 0 1 O

functions i, ...,%x,_1 (the generalized curvatures) satisfying
the structure equations shown.

Conversely, the n — 1 generalized curvatures determine the curve up to rigid motions.
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Exercises 1.5. 1. Find an explicitly parametrized curve with constant curvature x and torsion 7.

2.

Reflection in the xy-plane S(x) = <ég 81 )x is an indirect isometry. Explicitly compare the

curvature and torsion of the standard helix x(t) = (cos t,sint, t) with those of 5(x).

In the manner of Example compute the Picard iteration process up to E3(¢) for the initial
value problem

dE 0 -1 1

a0 0)s ro=(g
Verify that this comports with the correct solution E(t) = (%! )to this system of ODEs.
Suppose f is a function such that x(t) = (cost,sint, f(t)) lies in a fixed plane. Show that f
satisfies the 3"d-order linear ODE f”(t) + f'(t) = 0 and thus find all possible functions f.

(Hints: What is the torsion of a plane curve?)

Assume that all principal normals of a biregular curve in [E® pass through a fixed point: Ja(t)
and a constant n such that x(t) 4+ «(f)N(#) = n. Show that the curve is (part of) a circle.

Let x : I — E? be a regular curve and let y = S(x) = Ax + b be a new curve resulting from a
rigid motion. Prove that the curvatures of x and y are identical.

For regular curves in [E?, the Fundamental Theorem is relatively simple to prove.

(a) Suppose you are given a smooth function : I — R on an interval I containing t, an initial
position x(tp) = (a,b) and an initial direction 6(fy) = 6y (angle with positive x-axis).
Use the Fundamental Theorem of Calculus to describe the unique unit-speed curve x :
I — B2 with curvature x and given initial data.
(Hints: use 0(t) = 6y + ftz (u) du to define T(t) and integrate! Your answer will contain
definite integrals.)
(b) Suppose x : R — E? is unit-speed with x(t)
x(t).
(Hard) A cylindrical helix is a curve x(t) whose unit tangent field T(t) makes a constant angle
6 € (0, %) with a fixed vector n.

= 1+17,X(0) = (0,0), and x’(0) = (1,0). Find

(@) If x(t) = (cos t,sint, t) is the standard circular helix, describe a suitable vector n.

(b) Use the Frenet—Serret formulas to prove that a (unit-speed) non-planar curve is a cylindri-
cal helix if and only if /T is constant.

(Very hard) Suppose a moving frame ej, e, e3 has structure equations where all three func-
tions w1y, w13, wo3 are constant. Find the moving frame £y, f5, f3 where f; = e such that f;, f5, f3
is the Frenet frame of a unit-speed circular helix. Calculate the curvature x and torsion 7 of this
helix in terms of w1y, w13, w23. Can you find an orthogonal matrix A such that

0 w12 w13 0 —x 0
A —wypy 0 wy | A=1x 0 —1|7?
—wz —wy 0 0 7 O
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1.6 Radii of curvature

We have seen how curvature measures the deviation of a curve from a straight line and that the only
planar curves with constant curvature x are circles of radius % We could have started with this as our
definition; at a given point, a curve has curvature « if the circle which best approximates the curve
has radius 1. Of course, we have to define what is meant by best approximation.

Definition 1.46. Unit-speed curves x, y have nth order contact at an intersection point x(to) = y(so),
if their first n derivatives agree there: x'/) (ty) = yU/)(so) forall 1 < j < n.

Let x(t) be a unit-speed curve in [E?, fix r # 0 and consider the
unit-speed circle c(s) with (signed) radius r for which

c(0) =x(tp) and c'(0) = x'(t)

We take r > 0 <= the circle lies on the same side of the curve
as the principal normal vector N.

The circle is straightforward to parametrize:

c(s) = x(tg) + rN(to) +rsin(s/r)T(tyg) — rcos(s/7)N(to)
center rotation

Certainly this circle has 1%'-order contact with the curve: ¢(0) = x(#y) and
c'(s) = cos(s/r)T(ty) +sin(s/r)N(tg) = c'(0) = T(ty) = x(to)

Moreover,

1 1 1
'(s) = - sin(s/7)T(to) + " cos(s/r)N(ty) = "(0) = ;N(to)
The circle has second-order contact with the curve if and only if
1
"(0) =x"(ty) < - = x(to)

There is nothing stopping us from finding this circle for an arbitrary speed regular curve, since all
we need is the curvature and the Frenet frame at the relevant point.

4 )
Definition 1.47. Let x(t) be a regular curve. At a point x(to) with non-zero curvature:

e The radius of curvatureis r = ——.
x(to)

e The center of curvature is the point with position vector x(tp) + *N(to).

¢ The osculating circle is the radius r circle centered at the center of curvature. It has unit-speed
parametrization

c(s) = x(tp) + K(lto) (sin(s/r)T(to) + (1 — cos(s/r))N(to))

\ J

Osculating means ‘kissing.” If x(ty) = 0, some consider the tangent line to be an osculating circle with
infinite radius!
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Example 1.48. We find the osculating circles for the parabola y = x? parametrized in the obvious
manner x(t) = (t,2). The relevant ingredients are

X (t) = <§t> — T(t) = \/ﬁw (;t) N(t) = \/&W <_12t>
X' (t) = <g) ;o K(t) = (1+42tz)3/z

The center of curvature when t = t( has position vector

1 —4$3
N(tg) = 0
(o) ) (;+3t%>

Several osculating circles are drawn and their centers of
curvature indicated. _9

x(to) +

The centers of curvature describe a curve that is interesting in its own right.

4 '
Definition 1.49. Let x(t) be a regular plane curve with non-zero curvature. The curve e(t) defined
by the centers of curvature is the evolute of x(t):

Example cont). The evolute of the parabola
x(t) = (t,t?) was found above:

el =x(t) + 7N = (1 5)

Alternatively, this is the graph y = % +3 (2)2/3:

notice that this isn’t regular at x = 0.

The picture now animates to show the osculating | | | | -
circles and the construction of the evolute. 4 -3 -2 -1 0 1 2 3 4

The gray lines are the normal lines to the parabola, and are also tangent to the evolute.

/ K/

p , K 1
e =x-5 + K( vkT) p

This last means that the evolute is a focal curve for the family of normal lines. The same equation
shows that the evolute is regular precisely when «’(¢) # 0.
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A related notion is the involute, which may be imagined by rolling a line along a curve and seeing
what curve the end of the line traces out.

Definition 1.50. Suppose x(t) has unit speed. Its involute is the curve

i(t) ;= x(t) — tx/(t) = x(t) — tT(¢t)

An involute depends crucially on its parametrization: it intersects its source curve when t = 0.

Examples 1.51. 1. The unit speed unit circle x(t) = (cos t,sint). Its involute is therefore

() = x(t) — ¢T(t) = <cost—|—tsint>

sint — tcost

2. The involute of the unit speed catenary x(t) = (sinhflt, V1+ 12) is the tractrix:

sin. -1, 2\—1/2
i) = (0T

This is the curve obtained when an object starting at the point (0,1) is dragged (subjected to
traction) by attaching a of length 1 to a vehicle moving along the x-axis.

Circle and involute (spiral) Catenary and involute (tractrix)

Another way to visualize the involute of the catenary is to imagine attaching a weight at (0,1)
to a long string wrapped tightly along the catenary and then releasing the weight. Similarly,
imagine a string is wound tightly around the circle and then uncoiled; the result is the involute.

(Theorem 1.52. The evolute of any involute is the original curve, except where t = 0 or xk = 0. ]

We leave the argument as an exercise. The reverse process fails, as an observation of the parabola
example should convince you: remember that an involute intersects its source curve at t = 0. ..
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Exercises 1.6. 1. Find the center of curvature for the curve x(t) = (1—t"1,1+¢t)att = 1.

2. Consider the ellipse x(t) = (acost,bsint) wherea > b > 0.

(a) Compute the curvature of the ellipse.

(b) Show that its evolute is the astroid e(t) = (a® — b?) ( a1 cos’t )

—b1sind¢
(c) The four-vertex theorem states that a simple closed plane curve with differentiable curva-
ture has at least four points where k' = 0. Show that the ellipse has precisely four.
3. Describe the involutes of a straight line.
(Hint: this is a trick question!)
4. In Example 1.512] we constructed the tractrix as the involute of the catenary.
(a) Use sinh 't = In(t + V14 #2) to verify that x(t) has unit speed and thus confirm the
derivation of i(t).
(b) Compute the tangent line to the tractrix when ¢ > 0 and show that this line cuts the x-axis

a distance 1 from the curve, thus justifying the traction claim.

5. Suppose that the graph of a smooth function y = f(x) passes horizontally through the origin:
f(0) =0 = f'(0). Show that its Maclaurin series is

fx) ~ %K(O)x2 + higher order terms

Use this to quickly state the curvature at x = 0 of the graph of y = x?(7x? — 29).

6. Let x(t) be unit speed with non-zero curvature x and Frenet frame {T,N}. Moreover, let
i(t) = x(t) — tT(t) be an involute and denote the speed and corresponding data for the in-
volute 9, &, T, N. For simplicity, suppose , t > 0.

(a) Compute the Frenet frame of i(¢) in terms of T and N.
a(p) — 1
(b) Show that &(t) = 3.
(c) Show that the evolute of i(t) is the original curve x(t).

7. We see how an involute of the evolute fails to recover the original curve.

Let x(t) be regular with non-zero curvature, k' (t) # 0, and evolute e(t) = x(t) + mN(t). Since
e(t) is regular, we may assume it is parametrized by arc-length.

(a) If ¥’ > 0, explain why ' = «2.

(b) Show that the natural involute of the evolute is

1
t) —te'(t) = x(t) + —=<N(t
elt) ~te/(t) = x(1) + = N()
that is, the original curve shifted a constant distance —L_in its normal direction.

x(0)
(Hint: the ODE in part (a) is separable)

(c) Find the involute of the evolute of the parabola x(t) = (¢, t?).
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2 Vector Fields & Differential Forms

In preparation for our study of surfaces, we further develop the notion of —
a tangent vector. To permit easy differentiation, throughout this section all I.
functions are assumed to be smooth (infinitely differentiable) and U C R”"
will denote a connected open set: (informally) a region consisting of a single
piece without edge points. As previously, n will always be 1, 2 or 3: when /.
n=1,U = (a,b) is an open interval; the picture illustrates n = 2. : '

0 \

2.1 Directional Derivatives, Tangent Vectors & Vector Fields

First recall some basic objects and facts from elementary multivariable calculus.

p
Definition 2.1. The gradient of f : U C R" — R is the function Vf : U — R" defined by

VF(x1re ) = (;;;}{)

Given a point p € U, a vector v = (vy,...,v,) € R", and a function f : U — R, the directional
derivative of f at p in the direction v is the scalar

=v-(Vf(p))

Dyvf(p) := an‘ivk ;;;
= p

\,

Example 2.2. Suppose f(x,y,z) = x> —zcosy, p = (1,7,0),and v = (3,5,1). Then

2x 3 2
Vf = (zsiny) = Dyf(p) = (5) : (0) =7
— oSz 1 1

The directional derivative describes the rate of change of the value of f in a given direction.

7

Lemma 2.3. 1. By the chain rule, if x(t) is a curve such that x(0) = p and x'(0) = v, then

d

dt

v

| o=
S0 = L 5| #40) = Df(y) =

is the rate of change of f at p as one travels along the curve. )/
— 7 -

2. Iftissmall, then f(p+tv) =~ f(p) + Dvf(p) t.
3. Ifv is a unit vector making angle 6 with V f(p), then

Dvf(p) =v-Vf(p) = |[Vf(p)llcosb

is maximal when v points in the same direction as V f (p). Otherwise said, V f (p) points in the
direction of greatest increase of f at p, its magnitude measures the rate of change.

t

Y
.,
0 f(p) K
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By placing the function f at the end of the directional derivative, we are tempted to create an operator

d

n
DV| = E O =—
Pa T % p

which takes a function f : U — R and returns the scalar Dy f(p). This operator is a map (function)

from the set of smooth functions f : U — R to the real numbers. It

is even more tempting to drop

the point p and allow the components of v to be smooth functions. This yields a new definition of an

old concept.

p
Definition 2.4. The set of directional derivative operators Dy|,, is the tangent space T,R" at p € R™.

\

A vector field v on U C R" is a smooth choice for each p € U of an ele
< 0
v = Z vx=—— where each v : U — R is smooth
o 9%

Each operator % is termed a co-ordinate vector field.
k

N\

ment of T,IR": that is

If f: U — Ris smooth, we write v[f] =} vkaa—{k for the result of applying the vector field v to f; this

is itself a smooth function v[f] : U — R.

Each tangent space T,IR" is a vector space, with natural basis %

world, a tangent vector v, = kaa%k ‘p corresponds to our previous notion v, = (vy, ...

...,=2| . In this brave new
oxy p

pl
, Uy ). While

this might seem artificially complicated, the rational is simple: the purpose of tangent vectors is to

measure how functions change in given directions (Lemma [2.3}).

9

Examples 2.5. 1. The vector field v = 3x% + 2xz% — X5

on IR? corresponds to the vector-valued

function v(x,vy,z) = (3x,2xz, —x). Given f(x,y,z) = xy? + z, we have

of

ox

LA

dy

of

2 —
+ 2xz 32

v[f] = 3x 3xy? + 4x%yz — x

which, as expected, is a smooth function v[f] : R® — R.

; 2 ; : — 420 9
2. Suppose, in IR%, that we are given a vector field v = y~ 3. — X3y

point p = (2, —1). These may be combined in various ways, for

a function f(x,y) = x?y, and a
instance:

d d d
: 2 _ 2. (.22 _ _ 239 3
Vector field on IR fo=x%y (y pp x8y> XY XY y
Tangent vector (fo)(p) = f(p)v, = —4 9 +38 9 € T,R?
ox |, |,
d 0

R2 _ .2 2.\ _ 20N — 9B 43

FunctionR* - R o[f] =y aX(x y) xay(x y) =2xy° —x

Number

(elf1)(p) = —4-8=-12

Note the use of different brackets! Note also that fv denotes the vector field obtained by multi-
plying v by the value of f at each point. It does not mean apply the function f to the vector field v,

which makes no sense!
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Here are the basic rules of computation for vector fields. These are all essentially trivial if you take
v=1Y v a%{, etc., asin Definition Just be careful with notation!

e \
Lemma 2.6. Let v, w be vector fields on U, let f, g : U — R be smooth, and a,b € R constant. Then,

1. fv+ gw is a vector field: ateach p € U, (fv+ gw)(p) := f(p)vp + g(p)wy
2. Vector fields act linearly on smooth functions: v]af + bg| = av|[f] + bv[g]

3. (Leibniz rule) Vector fields obey a product rule: v[fg] = fv[g] + gv[f]

\, J

Examples 2.7. 1. We verify the Leibniz rule for the vector field v = % — xy% and functions f(x,y) =

xand g(x,y) = ye*.
v[fg] = 9yl [xye*] = ye* + xye* — x*ye*
fel =55 — Wy, ) vel =ye +ay Y
81+ 901 = x (o — 1y ) [y e (o xyar ) (] = x(e* — xye) + ye*
folg] +gvlf] = x p xyay ye'l +yet | 52 xyay x| = x(ye* — xye ye

2. (Polar co-ordinates) Let U be the plane without the non-positive x-axis. On U, the standard
rectangular co-ordinates (x,y) are related to the polar co-ordinates (r,0) via

X = rcosf r=/x2+y?
ey
y=rsinf f=tan 'L (or+Fifx=0)

)

The chain rule tells us that the co-ordinate vector fields % 9 a% are related via

/@/ﬁ
0 oJxod dyod d . .0 P p) ‘
— = o=+ 5= = cosf=— +sinf— = I
or drodx  dray 0x ay 91, Y Py
— l (xa+ a) vy r+r——————"—-—"—-"=————-——= o p
C/aZ 2 o Yoy v 1]

r I ox
i—afxi—l—afyi——rsir19i~|-rc059i | '
00  090dx 090dy ox dy 0 :

~ Yox ay X

At p, these point in the direction of maximal increase for the corresponding co-ordinate.

We could similarly compute % and % by differentiating. For variety, we instead use linear

algebra:

% cosf  sinf % % 1 (rcosf —sind %
9 ) =\ —rsin@ rcos@ J) = {2 :; rsinf  cos® Xk
20 ay ay 20

i — cos d sinf o

x or r 00

— 9 _n 9 cosf o

dy or r o0
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I(xy)

The first matrix is the familiar Jacobian 7 o) from multivariable calculus. Strictly, we are view-

ing U as subsets of two different versions of R*:

¢ In rectangular co-ordinates, U = R? \ {(x,0) : x < 0} is a cut plane.

e In polar co-ordinates, U = (0,00) x (—7r, 77) is an infinite open rectangle.

In practice, particularly since we are so familiar with polar co-ordinates, it is easier to stick to
the first interpretation and draw all four co-ordinate tangent vectors on the same picture.

Exercises 2.1. 1. You are given the following vector fields and functions

0 .0 0
u—7$—3@ v_xa—ka@ w—smxa—Zcosx@

Compute the functions:
(a) ulf] (b) [f] ©) w[f]
(@) o[fg] (&) fulg] (®) o[wlg]]
2. Revisit Example 2.72|on polar co-ordinates.

a) Use the chain rule to compute and dlrectl in terms of 7,0, 2 and 2 and verify that
P a y or 20 y
you obtain the same expressions as the lmear algebra approach.

(b) Suppose T, R? is equipped with the standard dot product so that 3 ‘ and —‘ are con-
sidered orthonormal P

i. Show that 3 ‘p and a% , are perpendicular.
ii. What are the lengths of %‘ and %’ ?
p p
3. Consider the spherical polar co-ordinate system

X = rcosfcos ¢

y =rsinfcos¢ wherer>0,0<9<27tand—g<cp<g
zZ =rsin¢g
Show that

9 _1 < d 4y 8 8 )

or ox ay ‘%z
4. Prove the Leibniz rule (Lemma 2.6 part 3).
5. If f, g, h are smooth functions and v is a vector field, expand v|[f gh| using the Leibniz rule.
6. Lets = x> —y? and t = 2xy. Compute a@/ % in terms of ai and %

(Hint: use the chain rule to ﬁnd e and then invert the Jacobian)
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2.2 Differential 1-forms

Make sure you are comfortable with vector fields before you tackle this section and the next! There is
a lot of new notation to get used to here, but with a little practice it is very easy to use.

( N\
Definition 2.8. Let (x1,...,x,) be co-ordinates on U C R" and p € U. The (co-ordinate) 1-form dxy at
p is the linear ma dxj : T,R" — R defined by

a1\ . [1 =k
(] )==16 T2

n
A 1-forma = Y, apdx; on U is a smooth assignment (a; : U — R smooth) of 1-forms.
k=1
If v is a vector field on U, we write a(v) for the function U — R obtained by mapping p — a(vp).
\. J

Examples 2.9. 1. Consider the vector field v = xy% - 2% on R%. At each p € R?, the components

xy and —2 are scalars and thus ignored by the linear map dx : T,IR> — R. We therefore obtain
a function dx(v) : R — R

0 0 0 0
dx(v) = dx (xyax - 28y> = xydx <ax> —2dx <8y> = xy

2. Again on R?, let « = 2xdx +dy and v = x2y% - exy%. Then

d d
_ 2.9  oxy T\ _na3, Xy
a(v) = (2xdx +dy) <x Yo ¢ ay> =2xy —e

Remember that a 1-form « is linear when restricted to each tangent space T,R": if v, € T,R" and
f U — R", we obtain a real number

ay(f(p)oy) = f(plap(vp) € R

by pointwise multiplication by the value of f. Taken over all points p, this means that scalar functions
come straight through a 1-form: if v is a vector field on U, then

a(fv) = fa(v)

p
Definition 2.10. Let f : U — R be smooth. The exterior derivative of f is the 1-form

df = Zaf dx; = fdx +. ;;;dx”

If a 1-form is the exterior derivative of a function, we say that it is exact.
. J

13For those who've met dual vector spaces in linear algebra, the set of 1-forms at p is the cotangent space T;R", or the

space of covectors. At each p, {dxy,...,dx,} is the dual basis to { 8%1 e, % }.
“ip "ip
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Our approach essentially splits a derivative into two pieces: for each k, we have df Q&) = a%.
Moreover, since a linear map (df p TpR" — R) is determined by what it does to a basis, the exterior

derivative df is the unique 1-form with the property that df (v) = v[f] for all vector fields v on U.
This says that the definition is co-ordinate independent (does not depend on x4, ..., x,).

Examples 2.11. 1. Let f(x,y) = x%y, then df = a = 2xydx + x?dy. As a sanity check, consider a
general vector field v = a% + b% (remember that a4, b are smooth functions!) and compute

df(v) = 2axy + bx* = v[x*y]

2. If o = 4xy* dx + (4x*y + 1) dy = fr dx + f, dy is exact, then ‘partial integration” forces

Floy) = [ 40P dx =229 4+ gly) = [ 4y +1dy = 2% +y + h(x)

for some functions g, h. Plainly ¢, h must be constant and a = d(2x%y? + y).

3. We could a similar game to see that « = 3x%ydx + 2dy is not exact on R?. Alternatively, note
that if « = df = f,dx + f, dy, we obtain a contradiction by observing that the mixed partial
derivative is simultaneously

dfy _

of
SXZZT;:fxy:fyng 0

See Exercise [p| for the general result.

(Lemma2.12. If f, g are smooth functions, then
1. d(f+g)=df +dg
2. d(fg) = fdg +gdf

3. df =0 <= f is a constant function

Proof. These follow straight from the definition of df. For instance

df =0 < af:df((_;j() =0forallj=1,...,n <= fis constant

ax] j ]

Example (2.7.2 cont). The exterior derivative and part 2 of the Lemma make it easy to compute the
relationship between the 1-forms dx, dy, dr, do:

{x:rcos9 {dx:cos9dr—rsin9d9 {dr:}(xdx~|—ydy)
—_— e

y =rsinf dy = sin@dr 4 rcosfdf df = L (—ydx + xdy)

We may also verify directly that the dual basis relations hold; for instance,

ad 1 d . .0 1 :
dr <8r> = ;(xdx—i—ydy) <C05983c+81n98y> = ;(xcos@%—ysm@)

= cos?6 + sin’0 = 1
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Elementary Calculus & Line Integrals

It is worth reviewing some staples from basic calculus in our new language.

If f : R — R is differentiable, then its exterior derivative df = f'(x) dx feels familiar['| To make
sense of this as a relation between 1-forms we need vector fields: the derivative of f isn’t the ratio of
two 1-forms, rather it is the application of the 1-form df to the vector field %:

L= (5)

Vector fields in IR are written with a straight d rather than partial d since there is only one direction
in which to differentiate!

You've seen 1-forms before when integrating: we integrate 1-forms over oriented curves.

( )
Definition 2.13. Let a be a 1-form on U C RR" and suppose x : [a,b] — U parametrizes a smooth

curve C. Our usual identification (Definition 2.4) produces the tangent vector field

d LD
aixl‘f""ﬁ—xn(t)axn

X'(t) = x(t)

along the curve. Now define the integral of a along C by

/sz:: /abtx(x’(t))dt:/aba<xi(t)ail+...+x,’1(t)ain>dt

\ J

Examples 2.14. 1. We integrate « = x dy over the unit-circle x(t) = (cost, sint) counter-clockwise.
Differentiate to obtain the tangent vector field x'(t) = — sin t% + cos t%, then

. 27T 27T 1 27
/zx:/ a(X'(t)) dt/ cos’tdt = —/ 1+ cos2tdt = 7
o 0 0 2 Jo

2. Integrate & = y*>dx — x2dy over the curve x(t) = (t,t*) between (0,0) and (1,1):

t)
/Ca = /Oltx(x’(t))dt - /0106 (aax +2t§y) dt = /01 (1) = 2¢(x(1)?) at

1 1 1 3
= #-28dt=--—-=—-=-
/0 d 5 2 10

Lemma 2.15. The integral of a 1-form along a curve is independent of the choice of (orientation-
preserving) parametrization.

Otherwise said, if x(t) = y(s(t)) parametrizes the same curve where s'(t) > 0, then

/abzx(x/(t))dt _ /SS(b)oc(y'(s)) ds

(a)

The proof is an easy exercise in interpreting old material (the chain rule/substitution).

14Consider the equivalence of notations g—{: = f'(x), linear approximations (differentials) & integration by substitution.
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Our final result from elementary calculus shows that integrals of exact forms are independent of
path. This is essentially the fundamental theorem of calculus for curves.

7

\.

N\
Theorem 2.16 (Fundamental Theorem of Line Integrals). If f is a function on U C IR?> and C is a

curve in U, then the integral of df depends only on the values of f at the endpoints of C:

/c df = f(end of C) — f (start of C)

The converse also holds: if [« is independent of path, then « is exact.

Proof. Suppose x : [a,b] — U parametrizes C, then

/Cdf:/abdf(x’)dt:/abx’[f]dt:/ab (xi(t)aai—i—---—i—x,'q(t);i) dt

= [ drtxte) dr = f(x0) - (x(a)

The converse is sketched in an exercise.
n

In elementary multivariable calculus this result was written [ Vf-dx = f(x(b)) — f(x(b)) which
comports with our new notation when we view dx as a vector of 1-forms:

=) () of
Vi-dx=| : [-] : = —dx;+---+ dx, =df

o 0x1 0x,

ox. dxn

The exterior derivative df is just the gradient in disguise!

Example 2.17. If &« = cos(xy)(y dx + x dy), find the integral of « over any curve C joining the points
(7, %) and (3, 71). Since & = dsin(xy) is exact on R?, we see that

(27) s T V3

=sin——sin—=1— —

/sz = sin(xy) > 3 5

(m

(SN
~—

Summary

¢ Tangent vectors & vector fields encode directional derivatives, measuring how functions change
in given directions.

* Vector fields and 1-forms break standard derivatives into two pieces: the result is a more flexible
and extensible language for describing familiar results from multi-variable calculus.

The real pay-off comes once our new language is applied to surfaces and higher-dimensional objects.
Here is a précis. A parametrized surface is a function x : U C R? — [E3; its exterior derivative dx is a
vector-valued 1-form which, at each point p € U, describes a linear map between tangent spaces

. 2 3
dxp : T,R? = Ty, E

which maps the co-ordinate fields %, % on U to corresponding vector fields tangent to the surface.
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Exercises 2.2. 1. InIR?, leta = 2ydx —3dyand v = 3x2.2 + %. Compute a(v), and v[a(v)].

2.
3.
4.

5.
6.

10.
11.

12.

13.

On IR?, suppose f(x,y,z) = x2cos(yz) and v = e* 2 + 2y 2. Verify that df (v) = v[f].
Find dr directly by taking the exterior derivative of the equation r* = x? + 2.

Prove parts 1 and 2 of Lemma

Continuing Example 2.7 verify that do (%) =1,and dr (%) =0=do (%).

Suppose that « = ) a; dxy is exact. Prove that a“" = ax L for all j, k.

. Decide whether the 1-forms « are exact on IR If yes, find a function f such that « = df.

(@) @« =2xdx+dy (b) a« =dx+2xdy
(¢) & = cos(x%y)(2ydx + xdy) (d) & = xcos(x?y)(2ydx + xdy)

. We consider a partial converse to Exercise 6]

(a) Suppose & = adx + bdy is a 1-form on a rectangle [p, q] x [r, s], where 2 5 = gi Define

flx,y) = /pxa(s,y)ds+/ryb(p,t)dt

Prove that df = « is exact.

(b) Leta = %j;xdy = adx + bdy be defined on the punctured plane R? \ {(0,0)}.

Show that g” = a N b but that « is not exact: the full converse to Exerc1se|§|1s therefore false.
(Hint: & = d9 except on the non-positive real axis; why is this a problem?)

Evaluate the integral [.a given C and a.
(@) & =dx —x"'dy, where C is parametrized by x(t) = (t?,13),0 <t < 1.

(b) & =2xtan"'ydx + dy, where C is parametrized by x(t) = (7,1),0 <t < 2.

1+ 1+y?
() a = cosxdx + dy, with C the graph of y = cos x over one period of the curve.

Which of the integrals in the previous question are path-independent?

Prove Lemma 2.15] Moreover, show that if we reverse the orientation of the curve (s'(t) < 0)
then the order of the limits is reversed and | « becomes — [ a.

Let p € U C R? and let &« = adx + bdy be a 1-form on U. For each g define f(q) := [.a where
we additionally assume this value is independent of the path C joining p to q.
Let i be small and Cj, the straight line from g to g + hi. Integrate over C;, to show that

of | _ .. flq+hi)—f(q) _
x|~ Am I =a(9)

q
Make a similar argument to conclude that & = df is exact.

(If you've done complex analysis) Let f(x,y) = u(x,y) + iv(x,y) be a complex-valued func-
tion f : R> — C where u, v are real-valued. Viewing z = x + iy and Z = x — iy as co-ordinates

on R?, prove that df (%) = 0if and only if u, v satisfy the Cauchy-Riemann equations:

Uy = Uy, Oy = _I/ly
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2.3 Higher-degree Forms

We introduce a new operation on forms which generalizes the cross product of vectors.

( )
Definition 2.18. Given 1-forms «, B on U, their wedge product a A B is the function which takes two
vector fields and returns the smooth function

aAB(u,v) = det (283 ;EZ;) :U—R

We call & A\ B a 2-form.
\.

Example 2.19. Let x,y be the usual co-ordinates on R?. The standard area form is the object dx A dy
which takes two vector fields 1, % + uz% and v = vy % + vz% and returns the determinant

4
_ldx(u) dx(v)| _ |ur v g
dx Ady(u,v) = dy(u) dy(o)| = |u> o L
y+4x — K
This gets its name since, at each point p, it returns the (signed) area of the - /
parallelogram spanned by the tangent vectors u,, v,,. y+2y 4 7P
For instance, if u = 3x 2 + Zy% and v =y + 4xa%, then Up
¥
3x F
dx Ady(u,v) = ‘ y‘ =12x* — 212 O T T 1

2y 4x 0 x x+y x+3x

Recall that determinants change sign if you switch its rows or columns, and that they are linear
functions of both their rows and columns. This has two consequences for a A B.

( )
Lemma 2.20. 1. (Columns) Ateach p € U, a wedge product of 1-forms is an alternating, bilinear

functiona A B : T,R" x T,R" — IR: given vector fields u, v, w and functions f,¢ : U — R,
aAB(v,u) = —aAB(u,0) (alternating)
aAB(fu+gow)=fanp(uw)+ganp(v,w) (linear in 1% slot)

2. (Rows) Wedge products are alternating and addition distributes over N\
BAa=—aAB and aAa=0 (alternating)

(a+y)ANB=aAB+YNB (distributivity in 1% slot)

Linearity/distributivity in the second slot is similar in both cases.
\, J

The linearity and alternating properties tell us that every wedge product of 1-forms on R? may be
written

o N\ ’B = (al dx —+ as dy) VAN (bl dx + bz dy) = (a1b2 — Elzbl) dx A dy

Notice the determinant again!
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For higher order forms, we extend the same approach.

( A
Definition 2.21. The wedge product of 1-forms a, ..., a, on U C IR" takes k vector fields and returns a

smooth function:

ar(vy) -0 aq(vg)

0(1/\-"/\0ék(7)1,...,0k): U — R

txk(vl) 000 le(Uk)
Let x1,. .., x, be co-ordinates on U. A k-form on U (alternating form of degree k) is an expression
a=)Y ardx; A---Adx;, a;:U — Rsmooth

where we sum over all increasing multi-indices I = {i1 < iy < --- < iy} € {1,2,...,n} of length k.
The wedge product of a k-form « and an [-form p is the (k + I)-form

aAB =) abydx; A+ Adxj Adxj A--- Ady;
L]

where the 1-forms dx may be rearranged/cancelled using the alternating property (Lemma 2.202).
J

.

By convention, a 0-form is a smooth function f : U — R, whose wedge product with anything is

pointwise multiplication. At each point p € U, the k-forms comprise the vector space of alternating

multilinear maps with basis {dx;, A - Adx;, i1 < -+ < i¢} and dimension (}) = -2

kl(n—k)!"

In this course we’ll never have reason to work in more then three dimensions!
The table describes all k-forms in 2 and 3 di- k H R2 ‘ RS
mensions written in standard co-ordinates. 0 || function f 7
Analogous to Example dx Ady Adzis 1 | fdx+gdy fdx+g¢gdy+hdz
the standard volume form on IR3. 2 | fdxAdy | fdxAdy+gdxAdz+hdyAdz

3 None fdxAdyAdz

4+ None None

Examples 2.22. 1. Given 1-forms « = 2dx — 3xdy and B = y*dx +ydy on R?,

a A B = (2dx —3xdy) A (y*dx +ydy)
= 2y* dx A dx + 2y dx A dy — 3xy*dy A dx — 3xydy Ady
= (2y + 3xy*) dx A dy

2. Given the 1-forms a = dx +2dy + x dz and 2-form 8 = 3zdx A dy — dy A dz on R3, the wedge
product a A B is the 3-form

a AP =dxA(—dyAdz)+3xzdzAdx Ady
= (Bxz—1)dxAdy Adz

Note how dz Adx Ady = —dx Adz Ady = dx A dy A dz requires two swaps, so the sign is
ultimately unchanged!
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Lemma 2.23. For any forms «, f,
ﬁ Aa = (_1)degadegﬁ“/\ﬁ

where deg « = k means that « is a k-form.

This is true by definition when «, 8 are 1-forms, and trivially true when « is a O-form. Check the
previous examples to make sure they agree.

Example 2.24 (Polar co-ordinates). Changing to polar co-ordinates, the standard area form on R?
becomes

dx Ady = (cos0dr —rsinfdf) A (sinfdr +rcos6df) = rdr Adb

This should remind you of change of variables in integration: if f(x,y) = g(r,6), then

/ f(x,y)dxdy = / g(r,0)rdrdd

The example illustrates one of the advantages of forms: change of variables (Jacobians) are built in!

The Exterior Derivative Just as with functions, we can apply ‘d” to forms.

s

Definition 2.25. The exterior derivative of a k-form & = Y_a;dx; A --- Adx;, is the (k + 1)-form

da =) dajAdx; A--- Adx,

where da; =} ; aa—; dx; is the usual exterior derivative of a function (Definition 2.10).
]

.

Example 2.26. In R3, leta = xyzz dx — xzdz. Then

da = d(xy*z) Adx —d(xz) Adz
= (y*zdx +2xyzdy + xy*dz) Adx — (zdx + xdz) Adz
= —2xyzdx Ady — (xy* +z)dx Adz

Since dx A dx = 0 = dz A dz, there was no need to write the blue terms.

| Theorem 2.27. Leta, B be forms:
1. d(a+ B) =da+dB (x, p must have the same degree)
2. d(aAB)=da AP+ (—1)%82% AdB

3. d(da) = 0. This is often writter )| d?x = 0, or just d? = 0.

.

15 A k-form a is closed if da = 0, and exact if 3B such that & = dB. The result says that every exact form is closed. Poincare’s
Lemma gives a partial converse: every closed form on an open ball /hypercube is exact. Exercise 2.2is a simple version.
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Example (2.26 cont). We verify that d?a = 0:

d(da) = d(—2xyz) Adx Ady — d(xy* +z) Adx Adz
= —2xydzAdx Ady —2xydy Adx Adz =0

Proof. This is very easy to prove explicitly for the only forms we'll ever see (up to 3-forms in R®).
Here are general arguments that work in any dimension.

For simplicity of notation, write dx; = dx;, A --- Adx;, whenever I = {i; < --- < ir}. Then

d(a+B) =Y da; Adx; +dby Adxy = Y (day +dby) Adxy = da + dB
I I

Part 2 is an exercise. For part 3, we extend Exercise 2.2@ which in fact shows that d?f = 0 for any
function (0-form)

d(de) = d Y da Adv = dY 2 dx Adey = Y 2 g, ady, A dx

- - I I — L Oy j I — L XX i j I

jér =] i,j¢l1 ]

82111 8201

i<j¢l [axix]- ax]-xl-

:| dxi/\dxj/\de =0
since mixed partial derivatives commute.

A New Take on Vector Calculus

The standard vector calculus operations of div, grad and curl in [E® are closely related to the exterior
derivative. For instance, compare the curl of a vector field v = a1i + a2j + azk with the exterior
derivative of the 1-form & = a; dx + a, dy + a3 dz:

a1
(o awm, (m aw. (on o
X(Z;)(By az>l+<az 8x>]+<ax ay)k

_ 8[13 aaz 8a1 8613 8a2 all1

VXxv=

Flo&lee

Comparing coefficients gives part of the dictionary for comparing forms and traditional vector fields.

function f — function f
vd gradvv
apdx +axdy +azdz s aii + asj + ask
“d Curl__V x

bidy ANdz 4+ bydz Adx 4+ b3dx A dy — bii + boj + b3k

d div | V-

cdxNdy Adz — function c
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The exterior derivative d is div, grad and curl all in one tidy package! Moreover:

The identity d> = 0 translates to two familiar results from vector calculus:

Vx(Vf)=0 and V-(Vxv)=0

Under the above identification, the wedge product of 1-forms corresponds to the cross product,
and the wedge product of a 1-form and a 2-form to the dot product. Various identities may be
obtained this way: for instance, if a is a 1-form, then

d(fa) =df Aa+fda +— VXfv=Vfxv+fVxv

Changes of co-ordinates are built into forms (e.g. Example [2.24).

The exterior derivative and wedge product apply in any dimension, thus extending standard
vector calculus and the cross product to arbitrary dimensions.

None of what we’ve done in this chapter is strictly necessary for the analysis of surfaces in IE>. How-

ever,

forms are the language of modern differential geometry (and other things besides) and it is

easier to meet them first in a familiar setting. And if you want to do higher-dimensional geometry
(e.g., general relativity), this new language becomes almost essential.

9 )

Exercises 2.3. 1. Compute a(u,v), givena = dx Ady +zdyAdz, u = 5. — S and v = y% + a%.

2.

o

N

Letzx:yzdx/\dz—dy/\dzandu:x%—i-xy%—%andv:—y%—i—yS%.

(a) Compute a(u,v).
(b) Find the 3-form da.

Given s = x> — y? and t = 2xy, compute ds A dt in terms of dx A dy

Revisit Lemma State what it means for a wedge product of 1-forms a A B to be linear in
the second slot.

Let f, g be functions and consider the 1-form « = gdf. Show that « A da = 0. Can the 1-form
dx + y dz be written in the form gdf?

(a) Check the claim that the wedge product of 1-forms on R® corresponds to the cross product.

(b) Suppose « is a 2-form on R3. To what vector calculus identity does d(fa) = df Aa + fda
correspond?

(c) State an expression using forms, d and A which corresponds to the vector calculus identity

Vi(uxv)=(Vxu)-v—u-(Vxv)

Let 7,0, ¢ be the spherical polar co-ordinate system in Exercise 2.1 Show that

dx Ady Adz = r*cos¢dr Adf A d¢

45



8. A 2-form is decomposable if it can be written as a wedge product a A § for some 1-forms «, 8.

(a) Show that every 2-form on R® is decomposable.

(b) If w, x, v, z are co-ordinates on IR*, show that the 2-form dw A dx + dy A dz is not decom-
Y Y
posable.

(Hint: if a 2-form -y is decomposable, what is y N\ 7y?)
9. (Hard) Suppose «, B are forms, sketch an argument for why
AN B = (—1)desrdespg A g
Now prove that

d(aAB) =da B+ (—1)48% AdB

10. (Hard) Given vector fields u, v, their Lie bracket [u, v] is the vector field such that

[, 0](f] := u[o[f]] - v[ulf]]
for all functions f.

(a) Compute [u, v][f] where u = 3x% + % and v = % - xa% and f(x,y) = xy.

(b) Ifu=1%, “jaixj andv =) v aixk, show that [u, v] really is a vector field by explicitly comput-
ing (1, v][f] in the form } ngch;: how do the coefficients c; of the vector field [u, v] depend
on those of u,v? Find the field [u, v] when u, v are as in part (a).

(c) If wis a 1-form and u, v are vector fields, prove that
da(u,v) = ufa(v)] —vla(u)] —a([u,v])

This provides a co-ordinate-free definition of dwa; similar expressions exist for k-forms

(Hint: Write everything out as sums over j,k so that all differentiations of scalars are with respect
to the single variable xy; now compare!)
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3 Surfaces

3.1 Regular Parametrized Surfaces

We approach surfaces in E3 similarly to how we considered curves; a parametrized surface is a
function x : U — E3 where U is some open subset of the plane IR?. Our main purpose is to develop
and measure the curvature of a surface in terms of the parametrizing function x.

Our primary definition should mostly be familiar from elementary multivariable calculus.

( )
Definition 3.1. A (smooth local) surface is the range S = x(U) of a smooth function x : U — E3, where

U is a connected open subset of R?.

Given co-ordinates u,v on U, the co-ordinate tangent vector fields are the partial derivatives x,, = g—;

and x, = g—?’j.
The exterior derivative or differential of the surface is the vector-valued 1-form dx = x, du + x, dv.

A surface is reqular at P = x(p) if the tangent vectors x, (p) and x,(p) are linearly independent: other-
wise said, at P, the surface has a well-defined

Tangent plane TpS = Span{x,(p), Xy (a 2-dim subspace of TpE®), and
gent p p P p p
Unit normal vector n(p) = Hi“gz; i’;vgj;H € TpE®

u v

S is regular if it is regular everywhere. An orientation is a smooth choice of unit normal vector field n.
L J

The Mibius strip (Exercise [9) shows that not every surface is orientable!
For brevity, we will often refer to the parametrizing function x as the surface, though many different
parametrizations will exist! A general surface typically needs to be parametrized by several overlap-
ping functions xj, x2, . . .. Our definition is local since there is only one x.

1T 1 1 I S

T

| J

o
=L

|
|
: p
|

N ) N |

The partial derivatives x,(p), x,(p) are tangent to the surface at x(p): if p = (up,vo) then the curve
y(t) := x(t,vp) lies in the surface and passes through P = x(p); its tangent vector at P is then

y(uo+h) —y(uo) _ lim x (1o + h'ZO) —x(p) _ xu(p)

! — 1
y (uo) hlgtl) h h—0
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To help distinguish between domain and codomain, we standardize notation.

Domain U C R?: Points are written lower case or as row vectors: e.g., p = (up,vg) € U. Typically we’ll
use u, v as co-ordinates unless it is more natural to use angles such as ¢, 6.

Tangent vectors/fields are written with an arrow in our new notation: e.g., @, = %

€ T,R2.
p p

Codomain IE3: Points are written upper case or as row vectors, e.g., P = (3,4,8) € E3. Co-ordinates on
IE? will typically be x, v, z.

Vectors are written bold-face as either row or column vectors: e.g., x(u,v) = (u, v, u* + 02).

Tangent vectors/fields use the old notation e.g., if P = x(p), then x,(p) = 3—2 € TpIES.
p

Example 3.2. Consider the sphere of radius a parametrized using spherical polar co-ordinates:

cos B cos ¢ —sinf — cos fsin ¢
x(0,¢) =a| sinfcos¢ |, dx=x9d0 +xpdp =acos¢ [ cosf |df+a| —sinfsing |d¢
sin ¢ 0 cos ¢

The unit normal field is simply n = x. The domain U = (0,27) x (—%, %) is an open rectangle
whose image S = x(U) is the sphere minus the (dashed) semicircle x(0, ¢). While we could extend 6

to wrap round the equator, we cannot extend to the north or south poles without sacrificing regularity:

—sinf T Z X ( )
Xg =acos¢ | cos® :0when4>=j:5 o\P
0
oh xg(p)
] i‘
2 99llp A }
|
0 e
0
X i 3 27t X
4 4 : y
_ T | ]
2

This illustrates the term local: indeed the famous hairy ball theorem from topology says that it is im-
possible to find a regular parametrization of the entire sphere by a single function.

Also observe how the tangent vectors a% , a%’ € T,R? are mapped by dx to tangent vectors
P p
dx d ‘ > dx < d )
—| =dx| =—=| |, 5| =dx| 53 € Typ)S
do|, ( op|, de|, a6 |,

16To use our new notation in IE% would require a subtle redefinition of dx: if @ is a vector field on U, then dx(@) is the
vector field on S such that (dx(@))[f] = @[f o x| forall f : S — R. In co-ordinates this benefits from tensor notation:

x; 9
x(uy,up) = (xl(ul,uz),xz(ul,uz),xg,(ul,uz)) = dx = 2 ﬁa ® du;
ij Ui 0%j

In more general situations this approach is necessary, but it is overkill for our purposes!
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\.

p
Theorem 3.3. Let S = x(U) be a smooth surface containing the point P = x(p):

1. The differential at p is a linear map dx : T,IR> — TpIE®> mapping tangent vectors in R? to vectors

tangent to S.

2. S is regular at P if and only if dx is injective (1-1) at p. In such a case we can view it as an

invertible linear map dx : T,R?> — TpS.

Proof.

2
p v

0
dx (uau

0
=xu(p)du | a —
P) <P) < du

= axy(p) + bxy(p) = adx (8

1. The differential at p is linear since the co-ordinate 1-forms du, dv are linear: indeed

)

0 0
+b— p) + xy(p) do (aau p—i—b%

)

p

This expression is moreover tangent to S at x(p): if this last assertion is unconvincing, see

Exercise[8

2. The range of dx at p is plainly Span{x,(p), x,(p)}. This is 2-dimensional (and thus defines the
tangent plane) if and only if rankdx = 2 <= dxis 1-1.

It is worth reiterating two crucially important properties of dx:

¢ At a regular point, dx : Tp]R2 — TpS is an invertible linear map. We shall shortly use this to

pull-back calculations from S to U.

¢ The differential is co-ordinate independent and thus does not depend on the parametrization
of S. This follows since dx is the unique 1-form satisfying dx(@) = @[x] for all vector fields @

on U; a description that does not depend on co-

Aside: change of co-ordinates

ordinates.

To more clearly spell this out, suppose we choose a new

parametrization y(s,t) = x(F(s,t)) where F(s,t) = (u,v) is a change of co-ordinates on U. By

the chain rule,

y du  Jdv X
( S) = (3; g;) ( “) and (du do) = (ds dt) ( s
y: % of v

from which

dy = (ds dt) <y> = (du do) <§>

oo\ 1 sou
5) (%
0 u
yt oF  of oF

u
ds
dJ

of

Jv
s Xy . Xy o
gzt]> <x0> = (du dv) <Xv> = dx

The matrix of partial derivatives is the Jacobian of the co-ordinate change.

To be completely strict, dx and dy are not identical since they feed on tangent vectors with respect to

different co-ordinates. Formally

y:on — dy:dXOdF

where dF maps tangent vectors in Span{-Z, £} to those in Span{:%, £1}: in matrix language, dF is

precisely the above Jacobian!
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Common Surfaces
You should have met many of these families/examples in multi-variable calculus.

Graphs If f(x,y) is a smooth function, its graph may be parametrized by x(u,v) = (u,v, f(u,v)).
Its differential and unit normal field are

1 0 1 _fu
Qe el

This is regular at all points, regardless of f.
Examples 3.4. 1. The standard circular paraboloid may be parametrized x(1,v) = (u, v, u? + v?).

2. The upper half of the unit sphere is the graph of z = f(x,y) = /1 — x2 — 42 where x> + y* < 1.

3. A plane has equation ax + by + cz = d where a,b, ¢, d are constant. Since at least one of 4,b, c
must be non-zero, this may be written as a function and graphed. For instance, if b # 0 we

havey = f(x,z) = }(d —ax —cz) andn = ﬁ(ﬂ,b,c).

Surfaces of Revolution If a smooth positive function x = f(z) is rotated around the z-axis, we
obtain a parametrization
x(0,v) = (f(v)cos®, f(v)sinb,v), (6,v) € (0,27) x dom(f)
with differential and unit normal field
—f(v)sin® f’/(v) cgs@ 1 cgs@
dx = (f(v)OCOSQ ) do + (f (v)lsme) dv n= W (S}l;l(i))

Examples 3.5. 1. The simplest example (f(z) = 1) is the right circular cylinder of radius 1.

2. We may rotate around any axis! For instance, if we
rotate the curve z = 2 + cos x around the x-axis, the
resulting surface may be parametrized

0 v
x(0,v) = (2+ cosv) (cos 9) + (0)
sin 0 0

This time v measures distance along the x-axis and 6
the angle of rotation around it.

The differential and unit normal field are

0 1 1 sinv
dx = (2+cosv) [ —sinf|dO + [ —sinvcosf|dv n=-———=| cosb
cos 6 —sinvsinf V1+sin®v \ ging

Note the orientation of the surface: the unit normal field points outward, away from the x-axis.
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Ruled Surfaces Given functions y(u),z(u), define
(1, 0) = y(u) + va(u)

Through each point P = x(uo, vo) passes a line t — x(uo, t) = y(uo) + tx(up) lying in the surface. The
surface can be visualized as moving a ruler through space. Ruled surfaces are common in engineering
applications since they may be constructed using straight beams.

[Deﬁnition 3.6. The tangent developable of a smooth curve y is the special case when z = y’. ]

Examples 3.7. 1. Every plane is a ruled surface! Let y be a line in the plane and z any other tan-
gent direction. For instance, the plane passing through (1,0,9) and spanned by (2, —3, —5) ad
(1,2,3) may be parametrized

x(u,0) = (1,0,9) + (2, -3, -5)u+ (1,2,3)v
) (u) T T
y(u z(u

2. A helicoid is built by joining each point of a helix to its axis of rotation. From the standard helix,
we obtain the helicoid x(u,v) = (vcosu,vsinu,u) for v > 0.

3. The hyperboloid of one sheet is a doubly ruled surface: through each point there are two lines lying
on the surface. It may be parametrized as a ruled surface by

1 0 2u
x(u,v) = (0) +u (1) +v (uz 1)
0 1 u?+1

though convincing yourself there are two lines through each point takes a little more work. ..

7 Z

Helicoid Hyperboloid
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Implicitly Defined Surfaces

Definition 3.8. A reqular implicitly defined surface is the zero set of a smooth function f : E3> — R for
which df # 0 (equivalently Vf # 0).

Recall that the directional derivative of f in the direction v is Dy f(P) = v - Vf(P). This is zero if
and only if v is orthogonal to V f(P). In particular, this says that V f provides a normal field to an
implicitly defined surface.

Examples 3.9. 1. Leta,b,c,d be constants. The function f(x,y,z) = ax + by + cz — d has
df =adx+bdy+cdz
which is non-zero provided at least one of 4, b, c are non-zero. This defines a plane with unit
normal field n = ﬁVf = \/ﬁﬁ(zx, b,c).
2. The sphere of radius a is the zero set of f(x,y,z) = x* + y? + z> — a®. It has unit normal field

1 1
n= va = E(x,y,z)

The sphere is everywhere regular since at least one of x,y,z is non-zero at all points of the
sphere. Contrast this with our earlier example of the parametrized sphere which could not be
made regular at the north and south poles. The lack of regularity in this case is an aspect of the
parametrization, not the surface itself.

3. The function f(x,y,z) = x* + y* — z* — chas
df =2(xdx+ydy —zdz)

which is non-zero away from (x,y,z) = (0,0,0). Depending on the sign of ¢, the zero set is a
hyperboloid or a cone; visualize the horizontal cross-sectional circles to determine which.

c>0 :x2+y?=2z2+c>0forallz

2

c=0 Cone: x*+ y2 = z* contains a non-regular point (0,0,0)

c<0 : x2 +y? = z2 — |¢| > 0 only when |z| > /|¢|
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Our next result, a corollary of the famous implicit function theorem, ties together the notions of regular-
ity. In particular, it says that we can always assume the existence of local co-ordinates.

Theorem 3.10. A regular implicitly defined surface f(x,y,z) = 0 is (locally) the image of a regular
local surface.

Proof. Suppose P = (xo, Yo, z0) lies on the surface and V f(P) # 0. At least one of the partial deriva-
tives of f is non-zero; suppose WLOG that f,(P) # 0. By the implicit function theorem, there exists
U C R? and a function g : U — R for which g(xo,y0) = zo and f(x,y,g(x,y)) = 0. The surface is
then (locally) the graph of z = g(x, y).

x:U—E: (u,0) — (u,0,8(u,0)) n

Example 3.11. The zero set of f(x,y,z) = x> + y? — z> — 6 is a hyperboloid of one sheet. It has unit
normal vector field

n(x z)—i1 Vf——l ’ - ’
STl IRy _yz V6 + 222 _yz

whenever (x,y,z) is a point on the hyperboloid. For instance, at P = (3,1,2) the unit normal is
n(P) = \/% (3,1,2) and the tangent plane has equation

3x+y—2z=6
Alternatively, the hyperboloid can be parametrized in several ways.

(a) In the language of the proof, near P = (3,1,2) it is the graph of z = g(x,y) = /x> +y>—6.
This results in a (local) regular parametrization

x(u,v) = (u,0, vV u?+0v*—6)
(b) The hyperboloid is a surface of revolution around the z-axis:

V6 +v2cosb
x(6,v) = | V6 + v2sinf

v
For this parametrization, the differential and normal field are
—sin6 1 vcos
dx =+v6+v2| cosf |d0+ ——— | vsinf | dv
0 Vot ot \ Vet
V6 + 12 cos
V6 +1v2sind

(%

Xg X Xp

[Ixo X Xol| /6 + 202

which is precisely what we obtained above.

Yet another expression could be obtained using a parametrization as a ruled surface (e.g., page[51).
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Exercises 3.1. 1. Show that parametrization x(r,6) = (rcos#,rsin6, /1 —r?) of the upper hemi-

2.
3.

sphere is non-regular at r = 0.
Explain why the parametrization in Example B.11(a) is local: what is left out?

(a) Compute dx and n for the paraboloid x(u,v) = (u, v, u® + vz).

(b) Repeat for the polar co-ordinate parametrization y(r,0) = (r cosf,rsin®, rz). Is this
parametrization everywhere regular?

(c) Using x = r cos 6, etc., write dx in terms of r, 8, dr, df. What do you observe?

(d) By viewing the paraboloid as the zero set of f(x,y,z) = z — x> — y?, find another expres-
sion for the unit normal field.

(a) Find a parametrization for the tangent developable of the helix
y(u) = (cosu,sinu,u). Compute dy and the unit normal field n.

(The picture covers v € (—3,6) with the original curve y(u) in green)

(b) If y is a unit speed biregular curve, prove that its tangent devel-
opable x(u,v) = y(u) + vy'(u) is a regular surface except when
v = 0. Express the differential and unit normal field in terms of the
Frenet frame of y.

Let f(x,y,z) = z%. Show that the zero set of f has a regular parametriza-
tion despite the gradient of f vanishing atz = 0.

acos 6 cos ¢
Let a, b, c be positive constants and define x(6, ¢) = < bsin cos ¢ > ,(0,¢) € (0,2m) x (=5, %)
csin¢
(a) Show that x parametrizes the ellipsoid z—; + Z—i + i—; = 1. What part(s) of the ellipsoid are
‘missing’ from the parametrization?

(b) Describe geometrically the curves 8 = constant and ¢ = constant on the ellipsoid.
(c) Calculate the differential of x and show that dx is 1-1 for each p € U.

The tube of radius @ > 0 centered on a curve y(t) may be parametrized
in terms of the Frenet frame of y:

x(¢,t) =y(t) +acosp N(t) +asin¢g B(t)
(a) Briefly explain why the normal field is n = cos ¢ N(t) + sin ¢ B(¢).

(b) Supposey is unit speed. Prove that x is everywhere regular if and
only if x(t) < 1 atall points of the generating curve.

Letc(t) : (—e,e) — Ube a curve and y(t) = x(c(t)) the corresponding
curve in the surface x : U — E3. Prove that dx(c’(0)) = y’(0).
(Hint: Recall how to write ¢’ (t) as a vector field)

(2+vcos §) cosu

(Mobius strip) Show that x(u,v) = ( (2+vcos %) sinu ) is regular and ori-

3 u
vsin 2

entable whenever 0 < u < 2 and —1 < v < 1. By computing n(0,0)
and n(27,0), explain what happens if we try to extend u to [0, 271].
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3.2 The Fundamental Forms

Our immediate goal is to use differentials to describe the shape of a surface. Before making the main
definition, we need another product of 1-forms.

p
Definition 3.12. Given 1-forms «, 8 on U, define the symmetric 2-form o by

B (3,) = 5 ((D)B(@) + a(@)B(T))

where 7, @ are vector fields on U. Note that a?(7, @) := aa(7, @) = a(7)a(®).
. J

Symmetric 2-forms behave the way you (hopefully!) think they should.

Lemma 3.13. On each tangent space, a3 : T,R" x T,R" — R is a symmetric and bilinear.
Moreover af = Ba, and the product is linear in each slot:

a(B+7v)=ap+ay and (a+pB)y=ay+py (%)

Take care when using co-ordinate 1-forms; convention dictates that dx* = (dx)? is a symmetric 2-
form, not the exterior derivative (1-form) d(x?) = 2x dx.

Example 3.14. Letd = a% + b% and @ = c% + d%. Then
d2(3,®) —ac,  dP(3,@) = bd,  dxdy(s, @) = %(ad + be)

In particular, (dx* + dy?) (5, @) = ac + bd is the dot product in disguise.

To evaluate symmetric 2-forms with respect to co-ordinates, linearity and distributivity () are all
you need. For instance, if « = xdx — dy and B = xy dy, then af = x?y dxdy — xy dy>.

If «, B take values in E”, we use the dot product for multiplication of the resulting vectors a (%), etc.

(- B)(3,8) := 5 (a(D) - B(@) +a(@) - B(7))

( )
Definition 3.15. The first and second fundamental forms of a regular local surface x : U — 3 are

I =dx-dx, I=—dx-dn

where dn is the differential of the unit normal field (I requires that the surface be oriented). The first
fundamental form is also commonly denoted ds” (see Example and Theorem for why).

&

Example 3.16. If x(u,v) = (u,uv,1+ u), then

1 0 1 1
dx=\|v|du+ | u | do, n=—1| 01, dn=0
1 0 V2 -1

from which I = (2 4 v?) du? + 2uv du dov + u> dv? and I = 0.
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Why should we care about I & I?

Basic interpretation 1(7,@) = dx(7) - dx(@) pulls back the dot product from TpS to T,R?. The length
of and angle between tangent vectors to the surface S at P may now be computed in T,R?.

I(7,@) = —3(dx(7) - dn(@) + dx(@) - dn(7)) describes how the normal field n changes over
the surface. In the example, I = 0 encapsulates the constancy of the normal field: the surface is
(part of) the plane x - (1,0, —1) = —1.

Co-ordinate invariance Since dx is independent of co-ordinates, so also is I. The unit normal field is
independent of oriented co-ordinate changes. More formally, if y(s, t) = x(u, v) parametrize the
same surface, then|"|

I, if the orientations are identical

Iy=I and Iy = . . .
—1II if the orientations are reversed

The upshot is that the fundamental forms provide a co-ordinate independent way to compute infor-
mation about a surface from within the parametrization space U.

Example 3.17. For the sphere of radius a in spherical polar co-ordinates, recall Example

cos 0 cos ¢ —sin6 — cos fsin ¢
x(0,¢) =a|sinfcos¢p | = dx=acos¢p | cos® |dO+a| —sinfsing |dp
sin ¢ 0 cos ¢

= I =a*(cos’pdo* + d¢?)

If you revisit the pictures in Example the effect of I is easy to visualize:

e (3, 3) = ||xe|[> = a® cos?¢: the tangent vector xg is shorter near the poles, where cos ¢ — 0.
. I(%, %) = ||xg| ‘2 = a%: the tangent vector x, always has the same length.
. I(%, %) = Xg - Xp = 0: the co-ordinate tangent vectors are always orthogonal.

At a point P = x(p) on the sphere, if we increase the co-ordinates by tiny quantities Ap = (A8, A¢),
then the distance As travelled along the surface approximately satisfies

(8s)? = [|x(p + Ap) —x(p)|| =~ ||x0 A0 + x4 AP \2 = a% cos’¢p (A9)? + a*(A¢)?

with equality in the limit A, A¢ — 0. Near the poles, a change in longitude A6 corresponds to a
smaller distance on the sphere. This is analogous to how a standard map of the Earth works, with

distances appearing distorted near the poles. We'll return to this idea shortly...
1

Computing I is very easy for the sphere, since n = - x is merely the scaled position vector:

[=—dx-dn= —%dx-dx = —%I = —a(cos’¢p d6* + d¢?)

17 As in the Aside on page we strictly have Iy = Iy o dF, etc., where y(s, ) = x(F(s, t)) = x(u,v). The £-sign in the
expressions for I is that of the determinant of the Jacobian dF.
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The fundamental forms I, I may be computed directly in terms of co-ordinates u, v.

4 '

Theorem 3.18. Ifx: U — IE? is a regular (oriented) surface, then
I=Edu®+2Fdudo+Gdev* and 1 =I1du?+2mdudo+ ndo?

where the smooth functions E, F,G,l,m,n : U — R are defined by
E=x, x4 F=xy,-xy G=xy Xy

I =Xy -n=—x, ny M= Xy -N=—X, Ny = —Xp Ny Nn= Xy N=—Xp- Ny
\ J

The expressions for I come from differentiating x, -n = 0 = x, - n, and are particularly helpful
because they avoid computing derivatives of n (which likely contains a square-root).

Example 3.19. Parametrize the graph of z = f(x,y) by x(1,v) = (u,v, f(u,v)) to obtain,

1 0

xu(O), xv(l) = E=1+f2, F=fufs, G=1+f2
fu fo

— 1= (1+ f2)du® +2f,fodudo+ (1+ f2)do?

0 0 0 1 —fu
Xyy = 0], xuw= 0|, xp= 0], n=——|—1
(f) (f) (f) VIHfitfo ( 4 )

fuu fuv fvv
= M=, NnN=—F—
1+ /2172 1+f2+f2 I+ fi+fs
I= ; (fuu du2 + quv dudo +fvv d'UZ)

As a particular example, the circular paraboloid z = x? + y? has fundamental forms

1= (1+4u%) du® +8uvdudo + (1 + 40%) do* = du® + do* + 4 (udu + vdv)2

2
I= (du® + do?)
V1 +4u? 4 402
As a sanity check, compare with the parametrization of the same paraboloid in polar co-ordinates
y(r,0) = (r cosB,rsin, rz) (Exercise 3.1. By computing the partial derivatives y,, yo, Y+, Vo, Yoo
directly, one easily verifies that

I=(1+42)dr* +7r2de?>, 1= \/ﬁT(dﬂ +72d6?)
T

These expressions are identical to the originals (same orientation!) since
du = cosdr — rsin6 do du? + do® = dr* + r* d6?
dv = sinfdr + rcos 6 df (udu+vdv)2:r2dr2
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Curves in Surfaces: interpreting I and I

Given a regular (oriented) surface x : U — E3 and a curve c(t) in U, we may transfer this curve to
the surface y(t) = x(c(t)). Its tangent vector (Exercise 3.1 and speed are then

y(t) = dx(d(5) = ||y (B)]| = \/ax(c/(5) - dx(c(1)) = /1(c/(8), /(1))

We can do something similar for the second fundamental form.

Theorem 3.20. Lety(t) = x(c(t)) parametrize a curve in a surface x with unit normal field n.

1. Ifa < b, then the arc-length of y between y(a) and y(b) is fab VI (1), ¢/ (¢)) dt.

2. The normal acceleration of the curve isy”(t) -n = 1(c, ).

This puts some flesh on our earlier observations (page 56). I measures infinitesimal squared-distance
on the surface, while I measures how the surface bends away from the normal field: recall how
force/acceleration motivated the curvature « of a curve (Definition[1.15]).

Proof. 1. Arc-length is the integral of the speed ||y’ (t)|| = /I(c'(t),c(t)).

2. Since y’ lies in the tangent plane, we have y’ - n = 0. Differentiate to obtain

0= S0/ m) =y nty Ga(e) =y ntdx() dn(d) =y m 1)

Example cont). Consider the curve c(t) = (0(t),¢(t)) = (2t,t) where 0 < t < Z. This has
tangent field /() = 2% + %. Translated to the unit sphere, the resulting curve has arc-length

: :
N dt:/ VA cos?t + 1dt ~ 1.619
/o (¢, ) ; cos?t +

In the parametrization space U, c(t) is a straight line. The shortest path between the endpoints of the
curve on the sphere is the great circle arc with length %Tﬂ = 7 =~ 1.571; its pre-image in U appears longer
but isn’t due to the cos?¢ factor in the first fundamental form. By spending more time at northerly
latitudes, I is smaller for more of the great circle arc and the resulting arc-length is shorter.

z

4)“

NS

S ]

@)
NN —
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If a map of the Earth covers a small latitude range (almost constant ¢ ~ ¢y), the first fundamental
form is almost similar to a standard dot product I ~ (acos¢odf)? + (ad¢)?. If not, say when we
travel by plane, the distortion becomes much more apparent.

The picture shows the shortest path from Irvine (California) to Irvine (Scotland), as flown by an
aircraft in ideal conditions. The straight line on the map corresponds to a longer real-world path.

If we travel at constant speed, it can be checked that great circles are precisely those curves whose
acceleration is entirely normal to the surface. This observation, and its relation to geodesics (paths
minimizing distance), is a matter for another course.

Example 3.21. A skater descends into a paraboloidal bowl z = 1r? following the path described
by c(t) = (r(t),0(t)) = (1 — t,4#?) in polar co-ordinates. If we parametrize the bowl in polar co-
ordinates x(r,0) = (r cosf,rsinf, %72), the fundamental forms are seen to be

1= (147r%)dr* +r2de?

1
I= dr® + r* d6?
V14712 < )
For the skater’s path, ¢/(t) = —% + 8taa—9, whence

1(c/,c') = (14 (1 —1)?) + 64t2(1 — )2
The path therefore has arc-length

1 1 o 9
/ Sz, 2y dt = / Vit )0 -pdis1sy
0 0 S,
and normal acceleration
1 / / 1 2 2 0 ‘ ‘
y -n:H(c,c):—2(1+64t (1—t)) 0 1

1+ (1—1t) ;

By Newton’s second law, this is proportional to the component of the force experienced by the skater
pushing perpendicularly out from the surface.
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Exercises 3.2. 1. Verify the final details of Example that is, compute I, I directly using the polar

2.
3.

10.

co-ordinate parametrization y(r,6) = (r cosB,rsin0, rz) .
Find the fundamental forms for the surface of revolution x(6,v) = (f(v) cos 6, f(v) sin6, ).

Compute the first fundamental forms of each parametrized surface wherever they are regular
(a,b, c are non-zero constants). Where does each parametrization fail to be regular?

(a) Ellipsoid x(6, ¢) = (acos 6 cos ¢, bsinb cos ¢, csin¢)
(b) Elliptic paraboloid x(r,0) = (ar cos 6, brsin 6, 1?)
(c) Hyperboloid of two sheets x(u,v) = (asinhu cos v, bsinhu sinv, c coshu)

Calculate the fundamental forms of Enneper’s surface

x(u,0) = (u — 3> + uv?, v — 1o® + vu?, u? — 0?)

Compute dy for the parametrization y(r,6) = (rcos#,rsin6, v/1 — r?) of the upper unit hemi-
sphere. Verify that the first fundamental form is the same as in Example
Let x be the tangent developable of a unit speed biregular curve y (Exercise 3.1[).

(a) Compute the fundamental forms of x in terms of the curvature and torsion of y.

(b) If y(u) = (cos % J5/sin 5, 7) is the unit speed helix, show that
I=(1+% 2)du? +2dudo +do?, 1= —2du?

Prove that I = 0 if and only if x is (part of) a plane.

Parametrize the great circle in Example(3.17 (cont)|by z(t) = (cos t, - 7 sint, -1 7 sin t) 0<t< 7.

n.

~—

Verify that the arc has length 7 and that the acceleration of z is entirely normal; z"" = (z" - n

Equip the upper half plane y > 0 with the abstract first fundamental form I = % (dx +dy )
Compare the arc-length between the points (1,1) and (—1,1):

(a) Over the circular arc c(t) = V2 (cos t,sin t) centered at the origin.
(b) Over the ‘straight’ line y = 1.

This is the Poincaré half-plane model of hyperbolic space. There is neither a surface x : U — E° nor a
second fundamental form 1!

(Hard) The forus obtained by rotating the unit circle in the x, z-plane centered at (2,0, 0) around
the z-axis may be parametrized

x(1,0) = ((2+ cosp) cos b, (2 + cos ¢) sinf,singp), (6,¢) € R?
Let k # 0 be constant and consider the curve y(t) = x(kt, t) on the torus.

(a) Prove that y(t) has a self-intersection (3s # t such that y(¢) = y(s)) if and only if k € Q.

€ Q, show that the curve 1s periodic in that there exists a minimum positive 1 for whic

(b) If k € Q, show that th is periodic in that th i ini positive T f hich
y(t+T) = y(t) for all t. Find T in terms of k and write down (don’t evaluate!) the integral
for the arc-length of the curve over one period.
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3.3 Principal, Gauss & Mean Curvatures

Since I and I are symmetric bilinear forms on each tangent space T,IR?, they may be expressed in
matrix form: their matrices with respect to linearly independent vector fields 5, f are

_ (168 167 _ (169 16D
1= (0G5 1) 0 W=7 1)

Otherwise said
S -, h
15+ gf s+ ) = (£ )l ()

and similarly for II. Matters are simplest when these matrices are diagonal. ..

Definition 3.22. Linearly independent vector fields 5, are said to be orthogonal if 1(5,f) = 0. They
additionally describe curvature directions if (5, f) = 0.

Co-ordinates u, v are orthogonal / curvature-line if the above apply to the the co-ordinate fields %, %.

In the language of Theorem the matrices of the fundamental forms with respect to %, % are

A= (Ili é) and B:= (1111 7:) (*)

Co-ordinates are orthogonal iff F = x, - X, = 0 (I has no du dv term), and are curvature-line iff I is
also diagonal:

[=Edu®’+Gdv* and 1 =Idu?®+ndd?

While the meaning of orthogonal is clear, the reason for the term curvature-line will take a little work.

Examples 3.23. 1. Since the sphere of radius a has I = —1I, any orthogonal co-ordinates on the
sphere are curvature-line! E.g., spherical polar co-ordinates: I = a?(cos?¢ d6? + d¢?).

2. (Example 3.23.19) Standard polar co-ordinates are curvature-line for the paraboloid z = r2:

2
I=(1+47)dr +2d>, T=————(d’ +7r2de”
( ) 1+4r2( )

3. In curvature-line co-ordinates n, = —%xu and n, = — X, (see Exercise .

A Little Linear Algebra The existence of curvature directions is equivalent to the simultaneous diag-
onalization of both matrices (). This requires an extension of the concepts of eigenvalues/vectors.

Definition 3.24. Let A, B be square matrices of the same dimension. A non-zero vector @ is an
eigenvector of B with respect to A with eigenvalue A if

(B—AA)T=0

If A = I is the identity matrix, these are standard eigenvalues/vectors. We compute in the usual
manner: solve the characteristic polynomial and find 7 € N (B — AA) in the nullspace. ..

61



Example 3.25. Let A= (3%)and B= (91).

—2A 1-3A

det(B — AA) = '1_% 3=

’:Az—lzo = A=zl
o€ N(B—A) :N<:§ :;) = Span <_11>,
The NB+A) =N = <i g) :Span<_21>

Note that {71, 7>} = {(Y), (2 )} is a basis of R? consisting of eigenvectors of B with respect to A.

Theorem 3.26. Let A, B be symmetric matrices of the same dimension, with A positive—definite@
1. There exists a basis of eigenvectors of B with respect to A. Moreover, all eigenvalues are real.

2. If§,f are eigenvectors corresponding to distinct eigenvalues, then 5T Af = 0 = 7 BF.

Proof. 1. This follows from the famous spectral theorem in linear algebra@

2. Assume BS = ki A5 and Bf = k, Af where kq # k>, and apply the symmetry of A and B,

§TBf = 5T (ko AF) = kpsT A
| — (ky—k1)5TAf =0 = §TAf=0
fTBs = 1T (k1 AS) = k1T A5 = k5T AF

Application to Regular Surfaces With respect to independent vector fields, the matrices A, Bof I, I
are symmetric. Moreover, the regularity of x guarantees the positive-definiteness of A:
Vo £ 0 = (@, @) = dx(@) - dx(@) = ||dx(@)|[* > 0

We may therefore apply Theorem to the matrices of the fundamental forms.

Definition 3.27. The principal curvatures kqi,ko : U — R of an oriented surface x : U — E3 are the
eigenvalues of I with respect to I. Corresponding eigenvectors are curvature directions.

The Gauss and mean curvatures are, respectively, K := kiky and H := %(kl + ko).
A point x(p) is umbilic if k1 (p) = ka(p).

—

18For all non-zero vectors, 7T A7 > 0. Equivalently, all eigenvalues of A are positive. This means that (7, @) := 57 A®
defines an inner product on R”. In Example A has eigenvalues %(7 ++/45) > 0.

9In case you're interested: A has an orthogonal eigenbasis {¥i, ..., X, } by the spectral theorem. Since its eigenvalues
j; are positive, we may scale such that ||%;||* = % Let X = (¥ --- %) so that XT AX = [ is the identity matrix. But then,

det(B— AA) = det(XT) "1 det(XTBX — Al) det(X ') =0 <= det(X"BX —AI) =0

Since XTBX is symmetric (spectral theorem again), it has an orthogonal eigenbasis {@j, ..., @, } and real eigenvalues Ay.
Each 7 := Xy, is an eigenvector of B with respect to A with eigenvalue Ay. Since X is invertible, {7y, ..., 7, } is a basis.
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The curvatures are independent of oriented co-ordinate changes. If we reverse orientation, then k1, k»
and H change sign, while K = k1k; is unchanged.

At non-umbilic points, Theorem says that curvature directions diagonalize both fundamental
forms, in line with Definition [3.22

At umbilic points, I = kI and all directions are curvature directions; any orthogonal directions nec-
essarily diagonalize both fundamental forms.

Example 3.28. Here are two totally umbilic surfaces where the curvatures are constant.
1. Aplane: I =0 = all curvatures are zero.
2. A sphere of radius a: I = —%I — ki =k = —%, K= alz and H = —%.

In fact these comprise all totally umbilic surfaces (see Exercise[12).

4 )
Theorem 3.29. 1. In co-ordinates, the Gauss and mean curvatures are given by

_ In—m?> _ detB
 EG—F2 detA

IG+nE—2mF 1

= _trA'B
20EG-F2) 2"

K —det(A"!'B) and H =

2. Atnon-umbilic points, the curvatures k1, k>, K, H are smooth functions and the curvature direc-
tions may be described locally by (smooth) vector fields.

. J

Proof. 1. The principal curvatures are the solutions to the quadratic equation

det(<nl1 ’:) —A(§ (P;>> — (EG — F2)A2 — (IG + nE — 2mF)A + (In — m?)

of which K and H are the product and half the sum of the roots.

2. The roots —2Evbi—dac szz"m of a quadratic are smooth functions of the coefficients unless b*> — 4ac = 0,
in which case we have a repeated root (k; = k). At non-umbilic points, each eigenspace is

one-dimensional, so there is no obstruction to choosing smooth eigenvectors
[

Examples 3.30. 1. (Example b For the paraboloid x(r,0) = (r cosB,rsin0, rz), standard polar
co-ordinates are curvature-line:

2 —2_ 0
n=("N" %) B-m- (Vlg”z )
" Vita?

A

The curvatures are therefore

2 2 4 2+4r2

ki =

— kh=—" K=—— H=-—‘"1°___
(1+4r2)372 27 1142 (1+ 4r2)2 (1 +4r2)3/2

The curvatures make sense at the single umbilic point (r = 0), but the co-ordinates are not
curvature-line there since the parametrization fails to be regular (x¢(0,6) = 0).

20 At an umbilic point x(p), the eigenspace is 2-dimensional so lign 7(g) need not exist and ¥ need not be continuous.
q-p
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2. Parametrize a graph z = f(x,y) in the usual manner x(u,v) = (u,v, f(u,v)). Then

A:HF:C+ﬁ ﬁﬁ) B:mzl(ﬁuﬁﬁ

fufv 1+fz% \/1+f3—}—f3 fuv fvv
Theorem [3.29 tells us that
K — fuufoo = fao H— Soo(L+ fi) + fuu(L+ £7) = 2fufofuo
A+ fi+£5)? 201+ f2 + f3)%2

In the abstract, solving for the curvatures and directions is disgusting. As a sanity check, you
should verify that f(u,v) = u? 4 v? recovers exactly the curvatures in the previous example!

3. (Exercise 3.2[6) The tangent developable of the unit-speed helix has

(57 emme (3 )

Now solve for the curvatures:

~3-2(1+5) A

2
1
— o2 % 20— =0k =--, K=0,H=——
A A 4 v

4

In this case an explicit computation of the curvature directions is not difficult:

LaliS]

-2 0 0y . @
k1—0:>N(B—k1A)—N<O 0>—Span(1>w5—av
1 1 - 90 9
Q_%”LO“”_M_%

where we made the natural choice of vector fields §,f. As a sanity check, here are the matrices
of the fundamental forms with respect to §, F:

155 = (01)A <(1)> 1. == Gg‘g igg) _ <(1) O)

4

kzz—% — N(B—sz):N<

SELaSH

in which the principal curvatures are clearly visible: 1k; = 0, Tk, = -1

Constant Gauss & Mean Curvature Surfaces

Minimal Surfaces H = 0: Among all surfaces whose boundary is a given closed curve, a surface with
minimal surface area has H = 0. This is the shape made by a soap film whose boundary is the
curve: it minimizes the ‘total tension” of the soap film. More gen-
erally, constant mean curvature (CMC) surfaces model soap bubbles.

Constant Gauss Curvature Surfaces: We've see that planes, cones and
cylinders have K = 0, and that spheres have constant positive
Gauss curvature. A pseudosphere with constant K = —1 is shown
in the picture.
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Existence of (Curvature-Line) Co-ordinates

At non-umbilic points, Theorems and tell us how to find curvature directions as vector fields
§,f. Unfortunately, being able to compute explicit curvature co-ordinates is exceptionally unlikely.
Example (3.30 cont). Recall that we chose curvature direction fieldss = 2 and f = 2 — 2. By
inspection, the functions s = u + v and t = u satisfy the required equations:

Ss]=1=71, &t =0=1s (+)

It follows that 5 = % and f = % for curvature-line co-ordinates s, t, as you can easily verify using the
chain rule. Indeed

) 2 2 VP o 2 U2
I:Zdu +d(u+0v)°=ds +Zdt’ I=0ds _Zdt

so that the co-ordinates really do diagonalize both fundamental forms.

The simple reason the example is so unlikely is that mixed partial derivatives must commute: if § = %

and f = % are co-ordinate fields (3s,t : U — R), then their Lie bracket (Exercise 2.3 vanishes:

cq_[22]_ 2,0 2 o
"7 |os’ot]  9s ot ot 9ds
The astonishing fact is that this simple condition is locally sufficient.

0

( \

Theorem 3.31 (Co-ordinate fields). Lets,f be linearly independent vector fields on U C R2.

|

1. If there exist functions s, t : U — R such thats = %, f= 2 then [Eﬁ] =0.

Q)

t

2. Suppose [5,f] = 0 and let p € U. Then there exists a neighborhood V of p and co-ordinate

functions s,t : V — R for which s = %,?: %.
\ J

Examples 3.32. 1. The fields s = % + y% and f = % do not arise simultaneously from co-ordinates:

S U N
" 9xdy yayz dydx  dy yayz Oy

) 2 -
ki =0,5=—, ky= ——7%7,t=2
v
The Lie bracket condition [, f] = 0 is satisfied, so co-ordinates s, t corresponding to these fields
must exist. You can try to find such by inspection, though simultaneously solving (x) is messy.

Alternatively, following the proof of part 2 (Exercise[I3), observe that the dual 1-forms are
(x:%udu+dv, 5:%@ @ (3) = B(f) = 1,a(f) = B(5) = 0)

These forms are exact: « = d(fu* +v) and f = d(3u). We therefore conclude that s = }u? + o
and t = %u are suitable curvature-line co-ordinates.

65



The Lie bracket condition says that explicit co-ordinates corresponding to given vector fields are very
unlikely to exist. This is no matter: we typically only require co-ordinates s, t whose fields %, % are

parallel to s, f: that is

aas = fs and E?t = gt for some functions f, g (equivalently 5[t] = 0 = £[s])
Such co-ordinates indeed exist, though only locally, as shown by one of the most important founda-
tional results in differential geometry.

Theorem 3.33 (Frobenius). Let 5, be linearly independent vector fields on a domain U. Then there
exist local co-ordinates s, t whose co-ordinate fields are parallel tos, I3

In particular, if x(p) is a non-umbilic point on a surface x : U — 3, then there exists a neighborhood
V of p and curvature-line co-ordinates s,t on V.

Frobenius’ theorem comes in many guises and generalizes to higher dimensions, taking the place

of Picard’s ODE existence/uniqueness theorem for particular classes of PDE. Its proof is too

involved for us, though the informal idea is to search for functions f,g such that [f5,¢t] = 0, a

lengthy process that indeed depends on Picard’s theorem.

Exercises 3.3. 1. Find the eigenvalues of B = (~] ;') with respect to A = (}1). If 5, f are
corresponding eigenvectors, verify that 5T Af = 0 = §T Bt.

Parametrize the graph of x = z?

; compute I, I and the principal, Gauss and mean curvatures.
Use Theorem to find the Gauss and mean curvatures of the graph of y = x> — z2.

Show that Enneper’s surface (Exercise 3.2[4) is minimal.

AR T

Let x(u,v) = y(u) 4+ vy’ (u) be the tangent developable of a unit speed biregular curve y.

(a) Find the principal curvatures, Gauss and mean curvatures of x.

(b) Compute the curvature directions and find curvature line co-ordinates.
(This is very similar to Example 3.30/3|- keep track of the changes!)
Yy p p 8

6. With respect to some co-ordinates u, v, suppose that a surface has fundamental forms
[ = u?du? + v*dv?, I = u?du? + 2uvdu do + v* dv?

(a) Show that the principal curvatures are constant: k; = 0 and k, = 2.
(b) Show thats = v% — u% and f = v% + u% are curvature directions.

(c) Compute the Lie bracket [s, ] to show that these are not vector fields with respect to some
curvature-line co-ordinates s, t.

(d) Find explicit curvature-line co-ordinates for the surface; functions s, t such that %, % are

parallel to s, fand express I, I with respect to s, t.
(Hint: try to guess solutions to §[t] = 0 = f[s])
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7. Rotate y = f(x) around the x-axis and parametrize the surface via

10.

11.

12.

13.

x(¢,0) = (0, f(0) cos ¢, f(0) sing)
(a) Verify that the co-ordinates ¢, v are curvature-line, compute the principal curvatures, and
show that the Gauss and mean curvatures are

/(@) b fOf"(0) =1-f(0)?

f@)(1+ f(07)° 2f(2)(1+ f1(0)2)"”
(b) Demonstrate the following by choosing suitable f(v):
i. A cylinder has K = 0;
ii. A conehas K = 0;
iii. A sphere of radius a has K = ail
iv. A catenoid f(v) = a~!cosh(av — ¢) is a minimal surface.

(c) Suppose x is a minimal surface H = 0. By writing g(v) = 1+ (f’ (U))Z, show that
1+ f? = g =a*f* for some constant a

By substituting f(v) = a~! cosh(ah(v)), show that the surface is a catenoid.

(d) Plainly K = 0 if and only if f”(v) = 0. What are these surfaces? More generally, if the
surface has constant non-zero Gauss curvature K, show that f satisfies a non-linear ODE

Kf?=(1+ f*) "' +c forsome constant c
(Solving for f requires an elliptic integral when c # 0, so don't try!)

The tractrix is parametrized by y(t) = (sinh ™' t — (1 +?)~1/2, (1 + £2)~1/2). By revolving this
curve around the x-axis, show that the resulting surface is a pseudosphere with K = —1.

We know that the Gauss and mean curvature are defined in terms of the principal curvatures.
By writing down a suitable quadratic polynomial, prove that knowing of H, K is sufficient to
recover the principal curvatures.

The graph of a function z = f(x,y) is parametrized by x(u,v) = (u,v, f(u,v)). What can you
say about the surface if (1, v) are curvature-line co-ordinates?

(Hint: recall Example|3.19)

Suppose u,v are curvature-line co-ordinates for a surface x. Explain why n, = —k;x, and
n, = —ksXyp.

Suppose that a surface x : U — [E? is totally umbilic I = I for some function k : U — R.

(a) Use Exercise|llland n,, = ny, to prove that k is constant.
(b) Prove that x is (part of) a plane or a sphere (recall Example|3.28).
(Hint: If k # 0 consider ¢ := x + %n. )

We prove part 2 of Theoremm Given the assumptions, define the dual 1-forms to 3, t:

2(5)=1=B(H and a(f)=0=B()

Use Exercise 2.3[I0]to prove that da = 0 = dB. Hence conclude (footnote, page[d3) that (locally)
« = ds and B = dt for some functions s, t.
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3.4 Power Series Expansions and Euler’s Theorem

In this section we intersect a surface with certain planes and consider the resulting curves. The
curvatures provide data about these curves and thus tell us something about the local shape of the
surface. The key is to see how curvatures describe a quadratic approximation to a surface.

At a regular point P on a surface S, choose axes such that P is S
the origin and the (x,y)-plane is tangent@ to S. By Theorem
S is locally the graph of a function z = f(x,y), which we

may parametrize in the usual manner

x(u,v) = (u,0, f(u,0)) J
The unit normal vector np = k is therefore the standard vertical basis vector. Since the tangent plane
at P is the (x, y)-plane, we see that f,(0,0) = 0 = f,(0,0); substituting into Example yields the
fundamental forms at P:

Ip = du® + do?
P u +20 , [I]P _ <1 0> []I]P _ Hessf _ (fuu fuv)
l[P - fuu du +2fuv dl/ldv +fuv dU 0 1 qu fv'(]

The last matrix is the Hessian of f, and the Gauss and mean curvatures at P are

N

K(P) = detHess f(0,0) and H(P) = %tr Hess f(0,0)

It bears repeating that these expressions are only valid at the origin O € U (equivalently P € S).
Although the co-ordinates u, v will extend nearby on the surface, the first fundamental form need
not be diagonal anywhere except at the origin.

Now suppose we rotate the (x,y)-plane so that the axes point in the principal directions. Then the
Hessian is also diagonal (f,,(0,0) = 0) and the principal curvatures at P are

ki = fuu(0,0) and k» = fuu(0,0)

4 )
Theorem 3.34. If the graph of z = f(x,y) is tangent to the (x,y)-plane at the origin O so that the
axes are the curvature directions, then the Maclaurin approximation of the function f(x,y) is

flx,y) = f(O)+ (xy) Vf]|o+ %(x y) Hess f(O) <;> + higher order terms

= %kl(O)x2 + %kz(O)y2 + higher order terms

Example 3.35. Let f(x,y) = x> — y* (above picture). At the origin, x(u,v) = (u,v,u* — v*) has
[=du?+dv?, T=2(du*—-dov?), ki =2, ky=-2, K=—-4, H=

In this case the Maclaurin approximation is exact!

1 1
§k1x2 + Ekaz =x*—y* = f(x,y)

21This amounts to applying a rigid motion (direct isometry) to the surface, which does nothing to the fundamental forms.
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Level Curves: intersections with planes parallel to the tangent plane

If c is small, then the intersection of S with a plane cnp + TpS parallel to the tangent plane is a level
curve; in our analysis, they correspond to level curves f(x,y) = constant. Theorem tells us how
level curves depend on the curvatures. For instance, if k1, k; have opposite signs, then for small c,

k1X2 + kzyz ~ 2c
is approximately a hyperbola.

N\

p
Definition 3.36. Suppose k1, k, K, H are the curvatures of a surface S at a point P. We say that P is:

Elliptic <= K >0 <= ki, k; # 0 and have the same sign.
Level curves near P are approximately ellipses.

Hyperbolic <= K <0 <= k1, k, # 0 and have opposite signs.
Level curves near P are approximately hyperbole.

Parabolic <= K =0and H # 0 <= exactly one of ki, k; is zero.
Level curves near P are approximately a pair of parallel lines, e.g. x = *c.

Planar <= K=H =0 <= ki =k, =0.

The curvatures provide no data as to the level curves near P.
\, J

Example (3.35, mk.II). For the graph of z = x> — /2, the level curve x? — y? = ¢ # 0 is a hyperbola.

In fact this is true everywhere on this surface: under the usual = /

parametrization x(u,v) = (1,0, u* — v*), we have

4 4(v* — u?)
1+ 42 +4022 " (1+ 412 + 402)372

Since K < 0 everywhere, all points are hyperbolic.

In the picture, shifted tangent planes cnp + TpS and their intersections with the surface are drawn
for two points. In both cases the level curves are genuine hyperbolee.

Normal Curvature: intersections with planes containing the normal vector

Theorem is the surface analogy of Exercise 1.6 aregular curve in [E? passing through the origin
horizontally at t = 0 has its graph given locally by

y = %K(O)x2 + higher order terms ()

We put this to work by considering the curvature of curves passing through a point on a surface.

Definition 3.37. Let S be a surface and vp € TpS a non-zero tangent vector.

The normal curvature v(vp) is the curvature at P of the curve@ defined by the intersection of the
surface S and the normal plane Span{vp, np}.

We say that vp is asymptotic if v(vp) = 0.

22Gtrictly, the curve is the connected component of S N Span{vp,np} containing P.
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Example (3.35, mk.III). Consider the hyperbolic paraboloid z = x? — y? at the origin P = O.
Fix an angle ¢ and let vp = (cos,sin¢). The intersection curve y C SN Span{vp,np} may be
parametrized using polar co-ordinates:

y(r) = (rcosy,rsiny, r*(cos® P — sin® 1))

which amounts to the graph of the function g(r) = % cos 2.
The normal curvature is the curvature at r = 0 of this curve:

g"(0)
[1+g'(0)2]3/2

Think about how the this corresponds to the picture and observe that

v(vp) =«(0) = = 2c0s 2y

Vo is asymptotic <= cos2yp =0 <= ¢ =+7F

Our next result generalizes the method in the example.

r \
Theorem 3.38 (Euler). Suppose vp makes angle i with the first principal curvature direction. Then

v(vp) = kq cos® P + ko sin’ ¢
In particular, the principal curvatures are the extremes of normal curvature: if ki < kj, then
ki <v(vp) <k

where the bounds are realized precisely when vp points in a curvature direction.
\. J

Proof. Choose axes so the curvature directions at P are i, j, and np = k. The surface is locally a graph
z = f(x,y). If (r,¢) are polar co-ordinates in the (x, y)-plane, Theorem [3.34|says that

z=f(x,y) =~ Lki(rcosy)? + ko (rsingp)® + - - - = %(kl cos® P + ky sin® )r 4 - - -

Fix ¢ and let vp = ( Zﬁfi ) (assume unit length since only the direction matters). Our curve of interest
y C SN Span{vp, np} may be parametrized

rcosy rcosy
y(r) =rvp+ f(rcosy,rsiny) np = rsiny — rsin
f(rcosy, rsinip) Jurt 4

The last equality used observation (), where v is the normal curvature. For the first result, simply
compare the z-expressions in the displayed equations. For the final observation, note that

V(Vp) = kl(l — sin2 l/)) + ko sin2 lIJ = k1 + (k2 — k1> Sil’l2 l[) € [kl,kz]

and that the bounds are achieved precisely when i = 0, 7, when vp is a curvature direction.
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Examples 3.39. 1. If P is a planar point (k; = k» = 0), all normal curvatures are zero and all

directions are asymptotic.

2. (Example 1) All points of the paraboloid z = 2 are elliptic (everywhere ki, k > 0). The
surface has no asymptotic directions at any point, indeed the normal curvature in the direction

vp = (cos,siny) at P = (rcosf,rsinf,r?) is

2
_ 2 L2
v(vp) = kq cos” P + ky sin lp—m[

3. If ko # 0, then vp = (Z?r?i) is asymptotic <= tany = i\/—%.

The Second Fundamental Form and the Local Shape of a Surface

Our standard approach is to transfer calculations about surfaces back to the parametrization space.
With this in mind, we consider special tangent vectors with respect to the second fundamental form.

cos® i + (1 +4r?)sin® ] > 0

7

1. A tangent vector @, # 0 is asymptotic if 1(@), @,) = 0.

Definition 3.40. Let x : U — IE3 be an oriented surface and ZTJP S T,,IRZ.

2. The Dupin indicatrix at p € U is the set of tangent vectors @, such that 1(w,, @,) = £1.

-
Theorem 3.41. The notions of asymptotic in Definitions &[3.40| coincide:

vp = dx(@,) € TpS is asymptotic <= @, € T,R? is asymptotic

J

The proof is an exercise. Recalling Theorem a direction is asymptotic if and only if the normal

acceleration in said direction is zero.

The Dupin indicatrix turns out to precisely describe level curves near a point. To see this, write
Wy, = asy + bt, where 5, t, are orthonormal curvature directions the indicatrix at p has equation

1(@,, @,) = (ab) (’8 k02> (Z) = k1a® + kob* = £1

This defines a conic in the tangent space T,IR? whose type depends on the signs of the principal cur-
vatures. In essence, the Dupin indicatrix indicates the level curve obtained by taking the intersection
SN (enp + TpS) for infinitesimal c. We summarize all possibilities in a table using the point-types

introduced in Definition 3.36}

type of point | # asymptotic directions | Dupin indicatrix

elliptic 0 ellipse
hyperbolic 2 two hyperbole
parabolic 1 two parallel lines

planar 00 empty

23With respect to 5, ?p, the matrices of the fundamental forms at p are [I,] = ((1) 9) and [I,]
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Examples 3.42. For a parametrized surface x at a given point p = (1o, vp), write @, = a %

9
p+b%

,
1. (Exercise 3.2J) The tangent developable of the unit-speed helix has

L v oL v
]I(wp,wp) S duz(wp,wp) = —ZOaZ

The single asymptotic direction is ﬁ}p = % . The Dupin indicatrix is a pair of parallel lines

L, 2 9
Vool ou

2. In its usual parametrization, the surface z = x*y has

d
NP =t = @, = +b 5
p (%

4

(b is arbitrary!)
P

2
I= (v du? +2u dudo)
V1+ 4u?0? + ut

Atp = (-1,2) (ie, x(p) = (—1,2,2)) we see that

(@, @y) = \/2178(2512 —2ab) = 2\3@a(a —b)

The point is hyperbolic with asymptotic directions % ‘ and %

T o
(a =0and a — b = 0). The indicatrix comprises two hyperbolee a(a — b) = +

Exercises 3.4. 1. Consider the graph of the function z = x? — 3y? + 7xy® + 9y*.

(a) Find the Gauss and mean curvatures at the origin.
(Hint: use Theorem (3.34)

(b) Find the normal curvature at the origin for the curve in the surface described by x = y.

2. As in Example 3.35, mk. III (page[70), find the asymptotic directions at the origin for the surface
2 2
z =y~ —3x°.

3. For the elliptic paraboloid z = x> + 2, let P = (1,2,5) be a fixed point.

(a) Find the maximum and minimum values for the normal curvature at P.
(b) Find the Dupin indicatrix at P.

4. For the hyperbolic paraboloid z = X2 — yz, let p = (up,v0) and P = (uo, Vo, u% — v%). Ifc #0,
prove that the intersection of the parallel plane cnp + TpS and the paraboloid may be expressed
(x —up)? — (y — vp)? = constant, z = x> — 1
That is, the level curves really are hyperbolee.
5. Consider the graph of the surface z = x> + y*.

(a) Compute the Gauss curvature and classify all points according to Definition 3.36]
(b) Sketch the level curves z = 1, {5 and 1555; and compare to the Dupin indicatrix at (0,0).

6. Prove Theorem by considering the normal acceleration of the curve S N Span{vp,np}.
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3.5 Adaptive Frames & Gauss’ Remarkable Theorem

In this section we repurpose the idea of a moving frame first encountered when studying curves.

e 1
Definition 3.43. Let x : U — [E3 parametrize a surface S. A moving frame for S is a triple of smooth

functions e, e3, e3 on U such that, for each p € U,
{ei(p),e2(p), e3(p)} is a positively oriented orthonormal basis of Ty, E®

When S is oriented, we say that a moving frame is adaptive if e3 = n is the unit normal field.
\. J

For an adaptive frame, the tangent plane at each point is Ty (,yS = Span{ei(p), e2(p) }.
We will often refer to the matrix-valued function £ = (e1 e e3) : U — SO3(R) as the frame.

Examples 3.44. We'll repeatedly analyze three examples through this section.

1. The parabolic cylinder x(u,v) = (u,v, 2” ?) has an adaptive frame

1 0 —u
e = ! 0 erx= 1|1 e; = ! 0
! \/1+M2 u 2 0 ’ \/1—|—1/l2 1

2. The sphere of radius R in spherical polar co-ordinates x(¢, ¢) has an adaptive frame

—siny —cos P sing cos i cos ¢
e; = | cosy ey = | —sinysing e3 =x= | sinycos¢
0 cos ¢ sin ¢

We use ¢ instead of 0 since we'll need the latter for something else momentarily. ..

3. The paraboloid x(r, ) = (rcos i, rsiny, %rz) has an adaptive frame

1 cos —siny 1 —rcosy
e1:\/1+7r2 s1r;1p e = COSi/J 63:m —rslmlp

In the pictures we’ve reduced the lengths of the frame vectors for clarity.

A A 4

In each case e, e; were obtained by differentiating with respect to the co-ordinates (and normalizing
if necessary). This works because the co-ordinate systems for all three examples are orthogonal.

73


http://www.math.uci.edu/~ndonalds/math162a/moving-paracyl.html
http://www.math.uci.edu/~ndonalds/math162a/moving-sphere.html
http://www.math.uci.edu/~ndonalds/math162a/moving-paraboloid.html

As with the Frenet frame approach to curves, our strategy is to analyse a surface x : U — E3 two
stages:

1. Describe how x moves with respect to the frame €.
2. Describe how the frame £ moves (with respect to itself).

We describe infinitesimal changes using 1-forms, following an approach pioneered by Elie Cartan
around 1899.

( )
Definition 3.45. Let x : U — E® be a smooth map and £ = (e; e; e3) a moving frame. The metric

forms 6; and connection forms wj are the 1-forms on U defined by

9] = e]- 0 dX, w]'k = e]- 0 dek

where j, k € {1,2,3}.
\

J

Since ey, ey, e3 are orthonormal, these forms are nothing more than the co-ordinates of dx, de;, de;
and de3 with respect to the moving frame:

X 3
dx =) (ej-dx)e; = e161 + exb; + e303, dex = ) _ ejwik )
j=1 ™

The frame is adaptive if and only if §3 = 0. Moreover, as the next result shows, for any frame there
are only three independent connection forms (compare this with Theorem [1.29).

(Lemma 3.46. Forallj, k, we have wjx = —wy;. In particular wj; = 0. J

Proof. Take the exterior derivative of the identity e e = 0 or 1, to obtain
O:dej'ek—l—ej-dek = Wkj + Wik

If (x) are arranged in matrix format, the subscripts follow the usual row /column convention:

01 0 w2 W13
dx = (e1 er 83) 0, | =£0, d¢ = (e1 () 83) —w12 0 wy | =Ew
03 —wyz —wy 0

The second expression should remind you of the Frenet-Serret equations for a curve! The metric
forms get their name because they measure small changes on the surface. The connection forms tell
us how nearby frames are related (connected): abusing notation a little, if §, € T,IR?, then

E(p+5p) — E(p) = dE(E)) = E(p)W(S))

The fundamental forms of x can be written in terms of ® and w; in an adaptive frame this is partic-
ularly simple.

Lemma 3.47. In an adaptive frame

I=dx-dx = (9% + (9% and 1= —dx-de; = —01wi3 — Orwys
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Examples (3.44, mk.II). You needn’t compute all exterior derivatives dey: use the skew-symmetry
of w to help; also consider which frame fields are easier to differentiate! The expressions for the
fundamental forms should be a sanity check since we know how to compute them already.

1. The parabolic cylinder has

1 0
dx = (O) du + (1) dv =vV1+u?eidu+eydv = 06, = V1+u?du, 6, =do
u 0
— 1= (1+u?) du®+do?

Since e, is constant, we have de, = 0 from which
wip=e;-dey =0, wy=-wsp=—e3-dep=0

The final connection form requires a derivative:

1 (! T 1 [ -1
wiz = e -de3 = Ol | =——=» | 0 | + 0 = ——du
13 1 3 m y (1+u2>3/2 1 1+ u2 0 14+ u?
Putting it together, we have
1 0 0 -1
w = Ton2 0 0 0 |du and 1= —60,w13 — brwys = du?
T\ 0 o
2. For the sphere of radius R, dx = R cos ¢e; dy + Re, d¢, whence
61 = Rcos¢dy, 6, = Rdp = 1= R?*(cos’pdy?* +d¢?)
—cos .
= —e,-de; = — d
dej = | —siny | dyp = w2 ez el sin g dy
0 w13 = —e3-de; = cos¢pdy
—cos P sing —sincos ¢ — cos P sing
wy =ep-des = [ —sinysing | - costpcos¢ | dyp+ | —singsing | dp| =d¢
cos ¢ 0 cos ¢

= I = —91(1}13 — 92(,023 = —R(COSZ(P dlIJ2 + d472)
3. For the paraboloid,

cos P —siny
dx = [siny | dr+r| cos¢ |dyp =1+ r2eidr+reydy

r 0
== 91:mdr, 0 =rdy = I=(1+r?)dr*+ r*dy?

The connection forms are comparatively ugly. The low-hanging fruit is de, = (_g?r? $ > dy,
which quickly yields two of them: 0

_ — dy _ _ _ —rdy
wip = e -dey = Vi wy = —wpn = —e3-dey = g
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The last connection form requires a nastier differentiation, though only one of the three terms

in de3 provides a non-zero result when dotted with e;:

w13 = e - de3 =

cos

. 1
sin

1
V1412 ’ V1412

We therefore obtain the connection form matrix

0
1

-1
—dy Wi dr
0 —rdy

w=——"| ayp
V1+r? L_dr rdy 0

V1412

and second fundamental form

= Vitred ¥

1+72

—rdy

—rd =
Y Te Vire

The Structure Equations for a Moving Frame

The metric and connection forms satisfy matrix equations dx = £® and d€ = £w. Since d* = 0,

—cos
—siny | dr
0

(dr* + r2dy?)

something nice happens when we take the exterior derivatives of these expressions:
0=d’x=d(dx) =d(£@®) =dEANO+E£dO = E(W A O + dO)
0=d*¢ =d(d€) =d(éw) =dE AW + Edw = E(W AW +dw)

The notation W A ©® means matrix multiplication using the wedge product of forms to evaluate each

entry/** Since each &£(p) is an invertible matrix, we conclude two identities.
y P

'

\,

Theorem 3.48. The metric and connection forms satisfy the structure equations; each amounts to

three separate equations after multiplying out the matrix expressions.

1. d® + w A ® = 0, equivalently de + Y wirpANO=0 foreachj=1,2,3
k#j

2. dw +w ANw =0, equivalently dwj + wj;i A wix = 0 wherei, j, k are distinct.

\

J

These are easy to remember if you pay attention to the indices! In an adaptive frame (65 = 0), things

are a little simpler and some of the equations get special names:

First structure equations {

Symmetry equation

Gauss equation

Codazzi equations {

do; + wip Ay =0

dbfy +wy; AB; =0
w31 NO+ w3z ABr =0
dwis + wiz Awzp =0
dwiz + wip Awrz =0

dwos + wa1 Awiz =0

24Be careful not to reverse the order: ® A (v makes no sense since the dimensions of the matrices are incompatible!

Similarly, w A @ is unlikely to be zero...
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Examples (3.44, mk.III). 1. For the parabolic cylinder, ® = ( 1?;,2 du) and W = ( 0
0 -

01
or the parab i (1 4) aw
so all the structure equations are trivial:

1
dO=0=-wA0, dw=0=-wWAw

cos ¢ dip 0 sin¢dyp —cos¢pdy
2. For the sphere, ® = R ( d¢ ) and W = (— singdy 0 d¢ ), from which
0 cos¢pdy  —d¢ 0

—sin¢
d@R( 0 )dc])/\dd]&)/\@
0

0 cos¢ sing
dw = [ —cos¢ 0 0 JdpAdy =—-w AW
—sing 0O 0

0 dl,lJ dr
A/ 2 142
3. For the paraboloid, ©® = < ﬁfpdr) and W = \/172 dp 0 frdt/) )
0 147 &y 0
Vie2
The first equations aren’t too bad to check:
0
dO=|1|drAdy =—-wWAO
0
The second are a little nastier: you should check that
1 0 r 0
dw = ——=5 |- 0 =1 |drAdyp=-wWAwW
(1 + 72)3/2 07’ 1 0 ' ¢

Gauss’ Remarkable Theorem

Suppose we have an adaptive frame for an oriented local surface x. If 61, 6, were linearly dependent
at p, then the differential dx = e16; + e26, : T,R* — Ty(»)S = Span{ei(p),ez(p)} would have
rank < 1 and thus not be a bijection. We conclude that {6;,6,} forms a basis of the space of 1-forms
at p, and that any other 1-form may be written as a linear combination thereof. ..

p
Lemma 3.49. There exist unique functions a, b, c such that
w1z = aby + b6, wyz = bby + cHy

With respect to these functions, the second fundamental form, Gauss and mean curvatures are

I = —ab? — 2b6,6, — ch3, K = ac —b?, H= —%(a +c)
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Proof. That wyz = a6y 4 bh, and wy3 = b6, + b, are linear combinations of 61, 6, is the above discus-
sion. By the symmetry equation and the fact that 6; A 6, # 0,

0:w13/\91+a)23/\92:(—b+l3)01/\92 — b=0b

The formula for I follows from Lemma 3.47]

Moreover, if @, and @, are the dual vector fields to 0y, 6,, then the matrices of I, I with respect to

these fields are the identity matri < and B = ( 7} :IC’ ) The Gauss and mean curvatures are the
>

determinant and half the trace of B (Theorem

]

Now consider the final connection form wj». Since 01, 6, form a basis at each point, we may write
w1y = f91 + g 92

for some functions f, g : U — R. Applying the 1% structure equations,

d91 = —wp N\ 92 = —f91 N 92
d92 = —wy N\ 91 = —91 N wip = —g91 A\ 92

whence f, ¢ (and wyy) are determined by 61, 6. This brings us to the capstone result of these notes.

Theorem 3.50 (Gauss” Theorem Egregium). The Gauss curvature depends only on the first funda-
mental form.

Proof. By the above discussion, wy; (and thus dwiz) depends only on 61, 6;, which may be recovered
from I = 62 + 6, by writing it as a sum of squares. But now the Gauss equation reads

dwir = wiz A woz = (6191 + 592) N (b91 + C92) = (LZC - b2>91 N By = KOy N 0,

An explicit formula for K as a function of the coefficients E, F, G of I can be found; see Exercise [0}
Egregium (Latin for remarkable/outstanding) is the (modest!) term Gauss applied after proving his
result in 1827. Why did he consider it so remarkable? The original definition of K relied on the nor-
mal field; an object outside the surface which helps describe its position/orientation in [E3. Gauss’
Theorem, however, says that K is intrinsic to the surface: it depends only on the metric (first fun-
damental form) which may be understood by an occupant of the surface with no ability to escape
(travel outside the surface) in to view its shape. By contrast, the second fundamental form and the
mean curvature depend on how a surface is embedded; these are extrinsic quantities.

As a nice side-effect, the result provides what is often a faster method for calculating K.

1. Compute the first fundamental form I = dx - dx and express it as a sum of squares I = 67 + 63.
2. Write wyy = f6; + g6, and compute f, g using the 1% structure equations.

3. Use the Gauss equation to find K.

We need only calculate 1-forms 6y, 65, w1 that are related to the tangent part of the moving frame.
The unit normal e3 needn’t be considered or calculated.

1 j=k
259]-(wk) =0y = {0 ; Lk implies that dx (@) = e; and dx(@,) = e, are orthonormal.

78



Examples (3.44, mk.IV). We return to our examples one last time. Even though we’ve already
calculated the connection forms, the goal is to see that wi, = f6; + gt and thus K may be found
directly from L.

1. The parabolic cylinder has I = (1 + u?) du? 4 dv? so the natural choice is

01 =+v14+u2du and 6, =dv
Since df; = 0 = df, we see that f = g = 0. We conclude that

wp =0 = dwpp=0 = K=0

2. For the sphere I = R?(cos?¢ dy?> + d¢?) so we choose 6; = R cos ¢ dyp and 6, = Rd¢. Certainly
0=d6, = —gb1 N, = g = 0. Moreover,

df; = —f0; N8, = Rsinpdy Ad¢p = —fR?>cos¢pdp Adp = f = —R 'tan¢
We conclude that wj, = —R~ ! tan ¢ 61 = —sin¢p dy, from which

1 1
dwip = cospdyp Ndp = ﬁel/\gz — K= 72

3. For the paraboloid, I = (1 + 12)dr? + r> d¢? so we choose 8; = v/1+ 12dr and 6, = rdy. This
timedf; =0 = f =0and

1

do, = —gb1 N0y — drAdy = — 1+2drAdy — ¢= —— —
2 801 N\ 02 rAdp grV/1+r2dr Ady g Y g

We conclude that wq; = — ﬁ 0, = — \/ﬁ dy, from which

1

dwrz = (1472)2

dr ANdy = 291/\92:>K:

1
(1412)
Since K depends only on the metric, it is invariant under isometric transformations of the surface. This
helps explain why the Gauss curvature of a cylinder and a cone are both zero: both may constructed
by rolling up a flat plane without other distortion.

.
(1+r2)32

The contrapositive of Gauss” Theorem is also important: surfaces with distinct Gauss curvatures
cannot be isometric. Since the metric I determines how we measure angle and length, this explains
why a perfect flat map (K = 0) of any part of the Earth (K = %) is impossible to achieve. The holy
grail of map-making would be a map free of direction, angle and length/area distortion:

1. Straight lines on the map should correspond to paths of shortest distance on the Earth.
2. Angles on the map should equal corresponding angles on the Earth’s surface.
3. Areas on the map and the Earth should be in constant ratio.

Gauss’ Theorem implies that you cannot have all these properties in one map. In fact, at most one of
these properties is possible in a single map.
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Riemannian Geometry

We can even employ the method when there is no surface! The idea is to equip a domain with an
abstract first fundamental form and use it to compute lengths, angles, area, geodesics, curvature, etc.

Example 3.51. The Poincaré disk model of hyperbolic space is the disk {(x,y) € R? : x* + y* < 1}
equipped with the metric (first fundamental form)

_4A(d+dy?)  4(dr? 42 dy?)

S G Gy

As one approaches the boundary of the disk, the idea is that measured distance gets larger: the
boundary circle is in fact infinitely far from any point inside the disk. To express I as a sum of squares,

a natural choice is 6; = 123:2 and 6, = i—dﬁ, from whichdf; =0 = f =0and
2(1+72 4gr 14172
d92:—g0]A92:> (i_i'a)gdr/\dl/]:—(lggrz)zdr/\dll)ég:— 2y
from which
2 _
dw, = d(g6) = —d (i;) Ady = (1_4:2)2dr/\d¢ = 0 Af = K=-—1

Hyperbolic space is the canonical example of a negatively curved geometry. There is no surface here, no
second fundamental form, and no mean curvature! Since there is no surface, it is harder to visualize
what K means in this context (e.g. Section 3.4) EI

The Gauss curvature of a surface is the simplest avatar of a more general object called the Riemann
curvature tensor. As an example of how this is applied, in general relativity|”’| mass is construed as
changing the metric of spacetime (i.e. I); it can be seen that this metric is compatible with unique
connection (essentially w) from which the curvature (dw + w A W) may be computed. When a
physicist says spacetime is curved, this is what they mean: there is no exterior to spacetime from which
we can measure curvature, so everything is computed intrinsically.

The Fundamental Theorem of Surfaces

Recall the equivalence of spacecurves up to rigid motions (Theorem|[1.38) and the Fundamental The-
orem of Biregular Spacecurves (Corollary(1.42). A similar discussion is available for surfaces once we
replace curvature and torsion with the fundamental forms I, I.

The equivalence problem is almost identical. Suppose x : U — 2 is an oriented surface, and that
A € O3(R) and b = E3 are constants. Then y := Ax + b is a new surface, the result of applying an
isometry to x. A moving frame for x is transformed to a frame for y via

Ey = (Aej Aey £ Aes) where £1 = det A

26The most famous consequence concerns angle-sums of geodesic triangles: A+ B+C =7+ [ A K If K <0, the angle-
sum of a geodesic triangle is less than 180°. When K > 0 (e.g., a sphere), the angle sum is greater than 180°. This topic, the
related Gauss—Bonnet Theorem, and other consequences, are a matter for another course.

?7Really this is pseudo-Riemannian geometry, since I is not positive-definite.
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The upshot is that ny = (det A)Any, and I, T transform exactly as «, T

I, =dy-dy = (Adx) - (Adx) = dx - dx = I,
I, = —dy-dny = —(det A)(Adx) - (Adny) = (det A)II,

As with curves, we may ask the question in reverse. If we know the fundamental forms, can we also
recover the surface up to a rigid motion? The answer is yes, though with a caveat: unlike «, T for
spacecurves, the fundamental forms cannot be chosen independently.

Theorem 3.52 (Bonnet). Suppose I and I are symmetric bilinear forms where I is positive-definite.
Provided the Gauss—Codazzi equations are satisfied, there exists a local parametrized surface with
these fundamental forms, which is moreover unique up to rigid motions.

Everything ultimately depends on a generalization of the existence/uniqueness theorem for ODE
(another version of the Frobenius Theorem (3.33)). Here is a rough sketch of how the process works.

1.

Suppose we are given I, I on U, and initial conditions at some p € U (for the surface x(p) = x
and frame £(p) = &).

Since I is positive-definite, it may be written I = 62 + 63.
The first structure equations determine w1, and I determines wi3 and w»3 (Lemma .
The Frobenius Theorem shows that the initial value problem
dé€ =Efw E(p) =& ()

has a unique local solution provided the Gauss—Codazzi equations dw + W A W = 0 are sat-
isfied. The solution £ is SO3(IR)-valued and supplies an adapted frame (compare Corollary
1.41)).

To find the surface, solve a second initial value problem
dx =60  x(p) =xo

Frobenius says this has a unique solution provided d® + w A ® = 0. Since this is precisely
what we used to determine w in step 2, we don’t need to check this condition.

Any different choice of metric forms in step 2 merely rotates £ around n = e3 and does not
affect the resulting surface.

It is a little easier to understand the integrability condition when written in co-ordinates: (x) is a
linear system of eighteen PDE in nine unknowns

E=¢p
{gg _ 0 where P =w(2), Q= w (L) are skew-symmetric matrix functions
v

The Gauss—Codazzi equations are essentially the fact that mixed partial derivatives commute@

Ozguv_gvu:gvp+gpv_5uQ+gQuIS(PU_QM_[P/QD

Py = Qu—[P.Ql = () - 3w(%) - [w(F),w($)] = (dw+wrw) (3,3)

28[P,Q] = PQ — QP and dw is evaluated as in Exercise
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The part that requires some proof is that the integrability condition (P, — Q,, = [P, Q]) is sufficient for
a solution. This is not as hard as it sounds; here is another sketch:

1. If p = (uo,vo), use Picard’s ODE existence/uniqueness theorem to v
solve an initial value problem on the horizontal line v = vy:

& = =
1= EP(u,vp), E(uo,v0) = Eo %0

2. For each uj, apply the ODE theorem to solve another IVP on the
vertical line u = u4:

d& =
3 = €QMu0),  E(u,v0) = E(u1, o) w i

Uo

3. Finally, one shows that the resulting £ is differentiable with respect to u, and uses the integra-
bility condition to check that £, = £P as required.

The first two steps may be accomplished approximately using a numerical method to desired accu-
racy, so this amounts to an algorithm for the approximation of £. The same approach can then be
followed to approximate the surface.

The Gauss-Codazzi equations in curvature-line co-ordinates Suppose (u,v) are curvature-line
co-ordinates. Then the fundamental forms are

[=Edu®>+Gdv?, I =kEdu®+ k,Gdo? )

where E, G are positive functions and ki, k; are the principal curvatures. We therefore choose metric
forms 8; = vEdu and 6, = v/G dv. In the language of Lemmam

a=—k, b=0, c=-k, wi=-kVEdy wy=—kVGdo
The first structure equations determine
1
w2 = ———= (E,du — G, dv
12 5 \/E ( v u )
(see Exercise[d). Moreover, the Gauss—-Codazzi equations are equivalent to

Gu ) ( EU >
dwir + Wy Awz =0 <— + = —2k1koV EG
12 21 13 (\/E ) JVEG /. 1K2

dwiz + wp Awys =0 <— 2(k1)UE = (kz — kl)EU
dwys + wn Awiz =0 <— Z(kz)uG = (k1 — kz)Gu

These equations show the relationship between I and I: we cannot independently choose the metric
(E,G) and the curvatures (kq, k2). However, if E, G, k1, ko satisfy these equations, Bonnet’s theorem
guarantees the existence of a surface with fundamental forms (1), unique up to rigid motions.
While I, T cannot be chosen independently, Bonnet’s result is considered the best description of the
minimal data for a surface. You might suspect/hope that knowledge of K, H would be enough to
determine a surface up to rigid motions, but Exercise [10|shows such to be vain!
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Exercises 3.5. 1. The unit cylinder x(¢, v) = (cos ¢, sin, v) has adaptive frame

—sin¢ 0 cos ¢
eg=| cos¢p |, ec=1(0], e3=e; X ey = | sing
0 1 0

(a) Directly compute the metric forms 6; and connection forms wjy.

(b) That the six structure equations are satisfied should be obvious from your answers to (a):
why?
(c) Why is it completely obvious from your answer to (a) that K = 0?

2. For a general regular surface, explain why we cannot, in general, find co-ordinates u,v for
which I = du? 4 dv?.

3. For the paraboloid example (3.44) verify the Gauss—Codazzi equations dw + w A w = 0.
(Hint: this is easier if you treat the three equations separately!)

2 2
4. Verify that the metricl = dx ;zdy on the upper half-plane y > 0 has curvature K = —1.

(Hint: Recall Example and Exercise 3.2[9)

5. Consider the catenoid x(u,v) = (cos ucoshv,sinu cosh v, v) obtained by revolving the cate-
nary x = cosh z around the z-axis.

(a) Show that there exists a moving frame for which the metric forms are

0, = coshvdu, 6, = coshvdv

(b) Show that wi; = tanhvdu = z’g;}}‘lf] du and use it to prove that the Gaussian curvature of
the catenoid is
1

K=—
cosh* v

6. We re-prove Exercise 3.3[12| using our new language.

(a) Suppose a surface x is totally umbilic: I = AI, where A is some function. Explain why
w13z = —/\91 and Wo3 = —)\92.

(b) Use the 1% structure equations and the Codazzi equations to prove that dA = 0.

(c) Ifa =0, what is x?

(d) If a # 0, define ¢ := x — %eg. Prove that dc = 0 and hence conclude that the surface is
(part of a) round sphere.

7. Suppose £ = (e1 e e3) is an adaptive frame for a surface. Any other adaptive frame (with the
same orientation) is obtained by rotating around e3: that is = (é1 € e3) where

& =cosge; +sinpe;, & = —singe; +cosge;
for some smooth function ¢ : U — R.

(a) Compute 61,6, in terms of 01,0, and conclude that 6; A 6, = 01 A 6.

(b) Use Definition to compute @y in terms of wqy and ¢. Verify that dw, = dwj; so that
the Gauss equation is identical for the new moving frame.
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8. Suppose I is the 15t fundamental form of a surface. Suppose I = 6 + 65 for some 1-forms 61, 0.
Prove that there exists a moving frame £ = (e; e e3) for which dx = e160; + ex6,.

(Hint: consider the dual vector fields to 01, 6;)
9. Suppose u, v are orthogonal co-ordinates so that §; = vEdu and 6, = v/G do.

(a) Use the structure equations to prove that

wyy = (Ey du — G, dv)

1
2V EG
(b) Hence deduce an explicit formula for the Gauss curvature in terms of the coefficients of

the 15t fundamental form:

K——1 (aGu+8Ev>
2VEG \9uEG 9vEG
This can be multiplied out to remove the square roots, though you'll get more terms. A nastier

expression (the Brioshi formula) may be found for general co-ordinates with F # 0.

10. In Exercise 3.3[5 we saw that the tangent developable x(u,v) = y(u) + vy’ (u) of a unit-speed
curve has curvatures K =0, H = —ﬁ. Use this to describe two surfaces with the same curva-
ture functions which are not related by a direct isometry.

11. Show that the surfaces parametrized by
x(u,v) = (ucos,using,Inu), y(u,v) = (ucos¢,using,p)

have the same Gauss curvature but distinct first fundamental forms I # Iy. To do this properly,
you should argue that there is no reparametrization of y so that Ky = Ky and Iy = Iy.

(Gauss’ Theorem isn't biconditional: surfaces can have the same K without being locally isometric)

12. Consider the family of surfaces

sinu sinh v cos u cosh v
x'(u,v) = cost | —cosusinhv | +sint | sinucoshv |, te 0, 5]
u v

When t = 0 this is a helicoid. When t = g this is the catenoid from Exercise

(a) Compute the first fundamental form of x' and show that it is independent of ¢ (the family
x! is therefore isometric).

(b) Show that the unit normal of x’ is also independent of ¢:

cos u
t 1 .
n' = sinu
coshv )
—sinh v

Hence compute the second fundamental form of x’ for each t.

(c) Find the Gauss and mean curvatures of all surfaces x'. What is special about this family?
Relate this to Gauss” Theorem.
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