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Problem 1. Suppose am,n is a positive number for each m,n ∈ IN. Is it true
that

lim sup
m→∞

(
lim sup
n→∞

am,n

)
= lim sup

n→∞

(
lim sup
m→∞

am,n

)
?

Prove or give a counterexample.
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Problem 2. Let f : IR→ IR be continuous positive function, and F : IR3 → IR3

be defined by

F (x, y, z) =
(∫ x

0

f(t)dt,

∫ x+y

0

f(t)dt,

∫ x+y+z

0

f(t)dt
)
.

Prove that F is locally (i.e. restricted to sufficiently small neighborhood of any
point in IR3) a C1 diffeomorphism.
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Problem 3. Let {fn}n∈IN be a sequence of continuously differentiable functions
on [0, 1] such that

|f ′n(x)| ≤ x−
1

2022 for x 6= 0 and

∫ 1

0

fn(x)dx = 2022

for each n ∈ IN. Prove that the sequence has a subsequence {fnk
} that converges

uniformly on [0, 1].
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Problem 4: Is f(x) =
∑∞

n=2

(
x

lnn

)n
continuous on (−∞,+∞)? Explain.
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Problem 5: Let X be a compact metric space, and suppose that the sequence
{fn} in C(X) decreases point-wise to a continuous function f ∈ C(X); that is,
fn(x) ≥ fn+1(x) for each n and x, and fn(x)→ f(x) for each x. Prove that the
convergence is actually uniform on X.
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Problem 6. Let v(x, y) = ( x
x2+y2 ,

y
x2+y2 ) : IR2 \ {(0, 0)} → IR2. Let

D = {(x, y) : (x− 2)2 + y2 < 9}

be the disc in IR2 centered at (2, 0) and radius 3. Let n = n(x, y) be the unit
outer normal vector to ∂D at (x, y) ∈ ∂D. Compute

∫
∂D

v · n ds.
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Problem 7. Let {an}∞n=1 and {bn}∞n=1 be two sequences of real numbers such
that

lim
n→∞

an = a, lim
n→∞

bn = b.

Prove

lim
n→∞

a1bn + a2bn−1 + · · ·+ anb1
n

= ab
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Problem 8: Let f be a differentiable function on IR such that

lim
|x|→∞

f(x) = 1.

Prove that there is a x0 ∈ IR such that f ′(x0) = 0.
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9. Let 1 < p, q <∞ with 1/p + 1/q = 1.
(i) Prove

xy ≤ xp

p
+

yq

q
, x, y > 0.

(ii) Let f(x) and g(x) be bounded Riemann integrable real-valued functions
on the unit ball Bn ⊂ IRn. Prove Hölder’s inequality:∣∣∣ ∫

Bn

f(x)g(x)dx
∣∣∣ ≤ (∫

Bn

|f(x)|pdx
)1/p(∫

Bn

|g(x)|qdx
)1/q

.
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