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1 Lecture 2: Sequence, Series and power series (8/14/2012)

1.1 More on sequences

Example 1.1. Let {z,}22; and {y,}52; be two bounded sequences. Show

lim sup (x, + yn) < lim sup z, + lim sup y,.

n—o0 n—oo n—oo

Proof. Since

Tp + Yn :Sup{$m+ym im 2> n}
< sup{zy, : m > n} + sup{ym : m > n}

=ZTntYn

we have limy, o0 Tp, + Ypn < limy 00 (T, + Un) = limy—s00 Ty + limy, 00 T

Therefore, lim sup,,_, o (Tn + yn) < limsup,,_, . n, + limsup,,_, o Yn.

Definition 1.1. Given a sequence {x,};2;. We say that {z,;}32, is a subsequence of {z,}32, if

Example 1.2. If we consider z,, = (—1)", n = 1,2, ..., then
(i) {z2n}22, with x9, =1 is a subsequence of {x,}.
(ii) {xon+1}52 4 with xe,+1 = —1 is another subsequence.

Although lim,,_,~ x, does not exist, limy,_,o €2, = 1, and lim,, 00 Ton+1 = —1.

Theorem 1.1. Let {z,} be a sequence in R, then lim, ooz, = © <= for any subsequence

{xnk}zozl, one has hmkﬁoo Tp, = T.

Proof. 1t is straight forward.



Proposition 1.1. Given bounded sequence {z,}52; in R, there exists a subsequence {zy, }72, s.t.

lim sup,, oo Tn = limg_yo0 Tp, -

Proof. The idea for the proof:
lim sup,,_,, Tn = lim, o0 T,, where Z,, = sup{x, : m > n}.
Then Zj, — 1/k is not an upper bound, one can choose ny s.t. T > x,, > T — 1/k, inductively, we

can choose n1 < mng < ---. Then limy_o z, = limsup z,. ]

Theorem 1.2. Bolzanno-Weierstrass Theorem:

Every bounded sequence in R has a convergent subsequence

Proof. We consider two cases:

(1) {xn}52 is finite: there must be 1 repeat oo many times. Then, there is a subsequence {z,,, } = .
(2) {zn}>2, is infinite. Then, we choose m, M such that {z,}2>, C Iy := [m, M], we choose a half
of the interval from I, and called Ij,1; with I} contains infinite set of {z,,}72 ;. Choose {xy, }32,

with z,, € Iy. Then |z,, —z,,| < ¢ > k. So, {zn,} is a Cauchy sequence, which has a

2k
limit. O

Theorem 1.3. Q is dense in R

Because of the following theorem on the structure of real numbers:
Theorem 1.4. Every x € R can be represented as x = p + 37724 %,aj €{0,1,....q},p € Z. So,
we then get 1 = 0.9999.... = 1.0.
1.2 Definition and basic test for a convergent series

Definition 1.2. We say that > -2, a, converges (to a finite number € R), if lim,_,o Sy, exists,

where S, = >"12 ak.

e Question: How to test > > a, converges or diverges ?

Proposition 1.2. (Necessary condition) If >>° ; a,, converges, then a, — 0 as n — oo.



Proof. Notice that lim,_,c0 apt1 = limy o0 Spt1 — Sp = S — 5 = 0. The proof is complete. ]
(=)™ +n
n + 100

(=D"+n
n + 100

Example 1.3. Prove ) >, diverges.

—1)"
=1# 0, we have that > 72 ; (D" +n

———— diverges. O
n + 100

Proof. Since lim,,_~
Definition 1.3. We say that Y >° a, converges absolutely if > >° ; |a,| converges.

Notice the > 0% an < {Sn}22, converges. One easily has

Theorem 1.5. (Cauchy criteria) The series Y oo an converges if and only if for e > 0, there is
an N such that if m >n > N then |31, 1 ax| <e.

Corollary 1.6. > 0, a, converges absolutely, then Y > an converges. The converse is not true

Note: First part is from: Cauchy test and | Y ;- ar| < 37, 11 |ak|. The second part is from

n

z_:l (=1

converges, but it does not converges absolutely.

1.3  Series with non-negative general terms: a, > 0

Theorem 1.7. (Comparison test) Assume 0 < b, < ap, < c,, n=1,2,..., then
(i) If Y 0° ¢y converges, then > >° | a, converges.
(i) If 302 by diverges (+00), then > o> ay, diverges.

Theorem 1.8. p-series

1
oy — converges if p > 1 and diverges to +o0o if p < 1.
n



Proof. If p > 1, then

| st n+l 1 o9
> o<1+ / —dr=1+ [ —dr=1+—<o0
nzln n=1"" 1 -
If p <1, then
© 1 0 n+1 0
ST L [T i
n:ln n=1"" L 1
O
Example 1.4. Determine if > >° (-1)" +n*
X .4. Determine i > | ——————— converges.
p n=lpd 100 +1 &

Solution: Since

_1\n 2 2
nt+10n+1 n4 n?

1
Since Y 07 3 < +oo (it is a p-series, with p = 2), then by the comparison test, the series

CONVETGES.

Theorem 1.9. (Integral test) Assume that f(x) is a decreasing non-negative function on [1,00).
(i) 0 < a, < f(n) and [7° f(z)dz < +o0, then Y02 an converges;

(ii) an, > f(n) and [° f(z)dz = 400, then > 0o a, diverges.

Proof. (i) Since any1 < f(n+1) < [*T! f(x)dz, one has 2% ap, < a1 + X2, [MH! f(z)de =

a1 + [7° f(z)dz < 4o00. Therefore, 372 a,, converges.

(i) Since a, > f(n), one has 2% a, > Y250, [ f(z)dx = [° f(x)dz = +oo. Therefore,

Yoo ap, diverges.

v
n(In(n +1))P

Solution. Let fy(x) = m. If p# 1, then

Example 1.5. > >, converges if p > 1 and diverges if p < 1.

/100 f(z)dx = —pl—i- Iz 4+ 1)) -

r=1




This is finite when p > 1, infinity when p < 1. Moreover, a, = f(n). The result follows from

integral test.

Theorem 1.10. Ratio test for series with general term positive.
a
Let a, >0, n=1,2,.. and lim,_,~ ntl
n

(i) If r < 1, then Y o2, a, converges;
(ii) If r > 1, hen Y 72, a, diverges;
(iii) When r = 1, the test fails.

2"’L
Example 1.6. Determine if > >° ; — converges.
n

n a ontl ) 2
Solution: a, = — > 0, ntl — = — 0 asn — oo.
n! an (n+1)127  n+1

So, the series converges.

Example 1.7. Let a, = 1/n and b, = 1/n%. Then

. Qp1 bpp
lim -ttt 2l g

n—oo @, bn

But, >>>° a, diverges and > 2 b, converges.

Theorem 1.11. Root test

If limsup,,_,o V|an| =7, then:
1. if r < 1, then Y 02 |an| converges.
2. 4fr > 1, >0 an diverges.

3. r=1, test fails.

2
Example 1.8. Find interval x such that 2 g—nx‘% converges.

2

Solution. Let a,, = g—na:?’”. Then

2 3 3
Ulan| = 1, Zn|x]3:3;|v" n2—>’$8|<1, when |x| < 2.



Therefore, the series converges for all x € (—2,2).
o We have discussed how to test if a series with non-negative terms converges. In general, testing
the convergence of > ;> an with general ay,, is very difficult. The following identity is a very useful

tool.

Theorem 1.12. Abel’s Identity
ZZ:p apby, = ZZ:p Sk(bk — bk+1) + quq — Sp_lbp

where s, = Zle ay, sop = 1.

Proof. Notice that

q q q—1 q
Z apby, = Z(Sk —Sk_1)bg = Z(Skbk — Skbpy1) + Sqbg — sp—1bp = Z Sk(bg — bg+1) + Sqbg — 8p—1bp.
k=p k=p k=p k=p
The proof is complete. O

Theorem 1.13. Test for alternating series

Let {br}32, is a decreasing sequence and lim,,_,o by, = 0. Then Y72 (—1)"b,, converges.

Proof. Apply Abel’s identity with a,, = (—1)", s, = 0 if n is even, —1 if n is odd.

Then the above theorem follows directly from the following more general theorem O

Theorem 1.14. Let {a,}72, and {b;}72, be two sequences of numbers such that
(i) {sn = > f_q ar}52; is bounded;
(ii) by, > bpt1 forn > 1 and b, — 0 as n — oo.

Then > 72| arby converges.

Proof. For any € > 0, need to find N such that if m,n > N then |>°}, arbi| < €. Since {s,}°%;



is bounded, there is M > 0 such that |s,| < M for all n > 1, we have

m m
> arbi| = | > sk(bk — brr1) + Smbm — sn_1bn
k=n k=n
<D skl 0k = brra) + ([sml + [50]) (1] + [ba])
k=n

< M(bn = b1) + 2M([bn| + b))

< 3M([bn| + [brm])-

Since lim, o b, = 0, there exists N such that if n > N, we have |b,| < ¢/6M. Therefore, when
m >mn > N , we have |> L arbr] < 6M - €¢/6M = e. Therefore, > 72, apby converges by the
Cauchy criteria of convergence. O

n

Example 1.9. Determine if Y 02 W
n(n

converges.

1 1
Solution. Since In(n+2) > In(n+1), n=1,2,..., then I £2) < YEEE n=1,2 .. and
_1)n
= 0. By the alternating series test, Y oo (=1) converges.

li N
Hiin—o0 In(n +1)

Exercise: Show that Y .7,

"=l n(n + 1)
(="
\/ﬁ

CONVETGES.

1.4 Exercise

~

. Prove the following series converges.
(0) S0s mimmy
oo (="
(b) >ona U
2. Prove Q x Q is dense in R2.
3. Investigate the behavior (convergence and divergence) of > oo an if
(a) an =vn+1—+/n; (b) an=(/n+1—+/n)/n; (c) a, = (/" —1)" and

(d) an = H%’ where z is complex number.
4. If an, > 0 and Y 72, an converges then Y o2, @ converges.
5. If 3°0° 1 an converges and in {b,} is monotonic and bounded, prove that > 5>, apnb, converges.

6. Suppose that a, > 0 and Y o2 | an = 0.



(a) Prove that 37 $$=— diverges;

(b) What can be said about

(c) Let sp = > j_q ai. Prove

and deduce that 377 | <3 converges.
n

2 Lecture 2: Sequence, Series and power series (8/14/2012)

2.1 More on sequences

Example 2.1. Let {z,}2°; and {y,}32; be two bounded sequences. Show

lim sup (,, + yn) < lim sup z, + lim sup y,.

n—oo n—00 n—oo

Proof. Since

T F U = SUD{T + Y 0 > i}
< sup{y, : m > n} +sup{ym : m > n}

=Tn + Yn

we have limy, 00 Tn, + Yn < limyyo0 (T, + Tn) = limy 00 Ty + limy,—y00 U

Therefore, lim sup,,_, .o (Tn + yn) < limsup,,_, . T, + limsup,,_, o Yn-

Definition 2.1. Given a sequence {x, };2;. We say that {z,;}72, is a subsequence of {z,}72, if

Example 2.2. If we consider z,, = (=1)", n = 1,2, ..., then

(1) {z2n}22, with x9, =1 is a subsequence of {z,}.



(i) {won+1}pe, with xop+1 = —1 is another subsequence.

Although lim,,_, x, does not exist, limy, o €2, = 1, and lim,, 00 Ton+1 = —1.

Theorem 2.1. Let {z,} be a sequence in R, then lim, ,ox, = © <= for any subsequence

{@n, 132, one has limy_,o0 zp, = .

Proof. 1t is straight forward.

Proposition 2.1. Given bounded sequence {z, }52; in R, there exists a subsequence {x,, }?2; s.t.

lim sup,, oo Tn = limg_yo0 Tpy -

Proof. The idea for the proof:
lim sup,,_, . Tn = lim,_, o T,, where T, = sup{x, : m > n}.
Then Zj, — 1/k is not an upper bound, one can choose ny, s.t. zx > x,, > ) — 1/k, inductively, we

can choose n; < ng < ---. Then limy_, =y, = limsupz,. ]

Theorem 2.2. Bolzanno-Weierstrass Theorem:

Every bounded sequence in R has a convergent subsequence

Proof. We consider two cases:
(1) {x,}52; is finite: there must be 1 repeat oo many times. Then, there is a subsequence {z,, } = .
(2) {zp}>2, is infinite. Then, we choose m, M such that {z,}>>, C Iy := [m, M|, we choose a half

of the interval from I, and called Ij,1; with I} contains infinite set of {z,,}72 ;. Choose {xy, }32;
2M
2k
limit. O

with z,, € Ix. Then |z,, — z,,| < ¢ > k. So, {zn,} is a Cauchy sequence, which has a

Theorem 2.3. QQ is dense in R
Because of the following theorem on the structure of real numbers:

Theorem 2.4. Every x € R can be represented as x = p + 37724 %,aj €{0,1,...,q},p € Z. So,
we then get 1 = 0.9999.... = 1.0.



2.2 Definition and basic test for a convergent series

Definition 2.2. We say that > o°; a, converges (to a finite number € R), if lim,, o S, exists,

where S, = Y52 ak.

e Question: How to test > o ; a, converges or diverges ?

Proposition 2.2. (Necessary condition) If >>>° | a,, converges, then a,, — 0 as n — oo.

Proof. Notice that lim, e apy1 = limy oo Spt1 — Sp =S — 5 = 0. The proof is complete.

_1)n
Example 2.3. Prove ) 2 (n—i)—l:)—On diverges.
: : -1)" +n -)"+n .
Proof. Since lim,, o <n—|)—100 =1# 0, we have that >>°; (n—i)—l()() diverges.

Definition 2.3. We say that Y>>, a, converges absolutely if > >°; |ay| converges.

Notice the Y02 | a, < {Sn}22; converges. One easily has

O]

Theorem 2.5. (Cauchy criteria) The series Y oo an converges if and only if for € > 0, there is

an N such that if m >n > N then | jL, . ax| < €.

Corollary 2.6. > 77 a, converges absolutely, then > >2 | a, converges. The converse is not true

Note: First part is from: Cauchy test and | > ;L ax| < X232, 11 |ag|. The second part is from

© (_1)n
Zl(n)

converges, but it does not converges absolutely.



2.3 Series with non-negative general terms: a, > 0

Theorem 2.7. (Comparison test) Assume 0 < b, < a, < c,, n=1,2,..., then
(i) If Y0°, cn converges, then > o2 | a, converges.
(i) If 302 by diverges (+00), then > 0> ar diverges.

Theorem 2.8. p-series

)
n=1

1
— converges if p > 1 and diverges to +oo if p < 1.
n

Proof. If p > 1, then

<1 S | 1
Z—§1+Z/ dx—1+/ —dm—1+7<oo
n:lnp n=1"" _1

If p <1, then
0 q oo n+1
Y —=> Z/ —da:—l—i—/ —dm—
n:lnp n=1
O
(=1)" +n?

Example 2.4. Determine if > °° converges.

"=l pd 4 10n + 1
Solution: Since
(=) +n% 202 2

N -—F < — < —,
“nt4+10n+1 " nt — n?

1
Since > 02, — < +o0 (it is a p-series, with p = 2), then by the comparison test, the series converges.
n

Theorem 2.9. (Integral test) Assume that f(x) is a decreasing non-negative function on [1,00).
(i) 0 < a, < f(n) and floo f(z)dr < +o00, then Y 02, a, converges;

(it) an, > f(n) and [{° f(z)dx = 400, then > 02 a, diverges.

Proof. (1) Since any1 < f(n+1) < [P f(z)dz, one has ¥ a, < a1 + X% [ f(z)dx =

a1 + [° f(z)dx < 4o00. Therefore, Y72 a,, converges.

11



(ii) Since a,, > f(n), one has > >2 a, > > 02, fg“ f(x)dx = [7° f(x)dx = 4o00. Therefore,

> oo ay diverges.

1
n(ln(n + 1))P

Solution. Let f,(x)

Example 2.5. > >° converges if p > 1 and diverges if p < 1.

1
= W pr # 17 then

00 B 1 BNES
/1 fa)dr = —— (e + 1)y

This is finite when p > 1, infinity when p < 1. Moreover, a,, = f(n). The result follows from

integral test.

Theorem 2.10. Ratio test for series with general term positive.
a
Let ap, >0, n=1,2,.. and lim,,_, Ontl _ r
n

(i) If r < 1, then Y 02, a, converges;
(ii) If r > 1, hen Y o2, a, diverges;

(iii) When r = 1, the test fails.

2n
Example 2.6. Determine if > 7 — converges.
n

n 2n+'1 | 2
Solution: a, = — > 0, Ontl _ B2 L0asn— .
n! an (n+1)!27  n+1

So, the series converges.

Example 2.7. Let a, = 1/n and b, = 1/n%. Then

. Qpt1 bpgr
lim ot — Tl g

n—oo @, bn,

But, 02 ay, diverges and Y o2 ; b, converges.

Theorem 2.11. Root test

If limsup,,_, . V|an| =7, then:

1. if r < 1, then Y o2 |ayn| converges.

12



2. ifr>1, 3 an diverges.

3. r=1, test fails.

2
Example 2.8. Find interval x such that > ;L—nx?’” converges.

2
n
Solution. Let a,, = 8—nx3”. Then

2 3 3
Ulan] = 1 ;L—n|x|3 = \a;]vn n? — \a;] <1, when |z| < 2.

Therefore, the series converges for all z € (—2,2).
e We have discussed how to test if a series with non-negative terms converges. In general, testing
the convergence of > °° ; a,, with general a,, is very difficult. The following identity is a very useful

tool.

Theorem 2.12. Abel’s Identity
Sty arbr = Yf_, sk(br — br+1) + Sgbg — sp—1bp

where s, = Zf‘;l a;, so = 1.

Proof. Notice that

q q q—1 q
Z apby, = Z(sk - Skfl)bk = Z(skbk - Skbb+1) + quq — Sp_lbp = Z Sk(bk - bk+1> + quq — Sp_lbp.
k=p k=p k=p k=p
The proof is complete. ]

Theorem 2.13. Test for alternating series

Let {br}32, is a decreasing sequence and lim,,_,oo by, = 0. Then Y72 (—1)"b,, converges.

Proof. Apply Abel’s identity with a,, = (—1)", s, = 0 if n is even, —1 if n is odd.

Then the above theorem follows directly from the following more general theorem O

Theorem 2.14. Let {a;}32, and {by}7° be two sequences of numbers such that
(i) {sn = > f—1 ar}5>; is bounded;

(ii) by, > bpt1 forn > 1 and b, — 0 as n — oo.

13



Then 721 arby converges.

Proof. For any e > 0, need to find N such that if m,n > N then |} 7*, axbg| < €. Since {s,}°2,

is bounded, there is M > 0 such that |s,| < M for all n > 1, we have

m

> agbe| = | sk(br — beg1) + Smbm — Sn—1bn
k=n k=n
< > Iskl(br = bsr) + (sl + Isn ) ([brm] + [ba])
k=n

< M(bn = b1) + 2M([bn| + [bm])

< 3M([bn| + [bm])-

Since lim, o b, = 0, there exists N such that if n > N, we have |b,| < ¢/6M. Therefore, when
m > mn > N , we have |> /L arbr] < 6M - €¢/6M = e. Therefore, > 72, apby converges by the

Cauchy criteria of convergence. O

n

Example 2.9. Determine if > 02 ; 1) converges.
1
Solution. Since In(n +2) > In(n+1), n = 1,2, ..., then n(n +2) < CESE n=1,2,... and
= 0. By the alternating series test, > converges.

limy, o0 ln(

n+1) "=Un(n + 1)

2.4 Exercise

1. Prove the following series converge.

(a) 2onto W

(b) 52 (1)

2. Prove Q x Q is dense in R2.
3. Investigate the behavior (convergence and divergence) of > 02 | ay, if
(a) an = vn +1—/n; (b) an = (Vn+1—/n)/n; (c) ap = (n*/™ —1)" and
(d) a, = H%’ where z is complex number.
4. If ap, > 0 and Y72 ay, converges then Y 2, @ converges.
5. If 30°, a, converges and in {b,} is monotonic and bounded, prove that Y o> a,by, converges.

14



6. Suppose that a, >0 and > 72 a, = oc.

(a) Prove that > 02 T diverges;

(b) What can be said about

o0 a o0
D T 2
)
n=1 1+ nan n=1
(c) Let s, = > p_; ag. Prove
<
Sn Sn—l

and deduce that 3 7 | <& converges.

15



