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Certain N e w  Robust Properties of Invariant Sets 
and Attractors of Dynamical Systems* 

A. S. Gorodetski  and Yu. S. Ilyashenko UDC 517.938 

w Introduction 

In this paper, new robust properties of (partially hyperbolic) invariant sets and attractors of diffeomor- 
phisms are obtained, including the coexistence of dense sets of periodic points with different indices and 
the existence of a dense orbit with zero Lyapunov exponent. Tlm precise statements of these properties are 
given below in Theorem A. Partially hyperbolic invariant sets with the property of robust transitivity were 
intensively studied [3-7]. A review of this field with a vast bibliography can be found in [8]. 

1.1. Main  results.  

Theorem A. For a given finite interval I C R,  0 E I ,  and for a closed manifold 2if, d i m M  i> 3, there 
exists an open set U C Diff2(M) such that, for any f E U, there is a locally maximal invariant set A C M 
with the following properties: 

(i) there exist two numbers ll and 12 = 11 + 1 such that the hyperbolic periodic orbits with stable manifolds 
of  dimension li are dense in A; 

(ii) for any A E I ,  there exists an orbit dense in A for which one of  the intermediate Lyapunov exponents 
is equal to A. 

Addendum.  For dim M/>  4, for  the set A in Theorem A we can take a partially hyperbolic attractor. 

The existence of an open set of mappings with property (i) was conjectured in [9]. Property (ii) implies 
the absence of the shadowing property, as was shown in [2, 10]. 

Systems described in Theorem A can occur under special nonlocal bifurcations. 

Theorem B. There exists an open set of one-parameter families of  vector fields in R '~, n >~ 4, such 
that, for each family from this set, the following assertions hold: 

(1) the zero value of the parameter corresponds to a vector .field on the boundary of  the Morse-Smale 
set with a saddlenode cycle; 

(2) there is an open subset ~ C ]R with zero on its boundary such that the Poincard mappings of the 
vector fields that correspond to the values of the parameter in this subset have a partially hyperbolic se t  
described in Theorem A; 

(3) the subset ~ has positive density at the origin. 

The main ingredients of the construction are random dynamical systems realized as subsystems (restric- 
tions to invariant subsets) of smooth dynamical systems. In fact, we could use the ~mtion of skew product 
instead of the notion of random dynamical system, but we use the latter to stress the promising relationship 
that can be a subject of subsequent investigations. 

1.2. S t ep  a n d  mi ld  r a n d o m  d y n a m i c a l  sys tems .  A simple example of a random dynamical system 
is as follows. Consider gwo diffeomorphisms of a circle, f0 and f l ,  and a random bi-infinite sequence of zeros 
and ones, 

~ . . . ~ _ n . . . ~ _ l ~ O ~ l . . . ~ n  . . . .  
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A random dynamical system of diffeomorphisms of a circle generated by this data  is the sequence {Fn} of 
products  of two given diffeomorphisms, where the choice of a factor at the kth place is determined by the 
k th  element of the random sequence. For n > 0, this gives 

F ,  = L . o  F , -1 ,  F0 = f.,o. 

This system can be included into a skew product as follows. Let E2 be a space of all bi-infinite sequences of 
0 and 1 and let a be tim Bernoulli shift E2 ~ Z2. The mapping 

F :  E 2 x S x --* E 2 x S t, (w,~) ~-~ (aw, f~o(~)), (1.1) 

is called a universal random dynamical system. In fact, the mapping F is determinate. However, any orbit 
of a random dynamical system defined at the beginning of the subsection is an orbit of some point under 
the action of F .  A more general example can be obtained by replacing E2 and S 1 by EN and by a closed 
Riemannian manifold M,  respectively: 

F :  ~--]N • M --~ E N • 11l, (~2, ~) ~-* (an,', Lo(~)) .  (1.2) 

The first factor of the product E N x M is called the base azld the other the fiber. The metric dM on the 
fiber is induced by the Riemannian structure. The metric on E N is defined as follows: 

dr~(~,~o') = 2  -l,  l = m i n { j  E Z + [wj 7~w} orw_j  7s (1.3) 

Note tha t  the restriction of the mapping F given by (1.2) to the fiber over a point w depends not on the 
entire sequence a~ but on its element w0 only. We refer to such systems as step random dynamical systems. 
In the theory of random dynamical systems, this corresponds to the case of independent and identically 
distr ibuted random mappings [1]. We also consider the mappings 

G: Z N x 11I --* E N • M, (w, qv) ~-~ (a,~', f~(~)),  (1.4) 

where fw : M --, M depends on the entire sequence w. We refer to these mappings as mild random dynamical 
systems. 

The  general plan of the investigation and the addendum to Theorem A are due to the second author. 
The results of Sec. 2 were proved by the authors jointly. All the other results of the paper were proved by 
the first author. The detailed proofs (which are rather technical and lengthy) will be published elsewhere. 

w Properties of Step Random Dynamical Systems 

We show here that some properties similar to properties (i), (ii) of Theorem A manifest themselves in 
step dynamical  systems. 

2.1.  Loca l ly  typ ica l  p r o p e r t i e s  of  s tep  r a n d o m  d y n a m i c a l  sys t ems .  Consider the mapping F 
given by (1.2). It is completely determined by the choice of N diffeomorphisms f0, .... , fN-1 of S 1 into 
itself. 

Theorem 1. For any N E N, there exist an interval I C R ,  0 E I ,  and N open sets U0, . . . ,  UN-1 C 
Diffl(S 1) such that, for any fo , . . .  , fN -1 ,  f j  e Uj, the mapping F given by (1.2) has the following proper- 
ties: 

(i) the periodic orbits of  the mapping F with the multiplier along the circle whose modulus is greater than 
one are dense in E N x S 1 , and the same holds for the periodic orbits with the multiplier whose modulus is 
less than one; 

(ii) for  any A E I ,  there exists an orbit dense in E N x S 1 with the Lyapunov exponent along the circle 
that is equal to A; 

(iii) i f  the orbit of a sequence w E E N under the Bernoulli shift cr is dense in EN,  then, for any ~ E S 1 , 
the orbit of the point (w, qo) under F is dense in ~.N • $1. 

2.2. E x a m p l e .  Set N = 2. As an example of sets U0 and UI in Theorem 1, one can take small 
C 1-neighborhoods of the following diffeomorphisms go and gl .  
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Let go be a rotat ion of S 1 = ~ / Z  about a small angle, say, 0.1. Let gl be a diffeomorphism with two 
fixed points, namely, an a t t r ac to r  q and a repeller p. All ottmr points wander  from p to q under  the positive 
iterates of gl.  We assume tha t  q = 0, p = �89 and gl is linear in some neighborhoods of q and p. Namely, on 
O(q) = ( - � 88  �88 C S 1 , the  mapping gl is an expansion ~ ~-* aq0, and, on O(p) = (�88 3) C S 1 , the mapping 

g~-I is similar, qo ~-~ a(q0 - _1) s + �89 Let maxs~lDgl[  <<. a and m a x s ~ l D g l l [  <<. a. Then  the  staternent of 

Theorem 1 holds (with the  interval I = ( - �88  ln2; �88 ln2) for a = v/2). 

2.3. P e r i o d i c  o r b i t s .  To illustrate Theorem 1, we prove the following assertion. 

Proposition 1. Sta tement  (i) of Theorem 1 holds for  the mapping F given by formula  (1.1) with 

fo = go a n d / 1  = gt .  
P r o o f .  Let {9 be an arbi t rary open set in ~2 • $1. There exists a finite sequence c~_~. . ,  c~0.., an-1 

of 0 and 1 and a small arc J C S 1, anIJI < 0.1, such that  U x J C {9, where U = {w I ~vj = c~j, j E 
{ - n , . . . ,  n -  1}} and IJI denotes  the arc length of J .  Let us find a periodic point in U • J ~vith the multiplier 
along the circle that  is grea ter  than one. 

Let J~ be ttm arc {~} • J and let 7r: ~2 • S 1 __~ S 1 be the project ion along the  first factor. Titan, for 
a n y ~ E  U, 

7r o FnJ~  = f + J ,  7r o F - n . l ~  = f - J ,  

where f +  = f ~ _ ,  o . . .  o f'~)o and f -  = f ] _ t  o . . .  o f]_l-. Let J +  = f •  According to our  choice of J ,  
we have I J - ]  < 0.1. If we could find a finite composition g of the  mappings go emd gl such tha t  the image 
of J+  covers J -  with s t rong expansion, then, under  the mapping f = ( f - ) - l  o g o f + :  S l __. S l ' the arc J 
would be covered by its image, and the restriction of f to J would be an expansion. This  would imply the 
existence of a periodic point  in J for this mapping with positive multiplier. Considering the  corresponding 
periodic sequence in E 2, we could find the required periodic point in U x J C Z 2 • S 1 for the mapping F 
given by (1.1). Hence, to complete the proof, it suffices to obtain the  following lemma. 

L e m m a  1. For any two arcs J - , J +  C S 1, t J - [  < 0.1, and f o r  any K > O, there exist a subarc 
J++ C J+ and a finite composition g of the mappings go and gl such that g(J++) D J -  and Dglg++ > K .  

P r o o f  o f  L e m m a  1. Let us choose J + +  C J +  so small that  K < 0.1/I J++  I. By means  of at most ten 
rotations, the arc J++  can be mapped into an expanding neighborhood O(q). The applicat ion of gi expands 
the arc with multiplier a.  After  m applications of this process, we ob ta in  an arc of length amlJ++ I. Thus, 
for sufficiently large m,  we obtain an arc with arc length greater than  0.1. Then, by at most  ten rotations, 
this arc covers the arc J - .  By the choice of J + +  and m,  we have a ~ > K,  that  is, Dgtg++ > K ,  where g 
is the above composition. This completes the proof. 

w Smooth Realization 

We seek a smooth dynamica l  system such tha t  its restriction to some locally maximal  invariant subset 
is conjugate to a step r a n d o m  dynamical system F given by (1.2). 

3.1. S k e w  p r o d u c t s  as  s m o o t h  r e a l i z a t i o n s  o f  r a n d o m  d y n a m i c a l  s y s t e m s .  Consider a standard 
Smale horseshoe realized as a mapping of pairwise disjoint rectangles. Namely, let D = Do U . . .  U D N - 1  
and D' = D~ t J . - .  tJ D '  N - l ,  and let Di f3 D j  "- ~ and D~ r D~ -- ~ for i ~ j .  We denote  a domain and 
the differential of a ' m a p p i n g  by the same letter, but the meaning is always clear from the  context. Let 
S:  D --* D ~ be a mapping such that StD~ : Di ~ D~ is the  restriction to Di of a linear hyperbolic map with 
the  constants of contrhct ion and expansion equal to k E (0, 1) and k -1 > 1, respectively. Note that  the 
coefficient k can1 be chosen to be arbitrarily small by a suitable choice of rectangles D and  D ~. 

As is well known, the  mapping S has an invariant set A homeomorphic  to ~N,  and  S]A is conjugate to 
the Bernoulli shift a :  ~ N  ~ ~]g .  

Consider a locally constant  function i:  D --* {0 , . . .  , N -  1} defined by the condi t ion i (x)  = j 
x E Dj .  The skew product  

Id: D x M ~ D' x M,  ~(x,  ~) = (S(x) ,  fi(x)(~r 

is called a k-realization of  system (1.2). 
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We can readily see that 3lAx M is conjugate to the mapping  F in formula (1.2). The set A x M is partially 
hyperbolic for 3 ,  and its central leaves are fibers of the  project ion onto  the first factor, A • M --, A, A ~ T~ N . 

The natural  question is: What  happens under a small per turbat ion  of the mapping 3?  

3.2. S m o o t h  p e r t u r b a t i o n s  o f  s k e w  p r o d u c t s .  Let 

L = max max(llDf~@)ll ,  I]Df~-l(r 
it{0 ..... ~-1} ~eM 

Theorem 6.1 in [11] readily yields the following assertion. 

T h e o r e m  2. Let 3: D • M --* D' x M be a k-realization of  the mapping F .  Let kL  ~ < 1 and r >! 1. 
Then any Cr-diffeomorphism r that is Cr-close to 3 has an invariant subset z~ homeomorphic to EN X 11~, 
the projection ~ :  (A, qS) --* (E N, a) is a semiconjugacy, and the leaves r are C~-smooth. 

In order to investigate the properties of the mapping  ~5, we need more information on the  dependence 
of the central leaves r  on the point ~v in the base ~2 N . 

w HSlder  D e p e n d e n c e  o f  C e n t r a l  Leaves 

Here we sketch the proof of the fact that  tim central leaves in Theorem 2 depend HSlder continuously 
on the point in the  base (that is, in E N) in the C~-norm. 

4.1. S t a t e m e n t  o f  t h e  H S l d e r  d e p e n d e n c e  t h e o r e m .  

T h e o r e m  3. Let 3 be the same k-realization as in Theorem 2. Then any C v+Lip-diffeomorphism r that 
is Cr-close to 3 has an invariant subset A homeomorphic to z g  • M .  The projection ~:  (A, qS) --* ( ~ N q )  
is a semiconjugacy, and the leaves ~ - l ( w )  are Cr-smooth and depend H61der continuously on the point 
w E ~N in the Cr-norm. 

4.2. C r - n o r m  o n  t h e  s p a c e  o f  c e n t r a l  leaves .  The  central leaves r which arise in Theorem 2 
are graphs of C~-smooth mappings E~ : 5 I  --* D in the Cartesian product  D x M.  The C~-distance between 
two central leaves q?-I (~) and 4~ -1 ( J )  is defined as the  C~-distance between the  corresponding mappings 
E~ and E~,. 

Let s  be the  metric space of all central leaves of the  mapping q5 with Cr-metric on it. A single central 
leaf ~-l(~v) is a point  of this space. Note that  the mapping  q5 sends a leaf to a leaf, and hence ~ induces a 
well-defined mapping  f: s --* s Since every point ~v E EN corresponds to the leaf ~-1 (w), it follows that  
the mapping H :  EN __, s is also well defined. The project ion q~: (A, ~)  --, (~.~, a) is a semiconjugacy, and 
hence the mapping  H :  ~ g  __, s  ~ s-~ ~ - l ( w ) ,  is a conjugacy, H o a = ~ o H.  To s tudy the dependence 
of the central leaves in the Cr-norm on the  point of the  base is to study the properties of t h e  mapping 
H:  Z N --~ ~ .  

4.3. H S l d e r  c o n t i n u i t y  o f  c o n j u g a c i e s :  a c lass ica l  r e s u l t .  We claim that  the  conjugacy H:  E g --, s 
H o a = f o H,  is HSlder continuous. There is a theorem tha t  looks very similar to the one we need. 

T h e o r e m  4 [12]. Let A and A t be compact hyperbolic sets for  diffeomorphisms f and f ' ,  respectively, 
and let h: A --~ A' be a topological conjugacy, h = f~h f -1 . Then both h and h -1 are H61der continuous. 

Unfortunately, our spaces EN and s  are not hyperbolic sets (there is no ambient space for the first 
space, and the  ambient  space is infinite-dimensional for the  second one). One can replace ~-~Y by a hyperbolic 
set A, but there is 'no hope of doing that  for s Therefore,  we must  generalize Theorem 4 to obtain the 
desired result: 

4.4. I n t r i n s i c a l l y  h y p e r b o l i c  se ts .  Here we int roduce t h e  notion of intrinsically hyperbolic set, which 
needs no ambient  space at all but still allows us t o  prove an analog of Theorem 4. 

Let (A,d) be a compact metric space and let f :  A ~ A be a Lipschitz-morphism (i.e., f is a homeo- 
morphism, and f and f - 1  are Lipschitz continuous). 

Let us define two equivalence relations "~u and -,~ on A as follows: 

x "~u Y ":~ ,~" lim d ( f - ' ~ ( x ) ,  f - n ( y ) )  = O, 
~--'.*.+o0 

x ~~ y -'~ ,'- lim d ( f n ( x ) ,  f n ( y ) )  = O. 
r t  .- ' ,  ~-  O0  
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Let us also define local manifolds, stable and unstable: 

W~(x) = {z I z ""s z and d ( f n ( x ) , f n ( z ) )  < ~ for any n E Z+}, 

W : ( x )  = {z  I z " u  x and d ( f - n ( a ) ,  . f -n (z ) )  <~ e for any n E Z+}. 

Def in i t ion .  A Lipschitz-morphism f of a compact metric space (A, d) is intrinsically hyperbolic if and 
only if there exist ~; > 0 and e > 0 such that the following assertions hold. 

(IH1) If d(x, y) < d, then there exists a unique point w(x,  y) = l l ~ ( x )  r W.S(y) E A. The mapping 
(x, y) ~ u,(x, y) is continuous. 

(IH2) There exist constants C, v, and ~, where C > 0, 0 < ~, < 1, and 0 < ~ < 1, such that 

y e W~(x)  ........ L,. d ( f n ( z ) , f n ( y ) )  <~ C vnd (x , y ) ,  n e N, 

y 6  W ~ ( x )  l~. d ( f - , ( x ) , f - n ( y ) )  <~ C~nd(x ,y ) ,  n e N. 

The simplest examples are provided by ordinary locally maximal hyperbolic sets azld by the Bernoulli 
shifts. 

L e m m a  2. Under the conditions of  Theorem 3, the mapping f: .C r ---*/~r is intrinsically hyperbolic. 

4.5. H61der  c o n t i n u i t y  o f  con jugac ie s :  i n t r i n s i ca l l y  h y p e r b o l i c  case .  

T h e o r e m  5. Let A and A t be compact metric spaces, let Lipschitz-morphisms f :  A --* A and f '  : A t --* A' 
be intrinsically hyperbolic, and let h: A -* A t be a topological conjugacy, h = f ~ h f  -1 . Then both h and h -1 
are H61der continuous. 

The mapping f: s --~ !~ is intrinsically hyperbolic by Lemma 2. Take a :  X N --* E g for f :  A --* A and 
I: E~ --~ i~  for f~ : A' --* A' in Theorem 5. Then the conjugacy H:  (E N, a) --. (s I) is H61der continuous. 
This implies Theorem 3. 

We must also be able to est imate the HSlder exponent of the conjugacy thus obtained. The following 
statement yields the desired estimate. 

T h e o r e m  6. Let A and A t be compact metric spaces, let Lipschitz-morphisms f : A -* A and f '  : A' --* A r 
be intrinsically hyperbolic with constants v, ~ and v' ,  ~', respectively, and let h: A ~ A' be a topological 
conjugacy, h = f t  h f - 1 .  

Let P be a Lipschitz constant for  f and let Q be a Lipschitz constant for  f - 1 .  
Assume that, for  some a > 0 and a t > O, the following inequalities hold: 

~P~ < I, vQ ~ <1 ,  ~'P~' < I, L/Q ~' < 1 .  

Then the conjugacy h is H61der continuous with H6lder exponent a a  t . 

Theorem 6 can be used to show that  the HSlder exponent of the conjugacy H :  EN __~ ~ can be taken 
arbitrarily large by choosing a k-realization with a sufficiently small coefficient k. 

R e m a r k .  Theorem 5 can be used to prove the HSlder continuity of the dependence of central leaves in 
the C~-norm on the point of the base in a much more general context. It can have applications [13] that  
differ from those in the present paper. We are grateful to Andrei T6r6k for this remark. 

w M i l d - R a n d o m  D y n a m i c a l  Systems:  T h e  Idea  o f  t h e  P r o o f  o f  T h e o r e m  A 

The dynamics of tlm mapping q5 in Theorem 2 restricted to some its locally maximal invariant set A 
can be described in terms of mild random dynamical systems. The properties of these systems allow us to 
generalize Theorem 1, and thus obtain Theorem A. 

5.1. R e d u c t i o n  to  the  p r o p e r t i e s  o f  mild r a n d o m  d y n a m i c a l  s y s t e m s .  Let r be the same as in 
Theorem 3. Then  ~ has an invariant subset A homeomorphic to E N x M.  Let It: ~lv x M --, M be the 
projection to the  fiber along tim base. A homeomorphism H:  ~N • M -* A,  A C D x M,  can be taken so 
that  the coordinate ~ is preserved, and hence the restriction of this homeomorphism to a single fiber is a 
Crdiffeomorphism. One can consider the induced mapping 

G = H  -1 o ~,o H: E g x M - ~  E g x M. 
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Let us denote by f,~ the mapping ~r o H -1 o q5 o H(w, . ): M --~ M depending on w. The mappings H,  H -1 , 
and q5 are of class C r , and hence f,: E C r. Then the mapping G becomes 

G: ~N • M --* ~ g  • M, (w,~p) ~ (a~.', f ~ ( ~ ) ) . . ( 5 . 1 )  

Thus, G is a mild random dynamical system (1.4). Since the central leaves (I)-l(w) of the set A depend 
H61der cominuously on the point w E ~N in the Cr-metric, it follows that the diffeomorphisms J~: are HSlder 
continuous with respect to w E EN in the Cr-metric. Since the mapping ~ is Cr-close to the mapping ~, it 
follows that the central leaves of the mapping r are C~-close to the central leaves of the mapping ~ [11], 
and hence, for any w E zN,  the diffeomorphism fw is Cr-close to the mapping f~o. 

The homeomorphism H :  Z N • M --* A conjugates the mappings G and q~l A , and its restriction to a 
single fiber is Cr-smooth. Hence, to investigate the properties of the mapping O, one must investigate a mild 
random dynamical system G with the corresponding properties (f,~ are smooth, close to f,~o, and depend 
HSlder continuously on w). 

5.2. Est imates  for the  ~ - c o o r d i n a t e .  It is easy to work with a step random dynamical system 
because one can think only about the ~p-coordinate of the orbit and, at each step, trace its image under one 
of the N diffeomorphisms f j .  In the case of a mild random dynamical system, we do not know what mapping 
must be applied to the fiber over w until we know the entire sequence w. To overcome this difficulty, we 
need the following lemma. 

Write 

7 = max dco(f~, L ' ) ,  (5.2) 
{~:,~'l'~o=":h} 

L =  max , , , ~  ~ ,x( l lDf~(~)I I ,  IIDf,,T1 (~)]I). (5.3) 

L e m m a  3. Let the mapping G given by formula (5.1) have the following properties: 
(1) dco(f~, f , , , )  <<, C(dr.N (w,w')) ~ / o r  some C > 0 and c~ > 0 and for any f,, and f~,; 
(2) L2 -~ < 1. 
Then there exists K > O, K = K(L,  C, c~), that does not depend on ~ and for which 

d:EN (~,~:') ~< 2 -m ~. dM(Tr o Gm(w,~),Tr o G m ( J , ~ ) )  ~< g'~ b, 

for any m E N, ~ E M ,  and w , J  E E g ,  where b = 1 - l n L / l n 2  a.  
Lemma 3 allows us to estimate the ~-coordinate of the points obtained by iterating the mapping G 

given by (5.1) even if we know the w-coordinate of the initial point only approximately. 

5.3. F ina l  p a r t  o f  t h e  p r o o f  of  T h e o r e m  A.  The previous lemma allows one to prove the following 
generalization of Theorem i for mild random dynamical systems. 

T h e o r e m  7. For any N ,  there exist an open finite interval I C R ,  0 E I ,  and N open sets U0, . . . ,  UN-1 ( 
Diff2(S 1) such that, if  the mapping G given by (5.1) has properties (1)-(3) below: 

(1) f~ E U~ o for any ~ E ~N,  
(2) d c , ( L , L ' )  <<. C ( d ~ N @ , j ) ) ~  /or  some C > 0 and Z > 0 and for any f~ and j:~, , 
(3) L2 -~ < 1, 

then G has properties (i)-(iii) stated/or the mapping F in Theorem 1. 

The proof of Theorem A is now performed as follows. 
Let us take neighborhoods Uo, . . . ,  Un-i  as in Theorem 7, take diffeomorphisms f j  E Uj, and consider 

the corresponding step system (1.2). Then we construct a k-realization ~ of the mapping F with sufficiently 
small k. Let L/2 be the maximum of the Lipschitz constants of the mappings f0, . . . ,  f~-~,  f o X , . . . ,  f g ~ "  

If k(L/2)  2 < 1, then Theorem 2 is applicable. Hence, any mapping q5 from a small neighborhood i1 of 
in C 2 has a partially hyperbolic invariant set A with C2-smooth central leaves. The restriction of ~ to A is 
a mild system G of the form (5.1). For sufficiently small k and il, G satisfies the conditions of Theorem 7. 

Indeed, (1) holds for a small ~1. For any ~ > 0, the constant k may be taken so small that (2) holds for 
the chosen ~. This can be derived from Theorem 6. Hence, relation (3) is ensured by a suitable choice of k. 
The application of Theorem 7 proves Theorem A. 
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w Part ia l ly  Hyperbo l i c  Attractors:  A d d e n d u m  to T h e o r e m  A 

The set A in Theorem A can be an at tractor.  Below we prove an analog of assertion (i) in Theorem 1. 
Tlm system we construct  here is an "almost step;' system on the  at t ractor .  

6.1. S k e w  product  over a solenoid.  Consider a Smale-WilIiams solenoid mapping S: T -~ T, 
T = S t x B,  B = {z E C I Izl < 2}, S 1 = ~ / z ,  and S(s ,z )  -- (2s, �89 + exp27ris). Consider a skew product  

T • S 1 --* T • $ L  (S(x) ,  z T, S 1. (6.1) 

For any choice of f~, the mapping  (6 .1)has  a maximal a t t rac to r  A. Denote the projection to the base T 
along the  fibers S 1 by A. T h e  set A is a solenoid indeed, and does not  depend on f~. Let  ~ l z x  = G. 

Choose fz  to be "ahnost piecewise constant." Tlm family fx cannot be exactly piecewise constant 
because the  set A is connected. 

Let go and gl be the same as in Sec. 2.2 with a E (1,21/4). Set 

f= --- gj for x = (s, z), s E [ j /2 § 1/211, ( j  + 1)/2], j = 0, 1. (6.2) 

For all x E T,  let fx be C2-smooth  with respect to x and q~ and let 

10,  I 0.... I < < a e (6.3) 

6.2. D e n s e  sets  of  per iod ic  orbits.  
Propos i t i on  2. The mapping ~ that satisfies conditions (6.1)-(6.3) has two sets o f  periodic points 

each of  'which is dense in the attractor A .  The fiT:~t set consists of  the periodic orbits with one-dimensional 
uT~.stable manifolds and the other o f  those with two-dimensional unstable manifolds. 

P r o o f .  We will prove the  existence of the second set only. The  existence of the first set is proved in a 
similar way, replacing the mapp ing  J ~  by its inverse on the a t t rac tor .  

For any point x E T, define the  fate of x as a sequence of 0s and ls  that  is infinite to the right as 
follows: 

~ ( x )  ---- {~Vn(X)}, ~',~(x) = j for S" (x )  E D i, 

where Dj  - { ( s , x )  l s E [ j / 2 , j / 2  + 1/2)}. 

Important  Remark.  If the  segment  ~ l ( x ) . . . w i n ( x )  contains at least oIm symbol 1, then  fx = g~o(x) by 
(6.2). 

Take an a rb i t ra ry  open set of  T x S 1 , There exists a segment a - n  . . .  O:n-I tha t  contains at least one 
symbol 0 and ml arc I C S 1 such tha t  U x I belongs to the above open set, where 

U = { x e T l ~ k ( z ) = c ~ k  for - n < k ~ < n - 1 } .  

Take 
U' = {x E U l wk(x)  = l for - ( n + m ) ~ < k < - n , n ~ < k ~ < n + m - 1 } ,  

where the positive integer m will be chosen later. Let us find ~t periodic point with dim W u = 2 in U ~ x I .  
Let zr : T x S 1 --. S 1. be the projec t ion  along the first factor. 

Let us take z E U' so tha t  Wn+m(Z) = 1. For any x e U' we set Ix = {x} •  and I+(x)  = zr o G• 
Let J+(x)  be the  "middle th i rd"  of the arc I+(x) ,  mad let J - ( x )  be the arc with the same center as I - ( x )  
and of doubled length. 

Apply L e m m a  1 to the arcs J - ( z )  and J+(z)  instead of J -  and J+  and to K > a n+m. Let the 
composition g of  mappings go and  gl given by this lemma consist of  q factors and correspond t o n  segment 
of 0 and 1, which we denote by ~.  

Without  loss of generality we m a y  assume that  the segment /3  contains at most nine zeros in succession. 
Indeed, the composit ion of t en  rota t ions  go is the  identity mapping, which permits us to use the cancellation. 

Denote by ~ the  string 1 . . .  lo~_n . . . o z n - l l . . .  1 with m symbols 1 before a - n  and after  an-1 .  Take a 
point y E A with  the periodic fate  ~ = ( ~ ) .  
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Let  us prove tha t  the  arc I v contains a periodic point  of G for which t he  absolute  value of the  mult ipl ier  
a long the  circle is greater  than  one. 

Set  y0 = y and yl = SlY. For m + n  < l ~ m + n + q ,  the  m a p  fyz is equal to e i ther  go or gl and is 
d e t e r m i n e d  by the corresponding element of the sequence /3 .  Indeed,  for such l, the  fate of the  po in t  yz does 
no t  con ta in  ten  zeros in succession in the  segment ~ 1 . . .  ~10. Hence, s(S(yz)) ~ [0, 1/2 n] U [1/2, 1 /2  + 1/2 n]  
by the  above impor t an t  remark.  Therefore, 7r o Gm+n+qIu = gI+(y). In Sec. 6.3 we will prove the  following 
l emma.  

L e m m a  4. For m large enough and for I small enough, and for y and z chosen above, we have 
I ' ( y )  C J - ( z ) ,  J+(z) C I+(y), and IJ-(z)l < 0.1. 

L e m m a  4 implies I - (y )  C J - ( z )  C g(J+(z)) C g(I+(y)). Moreover, g'11+(v) ~ K by L e m m a  1. Hence, 
the  arc I~ contains  a periodic point  of the mapping  G as desired. This  proves Propos i t ion  2 up  to L e m m a  4. 

6.3. Divergence of orbits: s k e t c h  of  the proof o f  L e m m a  4. By (6.3), 

Let  

a-(=+m)[I I II• a=+mlI I. 

= max ]Ofx( )l . L 
TxS I Y 

We prove below that~ for any a E (1,2 I/4) and ~2 E S I and for the points y,z E U' chosen above, 

]Tr o G • (z, 4) - 7r o G +(n+m) (y, ~)I <- CL an+m2--m. (6.4) 

Let us derive Lemma 4 from inequality (6.4). Let [I I = 0.1a -(n+m). Then II-(z)I <. 0.I and II+(z)l >I 
0.1a -2(n+m) . Let us prove that the distance between the endpoints of the arcs I + (z) and I + (y) corresponding 
to the same endpoint of the arc I is smaller than II+(z)I/3 for m sufficiently large. Indeed, 

CLa~+m2-m ~< 0.1a-2(n+m)/3 

for a E (1, 21/4) and m > 3n + CI, where CI depends on C and L. The same holds for the endpoints of 
I - ( z )  and I-(y) .  This proves the lemma up to inequality (6.4). 

Let us prove (6.4) for G n+m (the negative exponent is treated in the same way). We have 

Ifz(~o) - fv('~)l ~< p(z,y)L + a]~ - ~l. (6.5) 

Let  Yz be  as above, zt+l = S (z l ) ,  and z0 = z. By the  definit ion of U' and  S, for 0 ~ 1 <~ n we have 
p(zl, Yt) ~< 2 - m .  Hence, by (6.5) 

trr o Gin(z, ~o) - rro Gn(y, ~o)1 <~ C L a ' 2  -m.  (6.6) 

For  n < l ~< n + m we obta in  f~, = fy, = gl .  Th is  can be derived from (6.2) as follows. For n < I ~< 
n + m -  1, by the  cons t ruc t ion  of z and y we have ~oo(zl) = ~01 (zl) = oa0(y,) = ~Ol (yl) = 1. For 1 = n + m ,  we 
still have w0(zl) = ~ol (zl) = ~o0(yl) = 1. Moreover, the  first 10 elements  of the sequence w~ (Yz). . .  ~OlO(Yl) �9 �9 �9 
canno t  vanish simultaneously.  Therefore,  f~, = g,~o(y,) = gl  by (6.2). 

Hence,  by (6.3) we obta in  l/z, (~P)- fy, (r = ]gl(~V)- gl (r ~< a l ~ -  ~]. This,  together  wi th  inequal i ty 
(6.6), implies (6.4), which completes  the  proof of L e m m a  4, and  hence of Propos i t ion  2. 

w R a n d o m  D y n a m i c a l  S y s t e m s  o n  t h e  B o u n d a r y  o f  t h e  M o r s e - S m a l e  Set 

Par t ia l ly  hyperbol ic  sets wi th  random dynamical  sys tems  on t h e m  occur under  nonlocal  bifurcations.  
Th i s  effect was descr ibed implici t ly in [14]; partially hyperbol ic  sets were described, but  r a n d o m  dynamical  
sys tems  were not  ment ioned .  Below we reproduce and  cont inue this description,  which finally leads to 
T h e o r e m  B. 

7.1. Several homoclinic surfaces of a saddlenode cycle. Consider a vector field in R n, n >i 4, 
that has a saddlenode cycle and satisfies some genericity assumptions. A saddlenode cycle is a periodic orbit 
one of whose multipliers is equal to I while the others are outside of the unit circle. We do not reproduce 
the genericity assumptions; they can be found in [14 I. The vector fields with a saddlenode cycle form a 
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set of codimension one in 3E ~, r >/ 1. Without decreasing the codimension of the degeneracy, olin may 
assume that the vector fields with a saddlenode cycle have N smooth invariant surfaces diffeomorphic to a 
two-dimensional torus T 2 or to a Klein bottle K 2 and satisfy the foUowing property. Each of these su;faces 
contains a saddlenode cycle L that is simultaImously the c~- and w-limit set of "all other orbits on the surface. 
Such a surface is called a homoclinic surface of the cycle L. 

7.2. T h e  d e s c r i p t i o n  of  b i furca t ion .  

T h e o r e m  8. Let a generic one-parameter family of vector fields X~ contain a vector field Xo that 
belongs to the boundary of the Morse-Smale set and has a saddlenode cycle L with N smooth homoclinic 
surfaces diffeomorphic to either T 2 or K 2. Let U be a small neighborhood of the union of these homoclinic 
surfaces. Then, possibly after a reparametrization, each of the fields X~, for small ~ > O, has an invariant 
set ~ that contains all nonwandering points of X~ in U. There is a global cross-section F transversal to Xe 
in U, and a global Poincar4 mapping between open subsets V and V '  of F, r V --* V'~, V C F, V' C F, 
along the orbits of Xr The intersection A~ = f~sr3F is invariant under qh~ and admits a subjective mapping 
Oe: A~ ~ EN onto the space of all bi-infinite sequences of N symbols such that the diagram 

~iv ~ ~ v  .) 

is commutative. Here a is the Bernoulli shift. Moreover, for any w E E N , the fiber ~'~l(w) is an embedded 
circle. The embedding i~,e: S 1 ~ r lw c F is a Lipschitzian mapping and depends continuously on w. 

This theorem is proved in [14, w in a slightly different but equivalent form. 

R e m a r k .  The set A e in Theorem 8 is a maximal invariant set for ~ in U U F. 
Tim cross-section F is a hypersurface in a tubular neighborhood of the saddlenode cycle L. It is diftbo- 

morphic to a product of a circle S t and a ball B. Tile coordinate %0 on the circle S t is thus lifted to F. This 
coordinate depends on the diffeomorphism 81 • B ~ F and on tlm parametrization of S 1 . This choice may 
be made in a special way so that Tlmorem 10 holds (see below). Moreover, we can choose the embedding 
i~;,.~ in Theorem 8 so that  it preserves tim coordinate ~2; hence, the image i~,e(S l) is a graph of a mapping 
S 1 -~ B that depends on w and s. 

Consider the mapping 

He: E N x S 1 --, Ae, H~"(p) - (~(p) ,~ ; ) .  (7.1) 

Then H I  1 conjugates the map Oe[A~ with a mild random dynamical system 

Ge: E g x S 1 --. E N x S l, (w, ~) ~-* (aw, fw(~, ~)). (7.2) 

By Theorem 8, for a chosen c, the mapping fw is Lipschitzian with respect to ~ and continuous with respect 
to w. In order to extend the properties of step random dynamical systems to the mild ones, we need better 
analytic properties of the mapping f~ with respect to both ~ and w. The following theorem is a~l analog of 
Theorem 3 for the sets /X~. 

T h e o r e m  9. In Theorem 8, the embedding i.,,e of the circle into F is of class C r for arbitrary r 
provided that e > 0 is su1~ciently small. Moreover, this embedding is Hhlder continuous with respect to 
as an element of Cr(S  "~ , B) ,  and the H61der exponent tends to infinity as ~ --* +0. 

Corol lary.  The mild system (7.2) is conjugated by the mapping (7.1) to the mapping r restricted to its 
maximal invariant set A~. The mapping f , ; ( .  ,~): S 1 ~ S 1 in (7.2) is a Cr-diffeomorphism (not necessarily 
orientation preserving) and depends H6lder continuously on a; as an element of Diffr (s  1, $1); the Hhlder 
exponent tends to i~finity as s --~ +0. 

7.3. Resea l ing:  r e t u r n  to  the  c r i t i c a l  value of  t h e  p a r a m e t e r .  As the parameter  ~ tends to 0 
from the right, the domain of the mapping dh~ becomes smaller. It turns out that the set Ae tends to the 
union of N circles that form the intersection of F with the homoclinic surfaces. There is no well-defined 
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limit map on this union for the family r On the other hand, the mappings G~ tend to a well-defined limit 
as e --* 0 over a specially chosen subsequence. 

T h e o r e m  10. The critical vector field Xo in Theorem 8 determines N diffeomorphisms of the circle, 
fj : S 1 --* S 1, j ~ {0 , . . . ,  N - 1}. There exists a continuous function T(~) that is monotone and tends to 
+c~ as r -* +0 and for which in (7.2) we have 

+ = (7 .3)  

Moreover, let ~'(~) - (T(z)} (thus, 7" is the fractional part of the number T) and let ]I be any open 
interval. Then the set v -1 (~) has positive density at the origin. 

R e m a r k s .  1. Property (7.3) allows us to do a rescaling and to pass to the limit as ~ --, 0 in the family 
G~. Namely, define e(k, #) by the relation T(e(k, p)) = k + p, k E Z + , # E [0, 1). Since the function f~ is 
1-periodic in ~o, it follows from (7.3) that 

L(~o,e(k,#))  --* f~o(~O- #) as k - -  vc. (7.4) 

Let rk ---- e(k, 0). Then tlm sequence G,~ tends to a limit F of the form (1.2). 
2. Consider a sequence hk of Smale horseshoe maps with rectangular domains that contract to a .segment 

as k --* oo. The  sequence of maps hk has no reasonable limit. However, any mapping hk is conjugate to the 
same Bernoulli shift a :  E 2 --* E 2 , which can be regarded as the limit of the sequence of horseshoe mappings 
that is obtained after a rescaling. In the same sense, the mappings q3, k. [A,~, after the rescaling, tend to a 
limit of the form (1.2), which has rich dynamical propert ies.  

7.4. S k e t c h  o f  the proof of  T h e o r e m  B. Theorem B follows from the results of this section and from 
Theorem 7. Namely, let N E Z be arbitrary with N > 1. Let U0 , . . . ,  UN-1 be as in Theorem 7. Choose any 
fj  E Uj. One can take a field Xo in Theorem 8 such that  the corresponding mappings on the right-hand 
side of (7.3) are equal to fy. The conditions on the vector field X0 in Theorem 8 imply assertion (1) of 
Theorem B. 

Let Xe be a generic one-parameter unfolding of the field X0, let ~3~ be the corresponding family of the 
Poincar~ mappings in Theorem 8, let G, be the derived family (7.2), and let G~  be a subsequence of this 
family given by Remark 1 in Sec. 7.3. It follows from (7.4) that  assertion (1) of Theorem 7 holds for the 
mappings G,  k for large k. 

Conditions (2) and (3) of Theorem 7 hold by the corollary to Theorem 9. This corollary implies assertion 
(2) of Theorem B. 

Let us prove assertion (3) of Theorem B. Let lI C [0, 1] be an open interval such that a mapping 
~-. fj(~p - #) still belongs to Uj for # ElI. Then Theorem 7 can be applied to the mappings G,(k,,) for 

# E I[ and a sufficiently large k. The corresponding values ~(k, p) form the intersection of the set ~.-1 (]I) with 
small neighborhood of the origin. The last statement of Theorem 10 now implies assertion (3) of Theorem B. 

w Conjectures 

8.1. Stable ergodicity and robust transitivity. A volume-preserving C2-diffeomorphism is said 
to be stably ergodic if each of its sufficiently C 1-small, volume-preserving perturbations is ergodic. Anosov 
diffeomorphisms are examples. In [15] it was shown that  there exist partially hyperbolic stably ergodic 
diffeomorphisms. 

Conjecture 1. A stably ergodic diffeomorphism is robustly transitive, that is, each of its su~ciently 
C I -small, not necessarily volume-preserving perturbations is transitive. 

8.2. S k e w  ex t ens i ons  a n d  robust transitivity. It is proved that most skew extensions over a tran- 
sitive hyperbolic set by compact Lie groups are stably ergodic in the class of all skew extensions of this 
type [16]. A skew extension has a smooth realization if there exists a smooth diffeomorphism such that its 
restriction to a certain partially hyperbolic invariant set is conjugate to this skew extension. 
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Conjecture  2. I / a  skew extension over a transitive hyperbolic set by a compact Lie group is stably 
ergodic (in the class o / skew extensions) and has a smooth realization, t hen  this smooth realization has a 
partially hyperbolic invariant set that is robustly transitive in the class of all C!-perturbations. 
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