ANALYSIS SEPTEMBER 2023

Jumpstart Final Assessment

1. Prove or disprove: A set S is infinite if and only iff it has the same cardinality as a
proper subset of itself.

2. Consider the sequence recursively defined by
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Show that (ap)nen converges and determine its limit.

3. Let a sequence (z,)nen of positive real numbers be given. Prove or disprove: if
Ty, — Too &S M — 00, then the sequence defined by
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converges as well. If it does not, provide a counterexample; if it does, determine the
limit.

4. State the definition of convergent series and of absolutely convergent series (of real
numbers). Prove that that, if 3 _ya, is an absolutely convergent series, then the
series ) cn a? converges. Finally, give an example of a convergent series > nen bn
such that ), b2 diverges.

5. Compute the following limit justifying your steps
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6. Let f:]0,1] — R be continuous and evaluate
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Provide estimates that justify your answer.

7. Let (fn)nen be a bounded sequence of functions in C([0,1]). Define

Fy(x) = /O " fa(©)de, x e [0.1],

and show that (F},),en has a uniformly convergent subsequence.

8. Let £ C R be bounded and f : E — R be uniformly continuous. Prove that f is
bounded on F.

9. Suppose that X is an uncountable subset of the reals. Prove that there is a point of
X that is a limit of a sequence of distinct points of X.



