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Abstract

First,wegivea �nite-dif ferenceschemeof globalorder ��� , in themean-
squaresense,to solvenumericallyaclassof stochasticdifferentialequations
(SDEs).This schemeis inspiredon Runge-Kuttamethodsof order4 in the
caseof deterministicordinarydifferentialequations(ODEs).It dependsonly
on incrementsof theWienerprocessesevaluatedat thepartitionpointsand
doesnot requiredevaluationof derivatives of the coef�cients of the SDE.
Second,we generalizethis resultto concludethatany numericalschemeof
order ��� for ODEsbecomesaschemeof order � for thisclassof SDEs.The
signi�canceof thispaperis mainlyappreciatedwhensolving � -dimensional
systemsof SDEswhich satisfysomerestrictive conditions. Finally, some
numericalexamplesareprovided.
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1 Intr oduction

We �rst provide a motivationto this paper. Stochasticdifferentialequationshave
beenusedto modelsystemssubjectto randomin�uences andhave becomein-
creasinglyimportant in the analysisof a broadrangeof phenomenain natural
sciencesandeconomics.Many systemsaredescribedby differentialequations
wheresomeof theparametersand/ortheinitial dataarenotknown with complete
certaintydueto lack of information,uncertaintyin the measurementsor incom-
pleteknowledgeof themechanismsthemselves. In mostcaseswe areconcerned
with temporalvariation,andthestateof thevariablesystemat any particularin-
stant� is describedby anequationof theform:
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areone-dimensionalindependentWienerprocesses.It hasbeenof much inter-
est to �nd waysof obtainingnumericalapproximationsof (1), see[4], [5], [6],
[7], [10], [13], [17], [19] and[20], for instance,but, the literatureon thatsubject
is muchmoreextensive. The main ideaof mostof the methodscurrentlybeing
usedarebasedon thestochasticTaylor expansionof (1), which involvesderiva-
tivesof the functions
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andstochasticintegrals. Thesepresentsome
complicationsin simulationandcomputationsso it would be betterto comeup
with othermethodsin whichwedonothave to dealneitherwith derivatives,or at
leastnot many, nor stochasticintegrals. On the otherhand,typically, oneof the
mainconcernsof numericalanalystsof deterministicdifferentialequationshave
beento produceeffective andaccurateschemeswherederivativesareavoidedas
muchaspossible,thuswe can�nd a goodsourceof candidatesfor our scheme
in theliteratureof numericalanalysisof deterministicODEs,for examplesee[3],
[23]. In particular, Runge-Kuttamethodsarewell known andhave beenusedfor
somany yearsalreadyin solvingnumericallyordinarydifferentialequations.The
ideaof themethodis to replacederivativesof thesolutionof anODEin its Taylor
expansionby suitableiterative substitutionsof thevector�eld. These“suitable”
substitutionsarefoundusingthemeanvaluetheorem,theTaylorexpansionof the
solutionandequatingtermsof the sameorder. Thus, it is reasonableto expect
thatsimilar methodscanbetranslatedinto thestochasticcaseto solve stochastic
differentialequationsandthisis ourmaininspirationfor thecurrentpaper. Runge-
Kuttaschemesfor SDEshavebeenalreadyintroducedin [4], and[5], for a rather
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generalclassof SDEs.However, to achievebetterorderof accuracy they include
additionalrandomvariablesrepresentinghigherorderstochasticintegrals,anda
cumbersome“rooted treetable” is introduced.Furthermore,in thebestscenario
they give,thebestorderof convergenceobtainedis ����� , andit is only attainedin
onedimensionalcases.Even lessinteresting,they analyzethe �

� -errorwhereas
in mostof theliteratureit seemsto beof muchinterestthemeansquareerror( �

�

sense) andthe errorof weakapproximations.Here,we found that theclassical
Runge-Kuttaschemeof order4 for ODEsworks perfectlyasa schemeof order
2 in the meansquaresensefor certaintype of SDEs,speci�cally, thoseof the

form
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, where“
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” standsfor stochasticintegral in the

Stratonovich sense,andsatisfyingthe “commutativity noisecondition”, in other
words �	�
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����������������� . Moreover, this schemedoesnot use
stochasticintegrals.Wewill concentrateonapproximationsto (1) whichhavethis
last feature,in otherwords,dependonly on evaluationsof
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at thepointsof
the partition. However, for schemesdependingonly on evaluationsof
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at
partitionspoints,it hasbeenshown in [7] that, in general,no numericalmethod
canguaranteeaccuracy alongthe trajectory, in themean-squaresense,of higher
orderthan �
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in the � -dimensionalcase,andin themultidimensionalcase,the
bestrateof convergencewecanhaveis of theorder �


��

���
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, unlessacommutativ-
ity conditionis satis�ed,in whichcaseorder �


�� 


canbeachieved.Nevertheless,
we prove in this paperthat undercommutativity noiseandonemorecondition:
no drift (or

��
���
 �! 

), whenwritten in theStratonovich sense,any orderof ac-
curacy canbe achieved. We emphasize,this resultdoesnot contradictthe work
on Cameron-Clarkin [7], instead,it givesa smallerclassof SDEswhich canbe
approximatedat any desiredrateof convergence.Our approachhereis to usethe
representationof solutionof SDEsgivenby Dossin [9], to obtainandcompare
termsin thestochasticexpansionof thesolution.Doss'representationmakespos-
sible this proof in very simpleandclearterms.Although,for this kind of SDEs,
wecancomputeexplicitly aclosedform of thesolutionin the � -dimensionalcase,
themainvalueof thispaperstandsin its applicationto themultidimensionalcase.
There,we do not have necessarilya closedform of thesolution,thusnumerical
approximationsareneeded.Weshouldmentionthatsimilarstatementto ourmain
resultis givenin [19], but no proofsor detailsof this factaregiven. Also, in [6],
they claimthatthisresultis truewithoutassumingthe“no drift” condition( in the
Stratonovich sense), thereforetheir claim is wrong aspresentedthere. Finally,
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despitethevariouswork in thissubject,andthesimplicity of theproof,theauthor
is notawareat this timeof any work wherethisobservationhasbeenprovedother
thanin hispreviousworks[21, 22].

2 Some Background fr om Numerical Approxima-
tion of SDEs

In orderto derive ananalyzenumericalapproximationsto SDEs,we needa sort
of “Taylor representation”for thesolutionof (1), andsomeresultswhichgrantus
theconvergenceof of agivenschemeaswell asits orderof accuracy. Indeed,we
haveall thosetoolsandthey arepresentedin thesubsectionbelow.

2.1 The One-stepApproximation.

Let
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, ��� � � � ��� �	� , beanondecreasing
family of
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� ������� � � , beanindependent
Wienerprocesses.Considerthesystemof stochasticdifferential equationsin the
senseof Itô:
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Hereandbelow
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denotesthe Euclideannorm of the vector
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by
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where 2 is a function of � �
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. An exampleof such 2

aregivenbelow. Using theone-stepapproximationwe recurrentlyconstructthe
approximations
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In orderto getabetterunderstandingof theOne-stepApproximationprocesscon-
siderthefollowing example:
Euler'sMethod:
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. By (5), this approximationgeneratesthe
scheme:
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where
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2.2 Expansion of the solution of a systemof stochasticdiffer -
ential equations.

Thereaderinterestedin furtherdetailsaboutthestochasticexpansionof thesolu-
tion of a SDEcan�nd moreexplanationsin [17, 29]. Here,we just provide the
necessaryterminology, tools,andresultsto understandour problemandsomeof
thetechniqueswe use.Let
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bethesolutionof thesystem(2), and
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be a suf�ciently smooth(scalaror vector)function. By Itô's formula
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Formula(7) is theanalogof theTaylorExpansionof anODE in thedeterministic
case.
Apply (7) to the functions �
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where,e.g., �
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� and ��� arecomputedat
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. Continuingthis way we obtain
anexpansionfor �
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. Suchexpansionis know astheStochastic
TaylorExpansion(STE,in short),or theWagner-Platenexpansion(see[29]). In a
deterministicsituation,this expansionis theclassicalTaylorexpansionin powers
of

�

, with remainderof integral type.However, in thestochasticcaseweobserve,
notonly powersof
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, butalso,powersgivenby randomvariablesof theform (they
areindependentof �
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Now, it is clearthatfor eachone-stepapproximationthereis anerror committed.
In otherwords,givena �nite interval, without losing generality, let's say �

 

����� ,
andsupposewe want to approximatethe solutionof (2) at time �

�

� by suc-
cessiveone-stepapproximations. Sinceat eachstepwe makeanerror, a question
arises:How large is the error carriedup to time �
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� ?. The answerto this
questionis givenby thenext theorembelow, but, let's �rst getfamiliarwith nota-
tion. As usual,
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For simplicity reasonswe assumethat �
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. The theoremwe
statebelow is the one we usedto determinethe order of accuracy of a given
scheme.Basically, it tell uswhat is theorderof a scheme,basedon thetermsof
thestochasticexpansionof thesolution.In whatfollows � �
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3 Runge-Kutta typeschemesfor certain typeof SDEs
(1-dimensionalcase).

To begin, let usconsidera simplerversionof (2),
���

� and �
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� . Thecasefor
� �

� andarbitrary � follows easilyfrom this. Also, for simplicity, assumethat
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nesson thecoef�cients so that
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satisfyinga Lipschitz condition. Thus,we studya stochasticdifferential
equationof theform:
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is astandardBrownianmotion.
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3.1 RK4 is a schemeof order 2 for SDEsof the form: �	��
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Ournext goalis to provethattheclassicalRunge-Kuttamethodof order4, (RK4,
in short),usedin deterministicODEs,works asa schemeof orderof accuracy
equalto 2, to solvenumericallycertainSDEs.Unfortunately, we cannothave the
sameresultin thegeneralcase(see[7]), but,weshow thatwhen
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integral in the Stratonovich sense,we actually have a schemewith the desired
accuracy, whichdoesnot involvesderivativesof
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andit is veryeasyto imple-
ment.
Next, wegivetheSTEof order2, of thesolutionof (2):
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whosegeneralsolutionis givenby:

��
���
 �

�

�

�


���


�

�


���


���

�


���


(17)

where� is any arbitraryconstant.In particular, if �

�  

, wehave
��
���
 � �

�

�


���


�

�


���


so(11) turnsout to beof theform:

��� � �

�

�

�


�����


�

�


�����
 �

� �

�


�����
���� � �

�


�����
�� ��� �

(18)

Now, it is a straightforwardcomputationto proof thatif �


�� 
 
���
��

�




�


 
���
 �  

,
thenthefollowing identitieshold:

� �




�


 �

� �




�


 �

�

�


���
 �

�

�

���




�




�


���
 �
�

�

�

�




�




�


���
 �

�

�

���




�




(19)

De�ne

�
��
 (������ ( ��� 
�� 
�/ �

�

�

���

�

������� 
.-�


�



�

���������




�-

�




�






�

�����

�



��� �

�

� �

�


 
.-

���

�




(20)

wherethe indices 8

�

������� ��8 � cantake eitherthevalue
 

(then
���

�


�- 
 � � - 


or �

(then
���

�


�- 
 �	��� 
�-�


).
Then(13)canbewrittenas:

���

���

� � �

�

�


�����

	

�

� �

�

�

�

�


�� ��


�

*�
�����
 
 	

�

� ��


�

�

�

�

�

�




�


 � 	

�

� �

�

�

�

� �




�


 

�

�

(

�

(

�


�� 


�

�

�

(

�

(

�


�� 


�

�

�

(

�

(

�


�� 
 


� �

�




�



�

�

(

�

(

�


���


�

�

�

���




�




�

�

�

� �
�




�



�

�

(

�

(

�

(

�


�� 


(21)

by (19).
Moreover, it is nothardto show that

�

�

(

�

(

�


�� 


�

�

�

(

�

(

�


�� 


�

�

�

(

�

(

�


�� 
 � �

�


 	

�

� ��


�

� �

�


 (22)
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Also, aftermany mistakes,correctionsandvery tediouscomputationsof someof
thestochasticintegralsin (21), it yields

�

�

(

�

(

�


�� 
 �

�

�

� �

�




���

� 
�� �

�




�


 �

�

�

�

	

�

� � ���

�




�




�

�

�

� 	

�

� � �

and

�

�

(

�

(

�

(

�


���
 �

�

� �

� ��� 


���

� 


�

��� 


�


 �

�
�

�

�
�

�




���

� 
 � � �

�




�


��

�




� �

� 


�

�

�




�


 �
�

�

�

�

� 


�


�� 


� �

� 
 � �

�

�

�

�

� 


�


��

�




� �

� 


�

�

� 


���

� 
��

�




�




�

�

�

�

�




In theseprevious calculations,identitiesobtainedby usingthe Hermitepolyno-
mials evaluatedat




� �

	

�

� 


�


�


are used,as well as constructionof stochastic
integralsin a recursiveway (see[17]).
Thus,substitutingthelasttwo expressionsaboveinto (21)andaftersomelongbut
straightforwardcomputationswehave:

���

���

� ���

�

�


�����

	

�

� �

� �

�


�� ��



 	

�

� ��


�

�

� � �

�

�


�����



 	

�

� ��


�

�

�

� ���

�


�� ��



 	

�

� ��


�

�

� (23)

On theotherhand,weperformtheRK4 schemeasfollows:

�

�

�

�


�� 


�


 
�	

�

� �

�

�

�

�

�


�� 


�




�

�

�

�

�


�	

�

� �

�

�

�

�

�


�� 


�




�

�

�

�

�


�	

�

� �

�

�

�

�

�


�� 


�




���

�



	

�

� �

�

� 


� �

� 
 � � 


�




�

�

�




�

�

�����

�

��� �

�

���

�




� (24)
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Then,wecomputetheexpansionof (24)of order4 in
	

�

� �

usingMapleV. If the
readerfeelsinsecureof Maple,theauthorhasto saythatdoingtheexpansionby
handcouldbeoneof themostchallengingandlongestcomputationsfrom which
any learningor useful information is gainedother than just applicationsof the
meanvaluetheoremover andover. Besides,thechancesof makingmistakesare
enormousandit is avery tedioustask.
After gettingtheexpansionof (24),weobserve that,in fact,it generatesall terms
of thestochasticTaylor expansionof

� �

up to order � , soby theorem2, we con-
cludethat RK4 hasmeansquareorderof accuracy equalto � . Onceagain,we
noticethat theorderof accuracy is reducedby half comparedwith Runge-Kutta
of order4 in thecaseof deterministicordinarydifferentialequations.Therefore,
our resultcanbebrie�y describedby:
Runge-Kutta of order 4 for ODEsbecomesa schemeof order 2 for SDEsof the
form:

����� �

�


�����
�� � � �

,
���


 � .

3.2 Multidimensional Case

So far we have worked only in the casewhen
� �

and
� �

areonedimensional
stochasticprocesses,and

��
���


,
�


���


realvaluedfunctions.In this sectionwe con-
siderthefollowing equation:

����� � ��
�����
��

� �

�


�����
 � � �

(25)

where
���

isa
�

-dimensionalstochasticprocess,
�!/

� ���

�

� � ,
�

/

� ������




�

�

� � �




( the spaceof linear functionalsfrom �

�

to � � ), and
� �

is a � -dimensional
Wienerprocesses.
Wealsoobserve that(25)canbewrittenas:

�������	��
�����
��

���

�

�

�����
�

�


�����
����

�




�




(26)

where

�

/ �

��

�

�

�

�

� �

�

�

�

�����

�

���

�

�

�

�

� �

�����

�

�

�

...
...

...
...

�

�

�

�

�

�

�����

�

�

�

�
	

	

	

�

12



and

�

�

/ �

��

�

�

�

�

���

�

�

�

...

�

�

�

�
	

	

	

�

� � / �

��

�

�

�

�

�




�




�

�




�




...
�

�




�




�
	

	

	

�

The
���

!

� are � -independentrealvaluedWienerprocesses.

3.2.1 Main Result

We begin by giving thenotationusedin this part. For � 
 � � we denoteby �

� � �

,
or �

�

, any of its components.In particular, if
� 
��

���


 � 
��

�


��

���




������� �

�

�


��

���


 


then
�

�


��

���




representsanarbitrary
�

�


��

���




for � � 8 �

�

. Weconsiderequation
(25)asin theprevioussubsection,but now werequiretwo moreconditions.Thus,
let usassumethefollowing:

H1)
��
�� 


is Lipschitz.

H2)
�

is in
�

�




� �




.

H3) CommutativeNoise:

�

�

�

���

�

�




�

�

�

�

�

� �

�

�

�

�

���

�

�

�
�

�

�




�

� � (27)

� ��� � ���

/

� � ��� �

4

� � � � �

4

� ��� �

�

, andwhere
�

�

� denotesthe



8 � �




componentof
�

.

Also, considerthesystemof ODEs:
�

�
	

�

�

�
�

�

�

� �


��

���


 �

�

�

�


�� 
��

���


�


� � � 8 �

�

� � � � � �

� 
��

�

 
 � �

(28)

Remark 1 From (28), we can seethat it might be very dif�cult, or sometimes
impossible, to get a closedform of the function

�

. Further, evennumericalap-
proximationsof

�

couldbea dif�cult andcumbersometask.

Remark 2 H3 is equivalentto � �

��


�

�


 �

� ��� � � � � � � .
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Further, let �

�


 � � bethesolutionof thefollowing systemof ODEs:
�

�

�

�

�

�

�

�

�

�

�

�

�

�

	

� �

� �

�

�

�

�

�

�

�

�

�

�

�

���

	

�

�

�

�

� �


�� 


�

�

�

� ��


�

� � ��
��

��� �

�


�� 


�

�

�

� ��
�
�� �

�

�

�

�����

�

�

�

���

�

�

�

�

�

�

�


�� 


�

�

�

� ��
 


�

�

�


�� 


�

�

�

� ��
 
��

(29)
whereequation(29) is understoodpathwise.Then,underconditions� � , � � and

� � , it is provedin [27] thefollowing:
� (28)hasuniquesolution

� 
��

�

� 
 /

� �

�

�

�

�

� � and

�

�

�
	


��

�

	


 �

�


�� 

�

�

	


 


(30)

furthermore,

�

� ��� � 


�

�

�

� ��


.

They alsoshowed,in [9] and[27], thatif �




is aschemeapproximatingthesolu-
tion of (29) then

�




�!� 


�




�

� ��


is anapproximationof
� �

at time �




. We use
this resultto proveourmaintheorem:

Theorem 2 AssumeH1, H3, and
�

�


��

���

�

�




� �




. Besides,supposethat

��
���
 �

�

�

�

�

�����

�

�

�

�


���


� �

�

(31)

where �

� is the differential operator givenby �

�

�
�

�

�

�

�

�

*

�

and �nally , as in

Theorem2, assumethat
�

�

��


����� �

���

�




� �

��


�

� �




� �

�

�

�

�




���

� where � 


�

and
�

�




���




�

�

� �




��� ����� � . Thenanynumericalschemeof order ��� to approximate
solutionsof ODEsbecomesa schemeof order � in themean-square sensewhen
approximatingSDEssatisfyingall theassumptionsabove.

Remark 3 Bya numericalschemeof order ��� wemeanthat thereexistsanoper-
ator �

���

�

/
�

���

�

�

�

�
�

�

�

�
�

�
�

�

such that �

���

�




�


 
���


givesthemultidimensional
Taylor expansionof � at

�

, of order ��� , in powersof
�

, and
�




�

�

/ �

�

���

�




�


 
 �







.
Also, thevectors

� � 
��

�

������� �

��� 


, whosecomponentsare nonnegativeintegers
�




arecalledmulti-indices.Wede�ne for a multi-index
�

,
�

�

�

/ ���

�

� ����� �

���

.
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Proof:
In [9], it is proved that undertheseconditionsthereis a solution

� 
��

���




to
equation(28). Further, (31) impliesthat:

�

�


���
 �

�

�

�

�

�����

�

�

�

���

�

�

�

�

�

�

�

�

�

�


���


� � 8

�

�����9��� �

�

� (32)

Hencethesolutionof theODE (29) is givenby �

��� �

� , for all � andmoreover,
� ��� � 
��

� �

� ��


(33)

By assumptionwe have that
�




�

���

�

�

�

� �

�

thenapplyingTaylor's formulawe
have:

� �

���

� ��� � � 
��

� �

� �

���


�� � 
��

� �

� ��


�

���

�




���

�

�

�

� ���

�




�

�


������

���

�

�




�


���


�9���

�

���

�


�� 


�

�

���

��� (34)

where
�

�


������

�
�

/ � ��� 	��

�

��
�	




�����

��


	

� , evaluatedat

��

� �

� ��


,
� �


 ,

 

������� � ���

0

, for all
8 
�,

 

������� ��


0

, and �

��� is a randomvariablede�ned by

�

���

�

�

� ���

�

���

�

�

�

�

�

�

���

�

�

�

� 	

�




�����

�
	

�
�


�


�

�	6 
 � �

�

6 � �

���




�


 	

�

�

�




�




�9���


 	

�

��� 


���

6

���

�

�

� 6

(35)

which is just the reminderof the expansion.Moreover, by (30) andthe growth
conditionin thestatement,it yields

�

�

���

�

� ���

�

� �

�

� �

�

�

�

�

� �

���

�

�

�

�

� ���

�

���

�

�

�

�




�


�� 


�����

�

���

�


�� 


(36)

where
�

�


�� 


is de�ned asin section2.2.
Since,

�

�




���

� 
�� �

�




�




�

�

�




���

� 
�� �

�




�




�9����� �

�

�




���

� 
�� �

�




�


 0

arein-
dependentandeachis aGaussianprocesswith meanzeroandvariance

�

it is easy
to verify that:

#

�

�

���

�

�  

�

#




�

���




�

�

���

�

� �





 ��� � �


 �

�

�

���

� (37)
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The �rst expressionfollows easilysince
�

�

�

�

��� � � , andthenat leastone
� �

mustbeanoddnonnegativeinteger. Thesecondis obtainedusingthede�nition of
theEuclideannorm,thefactthat � 
+�

 

����� , andtheorderof eachof thestochastic
integrals

�

�


�� 


(see[17]).
Notice that (34) shows that the only informationwe would needin orderto ap-
proximate

� �

��� aretheincrementsof theWienerprocessesat thepartitionpoints,
i.e,

	

�

����


�







. Therefore,any schemewhich producesall the termsof the Tay-
lor expansionof

�

up to order ��� will give the expansionof
� �

��� in powersof

��

�




� �

��
 � �

�




�


�


�




���9�


 ��� 


� �

� 
 � ��� 


�


�


���

, where
�

�

�

� ��� . De�ne
� �

���




/ � � �

�

� �

���

�������

�


�� 
 
�� �

�




where �

���

�




�


 
���


is de�ned asin the remark

above. Then
� �

��� containsall the termsof the form �

��


�9��� �

���

�

�
��
 (������ ( ���

, where
� 


�

, up to order � (by de�nition of �

���

�




�


 
���


), andby assumptionwe have
�

�




���




�

�

� �




��� � � � � , thereforeby theorem2 theschemegeneratedby using
theone-stepapproximationprocessgivenabove is of mean-squareorder � . This
endstheproof.

�

We make theremarkthatDoss' representationis whatmakespossiblethis proof
in sucha trivial terms.Now, in particularif we want to implementRK4 (usedin
the � -dimensionalcase)for multidimensionalequations,weneedtoknow whether
this methodworks for systemsof �rst orderequations.Indeed,it doeswork and
somedetailscanbe found in [11] whereit is proved that the methodconverges
andstill it is of order4 undersuf�ciently smoothconditionson the vector�eld.
Therefore,wecanexpectin the

�

-dimensionalcasethattheclassicalRunge-Kutta
methodof order4 alsoworks for systemsof SDEs,in otherwords it givesthe
Taylor expansionsin termsof

	 � ��
�� 


up to thefourth power sothatthemethod
itself will beof order � asin the � -dimensionalcase.

Remark 4 As we said before, the importanceof this paperarisesmainly when
weappliedto solvesystemsof SDEs.For example, considerdefollowingsystem:

	

� � 


�


 � 


�

�




�


�� �

�




�


�
����

�




�




���

� 


�




�




�


 � �

�




�


 4 � 
  
 � �

�

�

�




�


 � �

�

� 


�




�




�


 ���

�




�




�




�

�




�


�� �

�




�


�
����

�




�


 4

�


  
 �

� �

(38)

where

��

�




�




�

�

�




�


 


is a � -dimensionalWienerprocess,and #

�

�

�

�

� $ & ,
#

�

� �

�

� $�& . We know thatsolutionof (38) existsfor sometime, in otherwords,
thereexists a �

�

$

� , anda stochasticprocess

�� 


�




���




�


 


, for �

$

�

�

, suchthat
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equation(38)holdsfor all �

$

�

�

. Thissystemcanbere-writtenas

�

�

� 


�




�




�







�

�

�

�




�


�� �

�




�




�

� 


�




�




�




�

�

� 


�




�




�




�

�




�


�� �

�




�







�

���

�




�




���

�




�





 (39)

�

�

�

�




�


�� �

�




�




�

�

� 


�




�




�







���

�




�




�

�

�

� 


�




�




�




�

�




�


�� �

�




�







���

�




�




Straightforwardcomputationsrevealsthat
�

�


��

���




, and
�

�


��

���




, satisfy �

�

�

�

�

�

�

�

� , where
�

�


��

���


 / � 


�

�

� �

�

�

�

�

�

�




�

, and
�

�


��

���


 / � 


�

�

� ���

�

� �

�




�

, in
otherwords,

�

� and
�

�

satisfythecommutativity condition,andthat �

�

� ���

�

�

�

�

�

 

, hencethe Itô's systemabove hasthesamerepresentationwhenthestochastic
integrals are written in the Stratonovich sense,therefore,even thoughit is not
easyor clearhow to geta closedsolutionof (39), we know, by theorem(2), that
theRunge-Kuttaschemeof order � for deterministicODEs,provide a schemeof
order � to approximatenumericallythesolutionof (39).

4 Numerical Examples

In thissectionwegivethreedifferentexampleswheretheMilhsteinschemeof or-
der2 andtheRunge-Kuttaschemedevelopedin this paperarecomparedagainst
eachother. Again, for all the examplesbelow we have a closedform of the so-
lution, thus,indeed,numericalapproximationsarenot needed.Nevertheless,our
intention is to comparethe Runge-Kutta schemewith the stochasticTaylor ex-
pansionor order � , andwe observedthat, in fact,Runge-Kuttaseemsto perform
better. Also, thesesameexamplesweretaken in [4, 5] andtheir solutionswere
approximatedusingmorecomplicatedtechniquesthanthe onewe presenthere.
The programswereelaboratedin Matlab and they areaccessibleuponrequest.
For eachexperimentit is necessaryto simulatemany trajectoriesof the Wiener
processand for simplicity we take always �

�

�

  

, where � standsfor the
numberof differentrealizationsof theWienerprocess.Of course,theprograms
aremadein sucha way that userscould choose� asthey wish. Two different
errorsarecomputedat eachtrial. The �rst one,named�

� is just the �

�

erroron
�

 

�����

� �

betweenthe exactandthe approximatesolution,we refer to it asthe
path-wiseerror. The second,named�

�

, is the mean-squaredeviation error (see
[17]), betweentheexactsolution

� �

andtheapproximatesolution
� �

at �

�

� ,
where� is theendpoint of theinterval �

 

����� . We estimate�

�

by takingtheaver-
ageof theerrorscommittedfor eachpathof theWienerprocess.In otherwords,
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�

�

�

�

�

�

�

�

�

�

���

�

�

�

�

� �

�

�

�

�

�

���

�

, wherethesuperscript8 indicatestheerrorcorre-

spondingto the 8

���

pathof theWienerprocess.Finally,
�

standsalwaysfor the
size-stepof thediscretization.
Example1.
The�rst of theexamplesweshow is thefollowing equation:
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where
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is any realnumber.
Theexactsolutionis
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andtheresultsarethefollow-
ing:

a=.5,T=.2 a=.5,T=.2 a=.2,T=1 a=.2,T=1
Schemes errors h=.1 h=.01 h=.1 h=.01
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Therewe observesomesmalldifferencein thepath-wiseerror, but, Runge-Kutta
showsconsiderablybetterresultswhenestimating�

�

.

Example2.
Thenext examplewewill consideris theequation:
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whereagain
�

is any realnumber.
Theexactsolutionis givenby
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andweobtain:

a=.5,T=.2 a=.5,T=.2 a=.2,T=1 a=.2,T=1
Schemes errors h=.1 h=.01 h=.1 h=.01
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In this case,we do not seemuchdifferencein the accuracy of both schemes,in
fact, they areof thesameorderfor

� �

� � , but Runge-Kuttaseemsto beof one
degreebetterfor �

�

when
� �

�

 

� . However, in orderto implementtheMilhstein
schememany differentderivativeswereneeded,thus,its implementationis more
tediousandlongerthanusingRunge-Kutta.

Example3.
Finally, our third exampleis thegenerallinearSDE:
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where
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and � areany realnumbers.
Theexactsolutionis givenby
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Of course,for mostchoicesof

�

and � , drift anddiffusiontermsrespectively, this
equationwill not satisfy the condition

� �
�
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���

�

, however, we observe that the
Runge-KuttaschemeperformsmuchbetterthanMilhstein's scheme(i.e. STEof
order1).

a=.2,b=1 a=.2,b=1 a=1,b=1 a=1,b=1
Schemes errors h=.1 h=.01 h=.1 h=.01
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In theopinionof theauthor, thisis averyinterestingexamplebecauseeventhough
theequationis not of thetypestudiedin thispaper, still weseehow Runge-Kutta
performswaybetterthattheSTEschemeof order � . In fact,empirically, it seems
to behaveasaschemeof order2 eventhoughthereis not theorythatsupportsthis
fact.
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