Solution of Homework 5

Problem (4.3):
Solution:

(a) If f has an essential singularity at P, then % has a essential singularity at
P.

(b) If f has an pole at P, then % has a removable singularity at P.

(c) If f has an removable singularity at P, and lim,_,, f(2) = 0, then % has a

pole at p. If f has an pole at P, and lim._, f (z) # 0,then % has a removable
singularity at P. l

Problem (4.4):
Solution:

Aj is closed under +,x. But it is not closed under division. For example,
fi(z) = 1, fo(2) = z, then 0 is removable singularity of both f; and fo.
But z = Oisapoleof% =1

As 1s closed under x. But it is not closed under addition and division. For
example, fi1(z) = 1, fo(z) = —1, then 0 is pole of both f; and f,. But

z = 0 is a removable singularity of fi(z) + f2(2) = 0 and % =Z =—1.

z

Ajs is not closed under addition, multiplication and division. For example,
f1(z) = ez, fo(z) = e+, then 0 is an essential singularity of both f; and
fo. But z = 0 is a removable singularity of fi(z) x fo(2) = 1. And if
f1(z) = e, fo(z) = —e=, then 0 is an essential singularity of both f; and
fo. But z = 0 is a removable singularity of f1(z) + f2(z) = 0 and % =—1.
|

Problem (4.12)

Solution:



0.0}
For example, Zo 2" is convergent in an annular region 3 < |z| < 1, and it
n=
is convergent for {z : |z| = 1}, but divergent on {z : |z| = 1. So it is
an example for that a laurent series can convergent include some of the
boundary.

(0 ¢)
For example, Y z" is convergent in an annular region 3 < |2| < 2, and it
n=0
is convergent for both {z : |z| = +} and {z : |2| = 2}. So it is an example
for that a laurent series can convergent include all of the boundary.
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For example, f(z) =

and it is not convergent for both {z : |z| = 3} and {2 : |z| = 2}. So it
1s an example for that a laurent series can convergent include none of the
boundary. B

Problem (4.21)

Solution: We know that P is a nonremovable singularity of f(z), then it is
either a pole or essential singularity.

Suppose P is a pole of f(z) with order k , then
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n=0

m

So we have /() = 3> JE% = 35 L(37 to 43 a0
m=0 ' ' j=0

we can see that there are infinite many nonzero coefficient of e/(*) with
negative power.

Suppose P is an essential singularity of f(z), then for any 0 < r < §,
f(D(P,r)\ P)isdensein C. SoVz € C, there exist x € D(f(z),r), such
that such that |z — z| < . Here x = f(w),w € D(P,r)\ P. And since
e” 1s continuous function. then for Vey > 0, there exist a 6 > 0 such that
lef®) — ¢%| < 5. So we prove that then for any 0 < 7 < §, ef (PIPTNP) jg
dense in C. Then P is an essential singularity of e/(). W

+ZT12 is convergent in an annular region 3 < |2| < |2

b



Problem (4.33)

Solution:
(a) 27 is a pole of f(z) = Wz(zﬁ) with order 1, so
12 8
21) = — 20)|p=0i = ——5 + 5t
Resf(21) = f(2)(z — 2i)| =2 E + 13

(b) =3 is a pole of f(z) = sZ55 with order 2, so

1
2—1)!

Resy(—3) = £+ 37 |es = ¢

(c)i+ lisapoleof f(z) = (zj—q)ﬁ with order 3, so

Resy(i+1) = F()(z =i — 13Dy = %em

3-1)

(d) 2is apole of f(z) = m with order 1, so
2

Resy(2) = f(2)( = 2)]c =

(e) —iis apoleof f(z) = Zf(‘ﬁi) with order 2, so

1

Resg(—i) = o=

[£(2) (2 4+ 1) | =i = 2icot(—i) — csc?(—i)

(f) 0is a pole of f(z) = %5 with order 2, so

1 /

Ress(0) = G qyilf (207 o = -1

sinz

(g) Ois apole of f(2) = F9)7n With order 2, so

1
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1

()2 om0 = §

Res¢(0) = )

(h) 7 is a pole of f(z) = Zgﬁjﬁ) with order 1, so

1

Resy(m) = f(2)(z = T)|o=r = w2 (r+1)



Problem (4.34)
Solution:
(a)
1
(b) ) )
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Problem (4.40) Solution:



o

Bye* = > %T, we know that: e**: = (> %)(Z :

VL
=) = > 42"
n=0

We know that Res¢(0) = a_; So we consider the coefficient of n =

i—j=-1Res;(0) =a_1= ), Z'L]' - kz—:o k!(k1+1)! .

i—j=—1

SR

=0 1=0



