REAL ANALYSIS JANUARY 3 2022

Qualifying Examination

Math Exam ID Number:

The exam consists of six problem. Solve as many as you can by giving complete arguments and
providing explicit justification. Show all your work. Each problem is worth 5 points.
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Problem 1

Let f,, : [-1,1] — R converge pointwise to f : [-1,1] — R. Show that

TV(f) < lirginf TV (fn)-

Before embarking on the proof, state the definition of TV (total variation).
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Problem 2

Let p and v be two positive measures on a measurable space (X, M). Suppose that, for every £ > 0,
there exists E € M such that p(E) < € and v(E°) < . Show that 4 L v,
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Problem 3

Let u be a probability measure, i.e. a measure on X with p(X) = 1. Show that, given measurable
Fh, ..., E,, it holds that

Z'M(Ej) >n—1 :>M(ﬂ Ej) > 0.
=1 j=1
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Problem 4
Let (X, M,u) be a measure space, and let f € L' (X, M,u). Let (E,)nen be a sequence of M-

measurable sets such that lim, o u(E,) = 0. Prove that

lim fdu=0.

n—oQ E
n
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Problem 5

Suppose that E C R is a measurable set of positive measure and D = {qk ’ k> 1} C R be a dense
set. Prove that
S=R\|J(g + E)

k>1

is a set of measure zero.

10
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Problem 6
Suppose that f € L! ((O, +oo)) and prove that

n—oo N

1 n
lim — dz = 0.
im /0 xf(x)dx
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