
T H E O R Y  O F  D I S O R D E R E D  S P I N  SYSTEMS 

L . A .  P a s t u r  and A . L .  F i g o t i n  

Disordered ,  i . e . ,  containing random p a r a m e t e r s ,  la t t ice  spin s y s t e m s  a re  cons idered .  
It is shown that the f ree  ene rgy  in the macroscop ic  l imi t  becomes  nonrandom if the 
probabi l i ty  dis t r ibut ion of the r andom p a r a m e t e r s  sa t i s f ies  conditions of spat ial  
homogenei ty  on the ave rage  and vanishing of s ta t i s t ica l  co r re l a t ions  at dis tant  points.  
The poss ib le  or ienta t ions  of the spins in these  s y s t e m s  a re  d iscussed  in t e r m s  of 
r andom fields.  An asympto t i ca l ly  exact ly  solvable model of such a s y s t e m  is 
proposed;  it demons t r a t e s  di f ferent  types of or ientat ion,  including one cor responding  
to the spin g lass  s tate  in which there  is no macroscop ic  magnet izat ion but the 
magnetic  moment  of individual regions  of the c rys t a l  is nonzero .  

1. I n t r o d u c t i o n  

Dilute solutions of atoms of transition metals with large magnetic moment (Fe, Co, Mn) in para- 
magnets (Cu, Au) have for long attracted the interest of experimentalists and theoreticiams (see [1-4] and the 
literature quoted there). These systems have a number of rather unusual properties, among which we men- 
tion the very sharp peak in the graph • ) of the magnetic susceptibility in zero field and the linear depen- 
dence in the limit T --~ 0 of the specific heat on T with a slope independent of the impurity concentration. It 
was recognized comparatively long ago [2] that these and many other properties of these solutions are due to 
the indirect Ruderman-Kittel-Kasuya-Yosida interaction of the spins of the impurity atoms brought about by 
the exchange of matrix electrons; it has the form 

](lx-y])s=s~, ](r)=(kFr)-~cos2kFr, (1.1) 

where s x a re  the spins of the impur i t i e s  and k F is the F e r m i  momentum.  The rapid osci l la t ions and weak 
dec r ea se  of J ( r )  (i. 1), and also the r andom dis t r ibut ion of the impur i t i es  lead at suff iciently low tempera . -  
tu res  to a " f reez ing"  of the spins in r andom di rec t ions  and to an inc rease  in • The resul t ing magnetic 
s t ruc tu re  is cal led a spin g las s .  It is a "cong lomera te"  of blocks of only sl ightly d isor iented "frozen" spins 
whose total or ientat ion however  v a r i e s  f r o m  block to block, so that the macroscop ic  moment  is ze ro .  

In [3], it was suggested that this f reez ing  of the spins should be regarded  as a phase t rans i t ion.  It is 
not however  c l e a r  how one can solve the s ta t i s t ica l  p rob l em cor responding  to the in teract ion (1.1), i . e ,  a 
Hamiltonian of the f o r m  

l i I -  y y' (1.21 
x ~  x 

where c x is the "population number"  of si te x, equal to 1 with probabi l i ty  c and 0 with probabi l i ty  1 - e, 
where  c is the concentra t ion of the impur i ty  a toms .  The difficulty of solving this p rob l em is also increased  
by the fact  that because  the cons idered  s y s t e m  is d i so rde red*  it is n e c e s s a r y  to ave rage  over  the posi t ions of 
the impur i ty  a toms ,  i . e . ,  ove r  the values  of {Cx}, the f ree  ene rgy  and not the par t i t ion function (the ease  of 
"quenched" impur i t i es ,  i . e . ,  impur i t i e s  that a r e  not in equi l ibr ium with the matr ix) .  In [3], it was there fore  
suggested that (1.2) should be replaced by the express ion  

-~- 2/=~s~sy -- 2 hsx, (1.3) 

* T o  avoid misunders tanding,  note that when here  and below we speak of d i so rde red  ( respect ively ,  ordered)  
s y s t e m s  we mean s y s t e m s  that have (or do not have) in them random p a r a m e t e r s  (the posi t ions of impur i t i es ,  
etc), and the te rminology  should not be confused with the express ion  d i so rde red  ( respect ively ,  ordered)  s t a t e  
f requent ly  used in s ta t i s t ica l  physics  to designate the s tate  of ma t t e r  above (below) the phase  t rans i t ion point. 
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in which Jxy are  independent random var iables  with symmetr ic  Gaussian dis~ribu~i(:a a~:: ~ : ~  ) ~ in 
the opinion of Edwards and Anderson [3] this would p rese rve  the basic feature of (1.2) -. r.he strongly 
oscillating nature of J ( r )  in (1.1). 

Using the sel f -consis tent  field approximation, Edwards and Anderson [3] found in this model a point 
of inflection in the temperature  dependence of • and they interpreted this as evidence for the existence of a 
phase transit ion to the spin glass  state.  Later ,  in [4] an attempt was :r~de to give the calculations in [3] an 
asymptot ical ly  exact meaning, and for  this it was assumed that 

I.~=~N-'Y.+N-"3"~, {1.4) 

where J0 is a positive constant,  and J ~  are  random variables  as in (1.3). It is natural to expect such a 
model in the limit N -e :~ to give an exact answer  agreeing with the one obtained ha the average field approxi-  
marion since such a situation obtains in the case of an ordered fe r romagnet  [5] when J~ = Q. According to 
[4], this real ly is so - the resul t  obtained in [4] agrees  with the one found in [3]. However, the calculations 
made in [4J include some assumptions that are  difficult to ver i fy  and are  apparently not completely co r rec t ,  
which has the consequence that the entropy obtained in [4] is negative at low tempera tures ,  as ~he authors 
themselves note. But this, as will be shown below on the basis of very  simple general  considerat ions,  is 
impossible in the case  of the Ising model considered in [4]. Note also that a spherical  model with the in te r -  
action (1.4) was considered in [6], which also contains a discussion of [4]. 

The present  paper  consis ts  of two par ts .  In Sec.2,  we study the general  proper t ies  of d isordered 
spin sys tems,  both c lass ical  and quantum. We show that if the random interaction J~y has the proper t ies  of 
spatial homogeneity and the stat ist ical  corre la t ions  between its values at pairs  of distant points tend to zero ,  
then the free energy of such a sys tem in the macroscopic  limit is nonrandom, i . e . ,  it is in pract ice  a cer tain 
quantity. Under the specified conditions, this justifies the usually employed procedure  for calculating the 
mean value with respect  to the random pa rame te r s  of the free energy and the identification of it with the 
observable free energy.  In the same section, we prove that the entropy in the Ising model and in quantum 
sys tems is positive at all t empera tu res .  In Sec.3 (in its f i r s t  part} we give an heuris t ic  descri:ption of the 
possible states of d isordered spin sys tems .  The main par t  of this section is devoted to considering models 
(classical and quantum) of such sys tems  that differ f rom (1.4). Namely, we assume that the interaction in  

these models has the "separable"  fo rm 
n t  n z  

where fh and a k are  positive constants,  and a, (~) are  random and, in general ,  dependent var iabtes ,  satisfying 
for each k the conditions of spatial homogeneity and vanishing of corre la t ions  as ix - y! -~ ~ .  The presence 
of the factor  N -~ suggests that, as in (1.4), this model in the limit N --> ~ must give resul ts  that coincide 
with the ones obtained in the se l f -consis tent  field approximation. It can be shown that this is real ly  so, and, 
in contrast  to (1.4), this can be proved r igorously .  The arguments  employed here  are  a general izat ion of the 
method developed in [7] for  investigating model Hamiltonians that admit an asymptot ical ly  exact solution in 

the macroscopic  l imit .  

Our resul ts ,  in par t i cu la r  the point of inflection in the graph of •  at a cer ta in  tempera ture  T c 
(see (3.29)) are  valid in the general  case of s tat is t ical ly dependent and a rb i t r a r i ly  distributed a(~ ~ and to a 
considerable extent do not depend on the fo rm of this distribution. However, it seems to us that the 
following form of the probabil i ty density a~ ~) is of par t icu lar  interest :  

p (a) = ( t - c )  ~ (~) +cq(~) ,  (! .  ~) 

where 0<c<l ,  q(0:)~0, ~q(u)dcz=l. In accordance with (1.2), this fo rm of p (a )  cor responds  to the case  when 

an impurity a tom is present  o r  absent at eve ry  point of the lattice with probabil i ty e o r  t - c.  F r o m  the 
mathematical  point of view, this assumption means that the random variables  aN ) in (1.5) are  replaced 
by ?~)c,, where the two spatially homogeneous sequences ?~) and c x are  assumed to be independent of one 
another, which, of course ,  does not rule out the possibi l i ty of a stat ist ical  dependence between the te rms  of 
each sequence (it is only n e c e s s a r y  that the stat ist ical  cor re la t ions  between these t e rms  tend to zero as 
Ix - yl ~ .o, the rate at which this happens being unimportant  for what follows). Thus, in our model ~(~) 
simulates the oscil lat ions of the exchange integrals  (1. I), and c x determine the configuration of the impUritY 
atoms in the sample.  By means of these quantities, we introduce into the theory a dependence on the 
impurity concentrat ion,  which was not considered in [3, 4]. It can then be shown that the cr i t ical  tempera ture  
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at which the graph of •  has a point of inflection is proportional to the concentrat ion (formula (3.18b)), 
and in the Ising model and in the quantum models the low-tempera ture  specific heat has the observed [2] 
l inear  dependence with slope that is independent of the concentration (Eq. (3.33)). 

2 .  G e n e r a l  P r o p e r t i e s  o f  D i s o r d e r e d  S p i n  S y s t e m s  

1. For  simplicity,  we shall consider  the c lass ica l  isotropic Heisenberg model [51, although all the 
resul ts  obtained below also remain true for  general  c lass ical  and quantum spin models.  

Thus, in d-dimensional  (d = 1, 2, 3) space we consider  a simple lattice with unit cell formed by the 
basis  vec tors  a~ . . . . .  ad, and we take V to be a parallelepiped with sides of length N~a~ . . . .  , N~a~, a~=laj[. For  
every  point x of the lattice and every  pair  of points (x, y) we specify random variables  hx(w) and Jxy(w), 
which are  an external field and the exchange integrals (here, w is a point of the space ~2 of the possible 
real izat ions of these random variables) .  We shall assume that h x and Jxy have the proper t ies  of spatial 
homogeneity and vanishing of the cor re la t ions  at  distant points. The f irs t  of them expresses  translational  
invariance on the average,  which holds in a d isordered  sys tem of macroscopic  dimensions,  and can be 
formulated as the condition that all mean values* are  independent of a: 

<h=,+ . . . .  h~k +j~,+~,=,+ . . . .  1~ +=,=~+ . . . .  h,+ . . . .  ) ,  

and the second proper ty  follows f rom the requi rement  that sufficiently distant par ts  of the sys tem should have 
a small influence, in the statist ical  sense,  on one another and is expressed by the decomposition as a ~ ~o of 
mean values of the form 

(h . . . . .  h= ~J~ ...... Jvh=,=h �9 �9 �9 h~,+ . . . .  h~ ~ +a]~,+o.~,+ . . . .  ],t +~.~l +~> 

into a product of the corresponding mean values.  

It is readi ly seen that the random var iables  that occur  in (1.2), i . e . ,  h = const  and Jxy of the f o r m  
J( Ix  - yl)cxCy, where J ( Ix l )  is a nonrandom function and c x are  the population numbers ,  sat isfy these con-  
ditions if the random var iables  c x sat isfy them. The simplest  but important  example of such c x is provided 
by s ta t is t ical ly  independent and identically distributed random variables ,  which is a sensible choice for  c x at 
low impurity concentrat ions .  

The proper t ies  we have assumed for  h x and Jxy can be conveniently formal ized by introducing, as 
is usually done in ergodic theory [8], a shift opera tor  Ta, which acts on the space of real izat ions ~ is such 
a way that 

h~ (T~0)) =h~+= (r (2.1) 

J=. ~(To~o) =I=§ ~+o (0)). (2.2) 

Then spatial homogeneity is equivalent [8] to the opera tor  T a preserving  the probabili t ies of all events, and 
the ergodic theorem is true: for any function F(w) on ~ there exists the l imit 

limN -I ~"I,F,,(T,,G)) ------- P((0) (2.3) 
aEV 

(N = N~N 2. ..  Nd) , and the proper ty  of cor re la t ion  weakening means that this l imit is a determinate quantity, 
equal to the limit of the mean values of F(w), i . e . ,  

_~= (F). (2.4) 

Note that the ve ry  fact of the existence of the l imit  (2.3) is also true in the case when the summation 
is performed over  only a cer ta in  sublattice since invariance under shifts over  the sublattice follows f rom 
invariance under all shifts. We shall make use of this r emark  in what follows. 

2. Having h x and Jxy, we can write down the Hamiltonian of the c lass ical  Heisenberg model: 

x ~ y ,  x ,yOV x~l  v 

(2.5) 

* The angular brackets  ( . . . )  here and below denote averaging over  the real izat ion of the random variables  
contained within them. 
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where s x is the spin at the point x, which we shall  a s sume  is a D-dimensional  unit vec to r  (in ~.he case  D = I ,  
s x takes the values  ~-1, which co r r e sponds  to the Ising model).  The f ree  ene rgy  f~ cor responding  to (2,5) 
is defined in the usual manner  as  

fN=-(~IN)-'lnZ~, Z~= fe "a~' H ds~,- (2.6} 
~ v  

where fl-~ is the t e m p e r a t u r e ,  and ds x 

a r e a  (for D = 1, we have 2 -~ 2 " ' ' )  

is the surface  e lement  of the (D - : ) - d i m e n s i o a a :  sphere  of uni~ 

in (2.6). 

THEOREM. Suppose 

2 (ilo:,[) < ~, (]hol) < ~. (2,7) 
x 

Then in the l imit  V - o  ~*  the f ree  ene rgy  fN in (2 .6 ) tends  with probabi l i ty  i to a nonrandom l imi t  f ,  and 

1----- lira <1,r (2.8) 

The proof  of the t heo rem  has much in common with that of the exis tence of the rmodynamic  : imi t s  
in o rde red  s y s t e m s ,  and we the re fore  give only the outline. The proof  has two main pa r t s .  The f i r s t  is to 
obtain an upper  bound for  the f ree  ene rgy  that is un i form in V. Since J s x ! = 1, it follows f r o m  (2.5) and 
(2.6) that 

where  ] , =  2 I]~[ by v i r tue  of (2.2) and (2.7) is a me t r i ca l ly  t rans i t ive  field [8]. Equation (2.9) is the 
y 

required  e s t ima te  since in accordance  with (2.3), (2.4), and (2,7) the r ight-hand side of (2.9) has a finite 

l imi t  as  V - ~  ~ with probabi l i ty  1. 

The second pa r t  is the splitting of the original  la t t ice,  and hence the region V, into congruent  
para l le lep ipeds  V i sepa ra ted  by " c o r r i d o r s "  of width R. These  las t  can be conveniently r ega rded  as  the 
union of t a y e r s  Vi of th ickness  R/2  surrounding each para l le lepiped  Vi, and one Can set  F=UV~-. Then it can 

i 

be shown that 

where nr  is the number  of the V i lying en t i re ly  in V, bv=nvN-:--,'lV~UV~t ~b, ],(x)= 2 Iloul by vir tue  of 
l y l > R  

(2.2) and (2.7) is a m e t r i c a l l y  t r ans i t ive  f ield.  In accordance  with (2.3), the a r i thmet ic  mean on the lef t -hand 
side of (2.10) has  a finite l imi t  with probabi l i ty  1. The same is t rue for  both t e r m s  on the r ight-hand side 

since the second of them can be rewr i t ten  in the f o r m  of the a r i thmet ic  mean of the I~ = 2 (2J~ -t- h=i). 
x~V~ 

There fo re  

lim-----[~v - li__m ]~v~<2 2 < i ar~ 1) + 2b~,, (2. l 1) 

~,=@1~>, (2.12) 

where (...l~> denotes the conditional mean value with r e spec t  to the ~ a lgebra  ~ of se ts  that a r e  mvar i an t  
under  shifts  ove r  the sublatt ice composed  of the cen te r s  of the para l le lep ipeds  V/ [8T. But by Virtue of {2.7), 

<~I>=IV" (E(l/~176176 There fo re ,  choosing V i and Vi such that IV<l, IVy! - ~ ,  IF~t.IV, I - ' ~0 ,  we 
y 

* As was noted above,  V is a para l le lep iped  and then V --) ~ means  that the lengths of nil i ts  s ides N1, . . . ,  
N d ~ ~ .  By means  of a rguments  s i m i l a r  to those used in [9], one can extend the a s se r t i on  of the t heo rem to 

a l a r g e r  c l a s s  of regions  that tend to infinity in van Hove ' s  sense .  
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can ar range  that <~,)--~0. Since ~z >- 0, there exists a subsequence Vi, and V~, for  which ~x tends to zero  
with probabil i ty 1. Since the left-hand side of (2.11) does not depend on the choice of V i and Vi, what we 
have said means that with probabili ty 1 there exists a limit / of the sequence of f ree  energies  fN as V --> 0o: 

lira 1~=]. (2.13) 

The above arguments  do not yet prove that the l imit / is not a random variable.  But it is easy  to 
see that /(T~(0)=](o)) for all a and ~, and then f cannot depend on ~' since otherwise we would ar r ive  at a 
contradict ion with the assumption that the cor re la t ions  vanish at infinitely distant points [8]. With regard  to 
the relation (2.8), it is a consequence of (2.9) and can be established by means of standard arguments  in 
ergodic theory.  

We shall give the name sel f -averaging to the proper ty  of the free energy just proved.  It is natural 
to expect that not only the free energy  but also the other  quantities that charac te r i ze  the d isordered sys tem 
(magnetization, susceptibility) have a s imi la r  proper ty ,  i . e . ,  they become cer ta in  in the macroscopic  limit.  
But, in contras t  to the free energy,  the question of the sel f -averaging of physical quantities cannot be resolved 
in the aff irmative in the general  case on account of the possible existence of phase t ransi t ions,  at which 
cer tain quantities cease  to be definite. For  such quantities, which can be represented in the fo rm of the f i rs t  
derivat ives of the free energy with respect  to a pa ramete r  that occurs  l inearly in the Hamiltonian (magnetiza- 
tion, mean energy) and such that the phase t ransi t ions with respect  to this pa ramete r  can be studied an 
affirmative answer  at pa rame te r  values not lying on the transit ion lines follows f rom the theorem proved 
above and Griff i th 's  theorem [10], which a s s e r t s  that the derivat ives of a convergent  sequence of convex 
functions have as l imit the derivative of the l imit function at the points where this derivative is continuous. 
With regard to the derivat ives of higher o rde r  (susceptibility, specific heat), even in the models considered 
below the proof of their  se l f -averaging requi res  ve ry  detailed es t imates  whose derivation would go beyond 
the scope of the present  paper,  whereas the verification of this fact in the case of the f i rs t  derivat ives can 
also be achieved without r ecourse  to Griff i th 's  general  theorem by means of the method we used to calculate 
the free energy.  We shall not enter  into a fur ther  discussion of this question but merely  point out that it is 
a general izat ion of the question relating to the existence of macroscopic  l imits of the corre la t ion  functions 
(states) in ordered sys tems ,  and it is therefore  c lear  why it is complex. 

3. We define the entropy of the p re - l imi t  (in finite volume) spin sys tem by, as usual, the relation 

S~.=-OI,~IaT. (2.14) 

By direct  differentiation, one can show that O~lnZN/O~2>~O, ~=i/kT, i . e . ,  In Z n is a convex function of ft .  But 
then -].~-=(~A')-t In Z,~ is a convex function of fi-~, i . e . ,  the tempera ture ,  and this means in accordance with 
(2.14) that 

aS.~./~T>~O. (2.15) 

Therefore ,  there exists the limit S~-(~ In the quantum case  and in the Ising model, when 
T'+0 

Z.~=Spexp(--~H~), S!~)=N-~kln • where ~ is the multiplicity of the ground-sta te  degeneracy ( i .e . ,  ~ >-- 1). 
Therefore  S (~ and then by virtue of (2.15) N 

s , ~ 0  (2.16) 

at all t empera tu res .  By what we have proved above, fN iS a concave function of the temperature  (O~tN/OTZ<~O) 
and tends with probabili ty 1 to )~ as N --) ~,  so that in accordance with Griff i th 's  theorem [10] there exists  
at all T (except perhaps for a countable set of values) and with probability 1 a nonrandom limit 

S = lira Sz~, 

for which the inequalities (2.15) and (2.16) are  therefore  also satisfied. Thus, for quantum sys tems and for  
the Ising model the entropy of the limiting infinite sys tem everywhere where it is defined is a non-negative 
and nondecreasing function of the tempera ture .  We mention here this simple and, essential ly,  well-known 
fact because the entropy obtained in [4], as is noted by the authors themselves ,  is negative at low temperatures .  

In this connection, we note the following. Using the inequality between the geometr ic  and ari thmetic 
means, we can write <lnZ.~->=e-~<lnZN~><--.e-~ln<ZN~> for  e > 0. Hence, by virtue of the proved theorem, 

]~<e -t lira N -11n <Z/>. 
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The r ight -hand side of this  inequal i ty  was ca lcu la ted  in [4] under  ce r t a in  a s sumpt ions  for in tegra l  e a~d 
a f t e r  "continuation" to the value e = 0 was r ega rded  in [4] as  the exact  exp re s s ion  for  ~he f ree  ene rgy  on the 
bas i s  of the fact  that lira e - t ( x ' - l )  = lnx. 

~ 0  

3. Exactl~ Solvable Models of Spin Glass 

I. Before we consider our models, we consider one interpretation of the orientations of the moments 
as observed in disordered spin systems. This interpretation is essentially already contained in [3], but 
neither there nor subsequently was it sufficiently clearly presented. Nevertheless, it is very perspicuous, 
although we shall not argue everywhere with rigor in its exposition. 

We note that in the considered systems there are two procedures for averaging - over the Gibbs 
distribution and over the realizations of the random variables h x and Jxy" We shall denote these t~vo pro- 
cedures by (...>c and <...}. Then mx=<s~>~, which does not depend on x in an infinite ordered system, 
does in a disordered ease, and the dependence is different in different realizations. In other words, m x in 
the disordered case is a random field on the lattice. Important properties of this field are its spatial 
homogeneity and the vanishing of the correlations between the values at distant points in agreement with the 
picture described in the introduction and confirmed below for the distribution of the spins, this consisting of 
blocks with strong statistical correlations of the directions of the moments within them and weak correlation 
between them. Therefore, the macroscopic magnetization of the system M, defined as 

M = lim N -i F ,  (s~>~ C~, 
N~oo  

:cOw 

must by v i r tue  of the e rgodic  t heo rem (2.3)-(2.4)  be equal to 

M=(mx)~(cfisx)~). (3.1) 

In the absence  of an ex te rna l  magnetic  f ield and at suff ic ient ly  high t e m pe r a t u r e ,  the field m x is 
iden t ica l ly  ze ro ,  which c o r r e s p o n d s  to the pa r a m a gne t i c  s ta te  of ma t t e r .  But with de c r e a s i ng  t e m pe ra tu r e ,  
one may a l so  obtain a s ta te  in which the f ield m x is  nonzero ,  if at the same t ime "(m~)=m--/:0, then i t  must  be 
r ega rded  as  the d i s o r d e r e d  analog of a f e r r o m a g n e t  s ince M = m r 0 by vir tue of (3.1). But if m = O, we 
a r r i v e  at  the s ta te  of a spin g l a s s ,  which has no analog in the o r de r e d  ca se .  It d i f fe rs  f rom a d i s o r d e r e d  
f e r r o m a g n e t  in that it contains  b locks  of spins  of s i m i l a r  or ien ta t ion ,  but an average  or ienta t ion  ove r  the 
b locks  does not ex is t .  This  s ta te  d i f fe r s  f r o m  a p a r a m a g n e t  in that in it  the spins a re  d i s o r d e r e d  but "frozen", 
i . e . ,  they do not move with the t ime and the re fo re  give a ze ro  value of the moment only a f t e r  a double 
averaging ,  whereas  in a pa ramagne t  the moment  van ishes  a l r e a d y  as  a r e su l t  of averag ing  over  the Gibbs 
d is t r ibu t ion ,  which co inc ides  by v i r tue  of the e rgodic  hypothes is  with averag ing  with r e s p e c t  to the t ime.  

The l i s ted  s t a tes  of d i s o r d e r e d  spin s y s t e m s  can be c l a s s i f i ed  by means of the p a r a m e t e r s  m and 
q=(m~')-(m~>' of the mean and the d i spe r s i on  of the f ield mxo Namely ,*  

m = 0,  q = 0: paramagne t ;  

m r 0, q = 0: o r d e r e d  f e r romagne t ;  (3.2) 
m = 0, q r 0: spin g l a s s ;  
m r 0, q ~ 0: d i s o r d e r e d  (amorphous) f e r romagne t .  

With r ega rd  to a phase  t r ans i t ion ,  in such s y s t e m s  it cons i s t s  e i the r  of the appearance  of a non- 
t r i v i a l  random field o r  in a change in i ts  nature  (such a ca se  will be de sc r ibed  at  the end of Sec. 3 .3) .  Here ,  
we must  point out that, as  in o r d e r e d  s y s t e m s ,  to obtain a nonzero spontaneous magnet izat ion it is n e c e s s a r y  
to b reak  the s y m m e t r y  of the p r o b l e m  by app rop r i a t e  smal l  modif icat ions  of the Hamil tonian in o r d e r  to l if t  
the degeneracy  of the s ta te  of the rmodynamic  equi l ib r ium;  moreover ,  as  we see in the case  of spin g l a s s ,  
this  b reak ing  must  be even more  r ad ica l .  As a r e su l t ,  we obtain an en t i re  f ami ly  of f ie lds  labe led  by an 
index whose set  of va lues  is fo rmed  by applying to some vec to r  al l  e l ements  of the broken s y m m e t r y ,  i . e .~  
the fami ly  is labeled by the index that  l abe ls  the q u a s i a v e r a g e s .  

* In the gene ra l  ca se ,  this  p ic tu re  is evident ly  somewhat  s impl i f i ed .  It does not apply to the field n-I z = 
Zg(x - x.),  where  the random points  x. a r e  d i s t r ibu ted  un i fo rmly  over  ~ e  la t t i ce ,  and g ( x )  is  an in tegrable  

3 J 
function. Neve r the l e s s ,  such a f ie ld can be r ega rded  as  co r re spond ing  to f e r romagne t i c  inclus ions  in a 

pa ramagne t i c  ma t r ix .  
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2. We now c o m e  to c o n s i d e r  ou r  models  (1.5).  In both the c l a s s i c a l  (s is a D-d imens iona l  unit  
vec to r )  and quan tum c a s e  (s is the o p e r a t o r  of a spin of  magni tude  s)  the Hami l ton ian  c o r r e s p o n d i n g  to an 
in t e rac t ion  of such  type can  be wr i t t en  in the f o r m  

k = l  k = t  X~V 

(a) 
where  o~=N -~ F,a~ s., and 

FI = --~ taN-' (a~k)) 2 s, ~ - a~N-' 
k = t  x e V  k = t  x e V  

Since S2x is equal  to I in the c l a s s i c a l  c a s e  and s ( s  + 1) in the quan tum case ,  and we a s s u m e  that  ~ )  has  
momen t s  of suf f ic ien t ly  high o r d e r  (below, we r e q u i r e  t h e m  to the four th  o r d e r  inc lus ive ly) ,  it fo l lows by 

v i r tue  of  the e rgod ic  t h e o r e m  in the l imi t  N -~ ~ that  N - '  ~-~ (a,(k)) ~ tend with p robab i l i ty  1 to finite l imi t s  
x~V* 

<(a(~ ~1 )~> and t h e r e f o r e  a r e  bounded fo r  all  suf f ic ien t ly  l a rge  N with the s a m e  p robab i l i ty .  This  means  that  I~ 
is bounded as  N ~ co and t h e r e f o r e  can be omi t ted ,  s ince  it does  not con t r ibu te  to the l imi t ing  f r ee  e n e r g y .  
This  quant i ty  fo r  the Hami l ton ian  (3.3) (without I~) can  be found by  means  of  the gene ra l  method developed 
in [7] and applied to spin s y s t e m s  in [11, 12]. In a c c o r d a n c e  with the bas ic  idea of this method,  we wr i te  the 
Hamil tonian  (3.3) (without I~) in the f o r m  H a + H F + HA, where  

. . ,  N " " . ,  

Z + -  Z Z 2 2 
k ~ l  k ~ i  k ~ t  h=l x~V 

k = l  ~ i  - 

and A~ and F~ a r e  c - n u m b e r  p a r a m e t e r s  that  will be de t e rmined  below. 

By v i r tue  of Bogo lyubov ' s  inequal i ty  [7] 

]r~ + N-~ i H  A + HF> rr~ In - ~ -  ( ~N) -~ In Sp e-~n"<~ ]rr,~ + N-t<H.~ + HF) Ho 

o r  with a l lowance  fo r  the fac t  that  in a c c o r d a n c e  with (3.4b) 

Hr~0,  H.>~0, max ].z,,+N-t<HF>n<~/n<~/n,,+N-~<H.)rr,,. (3.5) 
{ A  k } 

In this  inequal i ty ,  In, and N-~iHa>~. can be r e a d i l y  ca lcu la ted :  

whe re  

l 9 xeV ! i 

n 2  n t  

N _ t ( H A > H a = + Z a ~ , [ N _ i Z  . - -  (~+m)  ~2] - z  (h) 2 z z 

1 xEV t ~eV" 

(3.6) 

(p (r) =ln  Z(r)  ; (3.7) 

I I dse-rs in the c l a s s i c a l  c a se ,  

Z ( [r 1) = lS  p e -~s =~ sh[ r[(s + 1&) in the quan tum c a s e ;  
sh[ r ]/2 (3.8) 

n t  n~ 

We se t  A~-<a~+m)~>. Then in the l imi t  N -~ ~ ,  (3.6) will tend to z e r o  by v i r tue  of  the e rgod ic  t h e o r e m  and 
the fac t  that  < ( ~ ) ) 2 >  is f ini te .  Then,  to ach ieve  the vanish ing  as  N --> co of  the t e r m  N-i(tlF>~ on the l e f t -  
hand side in (3.5), we m i n i m i z e  with r e s p e c t  to {Fv~ } on the r igh t -hand  side of  (3.5) in the s a m e  way as  in [7], 
and on the l e f t -hand  side we r e p l a c e  the f i r s t  t e r m  a lso  by the m i n i m u m  with r e s p e c t  to {F~ }, and in the 
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second t e r m  we se t  

Fh=N -t ~ 2 , a ~  s~ n" ;3, .9) 
xGlr 

One can see that the a r g u m e n t s  which p rove  the a sympto t i c  s m a l l n e s s  of N-'(HF)~ unde r  the condit ion (3.9) 
in the c a s e  a~k)-----const as  given in [7, 11, 12] a l so  apply  in ou r  c a s e .  The c o r r e s p o n d i n g  e s t i m a t e s  have  a 

s i m i l a r  f o r m  if in t h e m  the coupl ing cons tan t s  fk a r e  r ep laced  by hN -1 2 [ ~ j  ' quant i t ies  tha t  tend with 
~ v  

probab i l i ty  1 in the l imi t  N --> .o to h(]a~ ~) 1) and a r e  t h e r e f o r e  f ini te .  T h e r e f o r e ,  as  in [7], we find that  
the l imi t  f ree  e n e r g y  is given by  the fol lowing min imax  pr inc ip le :  

n~ 

f = rain max ~ ' - 6 - ~  hF~ -- akA~--~-~ 

Thus ,  the d i f fe rence  between the c l a s s i c a l  and quan tum c a s e s  is de t e rmined  so le ly  by the f o r m  of the function 
go(r) in (3.7). * We r e q u i r e  s o m e  p r o p e r t i e s  of this funct ion that a r e  c o m m o n  to all c a s e s :  

(p (r) i>0; (3. lla) 

(p'(r) >0, r>0,  q/(0) =0; (3. l l b )  

q/(r) ~<o, (3.11c) 

where  ~ = 1 in the c l a s s i c a l  c a s e  and ~ = s in the quan tum c a s e ;  

qD'" (r) I>0, qJ" (r) <0.  (3.1 ld) 

3. We c o n s i d e r  s o m e  spec ia l  c a s e s  of the gene ra l  f o rmu la  (3.10).  Suppose f i r s t  ni = 1, n 2 : 0 
(the c a s e  n 1 = 0, n 2 = 1 does  not lead to an in t e res t ing  model) .  F o r m u l a  (3.10) h e r e  takes  the f o r m  

.rF' 
f = min (I) (h, F), (I) (h, F) ---- ~ - ~-~ (q)(~ []a,:F+c~hl) ), (3. i2) 

r 2 

and the equat ion fo r  the o r d e r  p a r a m e t e r  F and the e x p r e s s i o n  fo r  the magnet iza t ion  and the suscep t ib i l i ty  
in t e r m s  of  F have the f o r m  

F = ( q ) ' ( ~ t )  a~a . ) ,  ~=]a~F+c,,h, 9=1~,i, (3.13) 
j* 

~t 

OM, 
X~ = ~ = xlln~nj+z• (5o--n~nj), (3.15) 

Oh~ 

0~I Ol (3.16) 
Zll O h  ~ ' X'------h-t 0---ff 

and h = nh, Inl = 1. If  h = 0, then r  F )  depends  o n l y o n  F =- IFI ,  whose min imiz ing  value c a n b e  
found f r o m  the fol lowing equat ion,  which is ana logous  to the wel l -known equat ion fo r  the o r d e r  p a r a m e t e r  of 
the m o l e c u l a r  field t heo ry :  

F----<cp'(~]F[a~I ) Ia~I >. (3.17) 

A nont r iv ia l  solut ion F ~ 0 of  this  equation,  and hence  a c e r t a i n  phase  t r ans i t ion  a p p e a r  at  the temperaImre  

To=](p" (0) <~>, (3. lSa) 

which with a l lowance  fo r  (1.6) is a l i nea r  funct ion of  the impur i t y  concen t ra t ion :  

To=I~" (0) <.f~'>c. (3o lSb) 

With r e g a r d  to the na tu re  of the r e su l t ing  phase  t rans i t ion ,  it depends e s sen t i a l l y  on the p r o p e r t i e s  of the 

�9 In addit ion,  this d i f fe rence  a p p e a r s  in the o r d e r  of  tmagnitude of  the e r r o r  f - (N as N ~ ~ .  As in o r d e r e d  
s y s t e m s  [7, 11, 12], in the c l a s s i c a l  c a s e  f - /Car ~ N-~,  and in the quan tum c a s e  f - /'N ~ N-V~" 
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probabili ty distribution of ax" To simplify the following analysis ,  we shall assume that this distribution is 
symmet r i c  about <u~'>---a~, i . e . ,  in accordance  with (1.6) it has the fo rm ~l(a - a l ) ,  where ~(a)  is an even 
function. Suppose f i rs t  a~ r 0. By vir tue of the spherical  symmet ry  of the function go, ~(h, F ) for  h r 0 
depends on F through the var iables  F~ and F2, which are  such that F=nF~+pF~, [p[=t ,  p_Ln and 

Ft=<(p' (~t~) ~ t-I (ajFt+c~h) ax), (3.19) 

F2=<~' (p~) ~-'a~2> lF~. (8.20) 

We show that the solution of this sys tem of equations has the fo rm (F~, 0) for  all sufficiently small h, which 
is all that  interests  us. Indeed, go ( r )  by v i r tue 'of  (3.11) increases  as r ~ ~ not fas te r  than l inearly,  and 
therefore  the values of F~ and F 2 that minimize q,(h, F ) as functions of h are  uniformly bounded for  h --- 
h 0 < ~.  Suppose that F 2 ~ 0. Then (3.20) is equivalent to the equation t-=<r r, by virtue of which 
(3.19) takes the fo rm <qJ(~)~-ta~c~>=0. We show that this relation is impossible,  i . e . ,  that for  all sufficiently 
small h 

<q~' ( ~ )  i~-~ct=c~> #0. (3.21) 

Indeed, denoting JFI a x I by ~0, we obtain 

I~-t~ol~<<_ltL~-~o~l<21cz, tFh+h ~. (3.22) 

tt follows f rom (3.11) that (go'/r) '  is bounded for  r >- 0, and therefore  for  small h the left-hand side of 
(3.21) differs f rom <r by an amount of o rde r  h. But 

<~" (~t~0) ~0-'~c,> = c ~ {~(~IF(~+~,)) -  ~ @'F(~-~, )  )}~(=) da, 
- 0 

where $(x) =qS(Ix])signx. Since r  is in accordance  with (3.11) a s t r ic t ly  increasing function, the last  
integral cannot be zero .  The result ing contradict ion proves  that F 2 = 0. 

Thus, as in the ordered case,  if the Hamiltonian for  h = 0 is spherical ly  symmetr ic  then the o rde r  
pa rame te r  is parallel  to the field when the field is switched on. In accordance with (3.14), the magnetization 
has a s imi lar  property,  and by virtue of the fact  we have just proved it is also nonzero for  h = 0: 

M (0) =ran, m=<~(~lF, a~)c~), (3.23) 

where F~ is the solution, taken at h = 0, of the equation 

F,=<r ~>, (3.24) 

which minimizes the function ~(h, F)  in (3.12). It is unique, positive, and for h = 0 coincides with the 
solution (3.17). In addition, it follows f rom (3.16) that •177 = m/h  as h ~ 0, and 

/ 

It is readily seen that F,I~=o=F in the neighborhood of T c is such that 

F ~ 6[~"(0)=d ~ , 
. . . .  maxt (Y~-r), 0}, (3.26) 

1 ~ ( o )  Is,.] 

where a~=<a%. Hence and f rom (3.24) we can find that in the case <cr as T ---) T c the t e rm containing 
~F~/Oh is the main t e rm in (3:25) and it leads to the usual Cur i e -Wei s s  law for  • 

~,~--a~V(z~[T-T~[A~ T--+T~+_O, 

where in the case of the Ising model and the quantum Heisenberg model with spin '/~ A+=2A-=t .  

Thus, in the case  of a symmet r i ca l ly  distributed ~(<zr162 we obtain a theory analogous to the 
molecular  field theory for fe r romagnets ,  and it is therefore  natural to regard  such a model as a model of a 
d isordered (amorphous) fe r romagnet .  It is also this in the sense of the classif icat ion (3.2), which follows 
f rom the f o r m  of the random field of the spontaneous magnetization: 

c~< s~)~ I ~=0~n~=c~ (~]Fczx) n, (3.27) 

* The given arguments  are  valid under the assumption T < T c. But if T > Tc, then it is readily seen f rom 
(3.11) and (3.20) that the assumption F 2 r 0 contradic ts  (3.18). 
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where n is an a rb i t r a ry  D-dimensional  unit vector  (n = ~:1 for D = 1 ). [z~ o rde r  to obLa~n (3.27}, it ~s 
neces sa ry  to general ize  the method of proof developed in [7] (see also [11]) of asymptotic proximity of the 
thermodynamic mean values constructed on the basis of the original model Hamiltonian and ~ e  approximating 
Hamiltonian (3.4a). Such a general izat ion can be made and leads to a result  that, as in the ordered case,  
a s se r t s  that the corresponding mean values can be calculated f rom the approximating Hamiltonian in which 
the pa rame te r s  F k and A s are  chosen as the solutions of the equations of the general ized minimax principle 
(3.10) (for n I = 1, n 2 = 0 this is Eq. (3. 24)) . 

Taking into account the proper t ies  of the random variables  ax and c x and the ergcdic theorem, we 
can readily show that the field (3.27) sat isf ies  the relation (3.1), and by virtue of (3.21) <m~>=mn:~0. in addi-  
tion, since ~x and c x have by hypothesis a distribution different f rom a delta function, q~< Im~t~>-<m~>~r 

Now suppose that ~1 = 0 and therefore  positive and negative values of the exchange integrai are  now 
equally probable. It can be seen f rom (3.14) and (3.15) that in this case M[~=o=0 for T < T c as well, and 
the magnetic susceptibil i ty becomes a symmetr ic  tensor  (a distinguished direction, which i s  defined by the 
spontaneous magnetization in a ferromagnet ,  is here absent): 

Hence and f rom (3.26) it follows that • is a continuous function of the temperature  in the neighborhood of To, 
but its derivative with respect  to T has a discontinuity at this point: 

0X [ ~_ro+0= ~0'r 0X _ 0TI =-~~ [ t -  3~'] . . . . . .  --~-, j .  (3~ 29) 
OT T=T ~"O 

In accordance with what we have said in the introduction and See. 3.1, this state of the spin sys tem 
is a spin glass .  This conclusion agrees  with the classif icat ion (3.2) since, as one can show, the random 
field of the spontaneous magnetization here  also has the fo rm (3.27), but now, because r  is odd and the 
distribution symmet r ic ,  ~ (m~)----0. With regard  to the dispersion of the field, it is here,  as in a disordered 
fer romagnet ,  nonzero and equal to 

In the case  of the Ising model and the quantum Heisenberg model with spin ~. the following relation 
between • and q also holds: 

where • = efla is the susceptibil i ty of the disordered sys tem of noninteracting spins, and ~ is the quantity 
in (3.11c). An analogous relation was obtained in [3]. 

It should be noted that to obtain a nonzero field m x in spin glass  it is net sufficient to include aa 
infinitesimally small constant field; for  in the case of symmetr ica l ly  distributed ~x the r ight 'hand side of 
Eq. (3.24) is an odd function of F~ even for  h r 0, and therefore  every  solution F~ of (3.24) is accompanied 
by the solution -Fl .  This means that the thermodynamic degeneracy is not completely lifted by the constant 
field, and therefore in the calculation of the Gibbs mean of sx, when it is necessa ry  to sum over  all 
degenerate states,  one obtains a zero  resul t  since states corresponding to the solutions +F I enter  with equal 
weights.* Thus, because of the higher symmet ry  of the problem (the additional symmet ry  is due to the 
invariance under the substitution a~-+-a~) to lift the degeneracy it is neces sa ry  to use perturbations that differ 

"lhs~ . Thus, 2 for  example, one can take the addition 21~,s~, where h x is f rom a n  expression of  the fo rm 

a random field that is necessa r i ly  s tat is t ical ly related to ~x (otherwise the right-hand side of (3,24) remains  
odd with respect  to FI). For  example, h x = e~ x. Another possible way of lifting the degeneracy is to return 
to a symmet r i ca l ly  distributed ~x, for example, to variables  of the [orm ~x + s, where ~x is as before 
symmet r ic .  One can show that in both cases  the function analogous to /b(h, F )  in {3.12) has a minimum with 
respect  to F at a unique point, and this leads to the nonzero field (3.27). 

Note that this formula shows that the radius r m of the statist ical  corre la t ion  of the field mx~ which 
determines  the size of the blocks of spins of s imi lar  orientation, coincides in o rde r  of magnitude in the 
considered model with the corre la t ion  radius r a of the random variables  ~x, i . e . ,  with the distance at which 
<a~a~,>-<a~><a~> decreases  appreciably as Ix - yl -~ ~ .  With regard  to ra,  it is a pa rame te r  of the theory, 

* One can show that in the case of a function q(~) of compact  support this c i rcumstance  leads to analyticity 

of M(h) in the neighborhood of the origin.  
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and the f ac t  tha t  r a ~ r m cou ld  p e r h a p s  be  u s e d  fo r  i t s  e x p e r i m e n t a l  d e t e r m i n a t i o n .  

One f u r t h e r  i n t e r e s t i n g  r e l a t i o n  fo l l ow s  f r o m  (3.27) .  In the  e x a c t l y  s o l v a b l e  c a s e  of the  I s ing  mode l ,  
t h e r e  i s  [5] a c o n n e c t i o n  be tween  the a s y m p t o t i c  b e h a v i o r  of  the  Gibbs  c o r r e l a t i o n  funct ion  <s,sy>~ and the 

spon t aneous  m a g n e t i z a t i o n  M: 
lim <s~%>a = M 2. (3.30) 

It  c an  be shown tha t  if the l i m i t  i s  u n d e r s t o o d  h e r e  in a s o m e w h a t  m o r e  g e n e r a l  s e n s e  then  a r e l a t i o n  of  such  
type wi l l  a l s o  hold in o u r  m o d e l .  N a m e l y ,  wi th  p r o b a b i l i t y  1 

lira N -~ ~'~ c~,% <s~%J> = n~njm ~. (3.31) 
x,yfiV 

Since the  l e f t - h a n d  s i d e s  of (3.30) o r  (3.31) a r e  u s u a l l y  r e g a r d e d  as  a m e a s u r e  of the t h e r m o d y n a m i c  l o n g -  
r a n g e  o r d e r  in the s y s t e m ,  (3.30) shows  tha t  in a d i s o r d e r e d  f e r r o m a g n e t  l o n g - r a n g e  o r d e r  e x i s t s  in th is  
s e n s e ,  a s  in an o r d e r e d  f e r r o m a g n e t ,  whi le  i t  is  a b s e n t  in sp in  g l a s s .  

We g ive  a l s o  f o r m u l a s  f o r  the s p e c i f i c  hea t  of the s y s t e m .  F r o m  (3, 12) we f ind that  i r r e s p e c t i v e  of  
the s y m m e t r y  p r o p e r t i e s  of the  r a n d o m  v a r i a b l e s  ~x, a t  h = 0 

OF = ~2j~ <qj, ([llFcz~) a~)> (a. 32) 

w h e r e  F is  the  so lu t ion  (3 .17) .  Us ing  the f i r s t  of t h e s e  equa t i ons  and (3.26),  we f ind tha t  

2 II IV Cv(T~+O)=O, C v ( T ~ - 0 ) = 3 ~  T (0)/a,(p (0), 

i . e . ,  in the  n e i g h b o r h o o d  of T c the  s p e c i f i c  hea t  b e h a v e s  in the s a m e  way  a s  in the o r d i n a r y  m o l e c u l a r  f i e ld  
t h e o r y  [5]. When a l l o w a n c e  is  made  fo r  the  f o r m  (1.6) of the  p r o b a b i l i t y  d e n s i t y  a x a s  a func t ion  of the  
c o n c e n t r a t i o n ,  the  s econd  of e q u a t i o n s  (3.32) l e a d s  to the  fo l lowing  r e l a t i o n s  a s  T --> 0: 

in the  c l a s s i c a l  mode l ,  and 

lim Cv (T) = c (D- - l ) /2  
T-*0 

lim T-'C•(T) 1o:[q(cc)dcz (3 33) 
r~0 3(2s+i) J 

in the quan tum m o d e l .  In the c a s e  of the  I s ing  mode l ,  which  h e r e  r e s e m b l e s  in many  r e s p e c t s  the quan tum 
mode l ,  (3.33) a l so  ho ld s ,  but  wi th  c o e f f i c i e n t  !/~2 i n s t e a d  of  2 / 3 ( 2 s  + 1) ,  

We now d e s c r i b e  b r i e f l y  the  s i t u a t i o n  tha t  a r i s e s  in the  next  m o s t  c o m p l i c a t e d  model  a : 2 in (3.12).* 
H e r e ,  the fo l lowing  p o s s i b i l i t i e s  a r i s e .  

A.  n = 2, n 2 = 0. In such  a mode l ,  t h e r e  a r e  two p h a s e  t r a n s i t i o n s  a t  the t e m p e r a t u r e s  
T~ =],qj ,(0)<(~!l))2> and Tc,-----<(a~))2qJ'([~2c)~)F,([~2o)><70, w h e r e  F~(/~) i s  a so lu t ion  of Eq.  (3.24) (we a s s u m e  

tha t  < (r162 >~<  ( a ~ )  >). The  f i r s t  of the t r a n s i t i o n s  i s  one f r o m  a p a r a m a g n e t i c  s t a t e  to a s t a t e  with n o n z e r o  

r a n d o m  f i e ld  mx, and th i s  wi l l  be  e i t h e r  a d i s o r d e r e d  f e r r o m a g n e t  (if a(~ 1) i s  a s y m m e t r i c )  o r  a sp in  g l a s s  (if 
a(~ ~) i s  s y m m e t r i c ) .  In the s econd  t r a n s i t i o n ,  the n a t u r e  of  the r a n d o m  f i e ld  m x c h a n g e s .  If a~  ) is  
s y m m e t r i c ,  t h i s  i s  a t r a n s i t i o n  f r o m  a sp in  g l a s s  to a d i s o r d e r e d  f e r r o m a g n e t  in the c a s e  of a s y m m e t r i c  a~), 
so tha t  a s  a r e s u l t  of  the t r a n s i t i o n  <rn,:>~-m b e c o m e s  n o n z e r o .  If a~  ) is  s y m m e t r i c ,  then  th i s  i s  a t r a n s i t i o n  
f r o m  one p h a s e  of sp in  g l a s s  type  to a n o t h e r  of the s a m e  type ,  but  wi th  a d i f f e r e n t  va lue  of q. But  if  a~) i s  
a s y m m e t r i c ,  then fo r  T=T~= t h e r e  i s  a l w a y s  a phase  t r a n s i t i o n  f r o m  one d i s o r d e r e d  f e r r o m a g n e t i c  p h a s e  to 
a n o t h e r .  The  t h e r m o d y n a m i c  q u a n t i t i e s  behave  q u a l i t a t i v e l y  in the second  t r a n s i t i o n  in the s a m e  way  a s  in 
the f i r s t .  Thus ,  t h i s  mode l  d e m o n s t r a t e s  the p o s s i b i l i t y  of  s e v e r a l  t r a n s i t i o n s  be tw e e n  d i f f e r e n t  s t a t e s  of the  
sp in  g l a s s ,  t h e s e  s u c c e e d i n g  one a n o t h e r  a s  the t e m p e r a t u r e  d e c r e a s e s .  

( l )  C2) 
B. n = 1, n 2 = 1. We c o n s i d e r  on ly  the  c a s e  of s y m m e t r i c  ~ and r . I t  can  be shown tha t  in 

* As  th i s  p a p e r  was  be ing  p r e p a r e d  fo r  p r e s s ,  we w e r e  a c qua in t e d  wi th  the  note [13], in which L u t t i n g e r  
c o n s i d e r s  a s p e c i a l  c a s e  of  t h i s  mode l  in which  e a c h  of  the s t a t i s t i c a l l y  i ndependen t  v a r i a b l e s  ~ and ax 
e a c h  t a k e s  two s p e c i a l l y  c h o s e n  v a l u e s .  The  method  u sed  in [13] d i f f e r s  f u n d a m e n t a l l y  f r o m  o u r s  and does  
not  make  i t  p o s s i b l e  to c o n s i d e r  m o r e  c o m p l i c a t e d  d i s t r i b u t i o n s .  
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this most  interest ing case  for  h = 0 the model is analogous to the case  considered above with r~.~ - 33 a 2 = 0. 
This  comes  about because ,  as one can show, the o r d e r  p a r a m e t e r  Ai is here  zero ,  i . e . ,  the posi t ive-def ini te  
t e r m  in the Hamiltonian does not contr ibute to the the rmodynamics .  When the external  field h is switched 
on, this contribution appea r s  (Al is no longer  zero) ,  but it does not lead to any s ingular i t ies .  

C. n 1 = 0, n 2 = 2. In zero  field, such a model is equivalent to a s y s t e m  of noninteracting spins.  
This fact  ag r ee s  with the o rde red  case ,  in which the posi t ive (antiferrornagnetic) in teract ion does not c o n t r i -  
bute to the macroscop ic  p r o p e r t i e s  [7]. 

The resu l t s  we have obtained a re  a lso  t rue  with obvious modifications in the formula t ions  in the 
genera l  case  of any finite number  of t e r m s  in (1.5) in models  with D > 1, both c lass ica l  and quantum. 

(~) (4) 
One can cons ider  s i m i l a r l y  anis0tropic  models  in which each t e r m  J~a~ c~ s~s~ in the Hamiltonian 

D 

~ ' ~  I (h) (k) z is replaced by ].~Jh,~,t (zv,, sxs~, where s/x, I = 1 . . . . .  D, a re  the components  of the spin at the point x. in 
1 

the special  case  n = 1, the expres s ions  for  the thermodynamic  functions can be obtained f r o m  Eqs.  (3.25), 
D 

(3.29), and (3.32) by understanding 4 in them as  D- '  ~ a ~ ,  The number  of nontr ivial  f ields is he re  equal 

to 2 D by vir tue  of the lower  s y m m e t r y  of the Hamil tonian.  

Finally,  the resu l t s  obtained in the p resen t  p a p e r  can a lso  be applied to d i sordered  s y s t e m s  in which 
e lec t r ic  dipole moments  play the role  of spins (in this connection, see [14]). 

Finally,  we thank V. A. Slyusarev for  in teres t  in the work and d iscuss ions  
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