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von Neumann’s proposal

Classify the statistical behavior
 of differentiable systems



von Neumann’s proposal: in modern English

Classify the ergodic measure preserving 
diffeomorphisms of compact manifolds



THE MAIN RESULT OF THIS SERIES OF TALKS IS 
THAT VON NEUMANN’S PROGRAM IS 

IMPOSSIBLE.



THE REALIZATION PROBLEM

Another famous problem was asked implicitly by von Neumann 
in the same paper and later by Katok:

Is every ergodic transformation isomorphic to an ergodic 
diffeomorphism of a compact manifold?



THE REALIZATION PROBLEM

Is every ergodic transformation isomorphic to an ergodic 
diffeomorphism of a compact manifold?

•Kushnirenko showed that ergodic diffeomorphisms 
on manifolds have to have finite entropy.

•This is the only known restriction.



IN THIS SERIES OF TALKS WE 
DISCUSS RECENT PROGRESS ON 

The isomorphism problem for a single transformation

The realization problem



DIFFEOMORPHISMS

In the context of measurable isomorphism we 
restrict ourselves to measure preserving 

diffeomorphisms.
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Z-actions on X can be made into R-actions on
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FLOWS

Everything I’m going to say carries over to flows ;

i.e. R-actions.
Z-actions on X can be made into R-actions on
X ⇥ [0, 1] by using suspensions.

I’m only going to talk about Z-actions and when

we talk about manifolds, the only relevant mani-

fold will be T2
.

If you are going to show something is bad—
the simpler the better.
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HOW ARE VERY OLD MATH
PROBLEMS OFTEN RESOLVED?

Prove the parallel postulate

Square the circle!

Solve the quintic!

Find a fair voting method! (Arrow’s Theorem)

Word problem in group theory



HOW ARE VERY OLD MATH 
PROBLEMS OFTEN RESOLVED?

Prove the Continuum Hypothesis!



FORCING

In the 20th century forcing was a very fruitful method 
developed for systematically showing that the 

solutions of certain classical math problems were 
impossible.



FORCING

In the 20th century there was a very fruitful method 
developed for systematically showing that the 

solutions of certain classical math problems were 
impossible.

—at least without discovering new Axioms for 
Mathematics.



FORCING

Along with forcing came the understanding of its 
limitations: absoluteness.

Many long standing problems in mathematics are 
provably absolute and therefore not amenable to the 

vagaries of forcing.



21ST CENTURY METHODS

In the last 20 years, another methodology has been 
used extensively to explicate the unsolvability of many 

problems in classical mathematics.



To illustrate the phenomenon, I’m going to show
and example of it related to the two problems above.



BUT FIRST…



BUT FIRST… A PUZZLING 
EXAMPLE



THE TORUS AND THE UNIT 
SQUARE ARE THE SAME THING …



Consider the matrix:
"
2 1
1 1

#

It is an isomorphism of R2 to R2 and has determinate 1.

Hence it preserves Lebesgue measure.



Surely:

There is nothing random about applying this matrix (or its in-
verse) repeatedly.



Let’s see where


2 1

1 1

�
moves the unit square.




2 1
1 1

�✓
0
1

◆
=

�
1 1

�

(0,1) (1,1)


2 1
1 1

�✓
0
0

◆
=

�
0 0

�

(0,0)



(2,1)


2 1
1 1

� �
1 0

�
=

�
2 1

�




2 1
1 1

�✓
1
1

◆
=

�
3 2

�

(3,2)









Thus we can view

"
2 1
1 1

#

as mapping the torus to the torus.

The map is linear on the universal cover so, the result is a mea-
sure preserving di↵eomorphism of T2.



NOW SUPPOSE

We are just able to observe the torus through a little window.

We follow a point and write down a one if we see it (it is in the 
window) and zero otherwise. 



….., 0,0,0,0,0,0,1,1,0, …….



This gives us a map � from a factor X of T2 to {0,1}Z.

Iterating the matrix

"
2 1
1 1

#

is clearly deterministic, but . . .



Surprise!

Theorem The resulting system is isomorphic

to a Bernoulli Shift.



MORAL

Completely deterministic systems 
can yield completely random 
observable behavior.



It is my belief that something like this 
motivated von Neumann’s question.



It is my belief that something like this 
motivated von Neumann’s question.

He wanted a library in which to look 
up the statistical behavior of 
complicated systems.



THESIS

BOREL SETS 

CODE ALL REASONABLE TESTS/
PROTOCOLS 

THAT USE COUNTABLE, ARBITRARY, 
POSSIBLY TRANSFINITE INFORMATION.



THE OTHER PIECE: BOREL 
EQUIVALENCE RELATIONS

Thesis: 
Borel sets code all reasonable tests/protocols that use arbitrary 

countable, possibly transfinite information.

They are given by countable, possibly transfinite truth tables, where 
you are allowed to use any arbitrary method to continue, and the 

basic variables consist in membership in open or closed sets.
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GIVEN AN EQUIVALENCE 
RELATION

Crude question: 

Is it Borel?

If not, then no amount of inherently countable 
resources can settle the question:

Is S~T?



REDUCTIONS

Let X,Y be Polish spaces and A ✓ X,B ✓ Y .

Then A is Borel (cont.) reducible to B if and only if there is a Borel (cont.)

function f : X ! Y such that

x 2 A i↵ f(x) 2 B.



REDUCTIONS
Let X,Y be Polish spaces and A ✓ X,B ✓ Y .

Then A is Borel (cont.) reducible to B if and only if there is a Borel (cont.)

function f : X ! Y such that

x 2 A i↵ f(x) 2 B.

f reduces the question of membership in A to the 
question of membership in B.

To show that B ✓ Y is not Borel we find a set

A ✓ X which we already know is not Borel and

reduce A to B.



COMPLETE SETS

A set A ✓ X is a complete analytic set (co-analytic

set) if and only if every analytic (co-analytic) sub-

set of any Polish space can be reduced to it.



COMPLETE SETS

Complete sets are the maximally complicated sets in their 
point classes.

In particular they cannot be Borel since the inverse image 
of a Borel set by a Borel function is Borel.



COMPLETE SETS

If A is complete and A B B then B is complete.



COMPLETE SETS

If A is complete and A B B then B is complete.

To show you can’t solve B 
you reduce a problem you can’t solve to it



EXAMPLES

• { ill-founded trees} is complete analytic

• { well-orderings} is complete co-analytic



THE FIRST SIGN OF TROUBLE



THE CIRCLE AGAIN

Viewing the circle S1 ✓ C we see it is a com-

pact group under complex multiplication. Since

e2⇡ixe2⇡iy = e2⇡i(x+y)
, we can view S1

as the unit

interval with “addition mod 1”.



EXAMPLE: SKEW PRODUCTS

Fix an irrational ↵ 2 [0, 1) and consider the map

� : S

1 ⇥ S

1 ! S

1 ⇥ S

1
given by

(x, y) 7!� (x+ ↵, x+ y).

Then � is minimal distal.

↵

✏
✏



SKEW PRODUCTS

Let (X, T, µ) be an ergodic MPS. Let � : X ! G

be measurable where G is a compact group. Then
the skew product of X with G:

X ⇥� G

is given by

(x, g) 7! (Tx, g�(x)).

Then the skew product preserves µ⌦ � where � is
right Haar measure.
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The skew product X ⇥� G clearly factors into the

homogeneous space X ⇥� H\G.
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?
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SKEW PRODUCTS
The skew product X ⇥� G clearly factors into the

homogeneous space X ⇥� H\G.

Then X is a compact factor of X ⇥� H\G and

X ⇥� H\G is a compact extension of X.

X ⇥� G

X ⇥� H\G
?

⇡



EXAMPLE: SKEW PRODUCTS

Fix an irrational ↵ 2 [0, 1) and consider the map

� : S

1 ⇥ S

1 ! S

1 ⇥ S

1
given by

(x, y) 7!� (x+ ↵, x+ y).

Then � is minimal distal.

↵

✏
✏

The torus map (x, g) 7! (x + ↵, g�(x)) on T2
is a

compact extension of (S

1
, R↵).



FURSTENBERG/ZIMMER 
STRUCTURE THEOREM

Let (X, T, µ) be an ergodic MPS. Then there is an

ordinal ↵ and a directed system hX� : � < ↵i such
that:

• X0 = (0),

• X�+1 is a compact extension of X�

• If � is a limit ordinal then

X� = lim

 
hX� : � < �i

• Either X↵ = X or X is a weakly-mixing ex-

tension of X↵.



FURSTENBERG/ZIMMER 
STRUCTURE THEOREM

Let (X, T, µ) be an ergodic MPS. Then there is an

ordinal ↵ and a directed system hX� : � < ↵i such
that:

• X0 = (0),

• X�+1 is a compact extension of X�

• If � is a limit ordinal then

X� = lim

 
hX� : � < �i

• Either X↵ = X or X is a weakly-mixing ex-

tension of X↵.

If X = X↵, then X is measure-distal. The distal
height of X is the least ordinal ↵ satisfying the

definition.



If X is distal, let o(X) be the least ordinal such

that there is a Furstenberg tower of height ↵.



HOW DOES THIS COME UP?

The early “dynamical systems” proofs of Szemeredi’s

theorem went by induction on ↵.



OBVIOUS QUESTIONS

• What ordinals come up?

• What is the descriptive complexity of

{T : T is an ergodic measure-distal transformation}?



There is an analogous theorem for homeomorphisms

of compact separable spaces. T is distal if and only

if for all x 6= y there is an ✏ > 0 such that for all

n 2 Z, d(T n
x, T

n
y) > ✏.

Furstenberg’s Structure theorem in the topological

category is the same except “compact extension”

is replaced by “equicontinuous extension.”



THE ANSWERS



ANSWERS:COMPLEXITY

Theorems (Beleznay-Foreman)

• {T : T is topologically distal} is a complete co-analytic
set (say as a subset of the space of compact subsets of
the Hilbert cube). (American Journal, 1995)

• {T : T is measure distal} is a complete co-analytic
subset of the Polish group of measure preserving
transformations of [0, 1].(Erg. Thy and Dyn. Sys., 1996)



METHOD

In each case the method was to reduce a 
complete co-analytic set to the distal 
transformations.



LET’S BE LOGICIANS: 
WHAT ORDINALS COME UP?

In both cases the answer is “all countable ordinals.”

• The heights of the distal towers is a “⇧

1
1-norm” on the distal transforma-

tions.

• In particular, for all countable ↵ there is a set A ✓ Z of positive upper

Banach density such that the associated ergodic transformation is distal

and has height ↵.



AND THEN THE MURDERS 
BEGAN





SO WHAT ABOUT THE 
ISOMORPHISM PROBLEM?
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For arbitrary MPT’s the isomorphism relation is not Borel.

But the problem is for ergodic MPT’s



SO WHAT ABOUT THE 
ISOMORPHISM PROBLEM?



ISOMORPHISM FOR ERGODIC 
MPTS

(Foreman, Rudolph, Weiss)                                                                     
is complete analytic, hence not Borel

{(S, T ) : S ⇠
=

T, S, T ergodic}



(Foreman, Rudolph, Weiss)                                                                     
is complete analytic, hence not Borel

                                                                                                 
is complete analytic, hence not Borel.

ISOMORPHISM FOR ERGODIC 
MPTS

{(S, T ) : S ⇠
=

T, S, T ergodic}

{T : C(T ) 6= {Tn : n 2 Z}}



ISOMORPHISM OF ERGODIC 
MPTS

Theorem: There is a continuous function

F : {trees} ! {ergodic measure preserving systems}

such that T is ill-founded if and only if

F (T ) = T for some T with T ⇠
=

T�1.



THUS WE REDUCE THE ILL-
FOUNDED TREES TO ERGODIC 
TRANSFORMATIONS 
ISOMORPHIC TO THEIR INVERSES.



THE UPSHOT

There is NO general way of distinguishing 
between non-isomorphic ergodic S and T

 using only countable information and 
countably many sets.



BUT WHAT ABOUT COMPLETE 
INVARIANTS?

Many classification theorems attach “complete invariants” to an 
equivalence relation. 

(e.g. Countable Groups) 



BUT WHAT ABOUT COMPLETE 
INVARIANTS?

Many classification theorems attach “complete invariants” to an 
equivalence relation. 

(e.g. Countable Groups) 

This is different from showing that something is/
isn’t Borel



S1-actions

Define S1 to be the permutation group of N.

(Elements of S1 are allowed to move infinitely many points.)



ALGEBRAIC INVARIANTS

Algebraic invariants are captured from the orbit 
equivalence relation of           .

This group codes “isomorphism of countable algebraic 
objects”

S1



COUNTABLE GROUPS: 
EXTENDED EXAMPLE



Example: countable groups

Let S1 act on {0,1}(N⇥N⇥N) as follows:

For f 2 {0,1}(N⇥N⇥N) and � 2 S1 set:

(� • f)(k, l,m) = f(��1(k),��1(l)��1(m)).



Example: countable groups

Let G = hgn : n 2 Ni be a countable group. Associate to G the
element

�G 2 {0,1}(N⇥N⇥N)

defined by setting

�G(k, l,m) =

8
><

>:

1 if gkgl = gm

0 otherwise

Then {�G : G is a countable group} is a G�-set.



Countable Groups (cont.)

Let G = hgn : n 2 Ni and H = hhm : m 2 Ni be countable groups.
Given a bijection F : G $ H, we define �F (n) = m if and only if
F (gn) = hm.

Then:

F is an isomorphism if and only �F •�G = �H.



Countable Groups (cont.)

Upshot: for countable groups G, H we have:

G ⇠= H

if and only if

�G and �H are in the same S1 orbit.



A DAYDREAM:

The isomorphism relation for countable graphs is NOT Borel

But perhaps there is a way of assigning a countable graph to each 
ergodic MPT so that two MPT’s are isomorphic if and only if the 
associated graphs are isomorphic.



A DAYDREAM:

The isomorphism relation for countable graphs is NOT Borel

But perhaps there is a way of assigning a countable graph to each 
ergodic MPT so that two MPT’s are isomorphic if and only if the 
associated graphs are isomorphic.

That would look like a sort of classification.



2-D REDUCTIONS
Let X, Y be Polish spaces and A ✓ X ⇥ X,B ✓
Y ⇥ Y .

Then A is Borel (cont.) reducible to B if and only

if there is a Borel (cont.) function f : X ! Y such

that

(x1, x2) 2 A i↵ (f(x1), f(x2)) 2 B.

Note: f computes singletons from singletons, not

pairs from pairs.
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The Zoo

Borel 
Analytic

countable

Polish Group actions

Maximal analytic

Maximal Polish 
Action

Maximal Unitary Group Action

Unitary Conjugacy for Normal 
operators

Graph Isomorphism

Iso’s of Banach Spaces

      actionsS1



WHERE DOES

ISOMORPHISM FOR ERGODIC MPTS
 
SIT IN THIS ZOO?



HALMOS VON-NEUMANN

• There is a Borel reduction of isomorphism of

ergodic discrete spectrum MPTs to equality

for countable subsets of the unit circle.

• (F-Louveau) In fact the two problems are bi-

reducible



ORNSTEINS THEOREM

Isomorphism for Bernoulli Shifts is Borel reducible

to = on R.

In the DST parlance, that equivalence relation is

smooth



The Zoo

Borel 
Analytic

countable

Polish Group actions

Maximal analytic

Maximal Polish 
Action

Maximal Unitary Group Action

Unitary Conjugacy for Normal 
operators

Graph Isomorphism

Iso’s of Banach Spaces

      actionsS1
Isomorphism for discrete spectrum

Isomorphism for Bernoulli



WHAT ABOUT IN GENERAL?



TURBULENCE 

Hjorth defined the notion of a turbulent G-action for the 
purposes of studying        actions.S1
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Hjorth defined the notion of a turbulent G-action for the 
purposes of studying        actions.
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TURBULENCE 

Hjorth defined the notion of a turbulent G-action for the 
purposes of studying        actions.

If a Polish group G acts on a Polish space X turbulently, then no 
generic (i.e. dense       ) subset can the G-action be reduced to 
an         action.

S1

S1
G�



(Foreman-Weiss) The conjugation action of MPT on MPT is 
turbulent. 

TURBULENCE



TURBULENCE

(Foreman-Weiss) The action of MPT on MPT is turbulent. 

Corollary: The isomorphism relation of ergodic MPT’s is not 
reducible to an         action.S1



TURBULENCE

(Foreman-Weiss) The action of MPT on MPT is turbulent. 

Corollary: The isomorphism relation of ergodic MPT’s is not 
reducible to an         action.

Corollary: There is no Borel way of attaching complete algebraic 
invariants to ergodic measure preserving transformations.

S1



A POSITIVE RESULT (F)

The problem of:

Isomorphism for countable graphs

is reducible to the problem of:

Conjugacy of ergodic MPTs



The Zoo 

Borel 
Analytic

countable

Polish Group 
actions

Maximal analytic

Maximal Polish 
Action

Maximal Unitary Group Action

Maximal MPT Action

Isomorphism for ergodic mpts

Unitary Conjugacy for Normal 
operators

Graph Isomorphism

Iso’s of Banach Spaces

?

      actionsS1
Isomorphism for discrete spectrum

Isomorphism for Bernoulli



WE’RE DONE RIGHT??



von Neumann’s proposal: in modern English

Classify the ergodic measure preserving 
diffeomorphisms of compact manifolds



OOPS!

We solved the problem for measure preserving transformations of 
the unit interval!

NOT diffeomorphisms.



(Foreman, Weiss) Measure theoretic isomorphism for 
diffeomorphisms of the 2-torus is a complete analytic equivalence 
relation.

(Foreman, Weiss)                                                                       

is a complete analytic set.

DIFFEOMORPHISMS

{T : C(T ) 6= cl({Tn : n 2 Z})}

C1



DIFFEOMORPHISMS

(Foreman) Graph isomorphism is reducible to isomorphism of 
diffeomorphisms of the torus. 



The Zoo 

Borel 
Analytic

countable

Maximal analytic

Maximal Polish 
Action

Maximal Unitary Group Action

Maximal MPT Action

Isomorphism for ergodic mpts

Isomorphism for  
ergodic diffeos

Unitary Conjugacy for Normal 
operators

Graph Isomorphism

Iso’s of Banach Spaces

      actionsS1

Strict?

Isomorphism for discrete spectrum

Isomorphism for Bernoulli



WANT TO EXPOSIT A BIT ABOUT 
THE PROOF



WANT TO EXPOSIT A BIT ABOUT 
THE PROOF

What follows is a very impressionistic 
summary of 350+ pages of argument



SO WHY NOT ADAPT THIS?



WE BUILT OUR REDUCTION 
INTO ERGODIC MPT’S THAT 
HAVE AND ODOMETER FACTOR. 



WE BUILT OUR REDUCTION 
INTO ERGODIC MPT’S THAT 
HAVE AND ODOMETER FACTOR. 

It is a major open problem whether 
one can build a measure preserving 
diffeomorphism with an odometer 

factor.



THE CHOICE .

Work on a known impossible problem

Find another way.



THE CHOICE .

Work on a known impossible problem

Find another way.

We found another way to build a  
reduction to diffeomorphisms.



START WITH THE BASICS



JOININGS

A joining between two measure preserving systems (X,B, µ, T ) and (Y, C, ⌫, S)
is a measure ⇢ on X ⇥ Y defined on the product �-algebra B ⌦ C such that

1. ⇢ is T ⇥ S invariant,

2. for each set B 2 B, ⇢(B ⇥ Y ) = µ(B),

3. for each set C 2 C, ⇢(X ⇥ C) = ⌫(C).



EXAMPLES INCLUDE 

1. Factor maps

2. Isomorphisms



FACTOR MAPS AND 
ISOMORPHISMS ARE JOININGS

A joining ⇢ is a graph joining between X and Y if and only if for all C 2 C and

all ✏ > 0, there is a B 2 B such that

⇢((B ⇥ Y )�(X ⇥ C)) < ✏.

A joining ⇢ between (X,B, µ, T ) and (Y, C, ⌫, S) is an invertible graph joining if

and only for all B 2 B there is a C 2 C such that

⇢((B ⇥ Y )�(X ⇥ C)) = 0 (1)

and vice versa: for all C 2 C, there is a B 2 B such that equation (1) holds.



There are one-to-one correspondences between

1. Graph joinings and factor maps

2. invertible graph joinings are isomorphisms.



If ⇡ : (X,µ) ! (Y, ⌫) is a factor map

then there is a disintegration of µ with

respect to ⌫:

µ =

R
⌫yd⌫(y)

where ⌫y sits on the fiber ⇡�1
(y).



!

X

Y
Graph of ⇡

y

A



!

X

Y
Graph of ⇡

y

A

J (A) =
R
⌫y(Ay)d⌫



CAVEAT

A somewhat tricky point:

Let ([0, 1],�, T ) and ([0, 1],�, S) be ergodic measure preserving transformations.
Let � : [0, 1] ! [0, 1] be an isomorphism. Let J� be the associated invertible
graph joining. Then:

• ([0, 1]⇥ [0, 1], S ⇥ T,J�) is always ergodic

• it is possible that � is NOT ergodic.

Weiss: examples of isomorphic S and T NOT isomorphic by any ergodic �.



FACT: THERE IS A NOTION OF 
COMPOSITION OF JOININGS. 

IT COINCIDES WITH COMPOSITION 
OF FACTOR MAPS.



PRESENTATIONS

We describe various methods for building 
MPTS. 



PRESENTATIONS

We describe various methods for building 
MPTS.  We view these as presentations. 

A dirty secret: a lot of the work is sleight of 
hand between these presentations.



PRESENTATION 1:  IN VITRO

• By a theorem of Mahram/von Neumann all

standard probability spaces are isomorphic

to ([0, 1],�).

• So all measure preserving transformations are

isomorphic to measure pressuring transfor-

mations on [0, 1].

• Let MPT be the group of measure preserv-

ing transformations. Then MPT is a Polish

group with the weak topology.



WEAK TOPOLOGY

A basic neighborhood of T is given by ✏ and a partition P:

N(T, ✏,P) = {S :

X

A2P
(�(TA�SA) + �(T�1A�S�1A)) < ✏.

Two transformations are close if and only if they take a very fine partition

very similar places.



SYMBOLIC SHIFTS

Let ⌃ be a finite alphabet. Then:

• ⌃

Z
is a compact, separable, zero-dimensional

space (so homeomorphic to the Cantor set).

• The shift map is a homeomorphism of ⌃

Z

defined by

sh(x)(n) = x(n+ 1).

0 1

x



SYMBOLIC SHIFTS

Closed shift invariant subsets of ⌃

Z
are called sub

shifts.



SYMBOLIC SHIFTS

Closed shift invariant subsets of ⌃

Z
are called sub

shifts.

Sub-shifts carry invariant measures ⌫. The result-
ing system (K, sh, µ) is a measure preserving sys-
tem.



SYMBOLIC SHIFTS

Closed shift invariant subsets of ⌃

Z
are called sub

shifts.

Dual View: Instead of fixing a measure space

(X,µ) and considering MPTs T : X ! X we fix

⌃ and consider shift invariant measures on ⌃.



CONNECTING THE TWO TYPES 
OF PRESENTATIONS



PARTITIONS DEFINING 
SYMBOLIC SYSTEMS

If P is a partition of [0, 1] and T 2 MPT ([0, 1]),

then the P-name f 2 PZ
of x 2 [0, 1] is defined by

setting f(n) = A i↵ T

n
x 2 A.



The map x 7! f

x

gives a factor map:

([0, 1],�, T )

(AZ, ⇡⇤(�), sh)
?

⇡

That is an isomorphism if and only if A generates.



KRIEGER’S THEOREM
1. The dual view is equivalent if we allow count-

able alphabets.

2. Krieger proved that every transformation is

isomorphic to a system (⌃

Z, µ, sh) with ⌃

countable.

3. If the transformation has finite entropy, then

⌃ can be taken finite.

4. The converse to Krieger’s theorem is “triv-

ial.”



NOTE THIS IS A REALIZATION 
THEOREM

It says that every measure preserving transforma-

tion T is isomorphic to a measure preserving trans-

formation on a Polish space (zero-dimensional),

and moreover if T has finite entropy then T can

be realized on a compact Polish space.

What about smooth transformations on com-

pact manifolds?



BOREL ISOMORPHIC VIEWS

{Measure preserving transformations}

m

{symbolic shifts on a countable language}



IGNORE THIS IF YOU’RE SMARTER 
THAN I AM.

0 1

x

�1

Z is a wonderful group because you can draw its

actions on symbolic shifts (K, sh) as an arrow mov-

ing right or left. At application of T moves the

arrow one unit right.



IGNORE THIS IF YOU’RE SMARTER 
THAN I AM.

0 1

x

�1

Then (K, sh�1
) is given by shifting one to the left.



IGNORE THIS IF YOU’RE SMARTER 
THAN I AM.

0 1�1

0 1

x

�1
y

The problem comes when you want to compare

(K, sh) with (K, sh�1
).



IGNORE THIS IF YOU’RE SMARTER 
THAN I AM.

0 1�1

0 1

x

�1
y

The problem comes when you want to compare

(K, sh) with (K, sh�1
).



IGNORE THIS IF YOU’RE SMARTER 
THAN I AM.

To deal with this we define K�1
to be

{rev(x) : x 2 K}.

Then the inverse of (K, sh) is (K�1
, sh).



CUT AND STACK 
CONSTRUCTIONS

Total mass one.



CUT AND STACK: STAGE N

The partially defined transformation moves verti-

cally upwards through the stacked mass and there

is a blob of mass that we haven’t said anything

about yet.

remaining
mass



CUT AND STACK: INDUCTIVE 
STEP

remaining
mass

We cut each stack into some number of columns

(in this case all cuts are into two equal columns

but this is not necessary).



CUT AND STACK: INDUCTIVE 
STEP

remaining
mass

Now we stack the

columns we’ve cut



CUT AND STACK: STAGE N+1

remaining
mass

lost mass

We insert new levels in the

towers using up some of the mass.



CUT AND STACK: STAGE N+1

remaining
mass

lost mass

We insert new levels in the

towers using up some of the mass.

you don’t have
to insert levels at the

 same places!



CUT AND STACK: STAGE N+1

remaining
mass

lost mass

We insert new levels in the

towers using up some of the mass.

the total budget for using mass is 1

–the losses have to be summable.



IN THE LIMIT WE GET AN INVERTIBLE 
TRANSFORMATION THAT IS DEFINED ON THE 

AMOUNT OF MASS YOU USED.
(WHICH WE CAN NORMALIZE BACK TO MEASURE 

ONE)



Rank One transformation are built using only one stack at each 
stage.

Rank n transformations are built using exactly n stacks at each 
stage.



HOW DO WE REPRESENT CUT-AND-
STACK CONSTRUCTIONS SYMBOLICALLY?



CONSTRUCTION SEQUENCES:
A SYSTEMATIC WAY OF BUILDING

 SYMBOLIC SHIFTS

Fix a language ⌃, and a sequence of collections of words hWn : n 2 Ni with the

properties that W0 = ⌃ and:

1. for each n all of the words in Wn have the same length qn,

2. each w 2 Wn occurs at least once as a subword of every w0 2 Wn+1,

3. there is a summable sequence h✏n : n 2 Ni of positive numbers such that for

each n, every word w 2 Wn+1 can be uniquely parsed into segments

u0w0u1w1 . . . wlul+1 (1)

such that each wi 2 Wn, ui 2 ⌃

<N
and for this parsing

P
i |ui|

qn+1
< ✏n+1. (2)



THE ASSOCIATED SYMBOLIC 
SHIFT

Given a construction sequence hWn : n 2 Ni we

can associate a symbolic system by defining K to

be the collection of x 2 ⌃

Z
such that every finite

contiguous subword of x occurs inside some w 2
Wn.



THE ASSOCIATED SYMBOLIC 
SHIFT

Given a construction sequence hWn : n 2 Ni we

can associate a symbolic system by defining K to

be the collection of x 2 ⌃

Z
such that every finite

contiguous subword of x occurs inside some w 2
Wn.

Alternatively: K the smallest shift invariant closed

set that has non-empty intersection with each hwi
for w 2 Wn.



CHEAP TRICKS

We will use the fact that we can systematically

change symbols in some positions of letters in x 2
⌃

Z
to get a new element x

0 2 ⌃

Z
as long as the

change is equivariant with the shift and the map

x 7! x

0
is one to one. Because the change is one to

one we can copy over the measure ⌫ to a measure

⌫

0
so that the resulting measure on (⌃)

Z
will define

an isomorphic system.



TWO BASIC TRANSFORMATIONS 
WE REALLY CARE ABOUT:

Odometers

Rotations of the circle



WHAT IS AN ODOMETER 
TRANSFORMATION?

a finite dyadic odometer ….



MATHEMATICALLY

• Let hkn : n 2 Ni be a sequence of integers

at least 2.

• Let O =

Q
n2N Z/knZ.

• Then O has a natural product measure that is

preserved by “adding one and carrying right.”



MATHEMATICALLY

• Let hkn : n 2 Ni be a sequence of integers

at least 2.

• Let O =

Q
n2N Z/knZ.

• Then O has a natural product measure that is

preserved by “adding one and carrying right.”

An odometer coefficient sequence.



Odometers are characterized spectrally as discrete
spectrum transformations whose eigenvalues are
all finite order.



TRANSFORMATIONS WITH ODOMETER 
FACTORS ARE UBIQUITOUS

An ergodic transformation T has an odometer fac-

tor if and only if the associated unitary transfor-

mation UT has infinitely many finite order eigen-

values.



TRANSFORMATIONS WITH ODOMETER 
FACTORS ARE UBIQUITOUS

• If T is ergodic and does not contain an odome-

ter factor then there is an odometer O such

that T ⇥O is ergodic.

• If T has finite entropy then T ⇥O has finite

entropy.



ODOMETER BASED 
CONSTRUCTION SEQUENCES

A construction sequence hWn : n 2 Ni is an odome-

ter based construction sequence if and only if there

is a sequence hkn : n 2 Ni such that:

• W0 = ⌃

• Wn+1 ✓ Wkn
n



ODOMETER BASED 
CONSTRUCTION SEQUENCES

A construction sequence hWn : n 2 Ni is an odome-

ter based construction sequence if and only if there

is a sequence hkn : n 2 Ni such that:

• W0 = ⌃

• Wn+1 ✓ Wkn
n

Odometer based systems are those built by cut-and-
stack with no spacers



ODOMETER BASED SYSTEMS HAVE 
CANONICAL ODOMETER FACTORS:

W_2 words 

W_3 words

W_4 words

NYCIrvine



ODOMETER BASED SYSTEMS HAVE 
CANONICAL ODOMETER FACTORS:

W_2 words 

W_3 words

W_4 words

NYC



QUA TOPOLOGICAL SYSTEMS

Odometers cannot be represented as 
symbolic shifts. 



QUA TOPOLOGICAL SYSTEMS

Odometers cannot be represented as 
symbolic shifts. 

However, as MPTS …



In particular, every finite entropy transformation

is a factor of an odometer based symbolic system.

Theorem Let (X,B, µ, T ) be a measure preserv-

ing system with finite entropy. Then X has an

odometer factor if and only if X is isomorphic to

an odometer based symbolic system.



IN ENGLISH

Odometer based symbolic systems are a 
cone in the space of (finite entropy) 
measure preserving transformations.



ROTATIONS OF THE CIRCLE



ROTATIONS OF THE CIRCLE

PATIENCE PLEASE…



ANOSOV-KATOK NUMEROLOGY
Fix sequences of numbers hkn, ln : n 2 Ni such

that kn � 2 and

P
1/ln < 1.

Let:
• p0 = 0, q0 = 1

• pn+1 = pnqnknln + 1, qn+1 = knlnq2n.

• Then (pn, qn) = 1 for n � 1.

• ↵n = pn/qn, so ↵n+1 = ↵n + 1/knlnq2n

• Then ↵n ! ↵, where ↵ is a highly Liouvil-

lean irrational



CIRCULAR SYSTEMS

Given p, q, k, l with (p, q) = 1, let ji ⌘ p�1i. Let ⌃
be a finite language and {b, e} be two additional

symbols. If we have words w0, . . . wk�1 2 ⌃

<N
de-

fine the Circular Operator by setting:

C(w0, w1, w2, . . . wk�1) =

q�1Y

i=0

k�1Y

j=0

(bq�jiwl�1
j eji).



Circular systems are those symbolic systems built 
using the circular operation along a sequence 

satisfying the Anosov-Katok numerology.



CIRCULAR SYSTEMS

hWn : n 2 Ni is a circular construction sequence if and only if:

1. W0 = ⌃

2. There is a set Pn+1 ✓ Wkn
n such that Wn+1 is the collection:

{C(w0, w1, . . . wkn�1) : (w0, w1, . . . wkn�1) 2 Pn+1}.

3. Pn+1 is strongly uniquely readable.



CIRCULAR SYSTEMS ARE THOSE 
BUILT FROM CIRCULAR 
CONSTRUCTION SEQUENCES



A CANONICAL EXAMPLE

Let

• ⌃0 = {⇤}

• W0 = ⌃0

• Wn has exactly one member wn so Wn+1 =

{C(wn, wn, . . . wn)}



DESCRIPTION
Let

• ⌃0 = {⇤}

• W0 = ⌃0

• Wn has exactly one member wn so Wn+1 =

{C(wn, wn, . . . wn)}

Let K be the symbolic system associated with this

construction sequence. Then K is a factor of

EVERY circular system with the same coe�cients

hkn, lni.



THEOREM

Let ↵ = limn ↵n. Let R↵ be the rotation of the

circle S1
by ↵ radians. Then

(K, sh) ⇠
=

(S1, R↵).



PROOF

We identify (S1, R↵) with ([0, 1],+↵), where +↵ is

adding ↵ mod 1.



PROOF

We identify (S1, R↵) with ([0, 1],+↵), where +↵ is

adding ↵ mod 1.



PROOF

We identify (S1, R↵) with ([0, 1],+↵), where +↵ is

adding ↵ mod 1.

0

For s 2 K, let rn(s) be the position of 0 in the

subword of s containing 0.

(For almost every s and all large n, rn(s) exists.)



C(w0, w1, w2, . . . wk�1) =
q�1Y

i=0

k�1Y

j=0

(bq�jiwl�1
j eji).

…

n+1 word

n-word

…

rn+1(s) = i(knlnqn)+j(lnqn)+(qn�ji)+l⇤qn+rn(s)



C(w0, w1, w2, . . . wk�1) =
q�1Y

i=0

k�1Y

j=0

(bq�jiwl�1
j eji).

…

n+1 word

n-word

…

rn+1(s) = i(knlnqn)+j(lnqn)+(qn�ji)+l⇤qn+rn(s)

All but two terms are divisible by qn.



We define � : K ! [0, 1] as a limit of functions

⇢n : K ! [0, 1].



We define � : K ! [0, 1] as a limit of functions

⇢n : K ! [0, 1].

⇢n(s) =
p

qn

where

p ⌘ pnrn(s) mod qn



MAIN CLAIM

|⇢n+1(s)� ⇢n(s)| < 2/qn



MAIN CLAIM

|⇢n+1(s)� ⇢n(s)| < 2/qn

⇢n+1 = rn+1(s)

✓
pn+1

qn+1

◆

= rn+1(s)

✓
pn
qn

+
1

qn+1

◆



MAIN CLAIM

|⇢n+1(s)� ⇢n(s)| < 2/qn

⇢n+1 = rn+1(s)

✓
pn+1

qn+1

◆

= rn+1(s)

✓
pn
qn

+
1

qn+1

◆

Since we are working mod 1 and all but two terms

of rn+1(s) are divisible by qn we can discard those

terms in rn+1(s)
⇣

pn
qn

⌘
.



MAIN CLAIM

|⇢n+1(s)� ⇢n(s)| < 2/qn

We are left with

⇢n+1 =

✓
�ji

✓
pn
qn

◆
+ rn(s)

✓
pn
qn

◆◆
+

✓
i

qn
+ �

◆

where

� =
j

knqn
+

1

knlnqn
+

l⇤

knlnqn
+

rn(s)� ji
knlnq2n

< 2/qn



MAIN CLAIM

|⇢n+1(s)� ⇢n(s)| < 2/qn

The first and third terms of

⇢n+1 =

✓
�ji

✓
pn
qn

◆
+ rn(s)

✓
pn
qn

◆◆
+

✓
i

qn
+ �

◆

cancel, the second is ⇢n and the last is small.



Hence ⇢n converges a.e. to a function
� : K ! [0, 1].



Hence ⇢n converges a.e. to a function
� : K ! [0, 1].

Since the intervals 1/qn separate points � is 1-1.

Since R↵ is uniquely ergodic � must be measure

preserving.



END OF DAY 1



START OF DAY 2



A THIRD WAY MPT’S COME UP: 
IN NATURE 

If M is a compact manifold, then the space of dif-

feomorphisms carries the Ck
-topology.



AN ILLEGAL DESCRIPTION OF THE 
TOPOLOGIES ON DIFFEOMORPHISMS

The C0
topology gives the usual topology on con-

tinuous functions.

Roughly speaking ...

if dim(M) = n then the di↵erential is given by an

n ⇥ n matrix and two matrices are close if all of

their entries are. This gives the C1
-topology.

The C2
-topology is given by matrices of 2

nd
-derivatives

etc.



DIFFEOMORPHISMS OF 
MANIFOLDS

• The C1
-topology is the weakest topology re-

fining all of the Ck
-topologies.

• The Ck
-topology makes the Ck

-di↵eomorphisms

into Polish groups.



VOLUME FORMS

If the manifold carries a smooth volume form it

defines a measure � that is absolutely continuous

with respect to Lebesgue measure on each chart.



MEASURE PRESERVING 
DIFFEOMORPHISMS

Assuming that M has a smooth volume form then

{T 2 Ck
(M)|T : M ! M and T preserves �}.

is a closed set in the Ck
-topology.



FORGET ALL THIS!

We will work with the two dimensional torus T2
.

This is a quotient of the unit square and hence has

Lebesgue measure. Let

Di↵

1
(T2,�)

be the collection of Lebesgue measure preserving

di↵eomorphisms.



JUST TO MAKE LIFE CONFUSING

We now have two groups of transformations of

(T,�) we will worry about:

• Di↵

1
(T2,�)

• MPT (T2,�).



JUST TO MAKE LIFE CONFUSING

The structure we’re studying is

Di↵1(T2,�)/ ⇠

where S ⇠ T if and only if there is a � 2 MPT

�S��1 = T.

Note this is NOT a group action.



THE THEOREM

Note: C(T ) is the centralizer of T in the group

MPT and {T n} is the closure in MPT .

Theorem(Foreman, Weiss)

• {(S, T ) : S, T are ergodic, C1
, measure preserving di↵eomorphisms of T2

and

S ⇠
=

T} is complete analytic (with respect to the C1
-

topology).

• {T : T is an ergodic, C1
, measure preserving di↵eomorphism of T2

and

Centralizer(T ) 6= {T n
: n 2 Z}} is complete analytic.



PERIODIC PROCESSES

Another method of building measure 
preserving transformations. 



AN EASY CONSEQUENCE OF 
ROKHLIN’S LEMMA

Let T be an ergodic measure preserving transfor-

mation, n 2 N and ✏ > 0. Then there is a pe-

riodic transformation S with period n such that

dU(S, T ) < ✏. In particular T is a weak limit of

periodic transformations.

dU(S, T ) = µ({x : Sx 6= Tx})
The topology from this  

metric is finer than  
the weak topology



PERIODIC PROCESSES

Let P be a partition of the measure space X. A

periodic process is a permutation of the atoms of

P such that:

1. each cycle has the same length,

2. the atoms in each cycle have the same mea-

sure.

If all of the atoms of P have the same measure we

will call P a uniform periodic process.



PERIODIC PROCESSES
Let P be a partition of the measure space X. A

periodic process is a permutation of the atoms of

P such that:

1. each cycle has the same length,

2. the atoms in each cycle have the same mea-

sure.

If all of the atoms of P have the same measure we

will call P a uniform periodic process.

We often cheat and view the cycles as “towers” Tk

by choosing convenient levels in the cycles to be

bases.



TO BUILD TRANSFORMATIONS FROM 
PERIODIC PROCESSES WE NEED A 
NOTION OF CONVERGENCE.



✏-APPROXIMATION
Let ⌧ be a periodic process defined on P and � be

a periodic process defined on Q. We will say that

� ✏-approximates ⌧ i↵ there are disjoint collections

of Q-atoms {SA : A 2 P} and a set D ⇢ X of

measure less than ✏ such that for some choice of

bases for the towers of ⌧ :

1. for each A 2 P we have (

S
SA) \D ✓ A

2. If A 2 P is not on the top level of a ⌧ -tower
and B 2 SA we have �(B) \D ✓ ⌧(A)

and

3. for each tower Tk of � the measures of the

intersections of X \ D with each level of Tk

are the same.



Let h"n : n 2 Ni be a summable sequence of pos-

itive numbers and h⌧n : n 2 Ni be a sequence of

periodic processes defined on a sequence of parti-

tions hPn : n 2 Ni. Suppose that

1. ⌧n+1 "n-approximates ⌧n

and

2. the sequence hPn : n 2 Ni �-generates the

measure algebra.

Then there is a unique transformation T : X ! X
such that for all n0

lim

n!1
µ(

[

A2Pn0

(⌧nA�TA)) = 0 (1)



THE NEXT LEMMA SAYS THAT IT 
DOESN’T MATTER HOW WE 
REALIZE THE PERIODIC PROCESS 
AS A POINTWISE FUNCTION—
WE ALWAYS GET THE SAME 
RESULT.



Let h"n : n 2 Ni be a summable sequence of pos-

itive numbers. Suppose that h⌧n : n 2 Ni is a se-

quence of periodic processes converging to a mea-

sure preserving transformation T . Let hFn : n 2
Ni be an arbitrary sequence of measure preserv-

ing, invertible transformations such that for each

n,
P

A2Pn
µ(FnA�⌧nA) < "n. Then hFn : n 2 Ni

converges weakly to T .



FINALLY, WHEN WE SMOOTH 
APPROXIMATIONS, WE NEED 

THAT THEY CONVERGE TO AN 
ISOMORPHIC COPY OF 

ORIGINAL TRANSFORMATION. 



Fix a summable sequence of positive numbers h"n :

n 2 Ni. Let (X,µ) and (Y, ⌫) be standard mea-

sure spaces and hTn : n 2 Ni, hSn : n 2 Ni be

measure preserving transformations of X and Y
that converge in the weak topology to T and S
respectively. Suppose that hPn : n 2 Ni is a de-

creasing sequence of partitions and h�n : n 2 Ni is
a sequence of measure preserving transformations

such that

1. �n : X ! Y is an isomorphism between Tn

and Sn,

2. the sequences hPn : n 2 Ni and h�n(Pn) :

n 2 Ni generate the measure algebras of X
and Y respectively,

3. D⌫(�n+1(Pn),�n(Pn)) < "n.

Then the sequence h�n : n 2 Ni converges in the

weak topology to an isomorphism between T and

S.



NATURAL BREAK


