INTRODUCTION TO TOPOLOGY, MATH 141,
HW#6

Problem 1.

Which of the following 26 curves are homeomorphic? Give an informal
explanation; you do not have to provide a formal proof in this problem.
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Problem 2.

Prove that

a) the closed disc {(z,y) € R?* | 22 +y? < 1} is homeomorphic to the square
I'={(z,y) eR* |z €[0,1],y € [0,1]};

b) the open disc {(z,y) € R? | 2?2 + y* < 1} is homeomorphic to the open
square int] = {(z,y) e R* |z € (0,1),y € (0,1)};

c) the circle {(z,y) € R? | 22 + y* = 1} is homeomorphic to the boundary of
the square 01 = I\int /.

Problem 3.

A subset S of a topological space X is dense if it has non-empty intersec-
tion with any non-empty open subset of X. Prove thatif f : X — Y is
a surjective (i.e. “onto”) continuous map, and S C X is dense in X, then
f(S) is a dense subset of Y.



Problem 4.

Let X, Y be topological spaces.

a) Prove that a map f : X — Y is continuous if and only if preimage of
any closed set is closed;

b) Prove that amap f : X — Y is continuous if and only if
F1A) c 14

foreach A CY.

Problem 5.

Let X be a topological space, and B C A C X. Prove that the topology
induced on B by the relative topology of A coincides with the topology
induced on B directly from X.

Problem 6.

Let X be a topological space, and fi, f2,..., f, : X — R be continuous
functions. Prove that

a) theset {zr € X | fi(x) = fo(x) = ... = fu(x) = 0} is closed;
b) theset {z € X | fi(z) >0, fo(z) > 0,..., fu(x) > 0} is closed;
c) theset {x € X | fi(z) >0, fo(z) > 0,..., fu(z) > 0} is open.

Problem 7.

Let X,Y be topological spaces, and A : X — Y be a homeomorphism.
Prove that for every subset A C X the restriction f4 : A — f(A)is also a
homeomorphism.



