Summer Jump-Start Program for Analysis, 2013
Song-Ying Li

1 Lecture 12: Multiple integrals
1.1 Definition of Multiple integrals
Given a cell E = [a1,b1] X ... X [an,by,] in R™. A partition P for F is:

P: a1:m10<...<m1m1:b1

ap = Tpo < oo < T, = bn

Definition 1.1 (i) ||P|| = max{|z;; — z;j41] 1 1 < j <my, i =1,2,...,m};
(it) Mjy.... 5, =sup{f(z) : @ € [T1j,-1,T15,] X oo X [T, 1, Tnj, ]}
(i1i) mj, j,..5, = E{ f(2) 1 @ € [v15,-1 + 215,] X oo X [T 5 Tng, |}
(iv) L(f, P) = 320" 300" myy g (T — @1 —1)- (Tnj, — Tnju—1);
(W) U(f, P) =300 300 My, (g, — @1y —1) - (Tnj, — Tnj,—1);
(vi)L(f) = limy p|j—o L(f, P), U(f) = lim)|p| 0 U(f, P);
(vii) f is bounded on E, say f is integrable on E if L(f) = U(f).

THEOREM 1.2 (Fubini Theorem) Let f be integrable on E = [a1,b1] X ... X
[an,byn]. Then

by by
/ f(l')d$:/ f(xlv"'axn)dxndxn—l"'dxla
E ai Qn

where dx is positive oriented volume element of IR™.

Let D be a bounded domain on IR™ and let f be a bounded function on D.
We say that f is integrable on D if

_J f(x), fzeD
F(x)_{ 0, ifzgD

is integrable on [M, M|"™ for M > 0 with D C [-M, M]™.
EXAMPLE 1 (Fubini them) Evaluate fol f\l/g ™’ dady.

Solution Since

Lot 3 1 pa? 3 Loy 9 1 51 1
e’ = [ € dady = e® dydr = e’ ridr = ze¥ |9 = z(e—1).
0o Jyy D o Jo 0 3 3



1.2 Formula for Change of Variables

Let ® : D — G(C R") be 1-1, onto and differentiable with det ¢'(z) # 0.
Assume that f is integrable on G, then f o ®|det®’(x)| is integrable on D.
Moreover,

| r@@es @is = [ )y
D el
e In IR?, we have the polar coordinates:
x=rcost, y=rsind, dA=|det®(r,0)|drd0 = rdrdf.

EXAMPLE 2 Prove [*_ e * dz = /7.

Proof. Notice that
oo 2 oo %)
2 2 2
(/ e " d;v) = (/ e " da:) (/ e " dx)
= / 67(x2+y2)dxdy
]R2

27 o) 2
= / / e " rdrdf
o Jo

2
1 e
- / ey, a0
0

2
1 21
= = do
2 Jo
= 7
EXAMPLE 3 For a,b,c > 0, we let
2 2 2

oy oz
D(a,b,c) ={(x,y,2): C—Z—l—?—f—? < 1}.

Prove that the volume of D(a,b,c) = “Eabc.

Proof. Let
(x7y7 Z) = ¢(£a Y, 2) = (aj?y =ay,z = Cl:lj)
Then
det ¢’ = abc
and

Vol(D(a,b,c)) = / dV (z,y,z)
D(a,b,c)



/ | det ¢'|dV (Z,7, 2)
B3(0,1)

/ abedV
B3(0,1)

= abeVol(Bs3(0,1))

4
= ?ﬂabc.

1.2.1 Coordinate systems in R?

(i) Rectangular coordinates (z,y, 2);
(i) Cylindrical coordinates (7,6, z), x = rcosf, y = rsiné.
O(r,0,z) = (rcosf,rsinb, z)

cos —rsinf 0
det ®(r,0,z) =|sinf rcosf O0f=
0 0 1

sinf rcos@

cos —rsinf ‘

(iii) Spherical coordinates & = psin ¢ cosf, y = psin¢sinf, z = pcos ¢.
The Jacobian matrix of this coordinate change is:

ox ox ox

op 9 00 singcosf pcospcosh —psingsinb
Jr(p, ¢,0) = g% % % = | singsinf pcospsinf  psin¢pcosd
%Z % % COos ¢ —psin ¢ 0

e The determinant of Jr(p, ¢, 0) is p? sin ¢.

1.3 Line Integrals

Let T' = (z1(¢),....,x,(t)) : [a,b] — R"™ be a piecewise C'! curve. We define the
line integral:

b
/F fodws + -+ fadzn = / AT (E) + - + Fu(T(0)a, (D).
Arclength of T' = f; [T (¢)]|dt.

1.4 Integrals on Surface

Let S be a smooth surface in IR and let f be a continuous function on S.
Question: How to evaluate [ f(x)do =?



Case 1: If S = {(z1, ..., Zn-1, f(21, ey Tpn—1)) : (X1,...,Tn—1) € D}, Dis a
domain in R™ !, then

Tp—1-

/SF(x)dcr(:c) ::/F(zl,...,xn_lf(scl,,....

S

Case 2: If S = (D) and ® = (¢1,....,¢) : D — R", then

Z(det Q;j (t))thl e dtn—l

Jj=1

dO’(tl, ....,tn_l) =

where ng = ((bla ""7¢j717¢j+1---'7¢n)'

EXAMPLE 4 Find the area of the portion of the unit sphere: z2+1y%>+2%2 =1
in R with z > \/5/2

Solution Method 1 Use spherical coordinates:
(z,y,2) = ®(0,¢) = (sin¢cos b, sin ¢ sin b, cos @).

Then z = v/3/2 if and only if cos¢ = +/3/2 if and only if ¢ = 7/6. By the
formula above:

do(,0) = \/(8(x,y) AL G Z; )2 ddd = sin ¢ dedd.

d(,0) d(,0) d(¢,0
Therefore,
Area = fo% Oﬂ/6 sin ¢pd¢pdf = 2m(— cos ¢) 2/260 =2m(1 - é)

Method 2 Using rectangular coordinates (z,y, z).

Notice that
{(z,y,2) : 2>+ y* + 22 =1 and z > V3/2}
if and only if
1
z=v/1-22—y2:D={(z,y):2® +y* < Z}%]Rg.

Therefore,

0z 0z
A — 2 2
rea //\/1+( ) +( y) dx dy




= 27(1—/3/2).

EXAMPLE 5 Let B(0, R) be the ball in R™ centered at 0 with radius R. Then

/Bn(o,R) f(@)dv(dv = dz) = /oR /Sm1 Flra)do (@) dr

where S"~t = {x € R" : ||z|| = 1} and do is surface element on S™~1.
In particular,

R R n—1
VOl(Bn(OaR)) :/ / dO”/‘nild’l":O'(Snil)/ rnildr: M
0 Sn—1 0

n

R™.
When n = 3, Area(S?) = 4w, Vol(B, (0, R)) = 4T R3.

1.5 Divergence theorem and Stokes theorem
For n = 1, Newton-Leibniz’s theorem gives ff f(x)dx = f(b) — f(a).
Question: What about when n > 17

Answer: There are Stokes theorem and Divergence theorem.

Let F = (Fy,---,F,) : D — R" be a mapping. We define the divergence
of I as follows:
" OF;
div(F) = —
iv(F) ; o7,



Let D = {x € R" : r(z) < 0} with r is a defining function of D and the
0D ={z € R" : r(z) = 0} and Vr(z) # 0 on dD. Then the unit outer normal
vector to 0D at x is given by:

1
n(z) = (n1(z), -, na(2) = WVT(@-
Flux of F'at 2 € 9D is Flux(F) = F-n = 37, Fj(2)n;(2). The divergence
theorem says that Total divergence of F' on D is equal to the total flux of F on
0D. Precisely, we have

THEOREM 1.3 (Divergence Theorem) Let D be a bounded domain in R"
with piecewise C* boundary. Let F = (Fy,---,F,) : D — R" be a differentiable

map. Then
/div(F)dv:/ F-fi(z)do.
D aD

EXAMPLE 6 Let

:L'2 y2 22

D(a,b,c) ={(z,y,2) : r(x) =: ¥+bf2+cf2—l<0}.

2
L do.

f(’?D(a,b,c) 5 2 5
e

Solution. Since X = (z,y,2) € dD(a,b,c) and

Fualuate

e

o
N

Vr(X) =255 )
Thus,
Vr(X) 1 x oy z
" 0l T Ve e T e v
Let
F(X) = (a*z,0,0)
Then

2

. — a2 ux —
A(E) =%, Pl = S T T e

By the Divergence Theorem, we have

2

/ do(z,y,z) = / a’dv = 4—7Ta3bc.
oD(abe) \/ (@2 /ah) + (y2/b%) + (22 /c?) D(a,b,c) 3

e Differential forms:



e The wedge product A: We define
dxi A dacj = —dl‘j A dl‘i, dJUz A dxz =0

and
dz® =dxg, N+ Ndx,,

with @ = (a1,....,a,) and a; =0 or 1.
e k-form: A k-form is
f = Z fadxa
|| =k
where f, is a function; and df is (k + 1)-form defined by
df = ) dfo Ada® = i%dm/\dwa.
lal=k lal=k j=1 Oy

THEOREM 1.4 (Stokes theorem) Let D be a bounded domain in R" with
piecewise C* boundary OD. Let f be differentiable (n — 1)-form on D, then

faD f= fD df -
EXAMPLE 7 Ewvaluate faBn Z?Zl(—l)jxjdwl/\- cANdxj_i Ndx i A AN,

Proof. By stokes theorem, one has t

n
/ Z(—l)jxjdl‘l /\---/\da:j_l /\d33j+1 /\"'/\dl‘n
OB

n j=1
= / d(z<—1)j1‘jd$1 /\"'/\déﬁj_l /\dil?j_H /\---/\dxn)
B -
n j=1
- / Z(*l)]‘d!ﬂj/\dz1/\~--/\dxj_1/\d;1:j+1.../\dxn
B, j=1
B / Z(il)j(*l)jildxl Ao ANdzjog ANdzjp A Adey)
B, =
noj=1

= /(fl)del/M“/\d:En
Bn =

= —n/ dv

n

= —nVol(B,)

THEOREM 1.5 (Green’s Formula) Let D be a bounded domain in R™ with
piecewise C* boundary OD. Let f, g be twice differentiable in D. Then

/ gDy fdo — fDngda:/ gAf — fAgdv.
oD oD D



where

Daf(w) = Y my(a) 3L

Jj=1

Proof. Since
/ gAf — fAgdv / div(gV f) — div(fVg)dv
D D

/ n-gVf - n- fVg)o

oD

/ (9Dnf — fDug)do

oD
This proves theorem. [

1.6 Exercise

1. Let f(x) > 0 be continuous on (0,1). Prove fol f(z) exists if and only if

lime 04 f:ie f(z)dz exists.

2. Evaluate the following integral:

/ (Sin(b2x2 +a®y?) + cxd + y5)dxdy
D

where
2 s
D:{(x,y)E]R —+b—2g1}
3. Let D be a Jordan domain in R". Let f(z) and f,(z) be integral on D for
n =1,2,3 . Assume that f,(z) — f(x) as n — oo uniformly for z € D.
Prove

lim fn )dx:/Df(a:)dx

n—oo

4. Prove

= {7270

is integrable on the ball B(0,1) in R™ when o < n. (If you can not do it for
general n, try to prove it when n < 3.)

5. Evaluate the surface integral

/x2+y2+(z—1)2dg
S



where
S:{(x,y,z):m2+y2+22:1:x>0,y>0,z<0}.

6. Find the area of S°% = {(371,]72,.%‘37.’174) eR*: 22+ 23+ 2%+ 2% = 1}.

7. Define dz; A dzj = —dx; A dx; and g(z) is a function of z, we define
99 9g
dg(z) = a—xlda:l 4+ 4+ @dx”

Let G(z1,22) = (g1(x), g2(x)). Prove that (here n = 2)

(dg1) A (dge) = det G'(z)dz1 A dxs.

8. Evaluate the integral

|1 |*do ()
Sn—1

where S"~! is the unit sphere in IR™.



