DONALDSON INVARIANTS OF 4-MANIFOLDS
WITH SIMPLE TYPE
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1. INTRODUCTION

The Donaldson invariant of a smooth simply connected 4-manifold X with odd b* > 3

is a linear map
Dx : A(X) = Sym.(Ho(X) ® H2(X)) - R
defined on the graded algebra A(X), where elements of H;(X) are defined to have degree
2(4 — i). Since its presentation by Simon Donaldson [8], this invariant has proven indis-
pensible for distinguishing smooth 4-manifolds with the same homotopy type. Roughly, if
r € Ho(X), a € Hy(X), and z = a%® € A(X) has degree d, one can define Dy by the
formula
Dx(2) = {p(a)*u(x)", M)

where [Mi(] is the fundamental class of the (compactified) 2d-dimensional moduli space
of anti-self-dual connections on an SU(2) bundle over X and p : H.(X) — H 4_*(./\/15(()
is a canonical homomorphism. The instanton moduli spaces ./\/li[ have formal dimensions
congruent to —3(1+b%) (mod 4), and Dy is defined to be 0 in degrees other than 3(1+b%)
(mod 4).

Despite its utility, the Donaldson invariant has proven difficult to evaluate, and its general
form has remained elusive. In this paper we investigate the general structure of this invariant
through a study of its behavior in the presence of embedded spheres. A turning point in
the study of the invariants arose with the results of P. Kronheimer and T. Mrowka [24]
concerning the structure of the Donaldson invariants under the technical assumption of
“simple type.” This assumption states essentially that for the generator x of Hy(X) and
arbitrary z € A(X), Dx(222) = 4 Dx(z). Their results are obtained through a study of
connections with singularities at an embedded surface of positive self-intersection. It turns
out that our study also gives a rather full understanding of the form of the Donaldson
invariants, as well as determining strong lower bounds for the number of positive double
points for immersed representatives of 2-dimensional homology classes, for simply connected
smooth 4-manifolds with simple type. Further, we show that many manifolds do indeed have
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simple type; in particular all elliptic surfaces, complete intersections, and certain branched
covers of CP? and S2 x S2 have simple type (cf. Theorem 3.9). To prove our results we
use gauge-theoretic “neck-stretching” arguments which involve splitting a 4-manifold along
a 3-manifold and analyzing how the moduli spaces of anti-self-dual connections over the
4-manifold decompose into pieces. The complexity of these arguments is proportional to
the complexity of the character variety of the 3-manifold along which the 4-manifold is split.
In this paper we split along the most elementary 3-manifolds, the lens spaces L(p, 1), with
the most elementary nontrivial character variety, a finite collection of points. This accounts
for the relative simplicity of the arguments of §4.

Given a simply connected 4-manifold X of simple type we study the formal power series
Dx : H2(X) — R, the Donaldson series of X [24], defined by

Dx (@) = Dx((1 + 5) exp(a)).

It is also convenient to define the formal power series Kx = exp(—Q/2)Dx on Hs(X),
where @ is the intersection form of X. There are also Donaldson invariants corresponding
to SO(3) instanton moduli spaces and corresponding formal series. These depend on an
SO(3) bundle P over X and an integral lift ¢ € Hy(X;Z) of (the Poincaré dual of) the
second Stiefel-Whitney class wy(P). The corresponding invariants are denoted Dx . and
Dx . The structure theorem of Kronheimer and Mrowka is:

Theorem (Kronheimer and Mrowka[24, 25]). Let X be a simply connected 4-manifold of
stmple type. Then,
(i) There ezist finitely many homology classes k1, ... , kp € Ho(X,Z) and nonzero rational

numbers ay, ..., ap such that

P
Dx = exp(Q/2) Zase”S

s=1
as analytic functions on Ho(X). Each of the ‘basic classes’ ks is characteristic, i.e. ks -x =
x -z (mod 2) for all x € Hy(X;Z).
Further, suppose ¢ € Hy(X;Z). Then

P c2+ns-c
Dx . = exp(Q/2) Z(—l) 2 age™
s=1
(ii) Ifu € Hy(X;Z) is represented by an embedded surface of genus g with self-intersection
u? >0, then for each s

20— 2 > u? + |k - ul.

Here we view the homology class s as acting on an arbitrary homology class by intersec-
tion, i.e. ks(u) = ks - u. The main goal of this paper is to give an alternative proof of part
(i) of this theorem without using the theory of singular connections. Instead, by studying
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immersed 2-spheres in manifolds X of simple type, we are able to show that the formal
power series Kx satisfies a system of homogeneous linear ordinary differential equations
with constant coefficients and with distinct characteristic roots. This is our key result. It
follows that the formal power series Kx is an analytic function, in fact a linear combination
of exponentials. This proves (i).

Because we are working with immersed spheres rather than embedded surfaces, our ver-
sion of part (ii) of the structure theorem is slightly different. It turns out that the char-
acteristic roots of the system of ordinary differential equations which are satisfied by Kx
are geometrically significant, and as a corollary to their computation we have the following
version of (ii):

Theorem 1.1. Let X be a simply connected 4-manifold of simple type and let {ks} be the
set of basic classes as above. If uw € Ho(X;Z) is represented by an immersed 2-sphere with
p > 1 positive double points, then for each s

20— 2 >u? + |k - ul. (1)

Theorem 1.2. Let X be a simply connected 4-manifold of simple type with basic classes
{ks} as above. If the nontrivial class w € Ho(X;Z) is represented by an immersed 2-sphere
with no positive double points, then let

{ks|s=1,...,2m}

be the collection of basic classes which violate the inequality (1). Then ks-u = +u? for each
such ks. Order these classes so that ks -u = —u? (> 0) for s=1,...,m. Then

1+b+ m

m
Do ase™ = (1) 72 Y ae T =0,
s=1 s=1

The above theorems are at the same time weaker and stronger than part (ii) of Kron-
heimer and Mrowka’s theorem. Because one can always desingularize a double point, (ii)
is stronger than the above theorems for classes of nonnegative self-intersection, where Kro-
nheimer and Mrowka’s theorem applies. However our theorems apply as well to classes of
negative self-intersection.

Because we have avoided the use of singular connections, our proof of the structure
theorem is reasonably short. This paper is not self-contained in that it uses techniques of C.
Taubes in determining Mayer-Vietoris formulas for the Donaldson invariant when splitting
off the neighborhood of an embedded 2-sphere. (See §4.) A relatively short proof of these
formulas from first principles is provided by the thesis of W. Wieczorek [39]. Combined
with this paper, it gives a rapid approach to the structure theorem.

As we have stated, our method is to study the effect on the Donaldson series of an
embedded sphere with negative self-intersection. To parlay this into an understanding of
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the effect of an arbitrary immersed sphere we need to understand how blowing up a 4-
manifold, i.e. forming the connected sum X #@2, alters the Donaldson series. We have
given such a formula in [14]. Under the simple type assumption, our result states that for
ce€ Hy(X;Z), KX#C—Pz’c = Kx ¢ cosh(e) where e € HQ(@Q; Z) is (the dual with respect
to the intersection form of) the exceptional class. Further K 4TP2 oo = —Kx ¢ sinh(e). It
is then easy to compute the Donaldson series for what turn out to be important 4-manifolds
for our theory, the simply connected elliptic surfaces without multiple fibers and with Euler
characteristic 12n, denoted E(n). In particular we show that

KE(n) = Sinhn_z(f).

where f € Hy(E(n)) is the homology class of a generic fiber. There are corresponding
computations for the SO(3) Donaldson series.

With these important computations under our belt, we begin the gauge theory which
will evolve into showing that the formal power series Kx satisfies a system of homogeneous
linear ordinary differential equations with constant coefficients. At bottom, we show that
the Donaldson invariant for arbitrary smooth 4-manifolds, when evaluated on products of
powers of a homology class @ € Ho(X) which is represented by an embedded sphere and
arbitrary z € A(a™l), satisfies specific relations with coefficients that only depend upon
the self-intersection of the homology class. It is here that we rely upon recent work of C.
Taubes ([35],[36],[37],[38]) to give us techniques for calculating Donaldson invariants in the
presence of reducible connections. As we have pointed out above, we are able to avoid the
complete generality of Taubes’ theory because we are splitting along lens spaces.

Our main results concerning the structure of the Donaldson invariants for manifolds with
simple type are a formal consequence of these fundamental relations. First, we translate
these relations into relations among the derivatives of Kx with respect to a when evaluated
on classes orthogonal to a. We then use the blowup formula to extend these differential
equations to all of Hy(X). The universality of the coefficients in our fundamental relations
implies that coefficients of these equations are constant. Utilizing the specific computations
for the elliptic surfaces and their blowups, it is then an easy task to compute characteristic
roots of our differential equations.

The next step is to choose a basis for the homology of X, represent this basis by immersed
2-spheres, and then blow up X until all these immersed spheres are represented by embedded
spheres. The homology class of the immersed sphere changes under this operation, but the
change depends only on the number of positive double points of its immersion. Using the
blow-up formula we see that Kx satisfies a system of constant coefficient homogeneous
linear ordinary differential equations whose coefficients now only depend upon the self-
intersection of the basis elements and the number of positive double points in their immersed
representatives. The main results follow from this.
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This gives a rather complete qualitative description of the Donaldson series as well as
strong lower bounds for the number of positive double points for immersed representatives of
2-dimensional homology classes under the assumption of simple type. Our blow-up formula
[14] and fundamental relations for embedded spheres (Theorem 4.8) are proved without
the assumption of simple type, and the formal aspects of the argument to determine the
existence of the basic classes can be extended to give results concerning arbitrary simply
connected smooth 4-manifolds. However, it could very well be that any simply connected
smooth 4-manifold with b* > 1 has simple type.

2. THE DONALDSON INVARIANT

In this section we outline the definition of the Donaldson invariant. We refer the reader to
[8] and [11] for a more complete treatment. Given an oriented simply connected 4-manifold
with a generic Riemannian metric and an SU(2) or SO(3) bundle P over X, the moduli
space of gauge equivalence classes of anti-self-dual connections on P is a manifold M x(P)
of dimension

8co(P) —3(1+b%)
if P is an SU(2) bundle, and

—2p1(P) — 3 (1 +b%)
if P is an SO(3) bundle. It will often be convenient to treat these two cases together by
identifying M x(P) and My (ad(P)) for an SU(2) bundle P. Over the product My (P)x X
there is a universal SO(3) bundle P and there results a homomorphism g : H;(X) —
H4"{(Mx(P)) obtained by decomposing the class —3p1(P) € HY(Mx x X). (Homology
is always taken to have real coefficients unless it is otherwise adorned.) The basic idea of
Donaldson’s theory is that one should evaluate cup products of classes in the image of u
against the fundamental class of My (P). To do this, one first needs to orient My (P).
This is accomplished by orienting H2 (X) (see [9]). If P is an SO(3) bundle, we fix an
integral lift of wo(P) € H?(X;Z2) and always identify such a lift with its Poincaré dual
c € Hy(X;Z). The Pontryagin number p;(P) is congruent to ¢ (mod 4). If ¢ and ¢’ are two

integral “lifts” of wy(P), then the difference in induced orientations is given by (—1)(%" I
c—c \2

We say that ¢ and ¢ are equivalent if they are congruent (mod 2) and if (—1)(727)" = +1.

The combination of the orientations of X and H? (X) together with an equivalence class ¢
of lifts of wa(P) is called a “homology orientation” of X. (In case P is an SU(2) bundle, one
chooses ¢ = 0.) For a Kéhler surface X with Kéhler class Kx, there is a natural orientation
induced from the Kéhler structure and a choice of a lift ¢ gives an orientation which differs
from this one by (—1)%(CQ+C'KX) [9].

The moduli space My (P) is, in general, noncompact and needs to be compactified
before a fundamental class can be defined. The Uhlenbeck compactification Mx (P) is
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well-suited to this. However, this compactification is a stratified space and is not usually
a manifold. Thus, to define a fundamental class one needs to insure that the singular
set has codimension at least 2. This turns out to be the case when either wa(P) # 0
or when wy(P) = 0, d > 3(1 + b}). In practice, one is able to get around this latter
restriction by blowing up X and considering bundles over X #@2 which are nontrivial
when restricted to the exceptional divisor [29]. In [19] it is shown that for a € Hy(X; Z) the
classes p(a) € H*(Mx(P)) extend over Mx(P). When b% is odd, dim M (P) is even,
say equal to 2d. In fact, a class ¢ € Hy(X;Z) and a nonnegative integer d = —c? + %(1 +b™)
determine an SO(3) bundle P, 4 over X with w(P.4) = ¢ (mod 2) and formal dimension
dim My (P ) = €[. For a = (ay,...,aq) € Hy(X;Z)4, write p(a) = p(a1) U--- U p(aq).
Then one has
(@), Mx(Poa)) = [ p(@)
Mx (Pe,a)
when p(@) is viewed as a 2d-form.

If [1] € Ho(X;Z) is the generator, then v = pu([1]) = —ip1(8) € HY(Mx(P)) where 3
is the basepoint fibration Mx (P) — Mx(P) with Mx(P) the manifold of anti-self-dual
connections on P modulo based gauge transformations, i.e. those that are the identity on
the fiber over a fixed basepoint. The class v extends over the Uhlenbeck compactification
Mx (P) if wa(P) # 0, and in case P is an SU(2) bundle, the class will extend under certain
dimension restictions. Once again, these restrictions can be done away with via the tricks
mentioned above [29].

Consider the graded algebra
A(X) = Sym.(Ho(X) @ Hz(X))

where H;(X) has degree 1(4 —i). The Donaldson invariant D, = Dx is then an element

of the dual algebra A*(X), i.e. a linear function
D.: A(X) — R.

This is a homology orientation-preserving diffeomorphism invariant for manifolds X satis-
fying b} > 3. Throughout this paper we assume b} > 3 and odd.

We let x € Ho(X) be the generator [1] corresponding to the orientation. We shall reserve
the use of 1 € A(X) to denote the unit in degree 0. In case a +2b = d > 2(1 + b%) and
a € Hy (X),

De(az®) = {p(a)*’, [Mx (Pea)])
It will be convenient to extend p over A(X), and write for z € A(X) of degree d, D.(z) =
(u(z), [Mx(P.q)]). Since such moduli spaces M (P ) exist only for d = —c? + 3(1 + b%)

(mod 4), the Donaldson invariant D, is defined only on elements of A (X) whose total degree
is congruent to —c? + 1(1 4 b%) (mod 4). By definition, D, is 0 on all elements of other
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degrees. We say that

%(1 +b%) (mod 4).

When P is an SU(2) bundle one simply writes D or Dx.

deg D, = —c? +

If Y is a simply connected 4-manifold with boundary, one can similarly construct relative
Donaldson invariants. A good reference for this is [28]. One formally works with bundles
over the manifold YU (9Y x [0, 00)) with a cylindrical Riemannian metric on the end. Since
the notation would become cumbersome if this were always denoted, we shall denote both
Y and Y U (9Y x [0,00)) by “Y”. Each based finite energy anti-self-dual connection A on a
G = SO(3) or SU(2) bundle P over Y is asymptotically flat and has a well-defined boundary
value 0A € Rg(0Y), the variety of G-representations of 71(9Y). (We identify based gauge
equivalence classes of flat connections with representations.) We let x5(9Y) denote the
character variety Rg(0)) modulo conjugacy. In general, connections in cylindrical end
moduli spaces need not decay exponentially to JA (cf. [28]). However, in this paper all
such decay is exponential, since we shall be working with manifolds Y for which x5 (9Y)
is a finite nondegenerate set {\;}. We shall denote by My (P) the moduli space of based
finite-action anti-self-dual connections on P which decay exponentially to a flat connection
on Y. The map d : My (P) — Rg(dY) is continuous and SO(3) equivariant [28], and so it
induces a continuous map 0 : My(P) — x¢g(0)). Recalling that x(9Y') is a finite set {\;},
we denote by My (P)[\y] the union of the components of My(P) consisting of connections
whose boundary value is in the conjugacy class A;. Again, there is a compactification of
My (P)[N], the Uhlenbeck/Floer compactification, which carries a fundamental class. The
classes u(a) and v are defined as well in this cylindrical end situation, and in the obvious
way we have the relative Donaldson invariants

Note here that we are viewing ¢ € Hy(Y,0Y;Z). Now suppose that X = Y; U Y2 with
0Y1 = —0Y3 a 3-manifold with, say xg(0Y;) a finite set {\;}. Consider a G bundle over
X with an integral lift ¢ € Ha(X;Z) of we. Let ¢; be integral lifts of waly,. Assume that
H>(0Y;;Z) = 0. Then

HQ(X; Z) — Hz(Yl, 0; Z) D Hz(Yz, 0; Z)

is injective, and we can unambiguously write ¢ = ¢1 + co. If u; € A(Y;) for i = 1,2 then

Dx c(u1,u2) = (Dy; c1» Dyy co) (U1, u2) ZDYl,cl ) - Dy, co[Ni](u2) .

Generally, if Y is a homology sphere, even though x¢(9Y) may not be discrete, one
obtains formulas as above through the use of Floer homology HF,(9Y) [16, 1, 10]. In this
case one has relative invariants

Dy.: A(Y) - HF,(9Y).
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It is then a theorem of Donaldson that if b;ﬁi > 0 for both ¢,

DX,C(UI’ u2) = <DY1,01 (ul)v DY2702 (u2)>

where the pairing is the Kronecker pairing of HF;(0Y1) with HF;(—0Y2) = HF_3_;(0Y1).

Following [24], one considers the invariant
lA)X,c : Sym, (Ha (X)) - R

defined by Dx(u) = Dx.((1 + %£)u). Whereas Dy, can be nonzero only in degrees
congruent to —c* + 2(1+b") (mod 4), Dx.. can be nonzero in degrees congruent to —c? +
2(14b%) (mod 2). The Donaldson series Do = Dx ¢ is defined by

o K ad
Dx c(a) = Dx c(exp(a)) = > D%f)
d=0 :

for all @ € Ho(X). This is a formal power series on Ha(X).

A simply connected 4-manifold X is said to have simple type if the relation D X’C(ZEQ ) =
4 Dx (z) is satisfied by its Donaldson invariant for all z € A(X) and for all ¢ € Hy(X;Z).
This important definition is due to Kronheimer and Mrowka [24] and was observed to hold
for many 4-manifolds. In terms of ﬁx,c, the simple type condition is that D x,c(2z) =
2Dx (2) for all z € A(X) and for all ¢ € Hy(X;Z). The assumption of simple type assures
that for each c, the complete Donaldson invariant Dx . is determined by the Donaldson
series Dx . Further, as we observed in [14], the simple type condition naturally arises when
certain Weierstrass elliptic functions associated with the Donaldson invariant of X #@2
degenerate. It is an open question whether all 4-manifolds are of simple type. As we shall
see (Corollary 3.11), all manifolds which contain a copy of the Milnor fiberB(2,3,7) of
the (2,3,7) Brieskorn singularity have simple type. This includes, for example, all simply
connected elliptic surfaces with p, > 1. We shall show in Theorem 5.14 that X has simple
type provided that the condition Dx(zx?) is satisfied for its SU(2) invariant (with no
a priori conditions placed on other invariants Dy .). This result has also been proved
independently by Kronheimer and Mrowka.

We conclude this section with some conventions regarding symmetric functions. Two
important symmetric functions are the degree d homogeneous part of the Donaldson invari-
ant, Dg?,)c € Sym?(Hy(X)), and the intersection form of X, Q € Sym?(Hy(X)). Further,
for each o € Hy(X;Z) there is the dual form & € Sym!(Hy(X;Z)) defined by &(8) = a - 3.
We will usually drop the “tilde” and identify each o with its dual. Of course, we can
also identify & with the Poincaré dual of «, i.e. as an element of H?(X). Beware that if
a € Hy(X), there is the possible, but unlikely, opportunity for confusion between use of the

same notation for the degree 2 element a? € A(X) and the intersection number o? = - a.
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If ; € Sym® (H(X)) for i = 1,2, then the product @199 € Sym@792(Hy(X)) is defined by

801902(0[17 ey ad1+d2) -
1
m ESZ 901(00(1)» e 7040(d1)) 902(a0(d1+1)7 S 7aa(d1+d2))’
0ERd+dy

where Sy, 44, is the symmetric group on d; + da letters.

3. ELLIPTIC SURFACES WITHOUT MULTIPLE FIBERS

The smooth simply connected elliptic surfaces E(n) without multiple fibers are classified
up to diffeomorphism by their holomorphic Euler characteristic, x(E(n)) = n, or alter-
natively by their Euler number 12n. With this notation, the K3-surface is E(2). The
Donaldson invariants for F(n), n > 2, are important for our theory. In this section we show
how the blowup formula [14] and a particular inductive construction of E(n) from E(n —1)
allows the full computation of their Donaldson invariants. In particular we show that each
E(n), n > 2, has simple type and

Theorem 3.1. The Donaldson series of the elliptic surfaces E(n) are given by
DeEm)c = (—1)%(02+(n_2)°'f) exp(Q/2)sinh® 2(f)  if c¢-f=0 (mod 2),
Dgm).c = (—1)2(©+=2)eh) oxn(Q/2) cosh™ 2(f)  if c-f=1 (mod 2).

where f € Ho(E(n);Z) is the homology class of the fiber.

3.1. Manifolds split by ¥(2,3,11).

Let X be an oriented simply connected 4-manifold with b odd and > 3. Suppose that
X = X1 U X, with 0X; = —0X5 = ¥ an integral homology 3-sphere. As we mentioned in
the last section, it is a theorem of Donaldson that if both X; and X5 have b* > 0, then the
Donaldson invariants of X may be expressed as a pairing

DX,C = <DX17617DX2,02> (2)

where the Dy, , are relative Donaldson invariants, taking their values in the Floer homology
of ¥ (and ¢ = ¢; + ¢2). Now assume in addition that X has simple type and that ¥ =
¥(2,3,11), the (2,3,11)-Brieskorn homology 3-sphere. We shall see in §3.4 that the simply
connected elliptic surfaces with p, > 1 can be split in this way. The fact that is needed
about X(2,3,11) is that its Floer homology is uncomplicated, as is shown in [12].

Lemma 3.2. The Floer homology, HF,(X(2,3,11)) is a copy of Z in odd dimensions and
vanishes in even dimensions. ]
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Let \; denote the generator of HF,(3(2,3,11)) in dimension j, and let Dy, .,[\;] denote
therelative invariants in HF;(X(2,3,11)). Let ¢ = ¢1 + ¢o € Ha(X1;Z) & Ha(X2;Z) =
H2(X;Z), and let u; € A(X;) have degree d;. Suppose that di + dy = deg Dx (mod 2).
Let

ji = —2d; —2¢; —3(1+b%) (mod 8).
Then j; = —3 — j2 (mod 8); so, letting j = ji:

(D (14 S)wr), Dxen (1 + 3 uz)) =

xr €T N
(Dxy,e1 [Nl (u1) + Dxy ey [Njra](wa 5)7 Dy o [Nj](u2) + Dxy en[Njra] (u2 2)) = 2Dxc(uruz)

since X has simple type.

To correct for this factor of 2, we view the Floer homology of 3(2,3,11) as Z4-graded.
The generators of the Floer homology are then a in dimension 1 (mod 4) and § in dimension
3 (mod 4). So « corresponds to A; and A5 and 3 to A3 and A7. Then if j; = —3—j2 (mod 4),
for v = a or 3 we have

if j1 = -3 —j2 (mod 8),
(Dx; 01 V(1) Dxg e [V (u2)) = (Dx; 00 [Ny ](u1), Dixy 0 [Ajo ] (u2)) = Dixe(uruz)
if j1+4=-3—j2 (mod 8),
(D, e (1), Dy e 1] (42)) = (D, 0 [Nyl (0 5 ), Dty 0[N ) () =

(Dxy,e1 [N (u1)s Dy ea [Ajoal (u2 g)) = D c(ugus)

[\

In other words, if j; = =3 — jo =1 (mod 4) then

Dxc(uruz) = (Dx;,er[@](wr), D, 0] (u2)) ,
and if j; = —3 — j2 = 3 (mod 4) then

Dxe(uruz) = (Dx, ¢, [B](u1), Dxy e8] (u2)) -
Lemma 3.3. The Donaldson series of the above X is given by

DX7C = <DX1,C1 [a]’ DXz,Cz [a]> + (DX1,C1 [ﬁ]: DX2702 [ﬁD :

The pairing of these relative Donaldson series is multiplication of the corresponding formal
power Series. ]

Next suppose that as before, X has simple type and that X = X; U X5 with 0X; =
—0Xy = ¥(2,3,11), but now assume that b}l = 0 and bjﬁ > 0. The Mayer-Vietoris
argument that gives Donaldson’s theorem (2) is now complicated by the fact that there
may be reducible connections on X;. Each of these will have as boundary value the trivial
flat connection 9 over ¥(2,3,11). However, in the next lemma we see that these reducible
connections cause problems in only half the possible cases.



DONALDSON INVARIANTS 11

Lemma 3.4. Suppose that X = X1 U Xy with 0X; = —0Xs = X(2,3,11), and assume that
b}l =0 and b}z > 0. Let¢; € Hy(X;Z), i = 1,2. If u; has degree d; in A(X;) and dy # c3
(mod 2) then

D e14es (u1uz) = (Dx; ¢, [8](u1), Dxy e, [8) (u2))

Proof. The proof will use techniques which are discussed at more length in §4. These
techniques show that contributions to Dx ¢, 4, (u1u2) arise from products of based moduli
spaces My, [¢] x Mx,[¢], divided out by the diagonal SO(3), where ¢ denotes a, 3, or 0.
We are concerned with the case ¢ = 9. Since the stabilizer of ¥ is 3 (> 0)-dimensional, a
counting argument shows that the divisor corresponding to u; does not intersect My__[¥]
transversely and that the based moduli space My, [9] contains reducible nontrivial orbits
as weak limits. Each of these reducible orbits is a 2-sphere. The class fi(u1) extends to
an SO(3) equivariant cohomology class fi(u1) € Hg‘él@) (Mx, [9);R) (see[37] and §4). Since
each (based) connection in My, [] has the same asymptotic value, which we can identify
with 1 € SO(3), there is an SO(3)-equivariant push-forward map

O : H;'O(?))('A;lxl [W;R) = Hgp(s)({1}; R) .

This push-forward map is not given by a standard construction because the fibers of 0 are
not compact. The necessary construction is given by Taubes [38]. The fiber dimension of
the map 0 : Mx, — SO(3) is equal to dim Mx,[9] = —2¢? — 8k for some k. There is
similarly a pullback map

0" : Hioe ({1} R) = Higg)(Mx, [0 R).
Furthermore, since SO(3) acts freely on Mx,[0)] there is an isomorphism
7 H (M [V R)  Hio() (Mx, 9] R).

Then the corresponding contribution to the Donaldson invariant is obtained from the pairing
(m*0* O fi(u1) U p(uz), [/\/IJXE [9]]), which is defined by integration. (Again, see [35, 36, 37, 4]
and §4 for this.) However, under the hypothesis of the lemma, 2d; + 2¢? = 2 (mod 4); so

C2
Bufiur) € Hygrp ™ ™ ({11 R) 2 H2 72148k (BSO(3);R) = 0.

This means that the boundary value ¥ does not contribute to the calculation of the invariant
Dx ¢, 4c,(u1uz2). The correct boundary value lives in HF;(X(2,3,11)), where

j=—(2¢i+3+2d;) =—(2+3) (mod 4).

Thus it must be S. O
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3.2. Embedded —2-spheres and Donaldson invariants.
We next study 4-manifolds which have a homology class o represented by an embedded
2-sphere S of self-intersection 02 = —2. We shall see that such a class has a profound effect

on the Donaldson invariants of X. Let (o)* denote {a € Hy(X)|o - o = 0} and let
A(oh) = Ax(0h) = Sym.(Ho(X) @ (0)").
We begin by reviewing two basic relations proved in [14]. The first is due to D. Ruberman.

Theorem 3.5. (Ruberman [32]) Suppose that o € Hy(X;Z) with 0> = —2 is represented
by an embedded sphere. Let c € Hy(X;Z) satisfy c-o0 =0 (mod 2). Then for all z € A(ot)
we have

D.(6%2) =2D.yo(2) O.

We also need a formula for spheres of square —3.

Theorem 3.6. [14] Suppose that o € Hy(X; Z) is represented by an embedded 2-sphere with
self-intersection —3. Let ¢ € Ho(X;Z) satisfy c- o =0 (mod 2). Then for all z € A(o™)
we have

D.(0z) = —Dcto(z) O.

In [14] we also showed,

Proposition 3.7. [14] Suppose that o € Ho(X;Z) is represented by an embedded 2-sphere
with self-intersection —2, and let ¢ € Hy(X;Z) with ¢ -0 = 0 (mod 2). Then for all
z€ Aoh)

D.(0%2) = =4 D.(0?z2) —4D.(z) 0O.

For a 4-manifold X and a class k € Hy(X;Z), let Diff,.(X) be the group of orientation-
preserving diffeomorphisms f of X which satisfy f.(k) = k. Also, let Aut(X), be the group
of automorphisms of Ho(X;Z) which preserve the intersection form (. Then X is said to
have a big diffeomorphism group with respect to « if the image of Diff,;(X) in Aut(X) has
finite index. For example, the simply connected minimal elliptic surfaces with p, > 1 have
a big diffeomorphism group with respect to their canonical class [19]. It follows from the
assumption of big diffeomorphism group with respect to x that for each d, the degree d
homogeneous part Dg??c of the Donaldson invariants Dx . and Dx .(5) (and hence D X,c)
are polynomials in the intersection form () and the class x when viewed as linear maps
Sym,(H2(X)) = R. If 1(1+b%) =0 (mod 2) we can then write

1 ~ (2d) Qd Qd—l H2 Qd—t H2t K2d

+'”+62t2d*t(d—t)! 20)! +"‘+02d®5

@d) X T O%dg T g1y 2
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and if (1 +b%) =1 (mod 2) we can write
1 - (2dt1) Q1 d—t 2t+1 2d+1
@d+ 11 X T Oyttt e g Ty T A g )
The crucial fact here is that if X contains an embedded 2-sphere of self-intersection —2

which is orthogonal to k, the coefficients c; are independent of the homogeneous degree.
Related results were first observed by Peter Kronheimer (unpublished).

Proposition 3.8. Suppose that o € Hy(X;Z) is represented by an embedded 2-sphere, and
suppose also that 0> = —2 and o -k = 0. Then the coefficients cj above are independent
of the homogeneous degree d of ﬁg?). Similarly, if we express DX,w as a polynomial in Q
and Kk with coeﬂﬁczents c], and if also w-o =0 (mod 2), then the c; are independent of the
degree d of DX,w'

Proof. To fix notation, assume that %(1 +b%) =0 (mod 4). Write
1 s2d-2) _ , Q! Q2 K?

(2d —2)1 X T Va1 1) EbT 2d—a)al
Consider an o € Hy(X) which satisfies - 0 = - kK = 0. Then
N 3 Q4 a
Dx(a*26%) = (2d)!coﬁ(a2d 25%)
_ _2‘30(2d 2)! Ja1, 2d-2
- 2d 1( ) Q ( )
But, by Theorem 3.5
/
> 2d-2 2\ _ o P 2d—2 o d—1
DX(OL (o ) = 2DX7O—(CY ) (2d 2) m@ (OLZd,Q).
Thus ¢ = —cp.
Next take 3 € Ho(X) with 82 =0, 8-k =1,and B-0 = -« = 0. Then for j > 1
) 2j
~ 2d—2j—2 1925 2\ _ C2J d—j N7 2d-2j-2,525 2
B (2d—23—2)! d—j—1/, 2d—2j—2
= ¢y 2d_j_2(d _] _ 1) Q ( )
_ 215X0(a2d—2j62) — (2d — 25 —2)! Qd i=1(o2d-2i-2),

424-572(d — j - 1)
Thus c5; = —cg; for all j > 0.

We now perform the same procedure on the SO(3)-Donaldson invariants Dy ,. Write

1 Qd 2 N " Qd—S /4:2

- c n

(2d — 4)! 29d-3(4 — 3)! 2!

f) g?df ) !

00=2(q — 2)! e
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Note that Theorem 3.5 implies that for all z € A(ot),

Dx.»(0%2) = 2 Dx 25(2) = 2(—~1)7 Dx(2) = 2 Dx(2).

A (2d—4)

Using the expansion of D and applying Theorem 3.5, we get

/

Dx,g(a2d7402) = (2d-2)! Qd L(a24452)

9d— 1( )
; (2d—4)Y 5o 2q 4
—ComQ (@™7)
//
— 9D (2N — 9(2d—4 d-2(,2d—4y
©la) = - e
Thus ¢y = —cy and so ¢y = c. In a similar fashion we get that cy; = c5; for all j.

Finally consider ﬁg?dq) = Dg?d)(%). Because X has a big diffeomorphism group we can
write
d—1 Qi—2 2

K
+CQ

1 (2d—-2) .
D
24-2(d — 2)! 2!

(2d — 2)! — 09d1g 1)
Proposition 3.7 implies that

_|_

D)(( 2d 4) 8D)((042d0'2§) 4DX(O£2d).

Expanding as above, and using the fact that ¢ = co, we get éy = cp, and continuing as
above, ¢; = ¢; for all i. This completes the proof in the SU(2) case with %(1 +b%) =0
(mod 4). A similar proof suffices when 3(1 +b%) # 0 (mod 4), and the same proof also
works in the SO(3) case. O

We now show that such manifolds have simple type. This implies, for example, that all
simply connected elliptic surfaces (with b > 3), complete intersections, and Moishezon [27]
and Salvetti [33] surfaces have simple type.

Theorem 3.9. Let X be a simply connected 4-manifold which has a big diffeomorphism
group with respect to a class k € Hay(X;Z), and let w € Ho(X;Z). Suppose that o €
Hy(X;Z) is represented by an embedded 2-sphere of square —2 such that o-k =0, and o-w =
0 (mod 2). Then for all = € A(X), we have Dx ., (22%) = 4Dx 4, (2). Ifw?+ (1 +b%) =0
(mod 2) then

(o2

Dx . = exp (Q/2) Zcmw (21)! )
and if w? 4+ 3(1+b7) =1 (mod 2) then
(o 2i+1

DX,w — exp(Q/2) Z C2i+17wm .
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Proof. For simplicity of notation, consider the SU(2) case w = 0 with 3(1+b%) =0 (mod 4)
as above. Then Proposition 3.8 shows that for each d = $(14b") (mod 4) the homogeneous

invariants D(2d+4)( )= ﬁg?dJFQ) and Dg?d) share the same coefficients in that
1 Qi (2
2 DX = ZC?’zd d— 1)1 (20)]
1 DTy dil o Qi1 K%
(2d 4 2)! 2 ; 20+1=i(d + 1 — 4)! (24)!
The technique of Proposition 3.8 also shows that
1 D) (T z’ diz o Qi K
(2d + 4)! 4 2042=i(d + 2 — i)! (20)!
independent of degree. Thus also,
d—i 2%
2d' X Z@Z 24=i(d —i)! (;i)! N (22)!17 R
so Dx ,(22%) = 4Dx (). The other cases are similar. O

Corollary 3.10. The K3 surface, E(2), has simple type, and

N

[

Dg2)c = (-1) 2 exp(Q/2).

Proof. The diffeomorphism group Diff(E(2)) acts on H2(E(2);Z2) with exactly 3 orbits,
namely {0}, {a # 0|a? =0 (mod 4)}, and {a|a? =2 (mod 4)}. These are represented by

0, f, and so, the class of a section. Thus, keeping in mind the rule Dy = (—1)(C_26 ZDC for

¢ = (mod 2), we may assume that c¢ is one of these 3 classes.

In case ¢ = 0 or so, we let 0 = s5. If ¢ = f then there is a different elliptic fibration whose
section o = s} satisfies s, - f = 0. Now F/(2) has a big diffeomorphism group (with respect
to k = 0); so we may apply Theorem 3.9 to see first that F(2) has simple type, and second,
that Dg(2)c = ac exp(Q/2) for some constant a.. For ¢* = 2 (mod 4) it is known that
Dg2),(1) = —1. For ¢ =0 (mod 4), find a class o orthogonal to ¢ and represented by an
embedded 2-sphere of square —2. Then DE(2)7C(0'2) =2 Dg(9),c+0(1) = —2 by Theorem 3.5.

It follows that for any ¢, a. = (—1)502. The equation for Dgg) . follows. O

Corollary 3.10 has been known for some time.

Corollary 3.11. Any simply connected 4-manifold (with b* > 3 and odd) which contains
the Brieskorn manifold B(2,3,7) has simple type.
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Proof. Write X = B(2,3,7) UY with B(2,3,7)NY = ¥(2,3,7). The Floer homology of
%(2,3,7) is HF;(3(2,3,7)) = Z for i = 3,7 and is 0 in other dimensions [12]. Let A3 and A7

be generators. If a; € Hy(B(2,3,7)) and ap € Ha(Y) and di +dy = d = —c* + 3(1 + b%)
(mod 4) and ¢ = ¢ + ¢y, then

Dx.o(af' 0*2*) = (Dp(2,37)05 Mil(01'2%), Dy,ey [Aj](05%)) (3)
forj=3or 7.

Similarly, E(2) = B(2,3,7) U Eqo. Note that bjE:lo =1.Ifj=3setcg=0,andif j =7
let cg be any class in Ho(E19; Z) with square —2. Then since E(2) has simple type,
DE(?),CB+CE(ail1x2) = <DB(2,3,7),CB[)‘j](atlilxz)7DE10,CE[)‘]'](1)>
=4DEg@) cpten ) = «“ Dp2,3,7).cn N1(@f), Dy er M1(1)) -
But D) (1) = —1 for any ¢’ of square congruent to 2 (mod 4). Thus Dg,, ¢, [A;](1) # 0;
SO
Dp(2.37).e5 N (@0 2?) = 4 D37y cp [N](af) .
It then follows from (3) that

Dxc(ai'a3’2?) = (4 Dp(a37).c5 A1), Dy,ey [N](05?)) = 4 Dx o(af" a5?)

as required. O

3.3. The blowup formula.

In [14], formulas were given for D in terms of Dx .. (Here

X#@Z,c and DX#@2,0+6
e denotes the exceptional class.) Restricting to the case of manifolds of simple type, the

following formulas were obtained.

Theorem 3.12. [14] Suppose that X has simple type and ¢ € Hy(X;Z), then the Donaldson
series of X#@2 are

2
e
DX#@27c Dx ¢ exp(—?) cosh(e)
e? .
Dx#ﬁz,m—e = —Dxcte exp(—?) sinh(e).

In particular, we note the following facts which except for (7) have been known for some

time.
Lemma 3.13. Let c € Hy(X;Z). Then for all z € A(X):

Dx#ﬁg’c(e%*lz) =0 for all k > 0.
DX#@%(Z) = Dx (2).
DX#@Q?C(ezz) =0.

Dx#@Q’C(GAlZ) = —2Dx(2).

Ll
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5. DX#@z’che(e%z) =0 for all k> 0.
6. DX#@Q,che(ez) = Dx (2).
7. DX#@{CJre(e?’z) = —Dx(zx).

Item (7) was first proved by Austin and Braam [4] and Leness [26] and item (6) by
Kotschick [23].

3.4. An inductive construction of E(n) .

First we establish some notation. For positive integers p, ¢, and r, let B(p,q,r) denote
the Brieskorn manifold associated to p, g, r; i.e., the Milnor fiber of the link of the isolated
singularity of 2P +y?+ 2" = 0 in C3. Then B(p, ¢, r) is a smooth 4-manifold with boundary,
and if p, ¢, and r are pairwise coprime then 0B(p,q,r) = X(p,q,r) is the corresponding
Brieskorn homology 3-sphere. In general, ba(B(p,q,7)) = (p—1)(¢—1)(r—1) (cf. [5]). Two
simple examples are B(2,3,5) which is a plumbing manifold whose intersection form is Eg
(negative definite), and B(2,3,11) whose intersection form is 2Eg & 2H.

We claim that E(n), n > 2, can be decomposed into three pieces
E(n) = B(2,3,11) UC(n) U B(2,3,6n — 11).

The first is the Milnor fiber B(2,3,11). The second is a cobordism C(n) between —%(2, 3,11)
and —X(2,3,6n — 11) with intersection form

Qowm) = <(1) _1n>

which is obtained from ¥(2,3,11) by attaching two 2-handles. In Figure 1, the result of
attaching the four 2-handles with framing —1 to the 4-ball has boundary 3(2,3,11). The
cobordism C'(n) is obtained by attaching the further 2-handles with framings 0 and —n. (In
all of our handlebody pictures, the boundary of the handlebody to which we attach handles
is indicated with framings that are within parentheses.) These two 2-handles represent the
homology class f of the fiber and the homology class s,, of a section. The third piece is the
Milnor fiber B(2,3,6n — 11).

Proposition 3.14. For n > 2, B(2,3,11) U C(n) U B(2,3,6n — 11) is diffeomorphic to

Proof. For n = 2, this is a well-known fact [22]. The elliptic surfaces E(n), n > 2, can all be
constructed as fiber sums, E(n) = E(2)#;E(n — 2). Generally, E(m) has a decomposition
E(m) = G U B(2,3,6m — 1) with the union along ¥(2,3,6m — 1) [21]. The manifold G,
with boundary —X(2,3,6m — 1) is known as the “Gompf nucleus” of E(m). It is a regular
neighborhood of the union of a cusp fiber and a section of E(m).

Using these facts we can write our fiber sum decomposition of E(n) as

E(n) = B(2,3,11) U (Go#;Gn_2) U B(2,3,6n — 13).
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There is a standard embedding of B(2,3,6n — 13) in B(2,3,6n — 11) (cf. [13]). Since
ba(B(2,3,6n — 13)) = 2(6n — 14) and ba(B(2,3,6n — 11)) = 2(6n — 12), the difference is a
cobordism V(n) with b2(V(n)) = 4 and 9V (n) = ¥(2,3,6n — 11) — £(2,3,6n — 13). The
cobordism V'(n) is illustrated in Figure 2. It is composed of the two —1, —2-pairs. (The
other six 2-handles when attached to the 4-ball have boundary ¥(2,3,6n — 11).) The fiber
sum Go#fGp_o is shown in Figure 3 (cf. [21]). Comparing the two handlebodies we see
that Go# tGn—2 = V(n) UC(n). It follows that

E(n) = B(2,3,11) UC(n) UV (n) U B(2,3,6n — 13) = B(2,3,11) UC(n) U B(2,3,6n — 11).
O

Let W(n) = C(n) U B(2,3,6n — 11) with 0W(n) = —¥(2, 3,11), so that
E(n) = B(2,3,11) U W (n).
Now 0B(2,3,11) bounds another interesting manifold, C'(2,3,11) obtained as the union

C(2,3,11) = B(2,3,5) U D, where D is constructed by attaching one 2-handle to (2, 3,5)
along the —1- framed knot in Figure 4.

Proposition 3.15. C(2,3,11) UW (n) = E(n — 1)#@2.

Proof. Note that
E(n—1)=DB(2,3,5) UG1#Gn—2UB(2,3,6n — 13)

so that
E(n—1)#CP’ = B(2,3,5) U G1#;Gn_2#CP° U B(2,3,6n — 13).

The cobordism G1# fGn_g#@z is given in Figure 5 and is obtained by attaching seven 2-
handles to ¥(2, 3,5). By sliding e over e; we obtain Figure 6. Thus D C Gl#fGn_g#@2.
The complement of D in Gl#fGn_g#@2 can be seen to be G2# G, —2 by sliding f;
over e + e; and then over e; to obtain Figure 3. Thus E(n — 1)#@2 = B(2,3,5) U
G1#Gn_s#CP° U B(2,3,6n — 13) = B(2,3,5) U D U Ga#t;Gns U B(2,3,6n — 13) =
C(2,3,11) U W (n). O

In our study of E(3) and E(2)#@2 we shall need specific information about some
important homology classes in the various pieces. As usual, let f € Ha(E(n);Z) denote
the homology class of the fiber, and let s, € Ha(FE(n);Z) denote the homology class of
a section. Let &€ € H?(D;Z) denote the generator for the homology class of D so that
e? = —1. Figure 7 shows the cobordism from ¥(2,3,5) to %(2,3,7) in E(2)#@2 arising
from the embeddings B(2,3,5) C B(2,3,7) CC E(2). Sliding “s2” over “e” gives Figure 8.
This can also be obtained from Figure 1 with n = 3 by sliding “€” over “f”. This shows
that so = s3 + e and that € = e — f. Define 03 = 3f + 2s3 € Hy(FE(3);Z). It is crucial to
note that 1 (3) is contained in both E(3) and E(2)#@2. Since f, o3 € Ho(W(3);Z), we
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may view them as elements of either Hy(E(3);Z) or HQ(E(2)#@2; Z). We have o2 = 0,
o3-f=2,03-e=2,03-e=0,e-é=—1,and f-e=0.

3.5. The low coefficients for E(3).
For most of this and the next subsection we will drop the boundary value in the notation
for relative Donaldson invariants. Here, an important comment concerning the relative

Donaldson invariants for B(2,3,11) is in order. Recall that as in Lemma 3.3, we have

the generators «, 3 of HF,(3(2,3,11)) with the grading reduced to Z4. Since B(2,3,11)
(d)

B(2,3,11),wp
simply multiples of powers of the intersection form. In particular, they all have even degree

has a big diffeomorphism group, all its homogeneous relative invariants D are

and boundary value 3. Now let wp be any class with w% = —2 (mod 4). Then —1 =

f)E(2),wB(1) = <DB(2,3,11),wB(1)>DG2(1)>3 S0 —DB(2,3,11),wB(1) = Dg,(1) = £1. (Recall that
1 € A(X) is the unit in degree 0). We take as standard the orientation of the moduli spaces
which comes from the complex structure inherited from F(2) so that D¢, (1) = +1.

Lemma 3.16. The relative Donaldson series of B(2,3,11) is

1
DB(2,3,11)ws = (—1)2“B exp(Q/2) - 5.

Proof. Let oo € Hy(B(2,3,11)). For each d,

A ~ lw Qd
(DB2,3,11) w5 (@), Dgy (1)) = D)y (@27) = (2d)!(—1)2 éd—(aw)-
24!

Lemma 3.17. DE(3)(33) =1= _DE(3),53(1)'

Proof. That D(s3) = —Dg,(1) follows from Theorem 3.6, and D, (1) = +1 by [13]. When
the moduli space M, is given the orientation induced from the Kahler structure on E(3),
the sign is ‘+’. Since the canonical class of E(3) is Kg(3) = f, this complex orientation

compares with the one obtained using ¢; = s3 by (—1)%(S§+33’f) =—1. So Dgy(1) =—-1. O

Let w € H2(E(3);Z) satisfy w- f =1 (mod 2), then by Theorem 3.9,

o f2i
DE(3),w = exp(Q/2) Z C2i,wT- (4)
i=0 (21)!
Lemma 3.18. In the expression above, co, = (—1)%(“’2+w'f).

Proof. The group Diff(X) acts on the set of w € Ha(X;Z2) satisfying w- f =1 (mod 2)
with four orbits, according to whether w? and w - f are congruent to 1 or 3 (mod 4). This
follows from the existence of sufficiently many spheres in E(3) of self-intersection —2, cf.
[17, 19]. If o is represented by a sphere of self-intersection —2 in B(2, 3, 11), the four orbits
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are represented by o + s3, 3s3, s3, and o + 3s3. We have just seen that DE(g),SS(l) = —1.
By comparing orientations, D E‘(3),333(1) = 1. Applying Theorems 3.6 and 3.5,

1 1
DEg@)o+ss(1) = —Dp3),0(s3) = —§DE(3)(0283) =25Dp(3)(s3) =1

where the next-to-last equality follows from Lemma 3.16. Again, comparing orientations
shows that Dp(3) s435,(1) = —1. All these results are checked to be consistent with co,, =

S 0

Next let w € Hyo(FE(3);Z) satisfy w- f =0 (mod 2), then by Theorem 3.9,
f21+1

DE( 3)w — €Xp Q/2 Zc21+1w(2 i 1)

Lemma 3.19. Let w € Hy(E(3);Z) withw - f =0 (mod 2) and w - s3 = 0 (mod 2), then
cro = (—1)2 ),

(5)

Proof. By Theorem 3.6 and Lemma 3.18,
Dip3)(83) = ~Dp@)wis (1) = —(-1)2¢ T (hotl) = (L1)3(5h),

3.6. The Donaldson series for E(n).
We shall now complete the proof of Theorems 3.1. Recall our notation «, (3 for the
generators of HF,(X(2,3,11) when graded by Z4.

Lemma 3.20. Suppose that {c € Ha(C(2,3,11);Z) and &c - € = 0 (mod 2). Then the
relative invariant De(g311).¢,(€) = _(_1)%(53+€c'6) - 8.

Proof. Write {& = 7+ me where 7 € Hy(B(2,3,5)) and m is even. Since € = e — f, we have
o = w + me with w € Hy(F(2);Z). We apply Lemma 3.4 and Theorem 3.12,

<Dc(273’11)7£C <é)7 DW(3) (03)> = DE(2)#@2,§C (60-3) = DE(2)#@2,w+me((e - f) 03)

m+w2

m 1
= (=1) % Dpga)u(—f (3f +252) = (-1) "2 (=2) = (-1)2¥&) ()
since m is even and o3 = 3f 4 259 — 2e.
Similarly, calculating the SU(2) invariant on F(3), by Lemmas 3.3 and 3.19 and (5),
(Dp(2,3,11)(1), Dwz)(03)) = Dps)(0o3) = f(o3) = 2.
But Dp(z3,11)(1) = B; so we see that Dyy3)(03) = 23. The lemma now follows from our

first equation. O

Lemma 3.21. Suppose that o € Hy(C(2,3,11);Z) and {c-é =1 (mod 2). Then we have
L1ig2 e
De(2,311),60(1) = (—1)z(ctéee) . g,
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Proof. As above, write {¢ = w + meé where w € Hy(E(2);Z) and m is odd. Lemma 3.4 and
Lemma 3.13 imply that

<DC(273711):£C(1)7 DW(3) (03)> = DE(2)#@2,w+me(3f + 282 - 26)

(m

= —2(-1) 2_1)DE(2)70J(1) =-2(-1)

(m—1)+u.:2
2

-9 (_1)%(634-&-6)

By Lemmas 3.16 and 3.19,

<57DW(3)(U3)> = DE(g)(Ug) =2

and so Dyy(3)(03) = 2 3, and the lemma follows. O

Next we calculate the relative Donaldson series of C(2,3,11). The relative invariant
D¢2,3,11),¢c has components De2311),¢.[0] and De(2311).¢. 8], as well as a contribution
from the trivial connection. In cases where we can apply Lemma 3.4, we can determine

De2,3,11)¢018]-

Lemma 3.22. Let {c € Ho(C(2,3,11);Z). Then if éc-€ =0 (mod 2),

De23,11)60 0] = (—1)26876® exp(Q/2) sinh (@) - 3,
and if o€ =1 (mod 2),

Dosin).eall] = (—1)2E8+e® exp(Q/2) cosh(&) - 5,

Proof. First consider the case {¢ - € = 0 (mod 2) and write {& = w + me, with w-e =0
and m even. Since {¢c € H2(C(2,3,11)), & - f = 0; so recalling that e = € + f, we have
(o -e=¢&c - e. From Theorem 3.12,

Dy = (_1)%DE(2)M exp(—e?/2) cosh(e)

(2)#CP° ¢c
= (-1)20") exp(Q/2) cosh(e) = (~1)2 (£ exp(Q/2) cosh(c)
= (—1)2(&+¢c®) exp(Q/2) {cosh(é) cosh(f) + sinh(e) sinh(f)}.

Note that ¢34 = ¢¢-€ =0 (mod 2); so Lemma 3.4 implies that the odd degree term in &
of this expression is

(Dc(2,3,11).¢c (8], Dw3)[8])-
Thus up to a sign we have that Dg(2,311),¢c 0] is exp(Q/2) sinh(e) - 8. From Lemma 3.20

we have Dg(2311),¢,(€) = —(—1)%(5g‘+50'é) - B, and since &2 = —1, we get

Dosin).colf] = (—1)2E8+0® exp(Q/2) sinh(s) - 6.
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If {¢-e=1 (mod 2), then we similarly obtain
= .
Dygucrte, = (D) exp(Q/2) sinh(e)
= (—1)2(&+¢c) exp(Q/2){cosh () sinh(f) + sinh(€) cosh(f)},
and from Lemma 3.4 the even degree term in € is
(Dc(2,3,11)¢c (8], Dw(3)[0])-
Similarly to the other case, the result now follows from Lemma 3.21. O

Next we assume inductively that Theorem 3.1 holds for E(n — 1). We now inductively
determine the relative invariants of W (n).

Lemma 3.23. Let n € Hy(W(n);Z). Then if n- f =0 (mod 2),

Dy (n)plf] = (~1)2 210 exp(Q/2) sink™ *(F) - 5,
and if n- f =1 (mod 2),

Dy ()18 = (1) 72070 exp(Q/2) cosh™ 2(£) - 8

Proof. Let - f = m, then set £ = me+n € Hy(E(n— 1)#@2; Z);s0-e=¢&-(e+f)=0,
and we may view £ as an element of Hy(E(n — 1);Z).

Assume first that m = 0 (mod 2). By the inductive hypothesis and Theorem 3.12,
Dy yyycp?e = (—12E TP exp(Q/2) sinh™ 2 (£) cosh(e)
= (=1)2E+ 38D exp(Q/2){sinh™ 3 () cosh(f) cosh(é) + sinh™2(f) sinh(e)}.
Applying Lemma 3.4, we see that the odd degree term in e of the above expression is
(Dc(2,3,11),msB], Dw(s)n10])-

By Lemma 3.22,

Dc2,3.11)msl0] = (—1)* exp(Q/2)sinh(&) - § = (-1)207 exp(Q/2) sinh(&) - 5.
Hence Dyy(s) (8] = (—1)2 70270 exp(Q/2) sinh™ 2(£) - 6.

Next, if n- f =m =1 (mod 2),

(—1)%(52+(n_3)5'f) exp(Q/2) cosh™ 3 (f) cosh(e)

Den-14op2 e

=(-1) 3 (E+(n=3)¢-f) exp(Q/2){cosh™ 2(f) cosh(&) + cosh™ 3(f) sinh(f) sinh(e)}.

This time, Lemma 3.4 implies that the even degree term in € in the above expression is
<DC(2,3,11),mé [6]a DW(3),77 [/BD

and the lemma follows as in the other case. O
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By Lemma 3.16 we have for any wp € Ha(B(2,3,11);Z),
DB(2,3,11),wB = (—1)%“)‘23 exp(Q/2) - B
Thus for any w = wp + 1 € Hy(E(n);Z),
Dg(n). = ((—1)78 exp(Q/2) - 8, Dy () 4 15])-
Ifw-f=0 (mod 2) then
Dpwy. = ((—1)38exp(Q/2)- 8, (~1):7 =210 exp(Q/2) sinh™%(f) - 6)
= (—1)3HH 02w D) exp(Q/2) sinh"2(f),
and if w- f =1 (mod 2) th
Demy. = (- 1)%‘”3 exp(Q/2) - B, (—1) 221D exp(Q/2) cosh™2(f) - B)
= (1) D) exp(Q/2) cosh™ 2(f).

This completes the proof of Theorem 3.1.

4. RELATIONS FOR EMBEDDED 2-SPHERES

The goal of this section is to prove the following theorem, which is the foundation of the
theory expounded in this paper.

Theorem 4.1. Let X be an oriented simply connected 4-manifold of simple type, which
contains an embedded 2-sphere S representing an homology class o with self-intersection
02 < —2. Then there are constants A;r and Bjy depending only on 0%, such that for
z€ A(o)

k
D(o%2) = Z AjD(0* 720 2) + A1 £ Do (2) if 0% =—(2k), and,

j=1
A k_l A . A
D(™712) =Y BixD(0™ 7 '2) + BypDo(2)  if o?=—-(2k+1).
i=1
As we have mentioned earlier, the case 02 = —2 is due to D. Ruberman [32]. His result

served, in part, to motivate the above theorem.

Consider first the case where 02 = —(2k+1). Let N be a tubular neighborhood of S. It is
the 2-disk bundle over S? of degree —(2k + 1), and ON is the lens space L = L(2k+1,—1).
Let Xo be the closure of X \ N; so X = NU X and 0Xg = L = L(2k + 1,1). Let ¢
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be the generator of the character variety x gy (2)(L) of SU(2) representations of (L) mod
conjugacy. For 1 < m < k the p-invariant of (" is

16m?

2k+1

p(C™) =2—-8m+

(see e.g. [28]) and p(¢%) = 0.

It will be important to understand the anti-self-dual reducible connections on N (with
an infinite cylindrical end L x [0,00)). Let A be the complex line bundle over N with
(c1(N),0) = —1, and let Mu/(A\* @ X) be the moduli space of finite action anti-self-dual
connections on A’ @ X¢. Such connections are asymptotically flat, and their boundary value
is conjugate to ¢¢. Let 0(¢) be the dimension of the stabilizer of ¢*. Since 0% = —(2k + 1),
we have for 1 < ¢ < k, 6(¢) = 1, and §(0) = 3. Furthermore, the Atiyah, Patodi, Singer
Theorem [2] gives

dim My (A @ X =V]c(N @ Xf) — Z(}(N) + sign(N)) — 5@)%"(&) =NAl—>

for 0 < ¢ < k. Here, co( A @ \f) = 21511'

For a fixed s < k, we wish to calculate D(c?%~12) for an arbitrary monomial z sitting,
say, in degree d in the graded algebra A(c+) (and so that, say, degD = 2x — 1 + deg z
(mod 4)). To make this calculation we shall use important techniques due to Cliff Taubes
[35, 36, 37, 38]. As we have stated in the introduction, an alternative approach is provided
by the thesis of W. Wieczorek [39]. His technique involvesa partition of the compactified
moduli space into compact domains equipped with fixed framings of the basepoint fibration
over the boundaries. Using this partition, he is able to prove Propositions 4.5,4.6 below by
evaluating relative cohomology classes.

First we need some notation. Let

My, [)]  denote the cylindrical end moduli space consisting of finite action anti-self-
dual connections on N asymptotic to ¢* and of dimension 4i — 3 + 8b, b > 0.

My, ,|ll] denote the cylindrical end moduli space consisting of finite action anti-self-
dual connections on X, asymptotic to ¢/ and of complementary dimension

(2d + 4k — 2) — (45 — 3+ 8b+4(5)), b>0.

M [),|]  denote the cylindrical end moduli space consisting of finite action anti-
self-dual connections on L x R asymptotic to (¢ at —oco and to ¢/ at +oo and (by
Lemma 4.2 below) of dimension 4(j —¢) — d(7) + 8¢, t > 0.

The moduli space M/ |[)] is nonempty since My,[)] = Mp (N @ N), and so contains a
reducible anti-self-dual connection, and because instantons can be grafted into this moduli
space. All connections in these moduli spaces decay exponentially at co (and at —oo).
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The moduli spaces Mg ,[), |] were studied in David Austin’s thesis [3] and by Furuta and
Hashimoto [20].

Lemma 4.2. For 0 <1,5 <k, any nonempty moduli space on L x R with boundary values
¢t at —co and (7 at +oo has dimension 4(j — i) — 6(i) + 8t for some t > 0.

Proof. Let M,]),|] be the moduli space in question, and first assume that the reduced
moduli space M’:[),|] = M,[),|]/R, the quotient by translations, is compact. According
to [3, 20] each compact M/ [),|] is either 0 or 2-dimensional. From (3, §§4.2, 6.2] we see
that if the compact moduli space M/ [),|] is nonempty, then it comes from a bundle over
L x R which has coa = —ab/(2k + 1) where a = j + i and b = j —i. If we write j =i+
then cg = —r(2i + r)/(2k + 1). Using the p-invariants of L given above, the index theorem
[2] gives dim M.[),) + V] = AV —4()) —oco. When ¢ # 0 this moduli space can be compact
only when =1 (and it is 2-dimensional). When i = 0, if compact, dim M. [1, || = A| = A;
so j =1, and M. [/, 00| is 0-dimensional.

To prove the theorem in general, use the fact (see [16]) that for any Mp,[),|] we can
expand an end of M/ [),|] into compact pieces; i.e. write an end locally as

Ml loo] X G(loo) X R ... X G(£g—1) X R X M2[lL—o00, 4]

where (g = i, £ = j, each M[ly_o, 6] is compact, and G(¢;) = Stab(¢%). If0 <i < j <k
then the shortest such path is given by £,, = ¢+ m, t = j — i, and the theorem follows. [

This lemma does not depend on the fact that w1 (L) has odd order.

To apply Taubes’ techniques, we study the cylindrical end based moduli spaces M ~pli]
and M Xo,x,bt] of anti-self-dual connections modulo gauge transformations which are as-
ymptotic to the identity. Here, the basepoint is taken at co; this is the same as considering
the orbifold obtained by coning off the lens space L and using the cone point as basepoint.
If §(i) = 1, we have the boundary value map

8]\/,(,[1'] : ./\;IN,b[i] — SQ[Z'],
where S2%[i] C SO(3) is the conjugacy class ¢’ of representations of 71(L) on SO(3) =
SU(2)/center, and similarly we have Ox, xp[i]. If 6(i) = 3 then the map Onpi] is the
(trivial) map to {1} C SO(3). Recall that to define dy 4[i] at some A € My 4[i], one needs

to trivialize P over the cylinder, and then look at the limit of the restriction of A over
L x {t} as t — oo ([28)]).

Using the boundary value maps we form fiber products My [i] x; Mx, . p[i] over S2[i]
or {1}, as the case may be. The boundary value maps satisfy the following compatibility
properties. (See e.g. [35, 36].)

Proposition 4.3. The boundary value maps Onpli], Orli], Or[j], and Ox, xplj] are con-
tinuous maps. Furthermore, M p[i] ><Z-M’L’t[z', Jj] can be identified with a subset of My p1+[4],
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and /\;l’L,t1 (3, ] % y T4, 17, €] can be identified with a subset ofj\;l'Lytlth2 [i,¢], etc. The bound-
ary value maps are compatible with these identifications in that the restriction of On p4+[j] to
the image of /\;lN7b[i] XiMIL,t (4, j] is equal to the map induced from Or,+[j], etc. Furthermore,
there are identifications

(MU 4,3, 3] %5 M3, 15 4]) xe Mg [€,m] 2 My [0, 5] %5 (M, 15, €] xe Mg, [€,m])

as subsets of M,L,t1+t2+t3 [i,m|, compatible with the boundary value maps. ]

It follows from the gluing theorems of Mrowka [31], Morgan and Mrowka [30], and Taubes
[34], that

My = UUMN,b[i] X MXo,x,b[i]
b

(2

Thus, letting 7 be a 3-form which integrates to 1 over the fibers of the basepoint fibration
over M y,, one needs to integrate

Jo o TAR@* A, ©)

My pli]xiMxg w,b[7]
The form ji(z) on My, .pli] pulls back from the form pu(z) on M, ., [)] which con-
tains no reducible connections. However, since 0(i) = dim(Stab)(¢*) > 1, it follows that
dim My | [)] < Ak — €; so ji(o) does not pull back from My [)]. (Otherwise we would
have ji(0)**71 = 0 by dint of a dimension count.) This means that the SO(3) action
on MN,b[i] which gives the basepoint map is not free. (In order to make this argument
precise, first one needs to blow up X at a point in Xy and then to use the relation

D (02" 1ze) = Dx(0*712) [29] as we mentioned in §2. Since there are no flat

X#CP e
connections on XO#@2 with wy = e (mod 2), the counting argument goes through unen-
cumbered. We assume this done, and for simplicity we do not change notation.)

2r=1 vanishes near the trivial connection; so if our integral is to be nonzero,

Now fi(o)
./\;lN,b[i] must contain a sequence of connections which converges weakly to a nontrivial
reducible connection. This situation has also been studied by Taubes in [36]. Although
f(o) does not pull back from the base, it does define an SO(3) equivariant cohomology
class as follows. If m : SO(3) x My yli] — Mppli] is the SO(3) action and p : SO(3) x
MN,b[i] -~ M Np[?] is projection on the second factor, then there is a smooth form w on
SO(3) x Mppli] such that m*(ji(o)) = p*(ji(o)) + dw. This allows the construction of
an SO(3)-equivariant extension fi(o). As explained in [36] (also cf. [4]), it is important
to note that the construction of the extended form fi(0) cannot be made solely in terms
of data derived from N. ;From Xy one needs the choice of a connection on the principal
SO(3) bundle My, . p[i] = M X5, [)]- Taubes has shown [37] that there is an enlargement
of the moduli space My p[i] x; Mx, . p[¢] which has a compactification as a manifold with
corners, and the forms fi(o), fi(z), and 7 are push-forwards of forms which extend over this
compactification. Furthermore, the pullback of the top-dimensional form 7Aji(a)?* = Afi(2)
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pulls back from lower strata when restricted over thecorners. Thus the integral (6) is finite
and well-defined.

According to [37, 38|, the push-forward map (On [i])« to equivariant cohomology is well-
defined, and

/~ ) T A i) A fi(e) >
M b} Mx g kbl

= / T A(2) A (Ox,m,0[i]) (O p[i])« ((0)* 1)
MXD,K,b[Z]
where (Ox, . p[i])* denotes pullback from equivariant cohomology. Taubes has shown by

similar considerations as above that this last integral is well-defined.

For i = 0, On[0] : M [0] — {1} has fiber dimension equal to dim My ;0] = 8b. So the

21{—1)

cohomology class represented by the cocycle (Onp[i])«(fi(0) is 0, because it lives in

HYS S92 ({11;R) = H* $-2(BSO(3);R) = 0.
If 1 < i <k, then Onp[i] : Mnpli] — S?[i] has fiber dimension 4i + 8b — 2, and

(On i) (o)1) € Hgl )" (S%i]i R).

But H§O(3)(S 2[i]) = H*(CP®) is generated by a 2-dimensional cocycle v. This means that
(On p[i])+(fi(0)?71) is some multiple my(k,4,b)v2* ")~ Notice that this implies

. K—1
0<i<k and b<

To calculate (9x,xp[i])* (v), note that the fact that we have dx, . 5[i] : Mxgxpi] — S2[4]
implies that the basepoint fibration 8x, x[i] : Mxq xpli] = M X, [)] reduces to a principal
S* bundle

Vxowbli] + (Oxompli]) ' (s0) = M, D],
for a point s; € S?[i]. Now (dx,xpi])*(v) represents a class in H§0(3) (Mxyrplil; R) =
H?(My, .| [)]; R) since the SO(3)-action on M, xpli] is free. The following fact is pointed
out by Austin and Braam in [4] where a differential-geometric proof is indicated.

Lemma 4.4. Under the identification of Hg*O(g) (Mx, wplil; R) with H?*(My, . |D;R), the
pullback (9x, xpli])*(v) represents e, the Euler class of the S* fibration vx, xp[i]-

Proof. One can factor the classifying map of vx, «[¢] as follows:
07 1(s;) —— 07(s;) x ESO(2) —— {s}xESO(2) —"— ESO(2)
MX/,/«@,LD] % 8_1(8i) XSO(2) ESO(2) L {Sl} XSO(2) ESO(Q) L) BSO(Z)

This pulls back the universal class v to 0*v U
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We now have

/. C TAR) Af0)*
M b X i Mx g w,bl]

= mk‘(K’ Z" b) /’~ T /\ [L(Z) /\ (8X07H7b[i])*('U2(K’_i)_4b)
Xo,ﬁ,b[ﬂ
= mk(ﬁ,i,b)/ /J,(Z) A€ 2(k—i)—4b Mk(ﬁ i b)/ /J(Z) /\Vn—i—Qb
My, \_D] MXMN,LD]
where My(k,1,b) = (—4)"""2Pmy(k, i, b), since €2 = p1(Bx, xp[i]) and v = —2p1(Bx, xb[i])-

The integral
/M . ,U/(Z) A Vn—i—2b — DXO [Z](Z xn—i—Zb)
Xy,K, |

is a relative invariant on Xy. Alternatively, one may view this invariant as a Donaldson
invariant of the orbifold obtained by collapsing the 2-sphere S C X to a point and using
bundles with rotation number 7 over the cone point.

So far we have contributions

k [55]

Z Z My(k,i,b)Dx, [i](z 257 20)

i=1 b=0

to the calculation of D(02%712). This does not give the complete calculation because mul-
tiple counting may have occurred. For example, the double fiber product

M pli] xi M 4lis 3] % Mixg mpreld]
is contained in both My ] x; Mx, . pi] and My p1s[j] X; Mxspreli]. Thus we need to

appropriately add or subtract contributions from higher order fiber products. For example,
computing as above,

[ AR A
M p[i] XM (651X 5 M X k542 1]

ml o T AR A @i O
M [85]% 5 Mx g e []

= mn /~ T A f(z) A (8X0,n,b+t[j])*(v2('i*j)*4(b+t))
Mxg,m,b+t17]

since the fiber dimension of 0y, +[j] is 4(j —4) + 8¢, and where the constants m,n depend only
on o2, K, i, j, b, and t. This is then a multiple of Dy,[j](z 2" =2(+1) as before. Adding
(or subtracting as necessary) all these correction terms, we obtain

Proposition 4.5. Let 02> = —(2k + 1) and 0 < k < k. Then for all z € A(o"),

k55

D 25 1 Z Z Tk K,,l,b DXOH( K— i72b)

i=1 b=0
2 Kk, i, and b. O

where the coefficients ri(k,i,b) depend only on o
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In fact, one might reasonably attribute this last proposition to Taubes [37, 38]; we have
simply provided a reader’s guide. (Cf. also [39].)

2 = 2k, we need to evaluate D(0?*2). Our above arguments work in

In the even case, o
this case with very minor modifications. First, the argument which rules out the triv-
ial boundary value no longer applies. In this case, the boundary value map Jn[0] :
My p[0] — {1} has fiber dimension 8b; so (9 5[0])«(fi(0)?*) € Hg’g)_(g)b({l};R) = R. Since
H5o3y ({11 R) = H(BSO(3); R) is a polynomial algebra generated by a 4-dimensional
cocycle u, we get (Onp[0])«(ii(0)*) = mj(k,0,b)u*"2°. By a dimension counting argu-
ment, the trivial moduli space of formal dimension —3 does not contribute to the calcu-
lation of D(z0%) if k > 0. Furthermore, Ox, ,5[0]*(u) = p1(Bx,). So one gets terms
Dx,[0](z *~%) in the calculation for b > 1 and x > 2. For 0 < i < k, the fiber dimension
of Anpli] : Mnpli] — S2[i] is 4i + 8b — 2; s0 (O p[i])«(1(0)?F) = ml(k, i, b)p2R—D—4b+1,
This means that we have to integrate terms of the form

[ TR A @l 0D
MXO,n,b[/L']
— / N(z) A 62(n71)74b+1
M, r, D]
— (_4)5—2’—21)/ /‘(Z) A Vﬁ—i—2b Ae
M, e, D]
since €2 = pi(8) = —4v. For obvious reasons, we shall denote this last integral as

Dx,[i](z x"*’;%*%). For i = k, we have 0(k) = 3, and arguing similarly to the case
i = 0 we see that the only contribution to the calculation is m} (k,4,b)Dx,[k](z).

Proposition 4.6. Let 02 = —2k and 0 < k < k. Then for z € A(cb), if K < k,

1570 5]
Dx(o%2) =Y > si(r,i,b)Dx,li](z s > si(k,0,b)Dx, [0](z 2" )
=1 b=0 b=0
and
Dx(0%2) =
k—11%5" R 1
sk(k,k,0)Dx, [k](2)+ Y > silk,i,b)Dx[i](z 2" 2% 2) 4+ " 5(k, 0,b) Dx, [0](z 2" )
i=1 b=0 b=0

where the coefficients si,(k,1,b) depend only on 02, k, i, and b, and if & > 0 then si(k,0,0) =
0. O

We are now in position to prove Theorem 4.1. Consider first 02 = —(2k + 1). (From
Proposition 4.5 we have D(0cz) = ri(1,1,0)Dx,[1](z). We claim that r;(1,1,0) # 0. To
see this let X be E(3)#(2k — 2)@2 with f a fiber class and s a section class in E(3), and
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let e;, i =1,...,2k — 2, be the exceptional classes. Then 0 = s — %22 e; is represented by
i=1
an embedded 2-sphere in X, and 02 = —(2k + 1). From Theorems 3.1 and 3.12 we have
that the SU(2) Donaldson series of X is Dx = exp(Q/2)sinh(f) ][] cosh(e;). In general,
1+ bE(n)) n (mod 4); so Dx can be nonzero only on elements of A(X) in degrees
congruent to 3 (mod 4). Thus Dx(c35) = f-s = 1. Since (1, 1,0) is independent of X, it
must be nonzero.

Assume inductively that for 1 < £ < k — 1 we have

1. For z € A(o!) such that 20 — 1 + deg z = deg Dx (mod 4), we have

/-1

Dx(0*'2) = rp(€,£,0) Dx, [£)(2) + Yt (£, i) Dx (0% '2)
=1

where the coefficient #(¢,4) depends only on ¢, i, and s2.
2. r(£,2,0) # 0.
For z € A(o™),

k155
Dx(c%71z) Z r1(k, £,b) Dx, [0](z 2" ¢2P)
(=1 b=0
Kt
ri(K, k,0)Dx,[k](2) +’S[i}{;(ﬁx(gﬂ—lzwn—z—%)
s vy 0
/=1 =0 T‘k(f,f,O)
-1 . .
= > te(l) Dx(0® 2 2

i=1

The assumption of simple type implies that Dx (wz") = 2" Dy (w) for all w € A(X); so the
above expression simplifies to

k—1

rk(k, k,0)Dx,[](z) + Z tr(k, i)lA)X(azi*lz).

_ 2(k—k)
To see that (K, k,0) # 0, let X = E(2x + 1)#2(k — /<;)CP2 and let 0 = s — Z e

where s is a section of E(2k + 1). Then o is represented by an embedded 2- sphere in X,
and 02 = —(2k + 1). We have seen that the Donaldson series of X is

Dx = exp(Q/2)sinh?*~( Hcosh €i)
where f is the fiber class of E(2x + 1). We get
Dx (0?71 = (2r — DI 12 = (25 — 1)1,

and also Dx(0%71) = 0 for £ < k. Tt thus follows that (2x — 1)! = Dx (o> 1) =
ri(K, k,0) Dx,[x](1); so (K, K,0) # 0, completing the induction.
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For k = k and any z € A(ot), we thus get
k—1
Dx(0712) = ri,(k, k,0)Dx, [k](2) + Y ti(k, i) Dx (0% '2) (7)
i=1

Our final task in proving Theorem 4.1 for 02 = —(2k + 1) is the identification of D[],
the relative Donaldson invariant for X, with boundary value ¢*. Let 5 denote the generator
of Xxso(3)(L), the character variety of SO(3) representations of 71 (L) mod conjugacy. Then
we may identify ¢ with ad(¢) = n%. By viewing SU(2) connections over X, as SO(3)
connections with we = 0, we may identify Dx,[k] = Dx,0[n**] = Dx,0[n], since n* =
1=t =10 in xso()(L)-

Consider the calculation of lA)Xﬂ(z) for z € A(Xp). Let w = z in case deg z = deg Dx
(mod 4) and w = 1z in case degz = degDx, + 2 (mod 4). So Dxo(z) = Dxo(w).
A standard neck-stretching and dimension counting argument shows that all connections
in the cut-down moduli space My, N V5 (where V,, is the divisor associated to p(w))
can be obtained by grafting connections in My,[n] to a nontrivial reducible connection
over N which lies in a moduli space of formal dimension < —1. There is just one such
connection, the reducible connection corresponding to the SO(3) bundle A & R over N.
Hence Dx ,(z) = +Dx, 0[n](z) = £Dx,[k](z). Theorem 4.1 for ¢* = —(2k + 1) now follows
from (7).

To prove the theorem in the even case 02 = —2k, we have a similar induction argument

which we start with the two calculations

N

Dx(z) = Dx,[0](z)
Dx(0%2) = s,(1,1,0)Dx,[1](z22)
the second equation by Proposition 4.6. To compute the top term D X, k] (2), we once again

pass to SO(3). This time ¢* = n* = 7%, the trivial SO(3) character; so Dx,[k](z) =
Dx (z). Theorem 4.1 for 02 = —2k follows.

In proving Theorem 4.1 we have not made use of the entire hypothesis of simple type.
Rather, we have only needed the assumption that Dx(zx?) = 4 Dx(2) for all z € A(X).
Hence it follows from our formula that

Lemma 4.7. Suppose that Dx(zx?) = 4 Dx(2) for all z € A(X) and that ¢ € Hy(X;Z)
is represented by an embedded sphere of self-intersection < —2. Then

Dx.(z2%) = 4Dx ()
for all z € A(ch).

Finally, we remark that in case we do not make the assumption that X has simple type,
by keeping track of the powers of x which occur, our proof still gives a relation.



32 RONALD FINTUSHEL AND RONALD J. STERN

Theorem 4.8. Let X be an oriented simply connected 4-manifold, which contains an em-
bedded 2-sphere S representing an homology class o with self-intersection 0? < —2. Then
there are constants Ay and Bjy ) depending only on o2, such that for z € A(O’L)

e—11557]
D(O_Qk—lz) — BO,O,kD + Z Z ka 25— 1$k_j_2b2) lf 0_2 — —(2]{ + 1)7
7=1 b=0
and
[t
D(U%Z) = Ao xDs(2) + Z Z Aj7b7kD(02j_2xk_j_2b+lz) if o?=—2k,
j=1 b=0

and furthermore, A1) = 0.

In the next section, we shall see that the structure theorem for manifolds of simple type
follows from Theorem 4.1 and the blowup formula, Theorem 3.12, by purely formal argu-
ments. Similar arguments should obtain a structure theorem in general from Theorem 4.8
and the general blowup formula [14]. We have not yet worked out the details.

5. STRUCTURE THEORY FOR THE DONALDSON SERIES

5.1. The Donaldson series as a solution to a differential equation.

Throughout this section, X will denote a simply connected 4-manifold of simple type.
Suppose that ¢ € Ho(X;Z) is represented by an embedded sphere of square < —2. Write
Dx = exp(Q/2)Kx and Dx . = exp(Q/2)Kx  where for o € Hy(X),

Kx (o) = K(exp(a))
which defines K € A*(X). Similarly, Kx c(o) = Kx c(exp(a)). We first rewrite our
relations of the last section in terms of differential equations for Kx and Kx c.

For u € Ha(X) and F' € A*(X), the interior product
L, F(v) = (deg(v) + 1) F(uv)
gives a derivation. On the formal power series F on Hs(X) defined by F(a) = F(exp(a))
this induces
0uF(a) = F(uexp(a)).

This is just the formal derivative of F in the direction w. Similarly, for higher order
derivatives, 0FF(a) = F(uKexp(a)). Also, note that the linearity of F implies that
Oyt F = OuF + O F.

An induction argument shows that

02 exp(Q/2) — exp(Q/2) S (u- ) a zt<2k> (2k — 20)
t=0

ot ) K1k —¢)! ®
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and

025 exp(Q/2) = exp(Q/2) i Jretg2e <2k+1> (2k — 21)!
t=0

2t +1 ) 2k=t(k —¢)! ©)

where @ is the dual form of u € Hs(X) with respect to the intersection form @. For
k € Hy(X) we have

Ou(e”) = (k- u)e™. (10)
Using equations (8) and (9) we can restate the relations given in Theorem 4.1.

Theorem 5.1. Suppose u € Ho(X;Z) is represented by an embedded sphere. Let k > 1 be

an integer. If u?> = —2k, then there are constants a; depending only on u? such that on

(u) ™,
(82’“ + al,kaﬁk‘Q + -+ ak_LkaZ + ak’k)Kx + ak+1,kKX,u =0.

If u? = —(2k + 1), then there are constants by, depending only on u? such that on (u)*

(83’“‘1 + b1,]€35k_3 +---+ bk_17]€8u)KX + by kKx uw = 0.

Note that the equations in Theorem 5.1 involve both SU(2)-invariants Kx and SO(3)-
invariants Kx ;. We first use the blowup formula (Theorem 3.12) and our computations
for the elliptic surfaces E(2k) (Theorem 3.1) to determine differential equations which do
not involve the Kx ,, and which are valid on all of A(X). At the end of this section we will
return to Theorem 5.1 to show that the SO(3)-Donaldson invariants are determined by the
SU(2)-Donaldson invariants.

It is convenient to define the differential operators
¢ = 0u(02 —22)(92 — 47) -+ (9% — (2k — 2)?)
and

ok = (00 =105 = 3%) -+ (9] — (2k — 1)°).

Suppose u € Hy(X) and let e € HQ(X#@Z;Z) be the exceptional class. Then the
following differentiation formulas can be verified by induction on k using the fact that

Oure = Oy + Oe.

Ai-s-e,k(KX cosh(e)) = cosh(e)@uAfl’k_l(Kx) —(2k—1) Sinh(e)Ai’l’k_l(Kx) )

22, 1(Kx cosh(e)) = cosh(e) P A% 1 (Kx) — 2k sinh(e) AS, , (Kx) (12)
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Theorem 5.2. Suppose u € Ho(X;Z) is represented by an embedded sphere. If u? = —2k,
k> 1, then on (u)*,
AL x(Kx) = 0.

Proof. We first show that there are constants d; ; depending only on u? such that on (u)*
(65k_1 + d17k812tk_3 +---+ dk_17k8u)KX =0. (13)

To do this, consider u+e € Hy(X #@2; Z). It is represented by a sphere which has square
—(2k + 1). By Theorem 5.1, on (u + e)*

0= (55" +bLkdl + -+ b1 kDo) Ky yop X4CP % ute
= (83’1;1 + bLk@iﬁf +-+ bk,1,k8u+e)KX cosh(e) - bk,kKX,u sinh(e).

2 + bk7kK

For the last equality we use the fact that
KX#@2,u+e = —Kx ysinh(e)
which follows from Theorem 3.12. Differentiating and using 0y = 0y + 0., we get constants
d; 1, and d;’k. with
cosh(e){07F " + dy p 025 + - + dyp—1£0,}(Kx) —
sinh(e) {((2k — 1) + dy 00" " + - + djp_1 1) (Kx) + djc j Kx,u} = 0.
Now (u +e)* = {y + (u-y)ely € Hy(X)}. Note that
cosh(e)((y + (u-y)e)™) = cosh(u)(y™)
sinh(e)((y + (u-y)e)™) = —sinh(u)(y™).
Hence restricting the last equation to (u + e) we get
cosh(u){02" " + dy 07 % + -+ + di—1£0u} (Kx) +
sinh(u){((2k — )02 2 + d 402" + -+ + dj_1 ) (Kx) + dic ) Kx o} = 0. (14)
By restricting to (u)" we get the desired equation.

To determine the universal constants d; ;, we plug

Kpok = sinh®7(f)
1k 2k — 2 1(2k—2
— W{;(—l)’“‘“" (k T r) cosh(2rf) + (—1)’“—15 ( .1 >}.

into (13) where u is a section of E(2k); so u? = —2k and u- f = 1. (Note that if v = u+2kf
then v-u =0 and v - f # 0; so we are not applying the equation to a trivial situation.) For
each 1 <r <k — 1 we get the equation

k-1

{(21")%_1 + Z dk_t7k(27“)2t_1} sinh(2rf) = 0. (15)
t=1
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The characteristic equation of (13) is given by

k—1
22kl Z dk_t’kz%*l =0, (16)
t=1

and from (15) it follows that z = 0,42, 44, +2(k — 1) are the characteristic roots. These
are precisely the characteristic roots of A7 ;. O

Lemma 5.3. Suppose that u € Ho(X;Z) is represented by an embedded sphere. If u? =
—2k, k > 0. Then there are constants d; j, and d;,k depending only on u® such that
cosh(u){02F 1 + dy 10283 4+ .-+ dj_1 100} (Kx) +
sinh(u) {((2k — 105" +d} 05"+ + dj_y 1) (Kx) + dicKxu} = 0.
holds on all Ho(X). If u*> = —(2k + 1), k > 0, then there are constants h;j and R &
depending only on u® such that
cosh(u){02F + hy k02F 2 + -+ + hp_110; + hy o }(Kx) +
sinh (u){((2k)925 " + BY 02572 4+ -+ 4 1 10u) (Kx) + hi  Kx o} = 0
holds on all Hy(X).

Proof. The u? = —2k case is (14) above. The odd case is proved similarly. O

Theorem 5.4. Suppose u € Hy(X;Z) is represented by an embedded sphere of square u? =

—(2k — 1) < —3. Then on all of Ha(X),
cosh(u)@uA&k_l(Kx) +(2k—1) sinh(u)Aﬁyk_l(Kx) =0.
In particular,
0uAy k—1(Kx) =0
on {(u)t.

Proof. Again consider u+e € Ho (X#@Z; Z). Then (u+e)? = —2k and u+e is represented
by a sphere. Thus, by Theorem 5.2, on (u + e)J-

0= A%rer(Ky ,op2) = Autex(Kx cosh(e)).

Now apply the differentiation formula (11) and restrict to H(X), as in the proof of Theo-
rem 5.2, to obtain the desired differential equation. O

Corollary 5.5. Suppose that u € Ho(X;Z) is represented by an embedded sphere of square
u? = —(2k — 1) < —1. Then on all of Hy(X), Kx satisfies the constant coefficient homo-
geneous linear ordinary differential equation
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Proof. If u?> = —1, the result follows directly from Theorem 3.12. Suppose that u? < —3.
By Theorem 5.4

cosh(u)0, A, —1(Kx) + (2k — 1) sinh(u) A7 1 (Kx) =0
on all of Hy(X). Differentiate this equation to get
0 = Ou(cosh(u)d, Ay, 1 (Kx) + (2k — 1) sinh(u) A} 1 (Kx))
— cosh(u) (92 — (2 — 1)) A%, _, (Kx) = cosh(u) A%, (Kx) = 0,
and the result follows. O

Corollary 5.6. Suppose u € Hy(X;Z) is represented by an embedded sphere. If u? =
—2k < —2, then on all of Hy(X),

Aj k1(Kx) =0.

Proof. Again consider u + e € Hg(X#@% Z). Then (u+e)?> = —(2k + 1) and u + e is
represented by a sphere. Thus
0= A3+e,k+1Kx#@2 = Ajtexr1(Kx cosh(e))
= cosh(e)0, A7 k11 (Kx) — 2(k + 1) sinh(e) A} 1 (Kx)
on all of Ha(X #@2). Since cosh(e) and sinh(e) are linearly independent functions on
Hy(X#CP”),
A i1 (Kx) = 0.

We shall also need the following stronger result.
Theorem 5.7. Suppose u € Hy(X;Z) is represented by an embedded sphere of square u? =
—2k < 2, then on all of Ha(X),

cosh(u) A% (07 + 2k)(Kx) + (2k + 1) sinh(u) 9, A, (Kx) = 0.

Proof. The proof is similar to that of Theorem 5.4. Consider u + e € HQ(X#@Q; Z). It

is represented by a sphere of square —(2k + 1). By Theorem 5.4, on (u + €)=+

0= 8u+eA3+e,ka#@2 = 8u+eA?1+e,k(KX cosh(e)).

Now apply the differentiation formula (12), and project back to H2(X), as in the proof of
Theorem 5.4, to obtain the desired differential equation. ]
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Now, for arbitrary u € Hy(X;Z), we determine differential equations with respect to 0,
that Kx satisfy. For this, the following differentiation formulas, again proved by induction
on k using 9,_s. = 0y — 20,, are essential.

A,k (Kx cosh(e)) =
cosh(e) A ,_1(02 + 4k(k — 1))(Kx)) + 2(2k — 1) sinh(e)0u A% 1 (Kx) (17)

A2,k (Kx cosh(e)) =
cosh(e) 3’k_1(85 + (2k + 1)(2k — 1))(Kx) + 4k sinh(e)0u A3 1 (Kx) (18)
Theorem 5.8. Suppose u € Hy(X;Z) can be represented by an immersed sphere with p,,

positive double points (and an arbitrary number of negative double points). If u? = 2k + 1,
then on Ho(X), Kx satisfies the differential equation

A° _ (Kx)=0.

vau*k
If u> = 2k, then on Ho(X), Kx satisfies

Avau_k+1(Kx) =0.

Proof. To begin, suppose that v € Hy(X;Z) with u? = 2k + 1 is represented by an im-
mersed sphere with p, positive double points and n, negative double points. Then in
X = X#pu@2#nu@2 the homology class & = u — 2e; — --- — 2ep, is represented by
an embedded sphere with 42 = 2k + 1 — 4p, = —(2(2p, — k) — 1). If a simply connected
4 manifold contains an embedded essential sphere of nonnegative self-intersection then all
the Donaldson invariants of the manifold vanish [28]. Thus 42 < 0. By Corollary 5.5,

A op.—k(Kg) = 0.
Consider the differentiation formula (18). In this formula, note that if

A3 4 (Kx coshe)) = 0
everywhere, then on H(X) one obtains the two differential equations,
o107+ (2k +1)(2k — 1)) (Kx) = 0

and

0uAy k—1(Kx) = 0.
The common solutions satisfy

Az,k—lKX = 0.

Thus for each of ey, ..., ep,, the differential equation which results from applying (18) has
two fewer characteristic roots. Thus, p, applications of this differentiation formula to

A%,Zpufk(Kf() =0

yields the desired result. A similar argument applies when u? = 2k. ]
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Note that if Dx # 0, this theorem implies that p, > 3(u*—1) if u? is odd and p, > 3(u?—2)
if u? is even. We shall improve this considerably in Theorem 5.10 below.

5.2. The structure of the Donaldson series.

In this section we shall show how the constant coefficient linear homogeneous ordinary
differential equations given by Theorem 5.8 determine the qualitative structure of the SU(2)
Donaldson series.

Theorem 5.9. If X is a simply connected 4-manifold of simple type, then there exist finitely
many homology classes k1, ..., kp € Ho(X,Z) and nonzero rational numbers a1, ... , ap
such that

p
Dx = exp(Q/2) z:ase”“S
s=1

as analytic functions on Hy(X). Each of the classes ks is characteristic, i.e. an integral
lift of wa(X), and the collection {ks} is a diffeomorphism invariant of X .

Theorem 5.9 was first proved by Kronheimer and Mrowka [24] through their detailed
study of singular connections. The classes ks are called basic classes. Note that since Dx
is an even function if b3 =3 (mod 4), and an odd function if b}, = 1 (mod 4), the nonzero
basic classes come in pairs, ks and —ks. Thus we can rewrite Dx as follows. If b} =3
(mod 4), then

Dx = exp(Q/2) zr:bSCOSh(/is)
s=1

and if b} =1 (mod 4) then

Dx = exp(Q/2) st sinh(ks).
s=1

Beware that there are ambiguities when writing Dx this way. We will adopt the convention
which dictates that both ks and —ks do not occur as an argument of these hyperbolic
trigonometric functions. If we replace the chosen x5 by —xs when b;“( = 3 (mod 4), then
the coefficient by remains unchanged. However, when b} = 1 (mod 4) the sign of the
coefficient by changes.

Proof of Theorem 5.9. Write Dx = exp(Q/2)Kx. Let uj,...,uy € Ha(X) be a basis
represented by immersed spheres and ordered so that u? = 2k; + 1 fort = 1,...,¢ and
u? = 2k; for t = £+ 1,...,b. Using the blowup formula, Theorem 3.12, we may assume
that no u; is represented by a sphere of self-intersection —1. Let uj,...,u} € Ha(X;Z) be
a dual basis satisfying u] - u; = d;;. By Theorem 5.8, Kx satisfies the system of constant
coefficient linear differential equations given by

A% p—k(Ex) = 0 (t=1,...,0)
A ki1 (Kx) = 0 (t=L+1,...,b).
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Note that each equation is an ordinary differential equation in a single variable while the
other variables are held fixed. The roots of the corresponding characteristic polynomials
are distinct and lie in sets of integers Ni,..., N, of orders pi,...,pp, respectively. More
specifically, Ny = {£1,4+3, £2(py, —k¢) — 1} fort = 1,...,¢; and Ny = {0, +2, +2(p,, — k¢)}
fort=4¢+1,...,b. Foreacht=1,...,b, let us denote the characteristic roots lying in NV
by ¢, for j: =1,...,p;. Solving the first equation gives
P1
Kx = Z (I)jlerl’jlui
ji=1
where each 0,,®;, = 0. Plug this expression for Kx into the second equation. The fact
that uj - up = 0 implies that each ®;, satisfies the second equation. Solving gives

P2
R L oT2,50U5
;= Z D, j,e' 272"
J2=1
where each 0,,®;, j, = 0. Also since 9,,®;, = 0, each J,,®;, j, = 0 as well. Hence

P1 P2

S P ST
ji=1j2=1

Inductively, we get
P1 Pb
Kx = Z Z (1>j1,_._7jber1,j1“’i+'“+rb,jb“i§
j1=1  jp=1
where the coefficients ®;,  ; satisfy 0,,®;, .. = 0fort =1,...,b. Le., the coefficients
are constant; so we get

P
KX = Z ase“5 (19)
s=1

as advertised. Since the functions e® : Hy(X) — R are linearly independent for distinct «,
it follows that the set of classes ks corresponding to as # 0 is a diffeomorphism invariant of

X.

To see that the coefficients a; must be rational, assume, e.g. that b} = 3 (mod 4); so as
above
p
Dx = exp(Q/2) st cosh(ks)
s=1
where b, = 2a,. Consider any u € Ho(X;Z) and nonnegative integer d with D(u?) # 0, an
integer. Then

d
2

o P (u2)j (/‘35 . u)d—2j D
D(u ):d!;bszo TR T > " ns(u, d) b

J= s=1
where the coefficients 7 (u, d) are rational numbers. If we can find p such pairs (u;, d;) such
that the p x p matrix of coefficients {ns(u;,d;)} is nonsingular, then it follows that the b
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and hence the as are rational. However, if we cannot find p such pairs, then choose among
all such pairs so that {ns(u;,d;)} has maximum rank r, and renumber the pairs and the
Ks’s 8o that the upper lefthand r x r submatrix A, is nonsingular. Then for j,¢ > r, we can
solve

T CS
ne(uj, dj) = ot A5 (tir di)

s=1

where (; is a subdeterminant of the first r rows of {ns(u;,d;)}. This means that we can

express

Dx = exp(Q/2) Zr: b cosh(ks),
s=1

contradicting the diffeomorphism invariance of the set of basic classes.
Since each r;;, = uf (mod 2), each of the basic classes r1 j,uf + - -+ 1 ;,u; is character-
istic. U

5.3. Generalized adjunction formulas.
Let X be a simply connected 4-manifold of simple type with a nontrivial Donaldson

invariant. According to our comments above, its basic classes come in pairs {ks, —ks}, and

1+

bt T
X —K,
2 E ase "},
s=1

Dix = exp(Q/2)(Y " ase™ + (~1)
s=1

Theorem 5.10. Let X be a simply connected 4-manifold of simple typeand let {ks} be the
set of basic classes as above. If u € Ho(X;Z) is represented by an immersed 2-sphere with
p > 1 positive double points, then for each s

20 —2 >u’+ |k ul. (20)

Theorem 5.11. Let X be a simply connected 4-manifold of simple type with basic classes
{ks} as above. If the nontrivial class u € Ho(X;Z) is represented by an immersed 2-sphere
with no positive double points, then let

{ks|s=1,...,2m}
be the collection of basic classes which violate the inequality (20), then ks-u = +u? for each

such ks. Order these classes so that ks -u = —u?(>0) fors=1,...,m. Then

m 1+b)+( m
Z ase™ T — (=1)"2 Z ase” "7 = 0. labelexcept (21)
s=1 s=1

The exceptional cases in Theorem 5.11 do indeed occur; e.g. when w is the sum of (+)
exceptional divisors in X #kﬁz. It could be that these are precisely the exceptional cases.



DONALDSON INVARIANTS 41

Proofs of (5.10) and (5.11). We have

p
KX = Z ase”
s=1

To begin, suppose that u € Hy(X;Z) is represented by an embedded sphere with u? =
—(2k — 1) < —3. Applying Corollary 5.5 to Kx yields

p
Z as Z,k(eﬁs) =0.
s=1

Now the ks are characteristic; so ks - u # 0, and 9]} (") = (ks - u)™e". Thus for each s,
Ks - u is a characteristic root of Ai/y hence ks -u = +1,+£3,...,£(2k — 1). The inequality
(20) is satisfied unless ks - u = £(2k — 1). Apply Theorem 5.4 to Kx to obtain

cosh(u {Zas ks - u) Ay g—1(€™)} + (2k — 1) sinh(u {Zas wk—1(e™)} =0.
(22)
The left hand side of (22) is 0 for all those ks with ks - u # +(2k — 1), for such kg - u
are characteristic roots of Ay ; ;. To deal with those s with ks - u = &(2k — 1) we reorder
the basic classes as in the statement of the theorem so that k1, ..., Kk, are those satisfying
ks-u = ~+(2k — 1) and then —kq,..., —K,, are the others. Then (22) becomes

0 = (2k—1){cosh(u) + sinh(u }Zas ukl ")
+(2k — 1){— cosh(u) + sinh(u }(52% wk—1(e7")

= (2k—-1)q(2k—1) {Z ase™ T —§ Z ase” "TU}
s=1

s=1

140F
where 6 = (—1) 2 and q is the characteristic polynomial of A7, ;. (Note that ¢ is an

even function.) Since 2k — 1 is not a characteristic root of A? wk—1> 4(2k —1) # 0. It follows
that

m

Z ns+u 6Zas —Rs—U __

s=1
Note that the case left out, namely that u is represented by an embedded 2-sphere of
square —1, is dealt with handily by the blowup formula, Theorem 3.12.

Similarly, if u? = —2k < 0, apply Corollary 5.6 to Kx to get

p
Z asAy py1(e") =0
s=1

so that s - u is a characteristic root of A7 ., hence ks -u = 0,£2,44,...,+2k. Again,
(20) is satisfied unless ks - u = £2k. As above, we use the stronger differential equation
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given by Theorem 5.7 to obtain

m m
Z ase™ Tt —§ Z age” T =0
s=1 s=1

where ks -u = —2k for s=1,...,m.

The upshot of all this is that unless

m m
Z ase T —§ Z ase” T =0,
s=1 s=1

we have that for all s,
—2>u? + |k - ul.
More generally, suppose u € Hy(X;Z) is represented by an immersed sphere with p > 0

positive double points and n negative double points. Then, in X =X #p@g#n@2

the homology class & = u — 2e; — --- — 2e, is represented by an embedded sphere and

2 — 42 — 4p, which is negative if Dx # 0. The basic classes of X are of the form

U
ks = Ks T e1 - Lepn.

Let {£1}P+" = {£(1),...,£(2P™™)}. If there is an exceptional case of the theorem occuring

here, then there are basic classes ks, = ks + £(n)1e1 + - - + &(n)pnep+n such that

Z as,ne’%s*"+{‘ - 52 as,nef'%s’”fﬂ =0. (23)
However,
/%s,n +U=rs+u+ Z(&(n)z - 2)61

(2
so classes {ks, + U, —ksm — 0} are distinct. Hence the exponentials occuring in (23) are

linearly independent, a contradiction. Thus there are no exceptional cases and
—2>4%+ msgx{](/is ter - tepin) (u—2e — - —2ep)l|}.
This also satisfies the inequality
2p—2> u2—i—m§1x]h:5-u].

Finally, if p = 0, and we are in the exceptional case, then we obtain the analogue of (?7?)
for @, and the exceptional classes factor out leaving the desired equation. O

Suppose that X is a simply connected compact complex algebraic surface and let xkx
denote its canonical class. If C' is an algebraic curve representing an homology class ¢ €
Hy(X;Z) then the adjunction formula gives

29(C)—2=c*+ky -c

where g(C) is the genus of C'. There are currently no known examples where kx is not also
a basic class for X. This problem has been studied by R. Brussee [6]. At any rate, suppose
that it is the case that some ks = Kx, and suppose that there is a smoothly immersed
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2-sphere T in X, with p positive double points, which also represents the class ¢ of the
algebraic curve. Applying Theorem 5.11 we obtain
2p—2>c+kx-c=29(C) -2

except in the exceptional case of Theorem 5.11. In the exceptional case, T is embedded,
and we can introduce a positive-negative pair of double points, and then apply the theorem.

Theorem 5.12. Let X be a simply connected compact complex algebraic surface, and sup-
pose that its canonical class kKx is a basic class. Let C be an algebraic curve representing
an homology class ¢ € Hy(X;Z), and let T be a smoothly immersed 2-sphere with p positive
double points also representing c. If p > 0 or if p =0 and kx does not give the exceptional
case of (5.11) then p > g(C). Even in the exceptional case of (5.11), p =0 and g(C) < 1.

O

This theorem for ¢ > 0 follows from the work of Kronheimer and Mrowka. However for
algebraic curves of negative self-intersection, these are the first known bounds.

5.4. SO(3) Donaldson invariants.

We shall show how our basic recurrence relations precisely determine the relationship
between the SU(2) and SO(3) Donaldson series. The following theorem has also been
proved by Kronheimer and Mrowka.

Theorem 5.13. X be a simply connected 4-manifold of simple type, and let ¢ € Ho(X;Z).
Then

p
Dx.c = exp(Q/2) 3 (~1)3(+crs)q e,
s=1

Proof. Write Dx = exp(Q/2)Kx, and suppose first that ¢ € Hy(X;Z) is represented by
an embedded sphere with ¢ = —2k, k > 0. Apply Lemma 5.3 to

p
Kx = Z age™s
s=1

to see that there are constants d; ;, and d;,k depending only on ¢? such that on Ha(X)
—sinh(c) dj,  Kx c =

p
cosh(c) Y ase™{(rs - )" 1 +dy (ks - )P+ dpo1 (ks €)}
s=1

p
+sinh(c) Y ase™{(2k — 1) (ks - )% + d g (ks - )F T+ b dl g (ks 0)® + di i)

s=1

It will be convenient to define polynomials, Ai(z) and By (z) by
Ap(z) = 221 4 dl,kz%_?’ +Fdi—1 k2
Br(z) = (k—1)2"2+d 2+ d 02+ dpy
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so we have

—sinh(c) dj, , Kx,c = cosh(c Z Ay (ks - c)age™ + sinh(c Z B (ks - c)age”™
s=1 s=1 (24)

Let X = E(2k) with c the class of a section. By Theorem 3.1,
Kgpek = sinh®72(f)

k—1 k— k —
- %{é(—l)k*”(,ﬁ_l_i)cosh<2rf> (-1 15(1_12)}-
and

2k — 2 2k — 2
—Kg@k)c = = coshZ¥~2( = 5ok 3{2 ( 4 r) cosh(2rf) + > < K1 )}

Now substitute this into equation (24). Since sinh(c) cosh(2rf) and cosh(c) sinh(2rf) are
linearly independent as functions on Ha(E(2k)), for r =1,...,k — 1, we get equations

Ap(2r) = 2r) " p dy g (2r)R 3 1 dy g (2r) = 0, (25)
Bi(2r) = (2k = 1) (2r)" 72 + d (2r)* 7 o dy 1 (20) gy = (S1)FT T g,
d;cfl,k = (_1)k+1d;c,k
Note that if dj, k= j:d;€_17,C = 0 then £2,...,+(2k — 2) together with 0 of multiplicity 2 are
solutions of the degree 2k — 2 polynomial equation By (z) = 0. Thus d;c,k #0.

Returning to the case of a general ¢ represented by an embedded sphere with ¢ = —2k,
let g(2) be the characteristic polynomial of A¢ ;. By Corollary 5.6

P
(S
0= ZasAque Zase q(ks - c)
s=1

Since the functions e are linearly independent, the integers, k- c are characteristic roots of
A¢ k41, and so each |ks - c| = 2rs < 2k. Relabel the basic classes so that as in Theorem 5.11
ks+c= 42k and ke; = —ks for s =1,--- ;m, and |ks-c| <2k —2for s =2m+1,...,p
Then
Zas “5+(5Zas Rs 4 Z age
s=2m+1

where § = 1 if b, =3 (mod 4) and 6 = —1if b} =1 (mod 4). Plug (25) with 2r; = £k, ¢
into (24) to obtain

_ sinh(c) d;g,kKX,C = COSh(C)Ak(zk){Z asens -4 Z asefﬁs} +0

p

+ sinh(c)Bk(Qk){Z ase™ + 6 Z ase” "} — sinh(c) Z (—1)k+rsd27ka86”5 (26)
s=1

s=1 s=2m-+1
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C+NSC

Note that (—1)k*"s = (—1) . If we write
P c2+ns»c
Kx.=L+ Z (=1) 2 age™
s=2m-+1
then
— sinh(c) dj ;L =
m m m m
cosh(c)Ak(2k){Z ase™ — 0 Z ase "} + sinh(c)Bk(2k){Z ase™ + 90 Z ase” "}
s=1 s=1 s=1 s=1
But by Theorem 5.11
m
Z ns—i—c 6Za e HsTC — ’
s=1

and we get

— sinh(c) d}, ;L = %(Ak(zk) — Bk(2k)) i age—c _ %5(Ak(2k) — Bk(2k)) i aseﬁ(s;c)
ot s=1

Next, let K be the K3 surface blown up 2k times, and let ¢ = e; +- - - +e9. It follows from
Theorem 3.12 and Corollary 3.10 that the basic classes for K are Ks = tej eyt - Feg
with

1P
R
and
N Z 2k+n5 -c
where p = 225, Label the basic classes for K so that k; = —c and k2 = ¢. These are the

only two basic classes for which |ks - ¢| = 2k. In this case, (27) gives
—2dj, 5, sinh(c) cosh(c) = (Ax(2k)— By(2k)) sinh(—2¢) = —2(Ay(2k)— Bg(2k)) sinh(c) cosh(c)
ie.
dj, , = Ay(2k) — By, (2k).
Thus (27) becomes

1 & 1. &
—sinh(¢)L = 5 Z age ¢ — Eéglase*"ﬁc

1

2
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since the term in braces is 0 by Theorem 5.11. Adding terms gives
m m
—sinh(c)L = — sinh(c){z ase™ 4§ Z age "}
s=1 s=1

as desired.

A similar argument works for ¢ odd, and to obtain the general formula, just represent
¢ by an immersed surface, blow up to obtain a sphere and then use the fact that the basic
classes for X#k@2 are of the form K, +e; £ ey £ .- ep. O

We conclude by giving a somewhat simpler characterization of the simple type condition,
namely that it suffices to check the condition only on the SU(2) invariant.

Theorem 5.14. Let X be a simply connected 4-manifold whose Donaldson invariant sat-
isfies the condition Dx(zx%) = 4 Dx(2) for all z € A(X). Then X has simple type.

Proof. We must show that the condition is also satisfied by all the SO(3) invariants Dx ..
Let ¢ € Hy(X;Z) and consider an immersed 2-sphere with p positive double points repre-
senting c. Blow up as usual to obtain a class ¢ = c—2e; —--- —2¢, € Hg(f(; Z) where
X = X#r@% Let X + X#@2 with exceptional class e, and let ¢ = ¢ + e. Lemma 4.7
implies that D .(z2?) = 4Dx .(z) for all z € A(c"). Embed Hy(X) in (¢-) by sending
y to y + (y - ¢)e. Using polarization identities, it suffices to consider z = y"z* € A(X) for
arbitrary y € Ha(X). We shall prove the theorem by showing that Dx .(z2%) = 4 Dx ()
by induction on n. To do this we need to use a fact proved in [14], namely that there are
polynomial functions S;(x) such that

D X#@"’,e+e(zej) =Dy (2 5;(2))

and furthermore, Sy;(z) = 0 for all j, and S;(z) = 1.

In case deg(Dx ) =0 (mod 2), begin the induction by applying Lemma 4.7 to X and ¢
to get

DX7C(a:k+2) =4 DX’C(.TIC)

since z € A(ch). If deg(Dx,) = 1 (mod 2), then deg(Dy ;) = 0 (mod 2), and we begin
the induction by applying Lemma 4.7 to X and ¢. Let y - c = m; so y +me € (¢*), and

Dx o((y +me)*z™*?) = 2m Dy (y Si(x) 2"7?) = 2m Dx (y 2"*?)
=4Dx ((y+me)®z*) =4 (2m) Dx o(y 2")

since Si(x) =1 and Sp(x) = Sa(z) = 0.
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Suppose inductively that Dy .(y’ 2**2) = 4 Dx .(y? *) for all j < n and for all k. Then
D)_(,a((y + me)n+1 wk+2) =4 D)_(,a((y + me)n+1 xk) But

Dy l(y +me)™ 1 a42) = Dy (my sl<x>+m3(”3 )y 2Sy(a) + -+ )at*?)
1
= M Dyt + (”;f )Dx,cw“ss(w)wk“) oo

and

n+1 _
4D o((y+me)™* %) = am D (y"a") +4m3< 3 )Dx,cw 25 (w)a*) + - -

so inductively, Dx .(y"z¥*2) = 4 Dx .(y"z¥). O
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