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Song-Ying Li

1 Lecture 5: Limits and Continuities of Func-
tions

1.1 Definitions and examples for limit and continuity

Definition 1.1 Let (X,d;) and (Y, dz2) be two metric spaces. E C X and f :
X =Y be a function (map). Let g € E', yo € Y. Then
(i) We say that f(x) has limit yo as x — xo or limy ., f(x) = yo if for any
€ > 0, there is § > 0 such that if di(z,20) < 0 and x € E then do(f(x),y0) < €
(i) We say that f is continuous at xg if xo € E and limy_,,, f(x) = f(zo);
(iti) We say that f is discontinuous at xqo if f is not continuous at xy.

We will study X =IR"™ and Y = R first.
e Basis properties for limits.

THEOREM 1.2 If f,g: R" — R are two functions. xog € R"™. Assume that
lim, 4, f(z) and lim, ., g(x) exist, then

(i) limg 0, (f () £ g(2)) = limg o, f(2) £ limga, g(2);
(1) hmm—Mo(fE )) 9(x)) = (limg—z, f(2))(limg -z g(7));

cey 7. limg .
(144) limg 4, 9 ﬁ if limg 5, g(x) # 0.

EXAMPLE 1 Let

_ [ = (xy) #(0,0)
f('ray)_{o+ ( _

Discuss the limit and continuity of f on IR

Solution. For any (zo,%0) € R®. We divide it into two cases.
Case 1: (z0,y0) # (0,0) or 23 + y3.

If (z,y) is closed to (zg,yo), then (x,y) 7é (0,0). Thus,
lim(m7y)_>(x07y0) f(SC y) = hml’ﬂl’o Yy—Yo 12+y = g(ﬁj = (x07y0)-

Case 2 (x0,y0) = (0,0).

TT 1
i fley) = lm s =2
and 0
o) = My =0

Therefore, lim(,, ,)—(0,0) f(#,y) does not exist. Therefore, f is continuous on

R*\ {(0,0)}.



EXAMPLE 2 Let

flz,y) = { (}J# E%y) 7 (8,0)

Prove f is continuous on R?.

EXAMPLE 3 Find the largest set C' in IR? such that. f is continuous, where

_ ) Es @y #0,0)
f(x’y"{f (5,1) = (0,0)

Solution.
We claim C = R?\ {(0,0)}.
For any (xo,y0) € C, since 3 + y3 # 0, we have

. T xy®  _ woys
(gg_lg,r@l,:of(x’ y) = llm(ac—>0 Pyt T 2yl f(an yO)

So, f is continuous at (xo,Yo)-
2

Notice that limg_0 4—0 % = limg,_0 m% = 0 and limgy_,2_,o % =
. 2, 2 . . 2
limy 0 %7 = 1/2. Therefore, lim(, )0,0) f(2,y) = lim,y)(0,0) 72557

does not exist. Thus, f is cont. is ¢ = R?\ {(0,0}.
EXAMPLE 4 Let
sin(z2—y?)
flay) = omr s @By # (0,0)
0 (z,y) =
Discuss the limit and continuity of f on IR

EXAMPLE 5 Construct a function f : IR — IR that f is discontinuous at
every point of R.

Solution We claim that the Dirichlet function

1 x is rational
D(z) = f(z) = { 0 x irrational

is discontinuous at every point of IR.
This is easily followed by the fact that @ and IR \ @ both are dense in RR.

EXAMPLE 6 Construct a function f on [0,1] such that f is continuous at
every irrational point and discontinuous at every rational point in [0, 1].



Solution The following Riemann function

0 x is irrational
R(x)=4 1/n ifx=m/n,m<n
1 ifx=0o0rl

is continuous at every irrational point and discontinuous at every rational point
in [0, 1].
Proof. Case 1. Let zg € (0,1) be any irrational in [0, 1].

We know R(zg) = 0. For € > 0, we need to find 6 > 0 such that if
|z — xo| < 4, then |R(x) — R(zo)| = R(x) < e.

We consider the set E. =: {y = 2 € (0,1) : (m,n) = 1 and L > ¢}. Tt is
obvious FE. is finite set, say E, = {v; = Z—j,j =1,---,k}. Let § = min{|y; —zo] :
j=1,---,k}. Thenif |[x—x¢| < 6 then R(x)| < e. Therefore, R(z) is continuous
at zg.

Case 2. Let 29 = 2, (m,n) = 1, 0 < m < n be any rational point in
(0,1). Then, R(xzo) = ;. Choose ¢¢ = 1/n, f or § > 0, there is irrational
x5 € (xg — 6,20+ 6) since R\ Q is dense.

Then |R(z5) — R(xo)| = 1/n = €. By definition, R(x) is not continuous
at zg. Similarly, one can prove R(zx) is discontinuous at g = 0 or 1 since
R(O)=R(1)=1. [

Definition 1.3 We say that a function f(x) on (a,b) is increasing (non-
decreasing) if f(x1) < f(x2) when x1 < 2.

THEOREM 1.4 Let f(z) be an increasing function on (a,b). Let Dy = {zo €
(a,b) : f is discont. at xo}. Then, Dy is at most countable.

Proof. Let xo € Dy. Since f is incasing, one has:

limmﬁﬁ (z) = f(zg) exists and limmﬁ%— (x) = f(xg ) exists.
Since f is increasing and discontinuous at xg, one has f(zy) < f(zo + 1).

Let
Loy = (f(2g), f(24).
Then, f(zo+) < f(z1—) if 2o < @1 and Iy NI, = 0 for xp,x1 € Dy with
o # Xq.
Choose a rational number v, € I, for any x € Dy. Then v,, < 7, if
xo, 21 € Dy and zp < 1. Then {v,, : o € D} is a subset of Q, it is at most
countable. Dy is at most countable set. I

EXAMPLE 7 An abstract way to define e*:
Let f : R — R be a continuous function satisfying f(z +vy) = f(x)f(y),
z,y € R and f(1) =e. Then f(x) = ¢e® for z € R.



Proof. Since f(1) = f(0)f(1), one has f(0) = 1. Since f(0) = f(—1)f(1), one
has f(—1) = e~ . Thus

fm) = (1) f(m—1) = F(1)" = ™ m € N

Notice that f(1) = f(n/n) = (f(1/n))*, so f(1/n) = e and f(m/n) =
f(1/n)™ = em™/™ when m,n € N. Notice that 1 = f(0) = f(z + (—2)) =
f(z) + f(—=z), we have f(—x) = 1/f(x). Therefore, f(r) = e for all r € Q.
Since f is continuous on R and Q is dense in R. If x = lim,, o ¥, with v, € Q
then

f(z) = nlggo frn) = nhﬁngo e’ =e”.

0

EXAMPLE 8 An abstract way to define Inz:
Let f: (0,00) = R be a continuous function satisfying f(xy) = f(x)+f(y),
x,y € (0,00) and f(e) =1. Then f(x) =Inz for x € R.

Definition 1.5 Let f be a function on a convex subset E in R"™. We say that
f is convex if

FO@+ (1= Ny) SAf@) + (1= Nf@), for anya,y € B and X € (0,1).
EXAMPLE 9 f is conver on a convex set in R"™ if and only if

f(x;ry) < f(w);f(y)7

THEOREM 1.6 If f is a convex function on a convex subset E of R", then
f is continuous on E.

z,y € F.

Proof. We consider n = 1 case. Let E = [a,b] and xo € (a,b). We show
limg s, f(z) = f(zo). Notice that
f(@) = f(Azo + (1 = A)b) < Af(xo) + (1= A)f(b)

Then

f(@) = fwo) < (1= A)(f(b) = f(w0)),
and * = Arg + (1 — A\)b — af if and only if A — 17. Therefore,
limsupﬂﬁmg(f(x) — f(x0)) <0. If x € (x0,b), we have

xo=Ax+ (=N)a
and
f(xo) < Af(x) + (1= A)f(a)

Thus

f(xo) = f(z) < (1= N)(f(a) = f(2))



When = — x7, one has A — 1. Thus

lim sup(f (z0) — f(x)) < 0.

+
(E—)ZIJO

Therefore, f(zg) = f(xo). Similarly f(zy) = f(zo). So f is continuous at o,
and so on E.

1.2 Properties of continuous functions

We first list below important properties of a continuous function:
(1). Continuous function preserves the sign:

Let (X, d) be a metric space. If f(x) is continuous at xg € X and f(zq¢) > 0,
then there is 6 > 0 such that f(z) > @ > 0 for all z € B(zo,0).

Proof. By definition, choosing ¢ = @ > 0, there is a d > 0 such that

f(z0)

F@) = fla) < e= 152,

x € B(xo,9).

Thus, f(z) — f(zo) > —@, and so f(z) > @ > 0 for all x € B(xo,J).
(2). An equivalent definition for continuous function:

Let (X, d;) and (Y, d2) be two metric spaces. Then f : X — Y is continuous
if and only for any open set V C Y, we have f~1(V) = {z € X : f(z) € V} is
open in X.

Proof. 7=" Assume f is continuous from X — Y.

For any open set V C Y, we want to prove f~(V) is open in X. Let
o € f~Y(V). Then yo = f(x¢) € V and V is open, so there is € > 0 such
that By (yo,€) C V. Since f is continuous at zg, there is § > 0 such that
f(Bx(x0,6)) C By(yo,€) C V. Therefore, B(xg,5) C f~1(V). So, f~1(V) is
open.

7«<" Assume f~1(V) is open in X when V is open in Y. Show f is cont.
from X — Y.

For any xg € X, f(xo) € Y and for any € > 0, By (f(xg), €) is open set in
Y. Then f=1(By (B(f(z0),¢€)) is open in X containing zo. So, there is § > 0 so
that Bx (wo,68) C f~1(By (B(f(x0),€)) and f(Bx(xo,6)) C By (f(z0),€). Thus,
f is continuous at xg.

(3). Existence of maximum and minimum.

THEOREM 1.7 Let (X,d) be a complete metric space and let K be a compact
set in X. Let F': K — IR be continuous function. Then there are xg,yg € K

st f(zo) < f(2) < f(y), z € K.

Proof. Let

M =sup{f(z) :x € K} and m=inf{f(z):z € K}.



By definition, there are sequences {x,}52; and {y,}22; in K such that
M = lim f(y,) and lim f(x,)=m.
n— oo n—roo

Since K is compact and X is complete, there are subsequence {z,, } of {z,}
and {yn, } of {yn} and o, yo € K such that

lim z,, =z¢ and lim y,, = yo.
k—o00 i k—o00 )

Since f is continuous at xg and yy, we have

flwo) = Tim f(wn,) =m and f(yo) = lim f(yn,) = M.

k—o0

These prove the theorem. 0
(4). Intermediate Value Theorem

THEOREM 1.8 Let f;[a,b] — R be continuous. Then f([a,b]) = [m, M],
where
M =max{f(z):x € K} andm=min{f(z):z € K}.

In other words, for any 1 < x2 in [a,b] and c is between f(x1) and f(x2), there
is a xo € (x1,22) such that f(zo) = c.
EXAMPLE 10 Let f(x) = =223 4+ 10022 — 2 + 100. Then f has a real root.

Solution: Since

mkﬂr-loof(w) = —o0 and xkrzloof(x) = +4o0.
There is M >> 1 such that f(M) < 0 and f(—M) > 0. By the Intermediate-
Value-Theorem, there is xg € (=M, M) such that f(z) = 0.

1.3 Exercises

1. Suppose f is a real-valued function on R which satisfies: limp,_,o[f(x + h) —
f(z —h)] =0 for every x € R. Does this implies that f is continuous.

2. Write IR? = AU B so that f is continuous on A, discontinuous on B, where
f is given as follows:

(1) f(‘ra y) = (1’3 - y2)/(12 - y2) if I2 7é y27 otherwise, f(xay) = Oa

(ii f(%y) = xy2/(x2 + y4) if (m,y) # (070) and f(oa 0) =0

(ii)) f(z,y) = zy?/(z® +3°) if (z,y) # (0,0) and f(0,0) = 0.
3. Let (X,dx) and (Y, dy) be two metric spaces. If f: X — Y is continuous,
prove f(E) C f(E) for every subset E of X.

4. Let (X, dx) and Y, dy ) be two metric spaces. Let f,g: X — Y be continuous.
Prove




a) For each ¢ € Y, let E, = {x € X : f(z) = q}, prove E; is closed in X;
b) Let E = {z € X : f(z) = g(x)}. Then E is dense in X if and only if
f(z)=g(z) on X.

5. Let f(z) = 0 when z is irrational, f(0) =0 and let f(z) = 1/n if x = m/n
with (Jm|,n) = 1 where m € Z and n € IN.

a) Prove f(x) is continuous at every irrational point or 0;

b) Prove f(z) is discontinuous at r = m/n # 0.

6. Let (X, d) be a metric space, and let f : X — IR be a function. The graph of
f on E is the set Gg(f) = {(z, f(x)) : € E}. Suppose E is compact. Prove
that f is continuous on F if and only if Gg(f) is compact in X x IR.

7. Let A and B be disjoint nonempty closed sets in a metric spaces X, and
define
o) = Pal®)
pa(p) + p5(p)’
Show that f is a continuous function on X whose range lies in [0, 1], f(p) =0
on A and f(p) =1 on B.

pe X.

8. Let f:]0,1] — [0,1] be a continuous map. Prove that there is z € [0, 1] so
that f(z) = x.

9. Let [z] denote the largest integer contained in x, that is the integer such that
x—1< [z] < x; and let () = x — [z] denote the fractional part of z. What
discontinuities do the functions [z] and (x) have?

10. Let f(x) be a function defined on (a,b). Let zg € (a,b), we write f(zo—) =
limyspo w<no f(x) if the limit exists, and f(xo+) = limg_yu,a>a f(2) if the
limit exists. We say that xg has a simple discontinuity at z if f(zo—) < f(x0+).
Prove the set of simple discontinuity of f in (a,b) is at most countable.

11. Let f : X — Y be a map, we say that f is an open mapping if f(V') is open
in Y when V is open in X. Prove every continuous open mapping from IR to R
is monotone.

12. Let F: X — Y be a function. Prove f~1(F¢) = (f~}(F))¢ for any F C Y.
Here F* = Y \ F and B = X \ E if E C X.



