Elementary Analysis Math 140B—Winter 2007
Homework answers—Assignment 15; February 27, 2007

Exercise 29.8, page 221
Prove (ii)-(iv) of Corollary 29.7

Solution:

(ii) If a < &1 < x3 < b, then [f(z2) — f(x1)]/(z2 — x1) = f'(c) < 0 for some ¢ € (x1,x2). Therefore
Ty <X = 22 —x1 > 0= f(o2) — f(21) <0 = f(21) > f(22).
(

)
(iii) If a < 21 < &9 < b, then [f(x2) — f(21)]/(x2 —x1) = f'(¢) > 0 for some ¢ € (x1,x5). Therefore
ZEl<£C2:>CE27Z1>0:>f($2)*f(1'1)20:>f(1’1)§f( )
f
)

(iv) If a < z1 < @o < b, then [f(z2) — f(x1)]/(x2 —21) = f'(¢) < 0 for some ¢ € (x1,x3). Therefore
1 <z = w2 — 21 > 0= f(z2) — f(21) 0= flz1) = fla2).

Exercise 29.12, page 221

(a) Show that z < tanz for all x € (0,7/2).
Solution: Let f(z) = tanx — 2. Then f’(z) = sec?x — 1 > 0 for all = € (0,7/2). Therefore
f is strictly increasing on (0,7/2), that is f(x1) < f(x2) whenever 0 < z1 < x5 < 7/2. Now
let 1 — 0. Since f(x1) is decreasing as 1 — 0, 0 = f(0) = limg, o f(z1) < f(x2), that is
f(z) >0 for all z € (0,7/2). This is the same as z < tanz.

(b) Show that z/sinz is a strictly increasing function on (0,7/2).
Solution: If f(x) = x/sinz, then f/(z) = (sinz — z cosx)/sin? 2. By part (a) sinz > 2 cosz
so f'(x) > 0. Therefore f is strictly increasing on (0, 7/2).

(c) Show that x < T sinx for x € [0,7/2].
Solution: Equality holds at the endpoints 0, 7/2 and x/ sin x is (strictly) increasing on (0, 7/2)
by part (b). Hence, if 0 < x <y < 7/2, we have

2
LY and 2 < lim L = i =m/2.
sinz  siny sinz  y—onr/2s8iny 1

Exercise 29.14, page 221

Suppose that f is differentiable on R, that 1 < f’(x) < 2 for € R, and that f(0) = 0. Prove
that = < f(z) < 2z for all x > 0.

Solution: Let g(z) = 2z — f(z), so that ¢'(x) = 2 — f’(z) > 0 and therefore g is increasing on
R. Since g(0) =0, g(z) > 0 for > 0, thus f(z) < 2z for all z > 0.

Let hx) = f(x) — x, so that h/(z ) = f'(z) — 1 > 0 and therefore h is increasing on R. Since
h(0) =0, h(z) > 0 for = > 0, thus = < f(x) for all x > 0.

Exercise 29.18, page 222

Let f be differentiable on R with a = sup{|f/(z)| : * € R} < 1. Select sp € R and define
Sn = f(sn—1) for n > 1. Prove that (s,) is a convergence (sic) sequence.

Solution: s,41 — sy, = f(8n) — f(Sn—1) = (8n — Sp—1)f'(cn) s0 that |s,4+1 — sn| < |Sn — Sn—1]a.
Continuing you get [s,11 — sn| < |s1 — sola™. Next, you get |Spym — Sn| < |51 — S0 Zn+m Lak =

ls1 — sd%ﬁf') < a"/(1 — a) for every m > 1. Since a™ — 0, (s,) is a Cauchy sequence, hence
convergent.



