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1 Lecture 3: Power series and metric space, 8/15/2012

1.1 Power Series

For the power series
∑∞
n=0 anx

n, the radius of convergence is

R = 1
lim supn→∞ n

√
|an|

.

Theorem 1.1. The following statements hold.

(i)
∑∞
n=0 anx

n converges absolutely for x ∈ (−R,R);

(ii)
∑∞
n=0 anx

n converges absolutely and uniformly for x ∈ [−r, r] for any r < R;

(iii) Let f(x) =:
∑∞
n=0 anx

n. Then f(x) is both differentiable and integrable on (−R,R) and

f ′(x) =
∞∑
n=1

nanx
n−1, x ∈ (−R,R)

and ∫ x

0
f(x)dx =

∞∑
n=0

an
n+ 1x

n+1, x ∈ (−R,R).

(iv) For x = R and x = −R, it must be checked on a case-by-case basis.

Example 1.1. Determine where the following power series converges
∑∞
n=1 2−nxn2 .

Solution (1) Find the radius of convergence:

R = 1
lim supn→∞

n2√
2−n

= 2.

(2) Examine the end points:

x = ±1. Since
∑n
n=1 2−n and

∑∞
n=1 2−n(−1)n2 =

∑∞
n=1 2n(−1)n both are convergent.

Example 1.2. Determine where
∑∞
n=1

(−1)n√
n2n x

n converges.
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Solution Since R = 1
lim supn→∞ n

√
1√
n2n

= 2, by examining x = −2, 2, we have
∑∞
n=1 2nxn2 con-

verges on (−2, 2].

1.2 Examples of power series of some elementary functions

1) 1
1−x =

∑∞
n=0 x

n, x ∈ (−1, 1);

2) x
(1−x)2 =

∑∞
n=0 nx

n, x ∈ (−1, 1);

3) − ln(1− x) =
∑∞
n=1

1
nx

n, x ∈ (−1, 1);

4) ex =
∑∞
n=0

1
n!x

n, x ∈ (−∞,∞);

5) sin(x) =
∑∞
n=0

(−1)n

(2n+1)!x
2n+1, x ∈ (−∞,∞);

6) cos(x) =
∑∞
n=0

(−1)n

(2n)! x
2n, x ∈ (−∞,∞);

1.3 Metric spaces

1.3.1 Definition of metrics

On R, The distance between two numbers x and y is measured as a number:

de(x, y) = |x− y|, x, y ∈ R.

In Rn, The distance between two points x = (x1, · · · , xn) and y = (y1, · · · , yn) is measured as a

number:

de(x, y) = |x− y| =
√

(y1 − x1)2 + · · ·+ (yn − xn)2, x, y ∈ R.

The de(x, y) is so-called Euclidean metric which satisfies:

(a) de(x, y) ≥ 0, dε(x, y) = 0 if and only if x = y.

(b) de(x, y) = dε(y, x) (Symmetric).

(c) de(x, z) ≤ dε(x, y) + dε(y, z), x, y, z ∈ R (Triangle Inequality).

• Motivation:

In Rn, de(x, y) may not be the unique way to measure distance between two points as our needs.
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Definition 1.1. Let X be a set. A function d : X ×X → [0,∞) is said to be a metric on X if d

satisfies properties (a),(b) and (c) above. (X, d) is a called a metric space with distance function d.

1.3.2 Examples for metric spaces

On Rn = R× ....×R = {(x1, ...., xn), xj ∈ R, 1 ≤ j ≤ n}, we have Euclidean metric de. In fact, one

may assign other measurement functions on Rn such as:

Example 1.3. Let

dp(x, y) =
( n∑
j=1
|yj − xj |p

)1/p
, 1 ≤ p <∞.

Then dp is metric on Rn.

Example 1.4. Let A be n× n symmetric, positive definite matrix over R. Then

dA(x, y) =
√
〈A(y − x), y − x〉 =

√√√√ n∑
i,j=1

aij(yi − xi)(yj − xj)

Then dA is a metric on Rn.

Example 1.5. If (X, d) is a metric space and if we define d̃(x, y) = d(x, y)
1 + d(x, y) , x, y ∈ X. Prove

that (X, d̃) is also a metric space.

Proof. (i) d̃(x, y) = d(x, y)
1 + d(x, y) ≥ 0; d̃(x, y) = 0 ⇐⇒ d(x, y) = 0 ⇐⇒ x = y.

(ii) d̃(x, y) = d(x, y)
1 + d(x, y) = d(y, x)

1 + d(y, x) = d̃(x, y).

(iii) For any x, y, z ∈ X, want to prove: d̃(x, z) ≤ d̃(x, y) + d̃(y, z).

We know that d(x, z) ≤ d(x, y) + d(y, z). Then:

d̃(x, z) = d(x, z)
1 + d(x, z)

≤ d(x, y) + d(y, z)
1 + d(x, y) + d(y, z) since x

1 + x
is increasing in x ≥ 0

= d(x, y)
1 + d(x, y) + d(y, z) + d(y, z)

1 + d(x, y) + d(y, z)

≤ d(x, y)
1 + d(x, y) + d(y, z)

1 + d(y, z)

= d̃(x, y) + d̃(y, z)
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Therefore, (X, d̃) is a metric space.

Example 1.6. X is a set, and if we define the discrete metric as follows:

d0(x, y) = 0 if x = y, = 1 if x 6= y. Prove that (X, d0) is a metric space.

Proof. (i) d0(x, y) ≥ 0, and d0(x, y) = 0 ⇐⇒ x = y.

(ii) d0(x, y) = d0(y, x) = 1 or 0.

(iii) d(x, z) = 0 if x = z or 1 if x 6= z.

For any y ∈ X, either x 6= y or z 6= y if x 6= z:

d(x, y) + d(y, z) ≥ 1 ≥ d(x, z).

Therefore, (X, d0) is a discrete metric.

Definition 1.2. A ball B(x, r) is a metric space (X, d) centered at x with radius r > 0 in the set

B(x, r) = {y ∈ X, d(y, x) < r}.

Definition 1.3. Let {xn}∞n=1 ⊂ (X, d), x ∈ X. Then

•We say that the limit of a sequence {xn}∞n=1 in a metric space (X, d) is x if limn→∞ d(xn, x) = 0.

• We say that {xn}∞n=1 is a Cauchy sequence if for any ε > 0, there exists an N such that if

m,n ≥ N then d(xn, xm) < ε.

Definition 1.4. A metric (X, d) is complete if every Cauchy sequence in X has a limit in X.

Example 1.7. (i) (Rn, dε) is a complete metric space.

(ii) (Q, dε) is not a complete metric space.

Definition 1.5. A sequence {xn}∞n=1 ⊂ X is said contractive if there exists constant c ∈ (0, 1)

such that d(xn, xn+1) ≤ cd(xn−1, xn), n = 2, 3, ....

Example 1.8. Prove: Every contractive sequence in a metric space (X, d) must be a Cauchy

sequence.

Proof. Since {xn} is contractive, there exists a constant c ∈ (0, 1) such that

d(xn, xn+1) ≤ cd(xn−1, xn), n = 2, 3, ....
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For any m > n ≥ 1, by the triangle inequality, one has

d(xm, xn) ≤ d(xm, xn+1) + d(xn+1, xn)

≤
m−n∑
j−1

d(xn+j , xn+j−1)

≤
m−n∑
j=1

cjd(xn, xn−1)

≤
m−n∑
j=1

cjcn−2d(x2, x1)

= 1− cm−n

1− c cn−1d(x2, x1)

≤ cn−1

(1− c)d(x2, x1).

For any ε > 0 since 0 < c < 1 and cn−1

1−c d(x0, x1) → 0 as n → ∞. Then there is an N such that

cn/(1 − c) · d(x2, x1) < ε. Therefore, when m > n ≥ N , we have d(xm, xn) < ε. This implies that

{xn}∞n=1 is a Cauchy sequence in (X, d).

Theorem 1.2. In a complete metric space (X, d), every contractive sequence has a limit in X.

Definition 1.6. Let (X, d) be a metric space. A map F : X → X is said to be a contractive map

if there is c ∈ (0, 1) such that

d(F (x), F (y)) ≤ cd(x, y), x, y ∈ X.

Theorem 1.3. (Banach Fixed Point Theorem) In a complete metric space (X, d), every contractive

map F : X → X has a fixed point in X.

Proof. Let x0 ∈ X be any point. We define xn = F (xn−1) for n = 1, 2, 3, · · · . Then {xn}∞n=1 is a

contractive sequence, which has a limit x ∈ X. Since F must be continous, one can easily see that

x = F (x).

Example 1.9. If {xn}∞n=1 and {yn}∞n=1 are Cauchy in a metric (X, d), then prove {d(xn, yn)}∞n=1

is a convergent sequence in R.
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Solution: For any m,n, compute: (I think I may have written out the indices incorrectly).

d(xn, yn)− d(xm, ym) ≤ d(xn, xm) + d(xm, yn)− d(xm, ym)

≤ d(xn, xm) + d(xm, ym) + d(ym, yn)− d(xm, ym)

= d(xn, xm) + d(ym, yn)

By symmetry, one has

|d(xm, ym)− d(xn, yn)| ≤ d(xm, xn) + d(ym, yn)

For any ε > 0, since {xn}∞n=1 and {yn}∞n=1 are Cauchy in (X, d), then ∃N s.t. if m,n ≥ N , then

d(xm, xn) < ε/2 and d(ym, yn) < ε/2. Then, whenm,n ≥ N , |d(xn, yn)−d(xm, ym)| < ε/2+ε/2 = ε.

Therefore, {d(xn, yn)}∞n=1 is Cauchy in R. Since R is complete, {d(xn, yn)}∞n=1 is convergent in R.

1.3.3 Union and intersection of sets

• Let (X, d) be a metric space and let E ⊂ X be a set in X. Then we define:

• ∅ is the empty set.

• Ec = {x ∈ X : x 6∈ E} = X \ E (complement set of E in X).

• Let A and B be two sets in X. Then

(1) A ∪B = {x : x ∈ A or x ∈ B} is the union of A and B.

(2) A ∩B = {x ∈ X : x ∈ A and x ∈ B} is the intersection of A and B.

Theorem 1.4. Let {Aα}α∈I be a family (finite or infinite) of sets in X. Then

(⋃
α∈I

Aα

)c
=
⋂
α∈I

(Aα)c

Proof. The proof follows from the below:

x ∈ (
⋃
α∈I Aα)c ⇐⇒ x 6∈

⋃
α∈I Aα ⇐⇒ x 6∈ Aα for any α ∈ I

⇐⇒ x ∈ (Aα)c, for all α ∈ I ⇐⇒ x ∈
⋂
α∈I(Aα)c.
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1.4 Exercise

1. Determine where the series
∑∞
n=1

1
8n ln(n+1)x

3n converges.

2. X = C[0, 1] be the set of all continuous functions on [0, 1]. We define d : X × X → [0,∞) as

follows:

d(f, g) = max{|f(x)− g(x)| : x ∈ [0, 1]}

Prove d is a metric on C[0, 1].

3. Let A and B be disjoint nonempty closed sets in a metric spaces X, and define

f(p) = ρA(p)
ρA(p) + ρB(p) , p ∈ X.

Show that f is a continuous function on X whose range lies in [0, 1], f(p) = 0 on A and f(p) = 1

on B.

4. Prove d(x, y) = |x1 − y1| + · · · + |xn − yn| define a metric in Rn. Sketch the unit ball of R2 in

this metric.

5. Let (X, d0) be the discrete metric space. Find all ball B(x, r) in (X, d0).
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