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Problem 1.

An entire transcendental function is an entire function which is not a poly-
nomial. Prove that if f is an entire transcendental function and K ⊂ C is a
compact set, then f(C\K) is dense in C.



Problem 2.

a) Give an example of a Laurent series centered at 1 that converges to the
function f(z) = z−2

z(z−1)2 in its domain of convergence.

b) Is an example that you gave unique? Explain your answer.



Problem 3.

Suppose that the power series
∞∑
n=0

cnz
n has positive radius of convergence,

and for some δ > 0 the sum is real in the interval (−δ, δ). Prove that all
coefficients cn are real.



Problem 4.

Suppose that 0 < |a| < 1 and m is a positive integer. Prove that equation
(z − 1)m = ae−z has exactly m simple zeroes with positive real part, and
that all of these zeroes are inside the disk D of radius 1 centered at 1, i.e.
D = {z : |z − 1| < 1}.



Problem 5.

Let f(z) =
∑

n≥0 anz
n have radius of convergenceR > 0. Let w0 ∈ ∂D(0, R)

be a point on the boundary of the disc of convergence, and suppose that
for any w ∈ ∂D(0, R), w 6= w0, the function f can be analytically continued
to an open set containing w.

a) Show that f cannot be analytically continued to any open set containing
the point w0.

b) Is it true that there exists sufficiently small ε > 0 such that f can be ana-
lytically continued to the open set D(0, R+ ε)\{w0}? Explain your answer
(prove or give a counterexample).



Problem 6.

Evaluate ∫ ∞

0

cosx

4x2 − π2
dx



Problem 7.

Let U ⊂ C be given by

U = {z ∈ C | |z| > 1 and |z − 1| < 2 } .

Find a conformal mapping from U to the unit disc.



Problem 8.

Let H = {z ∈ C | Im(z) > 0} be the upper half plane, and f : H → C be
holomorphic and bounded. For a given r > 0 denote

Hr = {z ∈ C | Im(z) > r}.

Prove that for any r > 0 the restriction f |Hr
: Hr → C is uniformly contin-

uous.


