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Cancer Cell Clustering 
 

Abstract: 

 

Given images consisting of stem cell concentrations in tumors, we provide a method of 

distinguishing cancer cells by means of k-means clustering using a Fast Fourier Transform (FFT) 

descriptor, which is invariant to translation, rotation, scaling, and change of starting point. 

This descriptor is based on the FFT of the centroid distance function applied to a binary image of 

the cell data.  We provide numerical results using k-means with this descriptor to distinguish 

different cells shapes. We then show how to improve this descriptor by incorporating the 

measurement of concentrations within the cells.  We define this addition to the descriptor by 

dividing the cell data into specific regions and computing the histogram of stem cell 

concentration within these regions. This approach applies concepts from mathematics, computer 

science and biology to help quantify tumor cells.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Computing the Centroid  

To fully understand the descriptor which is based on the centroid distance function, it is essential 

to foremost understand how one computes the centroid. In this section, we note that the formulas 

were found from Yang, et al. [3]. The position of the centroid, the center of gravity, is fixed in 

relation to the shape. The shape in this particular context is a binary image. The centroid can be 

calculated by taking the average of all the points that are defined inside a shape. Under the 

assumption that our shape is simply connected, we can compute the centroid simply by using 

only the boundary points. The function defining the contour of our shape is given by the 

following discrete parametric equation:  

 ( )  ( ( )  ( )) 

This equation is valid in the Cartesian coordinate system. Let N be the total number of points on 

the border of our figure. Here, n ∈ [0, N - 1], and Γ(N) = Γ(0) as the 0 and N index are the same 

point on our boundary.  

 

The x and y coordinates of the centroid, denoted by    and    respectively, are given by: 
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Here, the area of the shape, A, is given by the following equation:  
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These equations are valid because any polygon can be partitioned into triangles, each triangle 

having its own centroid and area.  

The centroid of a triangle is given by the following equation under the assumption that (0, 0) is a 

point on the triangle: 
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The area of a triangle is given by: 
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Generally the centroid of the entire polygon is represented by: 
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Substituting the equations which compute the centroid and area of a triangle into this equation, 

we can confirm the validity of this equation. By taking the sum of the products of every 

respective triangles’ centroid and area then dividing by the total area of the entire polygon, the 

equations given to find the coordinates of the centroid from the boundary points of the shape are 

correct. 

Shape Signature 

Using the centroid distance function we can create a shape signature using the centroid and the 

boundary points. Shape signatures are one-dimensional functions which are derived from the 

contour of the shape. They provide information about the shapes’ features. Despite the fact that 

shape signatures can be used to describe a shape alone, they are often used as a preprocessing 

tool for other algorithms that extract features, like the Fourier descriptors (FD). This is because 

classification using shape signatures is computationally intensive due to the complex 



normalization needed to obtain rotational invariance. The shape signature will only be 

rotationally invariant if the starting point on our original shape can be identified on our rotated 

shape. This may not always be obvious. In addition, because shape signatures are local 

representations of shape features extracted from the spatial domain, they are sensitive to noise. 

Fourier descriptors have the advantages of simple computation and also simple normalization 

making it preferable for online retrieval. We show later that the Fourier descriptors obtained 

from the centroid distance function are also robust to noise, yet another advantage.  

Centroid Distance Function 

The centroid distance function expresses the distances of the boundary points from the centroid 

(     ) of a shape. It is given by the following formula: 
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Since this shape signature is only dependent on the location of the centroid and the points on the 

boundary, it is invariant to the translation of the shape and also the rotation of the shape if the 

starting point of the original shape can be identified on the rotated shape. If this is possible and 

we calculate our new shape signature starting at that point, then the shape signatures of the 

original and rotated shapes will be identical. This signature alone is not invariant to a change in 

starting point or scaling so we apply the Fourier transformation, normalize the coefficients, and 

then take the magnitude of these normalized coefficients to obtain a descriptor that is invariant to 

translation, rotation, scaling, and change of starting point.  

The Fourier Transform and Descriptors  

In this section we define the Fourier transform and descriptor obtained by taking the Fourier 

transform of the shape signature. The equations presented were found from Yang, et al. [3].    



The discrete Fourier transform of the shape signature,  ( )  is given by the following equation: 
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The coefficients,   , need to be further processed so that they are starting point and scaling 

invariant shape descriptors.  Shape features are represented by some or all of the coefficients of 

the transform. They characterize the appearance of images.  

The general form of the Fourier coefficients of a contour centroid distance function,  ( ), 

transformed through scaling and change of start point from the original function  ( )( ) is given 

by 
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Here,    is the Fourier coefficient of the transformed centroid distance shape signature, and 

  
( ) is the Fourier coefficient of the original shape.   is the angle of rotation required to align 

the starting points, and   is the scale factor.  

To normalize the coefficients returned by the Fourier transform we consider the following 

equation where    is the normalized Fourier coefficient of the transformed shape and   
( )

 is the 

normalized Fourier coefficient of the original shape: 
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After normalizing our coefficients by taking the values of the Fourier coefficients and dividing it 

by the first non-zero frequency component, the scale factor cancels showing that the descriptor is 

invariant to scaling. If the phase information is ignored by taking the magnitude of the 

normalized coefficients then the Fourier descriptor is also invariant to a change in the starting 



point. |  |   |  
( )| because the absolute value of the expression      (   )   is 1 using 

Euler’s formula.  

Testing Implementation of the Fourier Transform Applied to the Centroid Distance 

Function  

To test our implementation of the Fourier descriptor in Matlab we created several functions to 

check for the properties expected, such as starting point and scaling invariance.  

Confirming Change of Starting Point Invariance  

To check for starting point invariance we defined a shape, in this example a rectangle for 

simplicity, and extracted its shape signature using the centroid distance function. The shape and 

its corresponding shape signature are shown below.  

 

 

Original Rectangle 

 

 

 

Figure 1. The shape signature of the original rectangle.  

Afterward, we coded a forward shift function which shifted the starting point on our original 

shape. Shifting the starting point by 1, 20, and 40 points respectively we acquired corresponding 

shifted shape signatures.   



Shifted Shape Signatures 
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Figure 2. The shape signatures of the original rectangle with the starting points shifted.  

 

Taking the Fourier transformation of each of the shifted signatures produced the same 

normalized Fourier coefficients for each point proving that our implementation is starting point 

invariant.  
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Figure 3. The Fourier transform of each of the shifted shape signatures.  



 

Confirming Scaling Invariance  

To check for scale invariance we created two figures. Our first figure was a 10 by 24 rectangle, 

and our second figure was our original rectangle scaled by a factor of two, so a 20 by 48 

rectangle. We again extracted the corresponding shape signatures shown in Figure 4.  

 

 

Original Rectangle 

 

 
 

 

Original Rectangle Scaled by 2 

 

  

 
Figure 4. Comparing the shape signatures of a scaled rectangle to the original rectangle.  



Taking the Fourier transform of the original rectangle and the scaled rectangle using all the 

points on the respective contours, gave us the following normalized Fourier coefficients: 

 

  
Figure 5. Comparing the magnitudes of the normalized Fourier coefficients of the original and scaled rectangle.  

 

We find that the graph of the Fourier transform applied to the scaled rectangle looks denser 

because there are twice as many points on the boundary of our bigger rectangle. To clearly 

demonstrate that our implementation is scale invariant we plotted just the lower frequencies 

common to both plots.  

 



 
Figure 6. Plotting the lower frequencies common to both plots in Figure 5.  

 

This graph looks identical to the graph of the normalized Fourier coefficients extracted from the 

original rectangle confirming our implementation is invariant to changing the starting point of or 

scaling our shape. 

Fourier Descriptors are Robust to Noise  

In Zhang, et al. [1] that the Fourier descriptor is commonly used for shape retrieval because it is 

robust to noise. To illustrate this fact consider the following apples and their corresponding 

shape signatures (all images in this section are pulled from the article): 

 
Figure 7. Three apple shapes and their centroid distance signatures.  

 

The first apple is the original, the second apple is affected by noise, and the last apple has 

occlusion. When reconstructing these apples using the first 3 Fourier coefficient and the first 5 

coefficients we obtain the following figures:  



 
Figure 8. The Fourier reconstructed apple 1, 2, and 3 using (a) the first 3 FD; (b) the first 5 FD.  

 

The discrete Fourier transformation of a boundary signature generates a complete set of complex 

numbers; these Fourier descriptors represent the shape of the object in the frequency domain. 

Information about the general shape is contained in the lower frequency descriptors. Higher 

frequency descriptors contain information about more minute details of the shape. Details are 

already starting to emerge with just 5 coefficients, when comparing the image retrieved to that of 

the image retrieved with 3 coefficients. We find in this example that the reconstructed apples 

within Figure 8(a) and Figure 8(b) are very similar even though the original shapes and their 

corresponding shape signatures were differently affected by serious defections. Since low 

frequency coefficients are usually the most significant when it comes to retrieving the image, we 

find that shape descriptors using the Fourier coefficients are robust to variations of shape 

boundaries.  

Measuring Performance  

To differentiate between shapes, one can look specifically at a subset of the Fourier descriptors. 

Balancing both the accuracy and efficiency of image retrieval, Zhang, et al. [2] shows that 10 

Fourier descriptors are enough for shape representation. When the number of Fourier descriptors 

is reduced to 10, the retrieval performance is not that much worse than if more Fourier 

descriptors are used. This doesn’t require much computation and is yet another reason that 

Fourier descriptors are suitable for shape retrieval and indexing.  



To test the retrieval performance of the Fourier descriptors using different shape signatures 

Zhang and Lu performed an experiment in which a Java online indexing and retrieval framework 

was implemented. A database of 1400 shapes was created, and each shape was used as a query 

for which the retrieval was evaluated by the precision and recall common performance measure. 

Precision is defined as the ratio of the number of retrieved relevant shapes to the total number of 

retrieved shapes. It measures the accuracy of the retrieval as it is the fraction of retrieved 

instances that are relevant. Recall is defined as the ratio of the number of retrieved relevant 

images to the total number of relevant shapes in the whole database. It measures the robustness 

(completeness) of the retrieval performance as it is the fraction of relevant instances that are 

retrieved. The precision of the retrieval at each level of the recall is obtained for each query. The 

result precision of retrieval using a type of FD is the average precision of all the query retrievals 

using the type of FD. The criteria for measuring the similarity between a query shape Q and a 

target shape T is the Euclidean distance between their FD representations. 

Their results are represented in the following graph: 

 

 
Figure 9. Average retrieval performance of different FD. 

 

The data shows that on average the retrieval using the Fourier descriptor from the centroid 

distance function performs significantly better in terms of robustness, computation complexity, 



and retrieval performance of its Fourier descriptors, than the Fourier descriptors derived from 

other shape signatures.  

Cell Clustering Application: 

Methods 

Our research entailed the use of Matlab and pre-segmented tumor images containing  

 

stem cell concentrations. 

 

Centroid Distance Function, Shape Signatures, and FFT Applied to Cell Data 

Next, we implemented the FFT using the centroid distance function, and we applied our 

descriptor to both to a binary tumor image and also the same image rotated 30°.  This trial was to 

check for rotational invariance.   

 

 

 
Figure 10. The original stem cell image. 



 
Figure 11. The original stem cell image with calculated boundary points and centroid. 

 
Figure 12. The original stem cell image rotated 30° with calculated boundary points and centroid. 

 

We extracted the shape signature of both the images, and obtained identical signatures that only 

differed by a periodic shift – caused by the rotation.  

 

 
Figure 13.  Shape signatures of both stem cell images. Blue = original, Red = 30° rotated image. 



 

 

However, after applying FFT to both the shape signatures, we obtained two identical graphs 

showing that our implementation is invariant to rotation.  

 

 
Figure 14 . FFT of both shape signatures. 

 

Wedges and Histograms 

Using the same original image (Figure 10), we converted the pixel locations into the polar 

coordinate system (r,θ), and then formed partitions in θ to create wedges within the cell. The 

wedge partitions were created from the centroid running clockwise from – π to π in increments of 

π/12.   



 
Figure 15.  First wedge partition from – π to – 11π/12. 

 

 
Figure 16. Second wedge partition from – 11π/12 to – 10π/12. 

 

Within each of the wedges, we calculated the histograms of each of the RGB channels: red, 

green and blue.  

 



 
Figure 17. Histograms within the first wedge. 

 

 
Figure18. Histograms within second wedge. 

 

By taking the histogram we were able to account for the stem cell concentrations in the tumor. 

Figure 17 and Figure 18 show the first and second wedge partitions within the cell and their 

corresponding histograms.  

 

 

 



Polar Rectangles and Average Histogram 

Taking the application of creating wedges one step further, we applied partitions both in θ and in 

r to create polar rectangles within the cell. In the following image we created polar rectangles 

when θ = 4 and r = 2. 

 
Figure 19. Original stem cell image with polar rectangle partitions. 

Looking at the cell image, we noticed that the majority of the stem cell concentrations lie near 

the boundary of the cell. By partitioning r we are able to quantify the distance from the centroid 

where the stem cells lie. 

For an example we looked specifically at the polar rectangle when θ = 1 and r = 2.  

 
Figure 20. Polar rectangle where θ = 1 and r = 2.  

 

Again, we took the histogram of each channel within each of these polar rectangles to calculate 

the intensity values. To condense the three histograms into a single histogram, we plotted the 



average of the intensities in each of the RGB channels. We also set the number of bins in the 

histogram equal to four to get a more general view of the histogram. 

 
Figure 21. Average histogram taken within the polar rectangle where θ = 1 and r = 2. 

 

With this foundation of polar rectangles, we can further extend the research to define a more 

informative descriptor that integrates within the polar rectangles to calculate the intensity values, 

instead of finding the histograms.  Knowing that the stem cell concentrations are located near the 

boundary of the cell, we could also look at the average curvature of the cell boundary.  This will 

provide insight on how stem cell concentrations affect the deformation of the cell boundary.   

Clustering 

We combined our descriptor to use k-means clustering to group similar cells together.  For this 

we used an image containing six separate cell regions. 

 



 
Figure 22. Original image used to displayed clustering. 

 

To begin we isolated the six different cell regions. Next, we applied our descriptor to each 

region. We utilized an up-sampling of the boundary points to resize all images to the same vector 

length because only when all six vectors were of the same length could we apply k-means to 

cluster the different cell regions.  

In our first example, we set k = 2 to cluster the cells into two groups. The first group is shown by 

the green boundary points and the second group shown by the yellow boundary points. 



 
Figure 23.  K-means clustering where k = 2. 

 

 

Next we ran k-means again, but this time setting k = 3 to cluster the cells into three groups.  The 

three groups are shown by the green, white, and yellow colored boundaries. 



 
Figure 24.  K-means clustering where k = 3. 

 

The results were promising as similar cells were grouped together. The smaller, more round cells 

were clustered together and the more elongated cells were clustered into another group.  

Conclusion and Future Research: 

One thing to note is that when implementing the polar rectangles and histograms, invariance to 

start point is no longer addressed because we applied the polar rectangles and the histograms to 

the original image and not the normalized coefficients of the FFT.  Future research entails 

applying FFT to theta, the angle at which we set the divisions for the wedges of our polar 

rectangles. 



To progress the research with clustering, we hope to use both the shape descriptor along with the 

contextual information to more effectively classify and cluster cells based on their stem cell 

concentrations.  More specifically, we hope to implement a method of classification and 

clustering on cancer cell images and be able to classify cancer cells from non-cancer cells, or 

distinguish between different of cancer cells stages.   
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