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Abstract

First,we give a nite-dif ferenceschemeof globalorder ,inthemean-
squaresenseto solve numericallya classof stochastidifferentialequations
(SDEs). This schemas inspiredon Runge-Kittamethodsof order4 in the
caseof deterministiordinarydifferentialequation§ODES). It dependsnly
onincrementf the Wienerprocessesvaluatedat the partition pointsand
doesnot requiredevaluationof derivatives of the coefcients of the SDE.
Secondwe generalizehis resultto concludethatany numericalschemeof
order for ODEsbecomesschemef order for thisclassof SDEs.The
signi canceof this papers mainly appreciateadvhensolving -dimensional
systemsof SDEswhich satisfy somerestrictive conditions. Finally, some
numericalexamplesareprovided.
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1 Intr oduction

We rst provide a motivationto this paper Stochastidifferentialequationshave
beenusedto model systemssubjectto randomin uences and have becomein-
creasinglyimportantin the analysisof a broadrangeof phenomenan natural
sciencesand economics. Many systemsare describedoy differential equations
wheresomeof the parameterand/ortheinitial dataarenotknown with complete
certaintydueto lack of information,uncertaintyin the measurementsr incom-
pleteknowledgeof the mechanismshemseles. In mostcasesve areconcerned
with temporalvariation,andthe stateof the variablesystemat arny particularin-
stant is describedy anequationof theform:

(1)

where and functionsde nedon  with valuesin andthe

are one-dimensionaindependenWiener processeslt hasbeenof muchinter-
estto nd waysof obtainingnumericalapproximationof (1), see[4], [5], [6],
[7], [10], [13], [17], [19] and[2Q], for instanceut, the literatureon thatsubject
is muchmoreextensive. The mainideaof mostof the methodscurrentlybeing
usedarebasedon the stochasticTaylor expansionof (1), which involvesderiva-
tivesof thefunctions : andstochastidntegrals. Thesepresentsome
complicationsin simulationand computationsso it would be betterto comeup
with othermethodsn which we do not have to dealneitherwith deriatives,or at
leastnot mary, nor stochastidantegrals. On the otherhand,typically, oneof the
main concernf numericalanalystsof deterministicdifferentialequationshave
beento produceeffective andaccurateschemesvherederivativesareavoidedas
muchaspossible thuswe can nd a goodsourceof candidategor our scheme
in theliteratureof numericalanalysisof deterministicODESs,for exampleseeg[3],
[23]. In particular Runge-Kiuttamethodsarewell known andhave beenusedfor
somary yearsalreadyin solvingnumericallyordinarydifferentialequationsThe
ideaof themethodis to replacederivativesof thesolutionof anODE in its Taylor
expansionby suitableiterative substitutionof the vector eld. These“suitable”
substitutionsarefoundusingthe meanvaluetheoremthe Taylor expansiorof the
solutionand equatingtermsof the sameorder Thus, it is reasonabléo expect
thatsimilar methodscanbe translatednto the stochasticaseto solve stochastic
differentialequation@ndthisis ourmaininspirationfor thecurrentpaper Runge-
Kuttaschemes$or SDEshave beenalreadyintroducedn [4], and[5], for arather
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generaklassof SDEs.However, to achieve betterorderof accurag they include
additionalrandomvariablesrepresentindrigherorderstochastidntegrals,anda
cumbersomérooted treetable” is introduced.Furthermorejn the bestscenario
they give,thebestorderof convergenceobtaineds  , andit is only attainedn
onedimensionakases.Evenlessinteresting they analyzethe -errorwhereas
in mostof theliteratureit seemdo be of muchinterestthe meansquareerror (
sense andthe error of weakapproximations.Here,we found thatthe classical
Runge-Kutta schemeof order4 for ODEsworks perfectlyasa schemeof order
2 in the meansquaresensefor certaintype of SDESs, speci cally, thoseof the

form , Where" ” standdor stochastidntegral in the

Straton@ich senseandsatisfyingthe “commutatvity noisecondition”, in other
words . Moreover, this schemedoesnot use
stochastidntegrals.We will concentrat®napproximationso (1) which have this
lastfeature,in otherwords,dependonly on evaluationsof at the pointsof
the partition. However, for schemesiependingonly on evaluationsof at
partitionspoints,it hasbeenshavn in [7] that,in general,no numericalmethod
canguaranteeaccurayg alongthetrajectory in the mean-squarsensepf higher
orderthan in the -dimensionaktaseandin the multidimensionatasethe
bestrateof corvergencewe canhaveis of theorder , unlessacommutatv-
ity conditionis satis ed, in which caseorder canbeachiesed. Nevertheless,
we prove in this paperthat undercommutatvity noiseand one more condition:
no drift (or ), whenwritten in the Stratoneich senseary orderof ac-
curay canbe achiezed. We emphasizethis resultdoesnot contradictthe work
on Cameron-Clarkn [7], instead,t givesa smallerclassof SDEswhich canbe
approximatedt ary desiredrateof corvergence.Our approachereis to usethe
representationf solutionof SDEsgiven by Dossin [9], to obtainandcompare
termsin thestochasti@xpansiorof thesolution.Doss'representatiomakespos-
sible this proofin very simpleandclearterms. Although, for this kind of SDEs,
we cancomputeexplicitly aclosedform of thesolutionin the -dimensionatase,
themainvalueof this paperstandsn its applicationto themultidimensionatase.
There,we do not have necessarilya closedform of the solution,thusnumerical
approximationgreneededWe shouldmentionthatsimilar statemento our main
resultis givenin [19], but no proofsor detailsof this factaregiven. Also, in [6],
they claimthatthisresultis truewithoutassuminghe“no drift” condition(in the
Straton@ich sense), thereforetheir claim is wrong as presentedhere. Finally,



despitethevariouswork in this subjectandthe simplicity of the proof, theauthor
is notawareatthistime of any work wherethis obsenationhasbeenprovedother
thanin his previousworks[21, 22).

2 Some Background from Numerical Approxima-
tion of SDEs

In orderto derive ananalyzenumericalapproximationgo SDEs,we needa sort
of “Taylorrepresentationfor the solutionof (1), andsomeresultswhich grantus
the convergenceof of agivenschemeswell asits orderof accurag. Indeed,we
have all thosetoolsandthey arepresentedn the subsectiorbelow.

2.1 The One-stepApproximation.

Let beaprobabilityspacelet , beanondecreasing
family of -algebrasof , andlet : , beanindependent
WienerprocessesConsiderthe systenof stodasticdifferential equationsn the
sensef Ito:

(2
where arevectorsof dimension . Assumethatthefunctions and
are de ned and continuousfor , and satisfya

Lipschitzcondition:for all , : thereis aninequality

3)

Hereandbelown denoteghe Euclideannorm of the vector , andwe denote
by  the scalarinner productof two vectors and . Let ,

, be a solutionof the system(2) with . Theone-step
approximation , is de ned asfollows, and
depend®n , and :

- (4)



where is a function of and . An exampleof such
aregivenbelow. Usingthe one-stepapproximatiorwe recurrentlyconstructthe
approximations

— ®)

In orderto getabetterunderstandingf the One-stepApproximationprocesson-
siderthefollowing example:

Euler's Method:
where . By (5), this approximatiorgenerateshe
scheme:

(6)
where arethevaluesof thecoefcients and atthepoint , and

2.2 Expansion of the solution of a systemof stochasticdiffer -
ential equations.
Thereadelinterestedn furtherdetailsaboutthe stochastie@xpansionof the solu-

tion of a SDE can nd moreexplanationsn [17, 29]. Here,we just provide the
necessaryerminology tools, andresultsto understanaur problemandsomeof

thetechniquesve use.Let bethesolutionof thesystem(2), and
let be a sufciently smooth(scalaror vector)function. By Itd's formula
we have for :

(7)



wherethe operators ,and aregivenby:

Formula(7) is theanalogof the Taylor Expansiorof anODE in the deterministic
case.

Apply (7) to the functions and , andsubsequentlynsertthe expressions

obtainedfor and into (7). We nd

(8)
where,e.g., and arecomputedat . Continuingthis way we obtain
an expansionfor . Suchexpansionis know asthe Stochastic

Taylor ExpansionSTE,in short),or the WagnerPlatenexpansion(se€g[29]). In a
deterministicsituation,this expansionis the classicalTaylor expansionn powers
of , with remaindeof integraltype. However, in the stochasticasewe obsere,
notonly powersof , butalso,powersgivenby randomvariablesof theform (they
areindependenof ):

(9)

where take valuesin theset , andwhere isunder
stoodto mean



Now, it is clearthatfor eachone-stempproximationthereis anerror committed.
In otherwords,givena nite interval, without losing generality let's say

and supposeave wantto approximatethe solutionof (2) at time by suc-
cessve one-ste@pproximations Sinceat eachstepwe make anerror, aguestion
arises: How large is the error carriedup to time ?. The answerto this
guestionis givenby the next theorembelow, but, let's rst getfamiliar with nota-
tion. As usual, denoteghe solutionof (2) for satisfying
thefollowing initial conditionat : . By , we
denotethe approximationof the solutionat step andsuchthat ,(where

). For example,

- (10)

For simplicity reasonsve assumethat —. Thetheoremwe
statebelow is the one we usedto determinethe order of accurag of a given
schemeBasically it tell uswhatis the orderof a schemebasedon the termsof
the stochastiexpansionof the solution.In whatfollows . Let

Thenwe have thefollowing:

Theorem1 ([13],[17])
Supposdhat includesall termsof the form
wheee ,uptoorder inclusive
Supposdhat all functions , Whee ,
, satisfy . Thenthemean-squaeorder
of accuracy of the methodbasedon this approximationis equalto
Suppose¢hat includesall termsof theform , Whee
, upto order inclusive aswell astheterm
. Supposehat all func-
tions , Whee , , satisfy
. Thenthe mean-squae order of accuracy
of the methodbasedon this approximationis equalto



3 Runge-Kutta type schemedor certain type of SDEs
(1-dimensionalcase).

To begin, let usconsidera simplerversionof (2), and . Thecasefor
andarbitrary follows easilyfrom this. Also, for simplicity, assumehat
and arenottime dependentln fact,wewill assumenoughsmooth-

nesson the coefcients sothat and canbe soughtasfunctionson
satisfyinga Lipschitz condition. Thus, we study a stochasticdifferential

equationof theform:

(11)
where , and arerealvaluedfunctionsde nedon andsatisfy
thefollowing Lipschitzcondition:

(12)

and isastandardrownianmaotion.
Undercondition(12)it is provedthatequation(11) with initial condition , such
that , hasanuniquesolution (se€[8]).

3.1 RK4 is a schemeof order 2 for SDEsof the form:

Our next goalis to prove thatthe classicaRunge-Kittamethodof order4, (RK4,
in short), usedin deterministicODEs, works asa schemeof order of accurag
equalto 2, to solve numericallycertainSDEs.Unfortunately we cannothave the
sameesultin thegeneratasgsed7]), but, we shav thatwhen - ,

i.e., for equationsof the form , Where" ” meansstochastic
integral in the Stratoneich sensewe actually have a schemewith the desired
accurag, which doesnotinvolvesderivativesof andit is very easyto imple-
ment.

Next, we give the STE of order2, of thesolutionof (2):



(13)

where — - —and — andall coefcients areevaluatedat the
point
Now, two of thetermsof order , namelythefactorsof and respec-

tively, canbe combinedusingtheidentity
(se€[17]), to obtaininstead:

(14)

Notice thatit is impossibleto obtainthe factor* " by just
iteratingin theagumentsof and , aswearesupposedo dowhenimple-
mentingRunge-Kutta of order4 for ODEs, into the stochasticcase. In fact, by
iterating and , wewouldgetanexpansionof theform , Where

is a polynomialof two variablesof degree . Therefore,if we expect
this schemedo give a solutionto (11) we betterassumehat:

(15)

whichin our casebecomes:

- (16)



whosegeneralkolutionis givenby:

where is ary arbitraryconstantin particular if , Wwe have

- so(11)turnsoutto beof theform:

Now, it is a straightforvard computatiorto proof thatif
thenthefollowing identitieshold:

De ne

wheretheindices cantake eitherthevalue (then
(then ).
Then(13) canbewrittenas:

by (19).
Moreover, it is nothardto shav that
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(18)

(19)

(20)

or

(21)

(22)



Also, aftermary mistales,correctionsandvery tediouscomputation®f someof
thestochastigntegralsin (21), it yields

and

In theseprevious calculationsjdentitiesobtainedby usingthe Hermite polyno-
mials evaluatedat are used,as well as constructionof stochastic
integralsin arecursve way (se€[17]).

Thus,substitutinghelasttwo expressiongboveinto (21) andaftersomelong but
straightforvard computationsve have:

(23)

Ontheotherhand,we performthe RK4 schemeasfollows:

- (24)
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Then,we computetheexpansiorof (24) of order4 in usingMapleV. If the
readerfeelsinsecureof Maple,the authorhasto saythatdoingthe expansionby
handcould be oneof the mostchallengingandlongestcomputationgrom which
ary learningor usefulinformationis gainedotherthanjust applicationsof the
meanvaluetheoremover andover. Besidesthe chance®f makingmistalesare
enormousandit is avery tedioustask.

After gettingthe expansionof (24), we obsenre that,in fact,it generatesll terms
of the stochasticTaylor expansionof ~ upto order , soby theorem2, we con-
cludethat RK4 hasmeansquareorder of accurag equalto . Onceagain,we
noticethatthe orderof accuray is reducedby half comparedvith Runge-Kuitta
of order4 in the caseof deterministicordinarydifferentialequations.Therefore,
ourresultcanbebrie y describedy:

Runge-Kutta of order 4 for ODEsbecomes schemeof order 2 for SDEsof the
form: ,

3.2 Multidimensional Case

So far we have worked only in the casewhen and  areonedimensional
stochastigprocessesand , realvaluedfunctions.In this sectionwe con-
siderthefollowing equation:

(25)
where isa -dimensionaktochastiprocess, ,
( the spaceof linear functionalsfrom to ), and isa -dimensional

Wienerprocesses.
We alsoobsene that(25) canbewritten as:

(26)

where
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and

The are -independentealvaluedWienerprocesses.

3.2.1 Main Result

We beagin by giving the notationusedin this part. For we denoteby
or , ary of its componentsin particular if
then representanarbitrary for . We considerquation

(25) asin the previoussubsectionbut now we requiretwo moreconditions.Thus,
let usassumehefollowing:

H1) is Lipschitz.
H2) isin

H3) CommutativéNoise

— — (27)

, andwhere  denoteghe
componenbf

Also, considerthe systemof ODES:

(28)

Remark 1 From (28), we can seethat it might be very dif cult, or sometimes
impossible to get a closedform of the function . Further, evennumericalap-
proximationsof couldbea dif cult andcumbesometask.

Remark 2 H3is equivalento

13



Further let bethe solutionof thefollowing systemof ODEs:

(29)
whereequation(29) is understoogathwise.Then,underconditions and
, it is provedin [27] thefollowing:
(28) hasuniquesolution and
— (30)
furthermore,

They alsoshoved,in [9] and[27], thatif is aschemepproximatinghe solu-
tion of (29)then o is anapproximationof ~ attime . We use
this resultto prove our maintheorem:

Theorem 2 AssuméHl, H3, and . Besidessupposehat

- (31)
whee s the differential operator given by — and nally, asin
Theoem2, assumehat whee and

. Thenanynumericalschemeof order  to approximate
solutionsof ODEsbecomes sthemeof order in the mean-squae sensevhen
approximatingSDEssatisfyingall theassumptionabove

Remark 3 Byanumericalschemeof order wemeanthatthere existsan oper

ator sud that givesthemultidimensional
Taylor expansiorof at ,oforder ,inpowesof ,and .
Also, the vectos , whosecomponentsire nonngativeintegers

are calledmulti-indices We de ne for a multi-index
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Proof:
In [9], it is proved that undertheseconditionsthereis a solution to
equation(28). Further (31) impliesthat:

- — (32)
Hencethe solutionof the ODE (29) is givenby , forall andmorewer,
(33)
By assumptiorwe have that thenapplying Taylor's formulawe
have:
(34)
where ——, evaluatedat : , for all
,and isarandomvariablede ned by
(35)

which is just the reminderof the expansion. Moreover, by (30) andthe growth
conditionin the statementit yields

(36)

where is de ned asin section2.2.

Since arein-
dependenandeachis a Gaussiamprocessvith meanzeroandvariance it is easy
to verify that:

(37)

15



The rst expressionfollows easilysince , andthenat leastone
mustbeanoddnonngativeinteger Theseconds obtainedusingthede nition of
theEuclideamorm,thefactthat , andtheorderof eachof the stochastic
integrals (see[17]).

Notice that (34) shaws that the only informationwe would needin orderto ap-

proximate aretheincrementof the Wienerprocesseatthepartitionpoints,
i.e, . Therefore,ary schemewhich producesall the termsof the Tay-
lor expansionof upto order will give the expansionof in powersof
, Where . Dene

- o where is de ned asin the remark
above. Then  containsall the termsof the form , Where
, up to order (by de nition of ), and by assumptiorwe have

, thereforeby theorem2 the schemegeneratedy using
the one-stepapproximatiornprocesgivenabove is of mean-squarerder . This
endsthe proof.

We make theremarkthat Doss' representatiois what makespossiblethis proof
in suchartrivial terms.Now, in particularif we wantto implementRK4 (usedin

the -dimensionataseYor multidimensionakquationsywe needto know whether
this methodworksfor systemsf rst orderequations.ndeed,it doeswork and
somedetailscanbe foundin [11] whereit is proved that the methodcorverges
andstill it is of order4 undersufciently smoothconditionson the vector eld.

Thereforewe canexpectin the -dimensionatasethattheclassicaRunge-Kitta
methodof order4 alsoworks for systemsof SDEs,in otherwordsit givesthe
Taylor expansionsn termsof up to thefourth power sothatthe method
itself will beof order asin the -dimensionatase.

Remark 4 Aswe said before, the importanceof this paperarisesmainly when
we appliedto solvesystem®f SDEs.For example considerdefollowing system:

(38)

where isa -dimensionaWienerprocessand :
. We know thatsolutionof (38) existsfor sometime, in otherwords,
thereexists a , anda stochastigrocess , for , suchthat
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equation(38) holdsfor all . This systemcanbere-writtenas

(39)

Straightforvard computationgevealsthat , and , satisfy
, Where , and ,in

otherwords, and satisfythecommutatvity condition,andthat

, hencethe It0's systemabove hasthe samerepresentatiomhenthe stochastic
integrals are written in the Straton@ich sense therefore,even thoughit is not
easyor clearhow to geta closedsolutionof (39), we know, by theorem(2), that
the Runge-Kuttaschemeof order for deterministicODES,provide a schemeof
order to approximatenumericallythe solutionof (39).

4 Numerical Examples

In this sectionwe give threedifferentexamplesvherethe Milhstein schemeof or-
der2 andthe Runge-Kuitta schemadevelopedin this paperarecomparedagainst
eachother Again, for all the examplesbelov we have a closedform of the so-
lution, thus,indeed,numericalapproximationsarenot needed Neverthelesspur
intentionis to comparethe Runge-Kitta schemewith the stochasticTaylor ex-
pansionor order , andwe obseredthat,in fact, Runge-Kittaseemso perform
better Also, thesesameexamplesweretakenin [4, 5] andtheir solutionswere
approximatedising more complicatedtechniqueghanthe onewe presenthere.
The programswere elaboratedn Matlab andthey are accessiblaiponrequest.
For eachexperimentit is necessaryo simulatemary trajectoriesof the Wiener
processand for simplicity we take always , Where  standsfor the
numberof differentrealizationsof the Wienerprocess.Of course the programs
aremadein sucha way that userscould choose asthey wish. Two different
errorsarecomputedat eachtrial. The rst one,named isjustthe erroron
betweenthe exactandthe approximatesolution,we referto it asthe
path-wiseerror The secondnamed , is the mean-squareéeviation error (see
[17]), betweerthe exactsolution — andthe approximatesolution  at ,
where istheendpointof theinterval . We estimate by takingtheaver
ageof the errorscommittedfor eachpathof the Wienerprocess.In otherwords,
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— - , Wherethe superscript indicatesheerrorcorre-

spondingto the  pathof the Wienerprocess.Finally, standsalwaysfor the
size-stef thediscretization.

Example 1.

The rst of theexampleswe show is thefollowing equation:

where is ary realnumber

Theexactsolutionis andtheresultsarethefollow-
ing:
a=.5T=2 | a=5"T=2 | a=2,T=1 | a=.2,T=1
Schemes || errors h=.1 h=.01 h=.1 h=.01
STE
of order2
Runge-Kutta
of order2

Therewe obsenre somesmalldifferencein the path-wiseerror, but, Runge-Kitta
shaws considerablybetterresultswhenestimating

Example 2.
Thenext examplewe will considetris the equation:

whereagain is ary realnumber

Theexactsolutionis givenby andwe obtain:
a=5T=2 | a=5T=2 | a=.2,T=1 | a=.2,T=1
Schemes | errors h=.1 h=.01 h=.1 h=.01
STE
of order2
Runge-Kutta
of order2

18



In this case we do not seemuchdifferencein the accurag of both schemesin
fact, they areof the sameorderfor , but Runge-Kutta seemgo be of one
degreebetterfor  when . However, in orderto implementthe Milhstein
schemeamary differentdervativeswereneededthus,its implementatioris more
tediousandlongerthanusingRunge-HKutta.

Example 3.
Finally, ourthird exampleis thegeneralinear SDE:

where and areary realnumbers.

Theexactsolutionis givenby -

Of coursefor mostchoicesof and , drift anddn‘fusmntermsrespectsrely this
equationwill not satisfythe condltlon -, however, we obserne thatthe
Runge-KuttaschemeperformsmuchbetterthanMilhstein's schemedi.e. STE of
orderl).

a=.2,b=1 | a=.2,b=1 a=1,b=1 a=1,b=1
Schemes || errors h=.1 h=.01 h=.1 h=.01
STE
of order
Runge-Kutta
of order2

In theopinionof theauthor thisis averyinterestingexamplebecauseventhough
theequations not of thetype studiedin this paper still we seehow Runge-Kitta

performsway betterthatthe STE schemeof order . In fact,empirically, it seems
to behare asaschemeof order2 eventhoughthereis nottheorythatsupportghis

fact.
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