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Abstract. We give a mathematical interpretation in terms of algebraic
tori of the LUC and XTR cryptosystems and a conjectured generaliza-
tion.

1 Introduction

In a series of papers culminating in [7], Edouard Lucas introduced and explored
the properties of certain recurrent sequences that became known as Lucas functions.
Since then, generalizations and applications of Lucas functions have been studied
(see [17, 18, 20]), and public key discrete log based cryptosystems (such as LUC)
have been based on them (see [8, 12, 13| 19, [I]). The Lucas functions arise when
studying quadratic field extensions. Cryptographic applications of generalizations
to cubic and sextic field extensions are given in [4] and [3 [6], respectively. The
cryptosystem in [6] is called XTR. An approach for constructing a generalization of
these cryptosystems to the case of degree 30 extensions is suggested in [3] [2]. The
idea of these cryptosystems is to represent certain elements of qun (for n = 2, 6,
and 30, respectively) using only ¢(n) elements of Iy, and do a variant of the Diffie-
Hellman key exchange protocol. For XTR and LUC, traces are used to represent
the elements. In [2], symmetric functions are proposed in place of the trace (which
is the first symmetric function).

In [I1I] we use algebraic tori to construct public key cryptosystems. These
systems are based on the discrete log problem in a subgroup of IFan in which the
elements can be represented by only ¢(n) elements of F,. However, unlike LUC,
XTR, and the conjectured system of [2], our systems make direct use of the group
structure of an algebraic torus, thereby allowing cryptographic applications (such
as ElGamal) that depend not only on exponentiation but also on multiplication.
In [I1] we also give examples that disprove the open conjectures from [2] and show
that the approach suggested there cannot succeed.
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In this paper we give the mathematics, based on the theory of algebraic tori,
underlying the cryptosystems and counterexamples in [I1], and give an algebro-
geometric interpretation of the Lucas-based and XTR cryptosystems and the con-
jectured generalization. We show that the latter systems are not directly based on
an algebraic group, but are in fact based on quotients of algebraic tori by actions
of products of symmetric groups.

In §2| we define the tori 7;, we are interested in, and give their basic properties.
In §3] we consider actions of permutation groups on tori. We define a variety Xp
in terms of the torus 77, and show that it is birationally equivalent to a quotient
of 7;, by a group action. In we interpret the underlying sets in LUC, XTR,
and “beyond” in terms of these varieties. In we study the function fields of
the varieties X'z in the case of degree 30 extensions, and prove that they are not
generated by symmetric functions as was proposed in [2].

Note that [10] gives another example, this time in the context of elliptic curves
rather than multiplicative groups of fields, where the Weil restriction of scalars is
used to obtain nlog(q) bits of security from ¢(n)log(q) bit keys.

2 Algebraic tori

Fix a field k, and let k, be a fixed separable closure of k. Let A% denote d-
dimensional affine space and let G,, denote the multiplicative group. If V is a
variety and D is a finite set, write

VP .= @v=vIPlL
6eD

If D is a group, then D acts on VP by permuting the summands. Write
AP = (A"P = A"
éeD
If G is a group and H is a subgroup, define a norm map Ny : G& — GS/H by
(ag)gEG — (H'\/EQH O"y)gHeG/H and let
Tq := ker[Gg’; N, &b (Gg/H}.
1#£HCG
Definition 2.1 An algebraic torus T (over k) is an algebraic group defined
over k that is isomorphic over k, to G, where d is necessarily the dimension of T
If k C L C ks, and T is isomorphic to G¢, over L, then one says that L splits T
Good references for algebraic tori are [0 [14].
The character module T of a torus T is the group Homy,_ (T, G,), which has
a natural (continuous) action of Gy := Gal(ks/k) (and of Gal(L/k) for any field
L that splits T). Since Hom(G,,,G,,) = Z, as abelian groups we have T = Z¢.
If T and T' are tori, then there is a natural bijection between Homy (T, T") and
Homg, (i’\’, f) In particular, the tori T and 7" are isomorphic over k if and only if
T’ and T are isomorphic as Gi-modules. If L is the fixed field of the kernel of the
action of G on f, then L is the minimal splitting field of T

If M/K is a finite Galois extension and V is a variety defined over M, write
Resp/ iV for the Weil restriction of scalars of V' from M to K. Then Resys xV' is
a variety defined over K. The next proposition, which follows from the universal
property of Resys/x V', summarizes the properties we need. See §1.3 of [16] or §3.12
of [I4] for the definition and properties of the restriction of scalars.
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Proposition 2.2 Suppose M/K is a finite Galois extension and V is a variety
defined over K. Let H = Gal(M/K). Then:

(i) for every field F' containing K, there is a functorial bijection
(ii) there are functorial morphisms my : Respr gV — V for everyy € H, defined
over M, such that the direct sum
&y : Respr 'V =y

is an isomorphism defined over M,

(ili) H acts on Resp/kV (i.e., there is a homomorphism H — Autg (Resy/xV))
compatibly with the isomorphisms of (i) and (ii), where in (i), H acts on the
second factor of F @ M,

(iv) if V is an algebraic group, then so is Resy;/ gV, and the maps above all
preserve the group structure as well.

From now on suppose L is a finite Galois extension of k and k C F' C L. Let
H:=Gal(L/F) CG:=Gal(L/k), e:=|H|=[L:F], n:=|G|=][L:k].
For 1 <1i < e let 0; F denote the composition

oip: Resp pAl = AT — Al (2.1)

where the first map is the isomorphism (defined over L) of Proposition ii) and
the second map is the i-th symmetric polynomial of the e projection maps A7 — Al
Define

Gr = ResF/ka C RGSF/;CAI =: Ap.

Then G is an algebraic torus with character module é; = Z|G/H]. By Proposition
2.2|i) we have an isomorphism

Gr(k) 2 G(L)=L*. (2.2)
The next result follows from Proposition [2.2

Proposition 2.3 (i) The maps o,y : AL, — Al are defined over k.
(ii) For every 1 < i < e there is a commutative diagram

Oik

Ap(k) ——= Al(k)

o

i

L—————k

where the bottom map o; 1, sends o € L™ to the i-th symmetric polynomial
evaluated on the set of G-conjugates of o, and the left map is defined by
Proposition (Z) with M =L, K=k, and V = Al.

Denote o¢,r and o1 r by N ,rp and Trz,p, respectively; Proposition ii)
shows that these correspond to the usual norm and trace maps on Af (k) = L.
Applying Resp/y to (2.1) and using that ResF/kResL/FAl = A, we obtain maps

Gir: AL — Arp

for 1 <i <e. As above we write N /p = Ge F, and Trp g\ = 01, F.
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Definition 2.4 We define 71, (or 77, /& When it is necessary to denote the
dependence on the ground field k) to be the intersection of the kernels of the
restrictions to Gy, of the norm maps N /s, for all subfields k C M C L; i.e.,

ONL /s
Trk =T, = ker[Gp, — P Gl
kCMCL

Proposition [2.3]ii) implies that
Tr(k) = {a e L™ : Njp(o) =1 whenever kK € M C L}. (2.3)

Remark 2.5 By Lemma 7 of [11], if £ = F, and L = Fyn, then (2.3) iden-
tifies 77 (k) with the cyclic subgroup of Fy. of order ®,(g), where ®,, is the n-th
cyclotomic polynomial.

The isomorphism G;, — G& of Proposition ( i) (defined over L) restricts
to an isomorphism 7; — T¢ defined over L. For L/k cychc Proposition |2 .
below constructs an explicit isomorphism between T and G“o ), and thus shows
that 77, is a torus of dimension ¢(n) split by L. If L/k is abelian but not cyclic,
then an argument similar to the proof of Proposition [2.6] shows that 77, is finite,
i.e., is an algebraic group of dimension zero.

Proposition 2.6 Suppose G is cyclic, and write G = Hﬁzl G,; where G; is
cyclic of order pi* > 1. For every i let H; denote the cyclic subgroup of G; of

order p;, fix a set C; of coset representatives of G;/H;, let Ty = G; — C;, and let
I'=][,Ti C G. Then the composition

G r
Tg — G, - G,
is an isomorphism.

Proof For 3 € G¢ we have that 3 € T if and only if Ny, (3) = 1 for every 1,
and therefore

Te = {(By)yea : H Byr =1 for every v € G and 1 <i < t}. (2.4)
TEH;

We will construct a section G, — G¢, with image Tg. Take o = () )yer €
GL,. For v € G, write v = v1---y with v; € Gy, let I, = {i : v; € C;}, let

D, = HieIw (H; — {1}), and deﬁne

(=1l
=(]] o) . (2.5)
T€ED,
Note that y7 € I' for every 7 € D,. If v € T', then I, is empty, D, = 1, and
By = .
We claim that (8y)yeq € Tg. Fix y =71y € G and fix j with 1 < j <t
By the definition of C}, the set H;v; N C; consists of a single element w;. Let

nj = wj’Yj_l € H;. 1f§ € Hj—{n;}, then I,,), = L5 [1{j}, Dy, = Dysx (H; —{1}),
and D, is independent of . Write D’ for D.s. Then using ([2.5)),

|,YJ Iy j\
ﬂ’m,‘: H O"Ym (1 ’ H H O"ynﬂ&)( R = H ﬂ;(;l-

TE€Dy, TeD’ seH,; {1} SEH;—{n;}

Thus H&eHj Bys =1, 50 (By)vec € Ta.
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This shows that the map Tg — G, is surjective. We will now show injectivity.
Suppose that (8,)yec € T and B, = 1 for every v € I'. We will prove that 5, =1
for every v € G, by induction on |IL,|. If |I,| = 0, then v; € T'; for all ¢, so y € T
and B, = 1. If |I,| =r > 1, write v =71 - - -y with ; ¢ T'; for some j. Then

1= H ﬁ'y‘r = Bv H 677- (26)

TEH; TeEH; —{1}

If 7 € Hj — {1}, then v;7 € T}, so |I,7| < r—1, and by induction we have 8,, = 1.
By (2.6), we have 8, = 1. O

The following lemma summarizes some additional facts about 7. See §5.1 of
Chapter 2 of [14].

Lemma 2.7 (i) If L/k is cyclic, then T, = Z[Cn), where a generator of G

acts on Z[¢,) via multiplication by a primitive n-th root of unity C,.

(i) There is an isomorphism Tr, = G,/ [[carcr, Gm defined over k, where we
use Proposition (zz) to view each Gg as an algebraic subgroup of Gr,.

(iii) If L/k is abelian and T is a torus that splits over L, then there are cyclic
extensions L; of k in L and a surjective map T — ], Tr, with finite kernel.

(iv) If L/k is cyclic, k C F C L, and every prime dividing [F : k] divides [L : F],
then TL/k = ReSF/kﬂ/F.

Remark 2.8 By Lemma [2.7(iii) and (iv), every algebraic torus that splits over
an abelian extension of & is isogenous to some [[ Resg, /177, /r, where each L;/k is
cyclic and [L; : F;] is square-free. Therefore once we assume that L/k is abelian,
we might as well assume that L/k is cyclic and n is square-free.

An algebraic torus T of dimension d is rational if T' is birationally isomorphic
to A9, In [I1] we show that explicit birational isomorphisms (in both directions)
between 77, and A¥(™ where L = Fyn, lead to cryptosystems with ¢(n)log(q) bit
keys whose security is based on the difficulty of the discrete log problem in IFan.

Conjecture 2.9 ([I4, [I5]) If L/k is cyclic, then the torus Ty, is rational.

The conjecture is true if n is a prime power (see Chapter 2 of [I4]) or a product
of two prime powers ([5]; see also §6.3 of [14]). In [II] we gave explicit rational
parametrizations for 77, when n = 2 and 6, and used them to construct public key
cryptosystems. When n is divisible by more than two distinct primes the question
of the rationality of 77, is still open. The paper [I5] claims to give a proof of the
conjecture in characteristic zero, but the proof is flawed. Even the case n = 30 is
open.

3 Group actions on tori

For this section L/k is a (finite) cyclic extension and for simplicity we assume
n is square-free. Recall that k C F C L, G = Gal(L/k), H = Gal(L/F), n = |G|,
e = |H|. Write G = [[ G}, with the G; cyclic groups of (distinct) prime order.

Definition 3.1 Let Xy denote the group of permutations of the set H. Since
n is square-free, there is a unique subgroup J C G such that G = H x J. This
decomposition induces an inclusion ¥ C ¢, and hence an action of £z on A by
permuting the summands. The isomorphism of Proposition (ii) gives an action
of ¥ on Ay as well, i.e., we have X < Auty(A%) < Auty(Ar). This action of
Y preserves GG and Gy, giving an action on those tori as well.
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The quotient varieties A% /Y, GS /Sy, Ar/SH, and Gr /Sy are all defined
over k.

Proposition 3.2 The maps 6; 5 for 1 < i < e factor through Ar /Yy and
induce a commutative diagram

G, —>G1/y——= AL/Xn

~ Bi_154,F
®i_164,F
A
where the right-hand vertical map is an isomorphism.

Proof That the &; p factor through Ay /Yy is clear. The only thing to prove
is that the right-hand map is an isomorphism. Since &; r is obtained from o; by
applying Resp/y, it suffices to consider the case F' = k, so e = n. Over L, using the
identification A7, =2 A% of Proposition (ii), the right-hand map corresponds to
the inclusion of coordinate rings L(s1,...,8,] < L[...,2,,...]%¢ where the s; are
the symmetric polynomials in indeterminates {z, : v € G}, £ acts by permuting
the z.,, and L[...,2.,...]%¢ is the ring of Yg-invariant polynomials. That this
inclusion is an isomorphism is a standard Galois theory exercise. Thus the right-
hand map is an isomorphism. O

Definition 3.3 Let X denote the image of 77, in G, /Xy, and let Xy denote
the image of Tg in GG /S g.

Corollary 3.4 Fir an isomorphism ¢ = (¢1,...,04) : Ar —— A? where
d = [F : k] (for example, by fizing a k-basis of F). The function field k(Xp) is
generated by the symmetric functions {¢; o6, p:1<i<e, 1 <j<d}.

Proof By Proposition the maps ¢; o 6; p generate k(Ar/Xg). Since Xp
is a subvariety of Af, /¥y, the restrictions of those maps to Xp generate k(Xp). O

If e is divisible by two distinct primes, then the action of ¥y on Gy does not
preserve 7;,. However, we have the following result

Lemma 3.5 The action of ¥, on Gr, preserves Ty,.

Proof Since the action of g on G is defined from the action on an, it
suffices to show that every 7 € X¢, preserves Tg. By (2.4)), it suffices to show
that for every (ay)yec € Tg, every v = 71y € Gi1---Gy = G, and ev-

ery j, we have ngGJ Qr(yo) = 1 for every v € G. Since 7 € Yg,, we have
HO’EGi QAr(yo) = HUEGi a(yv;I)T(WiJ) = HUEGi a('yv;l)o =1 If -7 7£ i’ then
HaeG,- Qr(yo) = Haecj Qr(y)o = 1. O

Write H = [[ H; with {H;} C {G;}, and define

IH = HZHz g ZH.

Clearly the map 77, — X factors through 77,/%";.

Proposition 3.6 If o € ¥y and 0(Tq) C Tq, then o € ¥y,
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Proof Since ¥ N Xy = Y%, it suffices to prove the result with H = G.
Suppose that o € ¢ and 0(Tg) C Te. Order the G; so that |G;| < |Giy1|. Write
m; : G — G; for the projection map, and for g € G let g; = m;(g). We will first
show that o(nG;) = o(n)G; for all n € G and all i.

Take j minimal so that there exists an € G with o(nG;) # o(n)G;. Since X,
acts transitively on G, there exist 71, 7o € 3, so that 7(o(n)) =1 and (1) = 7.
Replacing o by 1072, we may assume that n =1, o(1) =1, 0(G;) # G,, and

J(gHGi) =o(g) HGi for all g € G. (3.1)
i<j i<j

For every 4, fix an element 6 € G; such that:

Gi—’ITi(O'(Gj)) 1f2>],
Gi—{L,m(o(G) N6W ., G} if1<i<y,
G — {1} if1=1i<j.

(Note that o(G;)NdW) [ I, Gi has at most one element, since by [B3),ifg, g € G;
and g # ¢, then o(g) [[,; Gi # 0(9') [1;; Gi- Since i > 1, we have |G;| > 3.)

Define f : G — {-1,0,1} by f(9) = ] fi(g:) where f; : G; — {-1,0,1} is
defined by fi(1) = 1, f;(6(V) = —1, and f;(h) = 0 otherwise. Fix any x € G,,,—{=+1}
and define @ = (ay)yeq € G§ by a., = 2/, Tt follows from that o € Tg.
We will show that o(a) ¢ Tg.

Suppose 7 € G;. If (1) € Gj — {1}, then o(7) ¢ {1,0U)}, since §¥) ¢ o(G;).
Thus f(o (7)) = 0. Suppose o(7) & G; and f(o(7)) # 0. Then o(7); € {1,0®} for
all i. If i > 7, then §®) ¢ m;(0(G;)), so o(7); # 6. Thus o(7); = 1 for all i > j.
If o(7); = 1, then (again using (3.I)) 7 = 1. But we assumed o(7) ¢ G;. Thus
o(r); =69, and o(7) € o(G;) NGV ], Gi. Since o(7) ¢ Gy, it follows from the
definition of §®) for 1 < i < j that o(7) = 6(M60) and j > 1. Thus, f(o(7)) = 1.
Since f(o(1)) = 1, it follows that Zrecj f(o(1)) =1 or 2. Thus, HreGj Qo(r) =T
or 22, and thus is not 1. It follows from that o(a) ¢ Tg, contradicting our
assumption.

Thus o(nG;) = o(n)G; for all n € G and all i. It follows easily that o(g) =
[I;(mi 0 04)(mi(g)) for all g € G, where o; is the restriction of o to G;. This means
that o € 3. 0

Theorem 3.7 The induced map T, /%"y — XF is a birational isomorphism.

Proof The property of being a birational isomorphism is preserved under
change of base field, so (using Proposition [2.2(ii)) it suffices to show that the map
Te/Yy — Xg C GS /Sy is generically one-to-one. Suppose = = (7,),eq 18 a
generic point of T () for some large field (2, so the ., satisfy no multiplicative
relations other than the ones that define T, and suppose o(z) € Tg(Q2) for some
0 € Xy. Then o € ¥/; by Proposition and the theorem follows. O

4 Understanding LUC, XTR, and “beyond” in terms of tori

In the LUC and XTR algorithms, instead of g € 71, one considers the trace
Try r(9) € F. In these special cases (i.e., (n,e) = (2,2) or (6,3)), for g € Tp,
the trace Tr(g) := Trz,r(g) determines the full characteristic polynomial of g over



8 Karl Rubin and Alice Silverberg

F. Thus knowing the trace of g is equivalent to knowing its set of conjugates
Cy:={r(g9) : 7 € Gal(L/F)}.

Given a set C' = {c1,...,¢;} C L, let CU) = {¢],....¢]}. If C = C,, then
CclY) = Cys. In place of exponentiation (g — ¢7), XTR and LUC compute Tr(g”)
from Tr(g). In the above interpretation, they compute Cy; from Cy, without need-
ing to distinguish between the elements of C,. On the other hand, given sets of
conjugates {g1,...,g:} and {hq,...,h}, it is not possible (without additional in-
formation) to multiply them to produce a new set of conjugates, because we do not
know if we are looking for Cy, 1, or Cy, p,, for example, which will be different. In
other words, Tr(g) and Tr(h) do not uniquely determine Tr(gh). Thus XTR and
LUC do not have straightforward multiplication algorithms.

Suppose n is a square-free integer and e is a divisor of n. Let d = n/e, k =T,
L =TFyn,and F' = Fga. Then the variety Xr and the torus 77, defined in this paper
are the variety B(q.) and the torus T),, respectively, of [T1]. We showed in Theorem
13 of [11] that the sets of traces used in LUC and XTR can be viewed naturally
as subsets of Xr (k) = B(a,e)(k), with (d,e) = (1,2) and (2, 3), respectively. If the
variety B(q.) is rational, then one can represent elements of B4 .)(k) using only
©(n)log g bits, and use them to do cryptography. This was done for (d,e) = (1,2)
in LUC, for (d,e) = (1,3) in [4], for (d,e) = (2,3) in XTR, and for (d,e) = (2,1)
and (6,1) in the Ty and CEILIDH cryptosystems of [I1]. The T,, cryptosystems in
[11] are the cases (d,e) = (n,1). (They are conjectural when n is divisible by more
than two primes, because it is not known whether such tori By, 1) are rational.)

Theorem 3.7|implies that B, ) is birationally isomorphic to 75,/ Hprimes e S,
where the symmetric group on ¢ letters, Sy, is identified with ¥qaiz/ar) where
M =TFn/e. In particular,

By ~T2/S2, Bg) ~T3/S3, Bg)y~Ts/S3, By~ T,

B1,30) ~ T30/(S2 x S3 x S5), B(2,15) ~ T30/(S3 % S5).

The variety B(q.) is not generally a group. However, when e = 1, then B4, is the
torus Ty, which is a group. This is why the torus-based cryptosystems of [I1] can
take advantage of both multiplication and exponentiation, while LUC and XTR
are exponentiation-based.

Conjectured cryptosystems for other (d,e) are discussed in [2]. The questions
in [2] can be interpreted in the language of the present paper as questions about the
morphism from B, to A¥(") induced by the first [p(n)/d] symmetric functions
on the Gal(L/F)-conjugates. The examples in [IT] show that when (d,e) = (1, 30)
or (2,15), then these symmetric functions do not generate the coordinate ring of
B(4,e)- Theorem below shows that these functions do not even generate the
function field, so the corresponding morphisms are not birational isomorphisms,
and do not give short representations of elements of B ).

5 “Beyond” XTR

In §2 of [II] we answered the open questions from [2] by giving numerical
counterexamples. Here we give an algebro-geometric context for these examples,
and prove stronger results than those proved in [II]. In [2] it is asked whether, for
elements of the order ®,,(p) subgroup of IF;TL that do not lie in any proper subfield,
it is possible to recover the entire minimal polynomial over a subfield Fpq from the



Algebraic tori in cryptography 9

first [¢(n)/d] symmetric polynomials. Retaining the notation of §3| above, then
Conjectures 1 and 3 of [2] would imply, respectively, the following two statements.

Statement 5.1 Suppose that k = F),, L = Fpn, and F = F,a with d | n and
d # n, and fix an isomorphism ¢ = (¢1,...,¢4) : Ar — A9 Then the function
field k(Xp) is generated by {¢p;j 06, p:1<i<[p(n)/d],1<j<d}.

Statement 5.2 If n € Z* then there is a d € ZT dividing both n and p(n)
such that Statement[5.1] holds with that n and d, for every prime p.

As shown in §5 of [3], Statements and are true when d = 1 or 2 and
n/d is prime. The next theorem shows that Statements and are false when
n =30 (with d = 1 and 2 in Statement [5.1).

Theorem 5.3 There is a finite set P of prime numbers such that if char(k) ¢
P, L/k is cyclic of degree 30, k C F C L with d := [F : k] = 1 or 2, and
é=(¢1,...,04) : Ap —= A% is an isomorphism, then the function field k(Xr) is
not generated by {¢; o6, p: 1 <1 <[8/d],1 <j<d}.

Proof Suppose that F' = k. The proof when F/k is quadratic is exactly anal-
ogous. Note that k(X}) is generated by &1k, .., s if and only if the morphism
@§:1Ui,k : X, — A8 is a birational isomorphism, and for an extension field Q of L
this holds if and only if this is a birational isomorphism over ().

Given G, a cyclic group of order 30, Proposition [2.6] gives an isomorphism
Y GE, 5 Tg € GS. Let ti,...,ts be the coordinates on T¢g induced by
this isomorphism, let sq, ..., s3g be the rational functions of ¢1,...,tg that are the
compositions of ¢ with the symmetric polynomials on G, and let J : Tg — A be
the Jacobian determinant of the map s = (s1,...,s8) : Xg — A8 ie., J = det(gf; )

By a computer search we found points x,y € Tg(Frso), distinct modulo the
action of ¥, such that s(x) = s(y). See §2 of [11] for the details of this computa-
tion; we take x and y to be the first two entries in Table 1 (respectively, Table 3 in
the case [F : k] = 2). We computed further that J(x) # 0 and J(y) # 0.

Set a = s(x) = s(y) € (Fy30)®, and let L be the unramified extension of Q7 of
degree 30. By Hensel’s Lemma, for every lift & of a to L% we can find unique lifts
% of x and § of y to Tg(L) such that s(X) = s(y) = a. Thus there is an open
(in the 7-adic topology) subset U C L® contained in the image of s, over which s
is not one-to-one. It follows that as an algebraic map over L, s is dominant and
deg(s) > 1. Therefore s is not a birational isomorphism over L. The theorem now
follows for all k of characteristic zero.

Let A :=Z[x1,...,28] and B :=Z[sq,..., s3], identifying A with a subring of
B via the map induced by z; — s;. The field of fractions Frac(B) of B is Q(X¢)
by Corollary We proved above that this field is a finite nontrivial extension of
Frac(A4) = Q(A®). We can therefore choose 0 # f € A such that B’ := B[1/f] is
integral over A" := A[1/f], and A’ # B’.

Let P be the (finite) set of prime numbers that divide f in A. Suppose p ¢ P.
Then pA’ (resp., pB’) is a prime ideal of A’ (resp., B’), and the localizations A/(p)

and sz) are not equal. By Nakayama’s Lemma, Fy,(z1,...,zs) = Frac(A’'/pA") =

Al [PAL,) # B, /pB(, = Frac(B'/pB’) = F,(X¢). Thus s1,...,ss do not gen-

erate F,,(X¢), and the same holds with F,, replaced by any field of characteristic
P. O
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Remark 5.4 In fact, our computer computations give additional examples

which show that no ten (respectively, four) of the symmetric functions generate the
coordinate ring of X over F; (for [F : k] = 1 or 2, respectively).
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