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Abstract. We study the elliptic curves over Q whose mod 6 representations
are symplectically isomorphic to that of a given one E. We show that if the j-
invariant of E is not 0, 1728, 4·1728, or −8·1728, then there are infinitely many
such curves. When j(E) is 4 · 1728 or −8 · 1728, then there are only finitely
many. When j(E) is 0 or 1728, then for infinitely many E’s the number is
finite, and for infinitely many E’s the number is infinite.

Introduction

Suppose E is an elliptic curve, N is a positive integer, and E[N ] is the kernel of
multiplication by N on E. Let XE,N denote the moduli space parametrizing pairs
(E′, ψ) where E′ is an elliptic curve and ψ is an isomorphism between E[N ] and
E′[N ] which is compatible with the Weil pairings. If N < 6 then XE,N has genus
0 (and therefore has infinitely many rational points), and if N > 6 then XE,N has
genus greater than one (and therefore has only finitely many rational points). See
(1.6.4) of [9] for a formula for the genus.

If N = 6, then XE,N has genus one. In “A question” on p. 133 of [6], Mazur
states that it might be interesting to consider in some detail the problem of de-
termining all elliptic curves over Q whose mod 6 representation is symplectically
isomorphic to that of a given one. This case is more difficult than the cases N = 3,
4, or 5 (see [8] and [10]), since the moduli spaces are no longer of genus 0.

In Theorem 3.1 we show that if E is an elliptic curve over Q with discriminant
D, then XE,6 is the elliptic curve y2 = x3+D. In the case where E[6] ∼= Z/6Z×µ6,
we give a model for the resulting fiber system of elliptic curves (see Theorem 2.1).

In §4 we consider the elliptic curves over Q whose mod 6 representation is
symplectically isomorphic to that of a given one E. We show that if j(E) is not 0,
1728, 4 · 1728, or −8 · 1728, then there are infinitely many such curves. When j(E)
is 4 · 1728 or −8 · 1728, then the number is 1 or 2, respectively. When j(E) is 0 or
1728, then for infinitely many E’s the number is finite, and for infinitely many E’s
the number is infinite.
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1. Notation

We review some of the notation from [8] and [10]. See [10] and [5] for further
details and additional background.

Let Z, Q, and C denote, respectively, the integers, rational numbers, and
complex numbers. If F ⊆ Q̄ is a number field, let GF = Gal(Q̄/F ). If E is an
elliptic curve, let j(E) denote the j-invariant of E.

Denote by YN the (non-compact) modular curve over Q which parametrizes
triples (E,PN , CN ) where E is an elliptic curve, PN is a point of exact order N on
E, CN is a cyclic subgroup of order N on E, and CN and PN generate E[N ]. Let
XN denote the compactification of YN .

Let WN denote the universal elliptic curve with level structure as above. Then
WN is a quasi-projective surface defined over Q, with a projection morphism

πN : WN → YN

and a zero-section YN → WN , both defined over Q, such that πN has N2 sections
defined over Q̄ of order dividing N , and such that the fibers of πN correspond to
the triples classified by YN .

Definition 1.1. If E and E′ are elliptic curves over Q, and ψ : E[N ] → E′[N ]
is a GQ-equivariant isomorphism which is equivariant with respect to the pairings
eN on E and E′, we call ψ a symplectic isomorphism and say that E[N ] and E′[N ]
are symplectically isomorphic.

If E is an elliptic curve over Q, it was shown in §2 of [10] how to obtain a twist

WE,N
πE,N−−−→ YE,N

of WN
πN−−→ YN , all defined over Q, with the following properties:

• the points of YE,N correspond to isomorphism classes of pairs (E′, ψ) where
E′ is an elliptic curve and ψ : E[N ] → E′[N ] is an isomorphism which
respects the Weil pairings,

• the fiber over a point of YE,N corresponding to (E′, ψ) is E′.

If t ∈ YE,N(C) and Et is the fiber over t in WE,N , then Et[N ] and E[N ] are iso-

morphic as Gal(Q(t)/Q(t))-modules. In particular, we can view points of YE,N (Q)
as corresponding to Q-isomorphism classes of pairs (E′, ψ) where E′ is an elliptic
curve over Q and ψ : E[N ] → E′[N ] is a symplectic isomorphism.

From now on we will take N = 6, and will write YE and WE for YE,6 and WE,6,
respectively. Let XE denote the compactification of YE .

2. Modular curve and elliptic modular surface of level 6

We give a model for the elliptic modular surface W6. We can view W6 as a
surface over Q or as an elliptic curve Et over the function field of X6.

Theorem 2.1. An affine model for X6 is

s2 = t3 + 1.
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We have Y6 = X6 − S, where S consists of the point at infinity and the points on

s2 = t3 + 1 satisfying st(t3 − 8) = 0. A model for the fiber in W6 over (t, s) ∈ Y6

can be given by

Et : y2 = x3 + a(t)x + b(t)

where

a(t) =
−(256 + 256t3 + 960t6 + 232t9 + t12)

3
,

b(t) =
2(4096 + 6144t3 − 30720t6 − 24640t9 − 12072t12 − 516t15 + t18)

27
.

The discriminant and j-invariant of Et are

∆(Et) = 212t6(−8 + t3)6(1 + t3)3 = (4st(−8 + t3))6,

j(Et) =
(4 + t3)3(64 + 48t3 + 228t6 + t9)3

t6(−8 + t3)6(1 + t3)3
.

The points P1(t) = (2(8−20t3−t6)/3, 0) and P2(t, s) = ((−8−24s3+20t3+t6)/3, 0)
are points of order 2 on Et. The points

Q1(t) = (
(4 + 6t2 + t3)2

3
, 4t2(1 − t+ t2)(4 + 2t+ t2)2)

and

Q2(t) = (−(4 + t3)2,
−4(1 + t3)(−8 + t3)2

3
√
−3

)

are independent points of order 3 on Et.

Proof. Let X denote the elliptic curve defined by s2 = t3 + 1, let S denote
the set consisting of the origin of X and the 11 points where st(t3 − 8) = 0, and let
Y denote X −S. Note that X(Q) is the cyclic group generated by the point (2, 3),
and X(Q) ⊂ S. For (t, s) ∈ Y , it is easy to check the formulas for ∆(Et) and j(Et),
and to check that the points P1(t), P2(t, s), Q1(t), and Q2(t) are points on Et of
the given orders. The function field Q(X) = Q(t, s) has degree 2 over Q(t). For
(t, s) ∈ Y , the triple

(Et, P1(t) +Q1(t), 〈P2(t, s) +Q2(t)〉)

defines a point in Y6. We therefore obtain a morphism f : X → X6. Let g : X6 →
P1 be the (degree 72) morphism induced by (E,P,C) 7→ j(E). By the formula for
j(Et), we see that the function field Q(t) has degree 36 over Q(j(Et)). Therefore,
Q(X) has degree 72 over Q(P1), and the morphism g ◦ f has degree 72. Thus, f
is an isomorphism.

That Et is a model for W6 now follows from the universal property of W6. In
the appendix we explain briefly how we obtained this model.

The 12 cusps of X6 correspond to the 12 points with singular fibers, which are
the points of S.

The model for X6 is well-known. Fricke and Klein studied models for elliptic
modular surfaces (see especially [4]).
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3. Twists of X6

Theorem 3.1. Suppose E : y2 = x3 +ax+ b is an elliptic curve, with a, b ∈ Q.

Then a model for the modular curve XE is given by

s2 = t3 +D,

where D = −16(4a3 + 27b2) is the discriminant of E.

Proof. Since XE has a rational point (corresponding to E), and is isomorphic
over C to y2 = x3+1, we know XE has a model of the form y2 = x3 +δ, with δ ∈ Q

unique up to sixth powers, where the origin O corresponds to the pair (E, identity).
For (t, s) ∈ X6, let Et denote the fiber of W6 over (t, s), as in Theorem 2.1. There
exists a C-isomorphism XE → X6, which sends O to a point (t0, s0) such that Et0

is C-isomorphic to E, i.e., j(Et0) = j(E). Such a map must be of the form

(t, s) 7→ (t′, s′) = (tα−2, sα−3) + (t0, s0),

where the addition on the right side is addition on the elliptic curve X6 : y2 = x3+1
and where α6 = δ. Let v = t/s and w = 1/s. Then v has a simple zero at O and
w has a triple zero at O. Since XE is defined over Q, we have j(Et′) ∈ Q(v, w).

First, suppose both a and b are non-zero. Using that w ∈ v3 + v9Q[[v]], one
can expand j(Et′) as a power series in v, and see that when ab 6= 0, the coefficient
of v is

27j(E)αb(t0)

s0t0(−8 + t30)a(t0)
,

where a(t) and b(t) are as in Theorem 2.1. (The authors used Mathematica and
Pari to do this.) From the formula for ∆(Et0) in Theorem 2.1, and the relation

D

∆(Et0)
=

(

a(t0)b

b(t0)a

)6

,

we see that α6/D is the sixth power of a rational number. We can therefore take
δ = D.

Now remove the restriction that a and b are non-zero. If we write

Ft,s : y2 = x3 + a1(t, s)x+ b1(t, s)

for the fiber in WE above the point (t, s) ∈ XE , then Ft,s is C-isomorphic to Et′ ,
so there exists a function µ(t, s) ∈ C(t, s) such that

a1(t, s)µ(t, s)2 = a(t′) and b1(t, s)µ(t, s)3 = b(t′).

Changing variables as above, we can write a1(t, s) and b1(t, s) as power series
a1(v), b1(v) ∈ Q[[v]], and we can write µ(t, s), a(t′), and b(t′) as power series
µ(v), A(v), B(v) ∈ C[[v]].

Now suppose a = 0, so j(E) = 0. Letting t0 = (−4)1/3, then j(Et0) = 0 and we
can let s0 =

√
−3. Using these values for t0 and s0, a computation shows that

a′1(0) = µ(0)−2A′(0) = 36b2/3α/(
√
−3(−4)1/3).

Since a′1(0) ∈ Q, we see that, up to the sixth power of a rational number, we have

δ = α6 = −2433b2 = D.
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Now suppose b = 0, so j(E) = 1728. Letting t0 = −1 +
√

3, then j(Et0) = 1728

and we can let s0 =
√

−9 + 6
√

3. Using these values for t0 and s0, a computation
shows that

b′1(0) = µ(0)−3B′(0) = 4a
√
−aα.

Since b′1(0) ∈ Q, up to a sixth power of a rational number we have

δ = α6 = −26a3 = D.

4. Elliptic curves with symplectically isomorphic mod 6 representations

If E is an elliptic curve over Q, let

S(E) = {E′ : (E′, ψ) ∈ YE(Q) for some ψ},
i.e., S(E) is the set of all elliptic curves E′ over Q (up to isomorphism over Q)
such that E[6] and E′[6] are symplectically isomorphic. Note that S(E) is infinite
if and only if XE(Q) is infinite.

Theorem 4.1. Suppose E is an elliptic curve over Q.

(a) If the j-invariant of E is not 0, 1728, 4 · 1728, or −8 · 1728, then S(E) is

infinite.

(b) If j(E) = 4 · 1728, then S(E) = {E}.
(c) If j(E) = −8 · 1728, then S(E) = {E,E(−1)}, where E(−1) is the twist of E

by the quadratic character associated to the extension Q(i)/Q.

Proof. Let y2 = x3 + ax + b be a model for E, with a, b ∈ Q, and let
D = −16(4a3+27b2). Let X ′ denote the elliptic curve −3s2 = t3 +D. By Theorem
3.1, a model for XE is s2 = t3 +D. The rational map

(t, s) 7→ (
t3 + 4s2

t2
,
−s(3t3 + 8s2)

t3
)

defines an isogeny f from X ′ onto XE. Clearly, (4a, 12b) is a point on X ′(Q). Its
image under f is

P = (
4(a3 + 9b2)

a2
,
−36b(a3 + 6b2)

a3
) ∈ XE(Q).

Since XE is of the form s2 = t3 + D, the torsion subgroup of XE(Q) has order
dividing 6 (see for example Theorem V of [1]). If j(E) 6= 0, then a 6= 0, so P 6= O.

If P has order 6 then 2P has order 3, and it follows that the first coordinate of
2P vanishes. However, the first coordinate of 2P has numerator

4(a12 + 18b2a9 + 108b4a6 + 324b6a3 + 729b8),

which vanishes with rational a and b only when a3 = −9b2, i.e., when P has order
3.

If D is −2433 (up to a sixth power), then one can show that a = 0 and j(E) = 0.
Otherwise, the point P has order 3 exactly when its first coordinate vanishes, i.e.,
exactly when j(E) = 4 · 1728. In this case, E is of the form y2 = x3 − 9c2x + 9c3

for some c ∈ Q×. It follows from Theorem 3.1 that a model for XE is y2 = x3 +16.
There are exactly 3 rational points on this curve (see [1]). We have

Gal(Q(E[2])/Q) ∼= Z/3Z,
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since the discriminant of x3−9c2x+9c3 is (3c)6, a square. It follows that there are 3
GQ-equivariant automorphisms of E[2], and therefore 3 symplectic automorphisms
ϕ1, ϕ2, and ϕ3 of E[6]. The (E,ϕi)’s correspond to the 3 points of XE(Q). We
therefore have (b).

The point P has order 2 exactly when its second coordinate vanishes, i.e.,
exactly when j(E) = 1728 or −8 · 1728. Now suppose j(E) = −8 · 1728. Then E is
of the form y2 = x3 − 6c2x+6c3 for some c ∈ Q×, and it follows from Theorem 3.1
that a model for XE is y2 = x3 − 27. There are exactly 2 rational points on this
curve (see [1]). Theorem 4.1 of [8] gives an equation for the family Et of elliptic
curves over Q whose mod 3 representation is symplectically isomorphic to that of
E. When t = −1/3, the elliptic curve Et is isomorphic over Q to

E(−1) : y2 = x3 − 6c2x− 6c3,

the twist of E by −1 (i.e., the twist of E by the quadratic character associated to
Q(i)/Q). Thus, E[3] is symplectically isomorphic to E(−1)[3]. For every elliptic
curve over Q, its mod 2 representation is symplectically isomorphic to that of any
quadratic twist. Therefore, E(−1) ∈ S(E). Since E and E(−1) are not isomorphic
over Q, they correspond to the 2 points of XE(Q). We therefore have (c).

We can now conclude that if j(E) is not 0, 1728, 4 · 1728, or −8 · 1728, then P
is a point of XE(Q) of infinite order, giving (a).

Next, we consider the cases where j(E) is 1728 or 0.

Theorem 4.2. For fourth-power-free integers a, let Ea denote the elliptic curve

y2 = x3 +ax. Then for infinitely many a, S(Ea) is infinite, and for infinitely many

a, S(Ea) is finite. If S(Ea) is finite, then S(Ea) = {Ea}.

Proof. By Theorem 3.1, XEa
is isomorphic to y2 = x3 − a3. As shown in [3],

if a is a prime congruent to 3 (mod 4) then XEa
(Q) has rank one, and if a is a

prime congruent to 5 (mod 12) then XEa
(Q) has rank zero. For further results on

XEa
(Q), see [3].
Suppose that XEa

(Q) is finite. If −a is not a square (in Q), then

Gal(Q(Ea[2])/Q) ∼= Z/2Z,

and there are 2 GQ-equivariant automorphisms of Ea[2], which give rise to the 2
points of XEa

(Q). If −a is a square, then Ea[2] ⊂ Ea(Q), and there are 6 GQ-
equivariant automorphisms of Ea[2], which give rise to the 6 points of XEa

(Q).

Theorem 4.3. For sixth-power-free integers b, let Eb denote the elliptic curve

y2 = x3 + b. Then for infinitely many b, S(Eb) is infinite, and for infinitely many

b, S(Eb) is finite. If S(Eb) is finite, then S(Eb) = {Eb, E
(−3)
b }, where E

(−3)
b is the

twist of Eb by the quadratic character associated to the extension Q(
√
−3)/Q, if b

is twice a cube, and S(Eb) = {Eb} otherwise.

Proof. By Theorem 3.1, XEb
is isomorphic to y2 = x3 − 2433b2. The XEb

’s
are cubic twists of X0(27) (the Fermat cubic), and XEb

is birationally isomorphic
to x3 + y3 = b. Lucas and Sylvester (see Chap. XXI of [2]) showed that there are
infinitely many cube-free integers b such that XEb

(Q) has rank zero.
That there are infinitely many b such that XEb

(Q) has rank at least 3 follows
from [11], where information is given on the density of such b. Since it is easy to
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give a short elementary proof that XEb
(Q) is infinite for infinitely many cube-free

integers b, we do so here. Define positive integers xn and bn recursively by

x1 = 2, bn = x3
n + 1, xn+1 =

n
∏

i=1

bi.

Then the cube-free parts of the bn’s are pairwise relatively prime. For every n, the
point (xn, 1) is a point of infinite order on the elliptic curve x3 + y3 = bn. In this
way, one obtains infinitely many cube-free integers b such that XEb

(Q) is infinite.
Note that a similar technique works to show the analogous result in Theorem 4.2.

Suppose that XEb
(Q) is finite. If b is neither a cube nor twice a cube, then

#XEb
(Q) = 1, so S(Eb) = {Eb}. If b = 2c3 with c ∈ Q×, then E

(−3)
b : y2 =

x3 − 27b occurs in the family Et of elliptic curves whose mod 3 representations are
symplectically isomorphic to that of Eb, given in Theorem 4.6 of [8], with t = 12/c.

It follows that Eb and E
(−3)
b give rise to the 2 points ofXEb

(Q). Suppose b is a cube.
Using the isomorphism XEb

→ X6 given in the proof of Theorem 3.1, one checks
that 1 of the 3 rational points of XEb

is a cusp. Since Gal(Q(Eb[2])/Q) ∼= Z/2Z,
the other 2 rational points come from the 2 GQ-equivariant automorphisms of
Eb[2].

Appendix

We now explain how we obtained the model for W6 given in Theorem 2.1. A
Weierstrass model for W3 is given by

A(u) : y2 = x3 + a0(u)x+ b0(u)

where

a0(u) = −27u(8 + u3), b0(u) = −54(8 + 20u3 − u6)

(see (1) of [8]). The points

q1(u) = (3(2 + u)2, 36(1 + u+ u2)), q2(u) = (−9u2, 12
√
−3(1 − u3))

have order 3 on A(u). Consider the modular curve that parametrizes quadruples
(E,P2, P3, C3) where Pn is a point of order n and C3 is a subgroup of order 3 not
containing P3. We will denote by X0(18) the compactification of this modular curve
(it is, in fact, isomorphic to the curve usually denoted X0(18)). The map

(E,P2, P3, C3) 7→ (E,P3, C3)

induces a degree 3 covering X0(18) → X3. Therefore, Q(X0(18)) = Q(u, x) where
x3 + a0(u)x+ b0(u) = 0. Let

u0(t) =
4 + t3

3t2
and x0(t) =

−(16 + t3)

t
+ 3u0(t)

2.

Then

x0(t)
3 + a0(u0(t))x0(t) + b0(u0(t)) = 0,

and t is a parameter on X0(18), i.e., Q(X0(18)) = Q(t). (The functions u0(t) and
x0(t) were solved for using Mathematica and Pari.) In terms of t, the discriminant
∆ of A(u0(t)) is

∆ =
212(−8 + t3)6(1 + t3)3

t18
.
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Since all the sections of X6 of order 2 are defined over Q, ∆ is a square in Q(X6).
Therefore, t3 + 1 is a square in Q(X6). Since the map

(E,P6, C6) 7→ (E, 3P6, 2P6, 2C6)

induces a degree 2 covering X6 → X0(18), it follows that Q(X6) = Q(t, s) where
s2 = t3 + 1. With a(t) and b(t) as in the statement of Theorem 2.1, we have
a(t) = a0(u0(t))t

8 and b(t) = b0(u0(t))t
12. The point (x0(t)t

4, 0) = P1(t) is a point
on Et of order 2. The other points of order 2 can be solved for using the square
root of the discriminant of Et. The points q1(u) and q2(u) on A(u) induce (after
multiplying the first coordinate by t4 and the second by t6) the points Q1(t) and
Q2(t).
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