Summer Jump-Start Program for Analysis, 2013
Song-Ying Li

1 Lecture 9: Inverse and Implicite Function Theorems in IR"

1.1 Differentiation of functions in R"

Definition 1.1 Let f(x) be a function on R"™, and let xg € R™. Then the
partial derivatives of f at xo with respect to x;, j = 1,2,---,n are defined as

follows:
of . f(@o +hej) — f(xo)
aTCj(Io) = }ng% ]; )

where e; = (0,...,1,..0), j=1,2,---,n.

EXAMPLE 1 Let f(x,y,2) = 2 +y>+22 be a function in R>. Then g—i =2z,

of _ of _

In one variable, we know that if f'(xg) exists, then f is continuous at xg.
For multiple variables, it is natural to consider the following question.

Question 1.2 In R", n > 1. Assume that a%fl(m)? O (1) exists for x near

e B
xg, can one conclude f(x) is continuous at xo?

Solution Answer is No. Here is a counter-example:

_ IZIny (x’ y) # (07 O)
f@”‘{o+ (2.9) = (0,0)

We know that f is not continuous at (0, 0).

of Y@ty -2ty Y —-aty
%(Ia ) ($2+y2)2 - ($2+y2)2 if (zvy) 7£ (an)
o 2 _ .2 ]
8—y(0,o) = lim === =0 = ay(O,O)-

So %, %5 exist for z,y € R, but f(z,y) is not continuous at (0,0).

So we need some stronger notion of differentiability like one variable case.

Definition 1.3 Let f(z) be a function in R", xg € R™. We say that f is
differentiable at xq if there is a vector, called f'(xzg) € R"™ such that

i @) = F(@0) = /(@) - (2 = w0)|

=0.
a0 [l = o




Definition 1.4 Gradient of f at xq is a vector defined as:

0 0
a—i(mo), vy (%cfn(xo))

Proposition 1.5 If f is differentiable at x¢, then
(1) All %(xg) exist and f'(xo) = V f(xo).
(2) f is continuous at xg.

Va0 =

What is a natural sufficient condition to test if f is differentiable at x(?

THEOREM 1.6 If %(m) exists and continuous at xqy for all 1 < j < n, then
f is differentiable at xq.

Proof. We know %(z) exists near x = x( and continuous at xy. Choose
J

(o) = V(o) = (%(xo),..., as (:vo)). Let

g(t) = f(tz + (1 = t)zo).

Then
|f(x) = f(x0) = V(o) - (x — @)
[l = o
_ 91 = g9(0) = ¢'(0)]
[ = o
g0 - g 0)
[l = o
_ IVfOz+ (A = 0)xo) - (& = x0) = V(o) - (x = m0)|
[l = o
< IVf(0x+ (A = b)xo) — VF(zo)llll(z — zo)
- [l = o
= [Vf(fz+ (1 = 0)zo) = V(2o
— 0Oasz — xg
since V f(z) is continuous at xo. 0

For higher order partial derivaties, we use:

0*f a(af) 9 f a(af> el glely

67”? - Dy \ O Ox;0x; T o Ox; o 9z - Jxan

wherea = (a1, ..., ), 5 > 0, ]a| = 377, ay.



Question 1.7 Suppose %afy, % exist at (xo,yo). Does

0% f _O*f
0x0y (o) = Oyox (z0)?

Solution Answer is No (in general). A counter example:

vy ) T (@) # (0,0)
f(’y)‘{o R

We show that aajgy and 2L exist in R?, but that 0" f (0,0) 0" (0,0).

Oyoz 0xdy Yoz
For (z,y) # (0,0).
292 212
f(w7y)7xy_x2+y2 _y $2+y2
2, 2 4 2
ﬁ(fc,y):y e
o (@2 + y2)? (22 + 42)2
g(x y) = —z — ety
dy (22 +y?)?
For (z,y) = (0,0), we get 3£(0,0) =0, %(0,0) =0.
Now, for the second order derivatives:
of _ o Aty
oxdy Ox (22 4+ y2)?
0 4y 493
T oo \ TP T e t s e
x (22 +92)?  (2*+y?)
8yx 16zy3
=1
+ 22+ 2 (2% +42)3
0% f 0 41>
= o\t e e
OyOx Oy (22 4+ y?)
4 4o
= {er 2I2 - 29622]
Ay (@ +y?)  (2®+y?)
o, 8 N 1624
a (22 +y2)% (2% +y?)3
of _9f
82f (0 0) _ hm Oy (33,0) dy (070) _ hm —JI—O -1
axay ’ z—0 x z—0 x



a a
1 (0,0) = tim 2:0) ~ 500y v=0_,
0yox ’ y—0 Y z—0 Yy
2 2
Therefore, ;TQJL(O,O) # aaya]; (O,?).
Question: When O’z _ O°f 9

Oxdy ~— Oydzx

THEOREM 1.8 If %, %’ gjgy exist and % is continuous at (xg,yo), then

2 2 2
aayiafz(l‘o,yo) exists and 5{;7@];(150,190) = ;Tafy(anyo)
. . n 52 2
In particular, if f € C?(IR") then adz—afy(xo,yo) = %(mo,yo).
Proof. h,k € R". We consider
V(f,h,k) = f(zo+ h,yo + k) — f(xo + h,y0) — f(zo,y0 + k) + f(x0, y0)

u(t) = f(xo + h,t) — f(zo,1)

Then
d 0 0
u(yo + k) —ulyo) = (d—tf(y +0k)k = a—‘;(xo + hyyo + 0k) — a—g(:ﬂo, yo + 0k)k
o%f
= 20y (xo + O1h,yo + 0k)hk

Since % is continuous at (zo,yo), 3 & > 0 such that if |h| + |k| < 4, then

’ 2 2

D20y (o + O1h, yo + Ok) — @(fﬂovyo) <e.

Therefore ‘W - azfgy (:co.yo)‘ < e when |h| + |k| < do (**). On the other
hand,

lim lim V(f,hk) lim X Tim f(@o 4+ h,yo + k) — fzo,yo + k) — f(zo + h,yo) + f(x0,y0)
k—0 h—0 hk k—0 k h—0 h
o 1of of
= %E}%% {630(350,%4-/@) - am(xo,yo)]
0% f

= m(iﬁo,yo)

As long as limy_,q limy g W exists. By (**), we have

lim lim
k—0 h—0

{V(ﬁh,k) 0% f

Therefore, %(mo, Yo) exists and is equal to %(mo, Yo)- I



Next, we consider a map f : R™ — IR™.

f1 T1 $(1)
f(x) = 3 T = , Lo = :
fn Tn .’L‘?l

We say that f is differentiable at xg if there is m x n matrix A such that
iy (@) = f(@o) — Az — 2o

=0 ||z — ol

=0.

We use the notation: f'(xg) = A.

Proposition 1.9 If f is differentiable at xq, then
m and 1 < 5 < n. Moreover,

Ofi
Tj

5o (20) exists for all 1 < <

a a
37{11(930) e ai:l (o)
f(xo) = :
Ofm Afm
3];1 (wo) -+~ ai—m(xo)

The Jacobian of f is Jac(f) = det f/(x).
Let A = [a;j]mxn matrix, we use ||A||? to denote the largest eigenvalue of
A*A(= AT A when A is real). Then, ||AX]| < ||A]]|| X]]

THEOREM 1.10 Let E be conver and if f : E — R™ s differentiable and
ILf' @)l < M on E, then ||f(x) — f(y)|| < Ml|z —yl| for z,y € E.

Exercise

THEOREM 1.11 (Chain Rule) Let f : R" — R™ and g : R™ — R" be
differentiable. Then g o f : R™ — R* is differentiable and (go f)(z) =
g (f(@)f' ().

1.2 Inverse function theorem and open mapping theorem

THEOREM 1.12 (Inverse function theorem) Let E be a domain in R", f :
E — R" is C-mapping. Let f'(x) be invertible at xo € E. Then:

(a) There is a & > 0 such that

(1) f is 1-1 on B(xg,9)

(2) f(B(xo,9)) is open.

(b) if g : V = f(B(zo,0)) = B(xo,d) is the inverse function of f, then
g€ CY(V) and ¢'(y) = (f'(9(y)) "
Corollary 1.13 Open mapping theorem. If f : E — R™ is C*-mapping and

det f'(x) # 0 for all x € E, then f is an open map, which maps open set to
open set.



Proof. Let A= f/(xg). Then A~! exists. Let A be a positive number such that
2M[|A7Y| = 1. For any y € R", define a map ¢, (z) =z + A~ (y — f(x)), then
¢y(z) = x if and only if f(x) = y. Since f’(z) is continuous and f'(z¢) = A,
there is § > 0 such that ||¢; (z) — A[| < A/n. Then

[|py(z1) — dy(z2)]| < nmax||¢§l(gg)\|||x71;0”
= nmax|[I+ A1 f(z)]|
= nl| A7 max || A~ f'(@)]|||z — wol]
< AMATY||z — zol|

= 1/2[|zy — z2|[, 21,72 € B(xo,9)

Then, ¢, : B(x,0) — R" is a contractive map and ¢, (x) has at most one fixed
point. Then, f(x) = y has at most one solution in B(zg, ).

Therefore, f : B(xg,d) — R™ is 1-1. Next, we need to show f(B(zg,0))
is open. It is sufficient to prove: = € B(xo,9), f(x) = y, yo = f(xo), then
B(yo, \y) C f(B(xo,0)) where A = § — || — z¢|| > 0. We consider ¢,(z) =
x4+ A Yy — f(x)). Since

1) 1 € B(xp,9d) and r > 0 with B(xy,r) C B(xg,0) then

y1 = f(x1) € f(B(x1,7)) C f(B(x0,6)).
If y € B(y1, A\r) , then y € f(B(zg, Ar)) and

¢y (2) = @y (z1)]| < (1/2)[|z — 21]].

|y () — 21|l < |[dy(2) = dy(21)|] + ||y (1) — 21|
< (1/2)|lz — |l + [l + A7 (f (1) +y) — 2|
= (1/2)||z — x|+ [[A™ (f(z1) —yll < (1/2)r + [[A ][ |y1 — vl
< (1/2)r|[A7|r
< (1/2)r

This implies ¢, : B(z1,7) = B(x1,r) is a contractive map. ||¢,(z1) — ¢y (z)|] <
(1/2)||x1 — || for all z,z; € B(xy,1).

By Banach Fixed point theorem, there is a fixed point x € B(z/,r) s.t.
¢y(z) = v & y = f(x), which implies y € f(B(x1,r)) C f(B(zo,7)), therefore
f(B(zo,0)) is open. 0

1.3 Implicit Function Theorem

THEOREM 1.14 (Implicit Function Theorem) Let f = (fi,"-",fn) :
R™™ = R" be a C' map with (a,b) € R™™™ such that f(a,b) = 0 and f,(a,b)
invertible. Then there is an open set U C R"™™ and an open set W C R™



such that (a,b) € U, b € W and x = g(y),y € W satisfying (9(b),y) € U and
flg(y),y) =0, y € W. Moreover, g € C*(W) and

9'(y) = —(f(9), v) " fy(9(®), v).

REMARK 1 This means that f(x,y) = 0 determines a function x = g(y),
y € W. Moreover, ¢'(y) = —(f.) "' f,. Here

ofi ... 9h ofn ... Oh

dxq o, oy1 OyYn
fo= , fy = : :

Ofn ... Ofn Ofn ... Ofn

oz Oxy dy1 Oyn

Proof. We construct a map: F = [f(g;’ y)} :R™T™ — R™™, F(a,b) =
(0,b), F is C* map.

/ _ fa fy
det F’'(a,b) = det fl(a,b) # 0 by the inverse function theorem. There is G :

V = U, (U= B((a,b),r),V=FU))such that GoF=IonU and FoG =1
on V. Thus

7] = peci) wa [0] =[G G00)

Therefore, G2(0,y) = y. Let x = g(y) =: G1(0,y) and let
W={y:(0,y) €V}

Then
fla(y),y) =0, yeW

By the chain rule: f.(9(y),v)9'(y) + fy(9(y),y) = 0. This implies that
9'(y) = —(f(9(), v) " fy(9(®), v).
0
EXAMPLE 2 Let f = (f1, f2) : R*™® — R? be defined by

f= 2e™1 4+ x9y1 — 4yo + 3
w3 cos(z1) — 621 + 2y1 — y3 |

Let a = (0,1), b= (3,2,7). Then

24+3—-4-243 0]
fla,b) = [1—0+2-3—7} :[ '



It is clear that f is C' map and

f _ | 0z Ox2 oy1 Jy2 dys
(z,y) Of2 Ofs Of: 0Ofx Of2
dxy  Oxz Oy1 Oy  Oys

2e*1 Y1 To —4

ofh 9 8 Ofr Of
}:[—xgsin(arl)—6 cos(r1) 2 O

Then
fan =, i S @ =12 1)

—xgsin(xy) — 6  cos(xz

which is non-singular since detf,(a,b) = 20 # 0, by implicit function theorem
f(z,y) = 0 determines uniformly a function x = g(y) for y € W for some W
with b e W.

9'(y) = —(f2(9)v) " fy(9(¥), v)

- L[t B][1 4 0] __ 1[5 43
9OI==5516 2||2 0o -1/~ "20|1 -24 -2

1.4 Exercise

and

1. Prove or disprove that there is a function f(z) in R"™ with n > 1 so that all

first order partial derivaties ng(x) exist for all x € R™ and f(x) is continuous
J

at 0, but f(x) is not differentiable at x = 0.

2. Let f(z) = Az : R" — R™ with A = [a;;] is a m x n scalar matrix. Prove f

is differentiable and find f'(z).

3. Suppose f is differentiable on [a,b], f(a) = 0 and there is A > 0 such that
|f'(x)] < A|f(x)] on [a,b]. Prove f(z) =0 on [a,b].

4. Let ¢ be a real function defined on R = [a,b] X [o, 5]. A solution of the
initial-value problem

y/ = ¢($7y)7 y(a‘) =c (a <c< ﬂ)

Prove that such a problem has at most one solution if there is a constant A such
that

|¢(z,y2) — oz, y1)| < Alyz — v1 (©)

whenever (z,y1), (z,92) € R.
5. Let A = [a;;] be n x n matrix. T4 : R™ — R" is a linear transform defined
as Ta(x) = Ax. Let [|T4|| = |A]] = max{||Az] : ||| = 1}. Prove

n
1A < > aiy < nllA?

ij=1



6. Suppose that f(x) is a real-valued function defined in an open set E C R",
and that the partial derivatives %, Sy % are bounded in F. Prove that f is
continuous on F. Is f uniformly continuous on E?

7. Suppose that f is a real-valued differentiable function on an open set E in

R". If 2y € E so that f attains its local maximum at zg. Prove f/(z() = 0.
8. Let f,g : R® — IR™ be differentiable maps. Then the product map g(z) -
f(z) : R™ — R is differentiable and

(g- ) (z) = g(x)f'(x) + f(2)g'(x)

by viewing f(x) and g(x) as row vectors in R™.

9. Define £(0,0) = 0 and f(z,y) = 23/(2* + y?) if (x,y) # (0,0). Prove that

ag(f) and g—i exists on IR? and bounded on IR?, but f is not differentiable at

(0,0).

10. Let f(z) = (22 — 23,23 — x%,xl +x9 —x3): R? - R? and 9(y1,Y2,y3) =
(sin(y; — y2), cos(y1 + ¥3), Yy1y2y3) : R? — R®. Find (go f)(z).

11. Let f = (f1, f2, f3) : R* = IR® be a mapping defined as follows:

filzi,20,73) = 7 — a2 +sin(zy — x3),
fa(z1,22,23) = x% —x3 + (21 +$2+$3)37
f3(x1,22,23) = a1+ 22— 23

Prove that there is § > 0 so that

(i) f: B(0,8) = V = f(B(0,9)) is one-to-one and onto;
(ii) V is an open neighborhood of 0 in R™

(iii) If g : V — B(0,4) is the inverse of f, then find ¢'(0).

12. (a) State the implicit function theorem;
et f(z) = (f1(x), fo(z)) : — e a C' map defined as follows:
(b) Let f(z) = (fi(x), f2(x)) : R = R® be a C* defined as foll
filz) = xp —x2Fetr T ]
fa(z)

1 .
7 + a9 +sin(xy + xo — 3 — 24)

Show that

(i) f(0)=0
(ii) In a neighborhood E of 0 in R?, there is a C' map (21,29) =
(91(x3,24), g2(w3,24)) so that

f(g1(x3,24), g2(w3,24),23,04) =0, in E

(iii) Find ¢'(x3,z4)



