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Notation:
C denotes the complex plane; i =

√
−1;

D(z0, r) denotes the open disc in C centered at z0 and radius r.



1. Find the integral ∫ 2π

0

dθ

a+ cos θ
, a > 1.
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2. The Bernoulli polynomials Bn(z) are defined by the expansion

t
etz − 1

et − 1
=
∞∑
n=1

Bn (z)

n!
tn.

Prove that Bn (z + 1)−Bn (z) = nzn−1.
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3. Let f(z) be analytic in S = {z = x + iy : −1 < x < 1} and continuous
on S, the closure of S. Suppose that f(z) are real when Re z = x = ±1.
Prove that f(z) can be extended analytically to the whole plane and that
the resulting entire function satisfies f(z + 4) = f(z) for all z ∈ C.
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4. Let fn : D(0, 1)→ D(0, 1) \ {0} be analytic such that
∑∞
n=1 |fn(0)| <∞.

(a) Prove
∑∞
n=1 |fn(z)|3 converges uniformly on |z| ≤ 1

2
;

(b) Give an example of {fn}∞n=1 satisfying above conditions but
∑∞
n=1 |fn(z)|3

diverges for any |z| > 1/2.
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5. Let f be holomorphic in D = {z ∈ C : 2 < |z| <∞} satisfying∫
|z|=3

f(z)dz = 0.

Prove that there is a holomorphic function F in D such that F ′(z) = f(z)
on D.
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6. Find a conformal map which maps U1 onto U2, where

U1 = {z = x+iy ∈ C : y > 0}\{z = iy : 1 ≤ y ≤ 2} and U2 = D(0, 1)\{0}.
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7. Let f be meromorphic in C satisfying

|f(z)|3 ≤ | tan z|, z ∈ C \ P (f),

where P (f) is the set of poles of f in C. Prove f(z) ≡ 0.
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8. Prove or disprove there is a non-constant entire function f = u + iv
satisfying v(z) 6= u(z)2 when u(z) ≥ 0.
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