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1 Lecture 6: Uniformly continuity and sequence of functions

1.1 Uniform Continuity

Definition 1.1 Let (X, d;) and (Y, dz) are metric spaces and K C X. f: K —
Y is said to be uniformly continuous on K : if for any e > 0, there is § > 0 such
that do(f(x), f(y)) < € whenever di(x,y) < ¢ for all z,y € K.

Note: We can think of uniformly continuous as a group (global property) action
whereas cont. is single (local property) action.

THEOREM 1.2 If f is uniformly continuous on K, then f : K — Y is
continuous on K, but converse is not true.

A counterexample: f(x) = z? is continuous on (—oo,00), but it is not

uniformly continuous on (—oo, 00).

Idea: we need to prove that there is ¢g > 0 s.t. for any § > 0, there are
x,y € (—00,00) with | — y| < 4, but |f(x) — f(y)| > eo.
Proof. Notice that: |f(z)~f(y)| = [*—¢*| = [(z+y)(@—y)| = |z +y|lz—y| =
n-0 > €. Let ¢ = 1. For any 6 > 0, let x5 = 1/9, ys = 1/6 + /2. Then,
(w5 — ysl = /2 < 6. But, | f(zs) — Flus)| = I(zs + ys)llws — ys] = (1/5+1/5 +
5)0/2 >2/6-5/2 =1 = €. Therefore, f(x) = 22 is not uniformly continuous
on IR. 0

THEOREM 1.3 Let (X,d) be a complete metric space and K C X is compact
set. If f: K =Y is continuous on K, then f is uniformly continuous on K.

Proof. If f is not uniformly continuous on K, then there is ¢y > 0 such that
for any § > 0, there are x4, ys € K such that

dx(z5,ys) <0 and dy(f(zs), f(ys)) > €o-

For § = 1/n, there are x,,y, € K such that

dX(mnayn) < 1/” and dY(f(-rn)af(yn)) Z €0, n = 1727 e

Since K is compact and X is complete and dx (2, yn) — 0 as n — oo, there
is a subsequence {x,, } of {z,} and a subsequence {y,, } and x € X such that
limg oo Tn, = ¢ = limg_,00 Yn, - Since f is continuous at x, we have

0<e < dY(f(x’ﬂk)7f<ynk)) < dY(f(‘rnkvf(x))+dY(f($>7f(ynk)) —0 as k — o00.

This is a contradiction. So f is uniformly continuous on K. 0



e Question: How to test a function is uniformly continuous ?
1.) f is continumus on a compact set K, then f is uniformly continuous on K.

of

2
2) Let f: DCR" = R. If [[Vf(@)|] = /37, 873(35)’ is bounded on

D, then f must be uniformly continuous on D.
When n = 1, [f(x) — f(5)] = |f'(&)llz — y| < Mla — yl, 2,y € D = (a,b).
For any € > 0, let 6 = ¢/M if |z — y| > 0, then |f(x) — f(y)] < M|z —y| <
M -¢/M =e. So f is uniformly continuous.

1.2 Examples for uniformly continuous functions

EXAMPLE 1 Show f(z) = /7 is uniformly continuous on (0,00).

Proof. For any € > 0.

(i) Since f(z) = y/x is contiunus on [0, 2], and [0, 2] is compact, f(z) = /&
is uniformly continuous on [0,2], so there is §; > 0 such that if x1,29 € [0, 2]
and |z — z2| < 1, we have |f(x1) — ($2)| <e.

(ii) Let 6o = §. Since f'(z) = 2\/5 and |f'(z)] < 1, 2 € [1,00). By
the Mean Value Theorem: |f(z1) — f(z2)| = f/(c)|z1 — w2| < Loy — a2| < €
whenever x1, x5 € [1,00) and |21 — z2| < 02.

(iii) Choose § = min{dy,ds, 1}, if x1,22 € (0,00) and |x; — x2| < § then
either z1,29 € (0,2] and |z; — 22| < §1 or z1,29 € [1,00) and |z — 22| < Ja.
Therefore, in any cases, we have if |z1, 22| < 0 then |f(z1) — f(x2)| < € for all
x1,%2 € (0,00). This proves f is uniformly continuous on (0,00). [
Remark: An easier way to y/z is uniformly continuous on (0, c0) is as follows:
For 1,29 € (0,00) and x1 < @2, one has

Va2 = fl—\ﬁ+\r_vx2—x1

For any € > 0, choose § = 2. When z1, 22 € (0,00) and |21 — z2| < §, we have

|\ﬁ_\ﬁ‘§\/|$2—9€1|<6 0

Similar argument shows:

EXAMPLE 2 f(x) is uniformly on [61,00) (0; > 0 is fized), and f(x) is
uniformly on [0,02] and o2 > 61. Then f(x) is uniformly continuous on [0,00).

EXAMPLE 3 Show f(x) = log(1+ ||z|?) is uniformly on R™.

Proof. Since %(m) = for any € R", one has
J

1+|| H2’

1/2

z": Allel 2]
1+Hxl| (T ff]2)? (1 [])?

IVf(z Z




Then we have f is uniformly continuous on IR". In fact:

[f(@) = f)] = [(Ffltz+ 1 —-1)y)le-(1-0)]
=[Vf(0z + (1= 0)y) - (z —y)|
<|[[Vf(0z + (1 = 0)y)lll|z - yll

< [l —yll

Thus, f is uniformly continuous on R". 0

THEOREM 1.4 Let (X,d) be a metric space and let K C X. If f(z) is a
uniformly continuous function on K, then f(x) can be extended as a uniformly
continuous function on K.

Proof. For zp € K'\ K. How to define f(z¢)? Choose a {z,}>2; C K and
Tp — Tg as n — 00. Since f: K — IR is uniformly continuous, one can easily
see that {f(x,)} is Cauchy sequence in IR. So, there is a number, say f(zo)
such that lim, o f(2,) = f(zo). In order to prove f(xg) is well-defined, we
need to prove for any sequence {y,} C K and y, — o as n — oo, one has
lim, o0 f(yn) = f(x0). This can be followed from below:

[F(yn) = f(@o)| < [f(wo) = fxn)[ +|f(2n) = flyn)l; n=1,2,---.

So, we have extended f to be defined on K. Next we prove f is uniformly
continuous on K.

For any € > 0, since f is uniformly continuous on K, there is a § > 0 such
that if 2,y € K and d(z,y) < 0 then |f(z) — f(y)| < e. For any x,y € K and
d(z,y) < §/3, by definition, there are z’,y’ € K such that

d(a,a') <6/3, |f(z) = f(&) <& dy.y') <d/3, [f(y) = f(W)] <e.

Therefore,
d(z,y) < d(z,2') +d(2',y') +d(y',y) <o

and
[f(@) = fW)l < [f(2) = f@)+ 1f@) = FOOI+ W) = fW)] < e+ete=3e
Therefore: f is uniformly continuous on K. 0

EXAMPLE 4 Let f(x) be a uniformly continuous function on Q. Show that
there is uniformly continuous function F on R s.t F|Q = f.

Proof. Since @ is dense in IR, we have Q = IR. The construction of F' will be
obtained by repeating the argument of the proof of the previous theorem. 0



1.3 Inverse function

Definition 1.5 Inverse Function: Let f : X — Y be one -to -one and onto.
Then we define an inverse function f=1 : Y — X as follow: f~'(y) = x if

f(@) =y.

THEOREM 1.6 If (X,dx) and (Y,dy) are two metric spaces, X is compact.
If f : X =Y is one-to-one and onto and if f is continuous on X then f~1 :
Y — X is also continuous on'Y .

Lemma 1.7 If f : X = Y is continuous and K C X is a compact subset, then
f(K) is compact in'Y .

Proof. For any open covering {V,, : a € I} for f(K), we have that {f~(V,) :
a € I} is an open cover for K. Since K is compact, there is a finite subcover:
{7 (V) }j=y with K C UJ_y f~1(Va,,). Thus, f(K) C Uj_,Va,. So, f(K) is
compact. 0

Now we prove our theorem.
Proof. Let U be any open set in X. Then U€ is closed in X. Since X is
compact, so U¢ is compact in X. Thus, f(U€) is compact in Y. So f(U€) is
closed in Y. Now, since fis 1 —1, (f~1) "1 (U) = f(U) =Y \ f(U°) is open, so
f~':Y — X is continuous. 0

1.4 Sequences of functions

Definition 1.8 Let (X,dx) and (Y,dy) be two metric spaces. Let fp,f be
functions from X toY forn=1,2,3,---. Let K C X. Then

(1) fo(z) — f(x) pointwise on K as n — oo if for any x € K (fized),
lim,, 00 dy (fn (), f(z)) = 0.

(2) fn(x) = f(z) uniformly on K as n — oo if for any e > 0, 3 N such
that if n > N, then dy (fn(x), f(z)) <€ for all x € K.

EXAMPLE 5 Let f,(x) = z™. Then

(1) K =[0,1), fn(z) = 2™ — 0 pointwise on [0,1) as n — oco.

(2) K =10,1]. fo(z) — f(z) ={0ifz €[0,1) and 1 if x = 1} pointwise,
on K =[0,1];

(8)fn(x) = 2™ does not converge to 0 uniformly on K = [0,1).

Proof. (1) and (2) are easily seen. To prove (3). Let ¢y = 1, for any N, then
TN = % €1[0,1), but | fy(zn) — 0] = |(zn)N = 0| = [1/2 0| = 1/2 = . So,
fn = 0 is not uniformly on [0,1) as n — cc.

THEOREM 1.9 (X,dx) and (Y,dy) are two metric spaces K C X is a sub-
set. If fn,: K — Y are continuous on K. f is a function on K and f, — f

uniformly on K as n — oo, then f is continuous on K. i.e. the uniform limit
of continuous functions is continuous.



Proof. We need to prove f is continuous on K. For zg € K, we will show f
is cont. at xg. For € > 0, we need to find § > 0s.t. if x € K, dx(z,z0) < 0,
then dy (f(z), f(zo)) < e.

Since f,, — f uniformly on K, for the € > 0, there is N s.t. if n > N, then
|fn(x) = f(z)| < € for all x € K. Since fy is continuous at o for the € > 0,
there is 67 > 0 s.t. if x € K, dx(z,20) < 1, then |fy(x) — fn(z0)] < €. Now,
let § =601, when x € K, dx(x,20) < 0. we have

If(z) = f(zo)| < |[f(%) = ful) + fn(2) = fn(w0) + fn(w0) — f(0)]
<|f(z) = fn(@)| + |fn(z) = fn(@o)| + [fn (m0) — f(20)]
<e+e+e=3¢

Thus, f is continuous at xg, so f is continuous on K.

THEOREM 1.10 Let K C X be a compact subset of X. f, : K — R is
continuous on K and fn(x) > fny1(x). If f is continuous on K and if f,(z) —
f(z) pointwise on K, then f,(x) — f(z) uniformly on K.

Proof. Without loss of generality (WLOG), we may assume f = 0, otherwise
we use g, = fn — f to replace f,.

For any € > 0, let K, (¢) = {z € K : f,(x) > €}. Since f, is continuous
on K, we know K, (¢) is closed. Since K, (¢) C K and K is compact, therefore
K, (€) is compact.

Since f, — 0 pointwise on K, we have N2, K,(e) = 0. We claim
there is N s.t. Ky(e) = 0. If not, K,(e) # 0 for all n = 1,2,.... Then
N>, K,(e) # 0. This is s contradiction. Therefore, there is N such that
Ky(e) = 0. Therefore, K, () C Ky(e) = ) when n > N. This means that
0< fo(z) <€ x € Kwhenn>N. So, fp(x) — 0 unif. on K. 0

EXAMPLE 6 py = 0, pia(2) = pa(z) + 2220 5 € [—1,1]. Show
pn(x) = |z| uniformly on [—1,1].

Proof. Since po(z) =0, p1(x) =0+ $2;0 = ‘L; >0,z €[-1,1].

We claim: 0 < p,(z) < |z|, z € [-1,1], n =1,2,....

We use induction to prove the claim.

When n = 1, the claim is true.

Assume the claim is true for n. We will prove it is true for n + 1.

Notice (t —t2/2)' =1 —t > 0 when [t| < 1, thus ¢t — 2/2 is increasoing on

2 2 2 2

[t < 1, we have puya () < ||+ < [l and puya (2) = pa(2)+ 5545 >
0.

So the claim is true for n+1. Thus, by math induction, we have 0 < p,, (z) <

2 2

ol @ € [<1,1], n = 0,1,2,.... and puys(2) = pale) + =B > py(a);
ze[-1,1 foralln=1,2,3---.



Therefore lim,, o pn(z) = f(x) exists in R for each « € [—1, 1]. Therefore,

flz) = flx) + ﬁﬂ Thus, f(xz) = |z| on [—1,1] which is continuous on

[—1,1]. Since pp(z) < ppy1(z), z € K = [-1,1]. Since K = [—1,1] is compact,
by previous theorem, p,(z) — |z| uniformly on [-1,1]. O

1.5 Exercises
1. Assume that m,n > 0, k > 0 and m + n > 2k. Prove
‘,Emyn

i —— =0
(2)(0.0) 72F + y2F

2. Prove /x and g(z) = % are uniformly continuous on (0, 0o).

3. Let f(x) be uniformly continuous on R \ Q, the set of irrational numbers.
Prove there is a uniformly continuous function F'(z) on IR so that F(z) = f(x)
forall z € R\ Q.

4. Prove f(x) = 2® is not uniformly continuous on (0, 00).

5. Assume that f : [0,1] — [0,1] is monotone increasing. Prove that there is
x € ]0,1] so that f(z) = =.

6. Let X be a connected metric space. Let f : X — IR be a continuous
function. If ¢,d € f(X) with ¢ < d, then for any s € (¢,d) there is x5 € X so
that f(zs) = s.

7. Prove that f(z,y) = /(1 + 22 + y2) is uniformly continuous on RR?.
8. Prove f(x) = xsin (1/;10) is uniformly continuous on (0, 00).

9. Let f be continuous on (a,b) such that

f(x+y> < f(x);rf(y)

5 . x,y € (a,b).

Prove that f(z) is convex on (a,b).

10. Prove f(z) = 2 — 23 — 1 has at least one zero on (—1,1).



