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Abstract

We study the structure of a Leibniz triple system £ graded by an arbitrary
abelian group G which is considered of arbitrary dimension and over an arbitrary
base field K. We show that &£ is of the form & = U + Zmezl /o Ij;) with U a
linear subspace of the 1-homogeneous component & and any ideal Ij; of &, satis-
fying {I[j],g,f[k]} = {I[ﬂ,f[k},g} = {E,I[ﬂ,f[k}} = 0 if [j] # [k], where the relation
~in ' = {g € G\{1} : L, # 0}, defined by g ~ h if and only if g is connected to h.
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1 Introduction

Leibniz triple systems were introduced by Bremmer and Sénchez-Ortega [I]. Leib-
niz triple systems were defined in a functorial manner using the Kolesnikov-Pozhidaev
algorithm, which took the defining identities for a variety of algebras and produced the
defining identities for the corresponding variety of dialgebras [2]. In [I], Leibniz triple
systems were obtained by applying the Kolesnikov-Pozhidaev algorithm to Lie triple sys-
tems. The study of gradings on Lie algebras begins in the 1933 seminal Jordan’s work,
with the purpose of formalizing Quantum Mechanics [3]. Since then, the interest on grad-
ings on different classes of algebras has been remarkable in the recent years, motivated in
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part by their application in physics and geometry [4H7]. Recently, in [7HI2], the structure
of arbitrary graded Lie algebras, graded Lie superalgebras, graded commutative algebras,
graded Leibniz algebras and graded Lie triple systems have been determined by the tech-
niques of connections of roots. Our work is essentially motivated by the work on graded
Lie triple systems [12] and the work on split Leibniz triple systems [13].

Throughout this paper, Leibniz triple systems £ are considered of arbitrary dimension
and over an arbitrary base field K. This paper proceeds as follows. In section 2, we
establish the preliminaries on graded Leibniz triple systems theory. In section 3, we
show that such an arbitrary Leibniz triple system is of the form & = U + E[ﬂ est /A1)
with U a subspace of £; and any ideal Ij; of &, satisfying {I};, &, Iy} = {{;), I, €} =
(&, 113, Iy} = 0/if [§] # [K], where the relation ~ in 3", defined by g ~ h if and only if g
is connected to h.

2 Preliminaries

Definition 2.1. [14] A right Leibniz algebra L is a vector space over a base field K
endowed with a bilinear product [-, -] satisfying the Leibniz identity

[y, 2], 2] = [[y, 2], 2] + [y, [2, 2]},
for all x,y,z € L.

Definition 2.2. [I] A Leibniz triple system is a vector space £ endowed with a trilinear
operation {-,-,-} : E X € X & = & satisfying
{a,{b,c,d},e}={{a,b,c},d, e} —{{a,c,b},d, e}—{{a,d, b}, c,e}+{{a,d,c},b,e}, (2.1)
{a,b,{c,d,e}}={{a,b,c},d, e} —{{a,b,d},c,e}—{{a,b,e},c,d}+{{a,b, e}, d, c}, (2.2)
for all a,b,c,d,e € €.
Example 2.3. A Lie triple system gives a Leibniz triple system with the same ternary

product. If L is a Leibniz algebra with product [-, -], then L becomes a Leibniz triple system
by putting {x,y, z} = [[x,y], z]. More examples refer to [1].
Definition 2.4. [1] Let I be a subspace of a Leibniz triple system E. Then I is called
a subsystem of £, if {I,1,1} C I; I is called an ideal of &, if {[,E€,E} +{E,1,E} +
{€,€ 1} C I
Proposition 2.5. [15] Let £ be a Leibniz triple system. Then the following assertions
hold.

(1) J is generated by {{a,b,c} — {a,c,b} +{b,c,a} : a,b,c € E}, then J is an ideal
of € satisfying {€,E,J}y ={€,J,E} = 0.

(2) J is generated by {{a,b,c} —{a,c,b} +{b,c,a} : a,b,c € E}, then £ is a Lie triple
system if and only if J = 0.

(3) {{c,d,e},b,a}—{{c,d,e},a, b} —{{c,b,a},d, e} +{{c,a,b},d, e} —{c,{a,b,d}, e} —
{c,d,{a,b,e}} =0, for all a,b,c,d,e € .



Definition 2.6. [I] The standard embedding of a Leibniz triple system & is the two-
graded right Leibniz algebra L = L° @ L', L° being the K-span of {r ® y, =,y € £},
L' := & and where the product is given by

[(l’@y, Z), (u®vv w)] = ({SL’, Y, u}®v—{:c, Y, v}®u+z®w, {LE, Y, w}_'_{zv u, U}—{Z, v, u})

Let us observe that LY with the product induced by the one in L = L° @ L' becomes
a right Leibniz algebra.

Definition 2.7. Let £ be a Leibniz triple system. It is said that € is graded by means of
an abelian group G if it decomposes as the direct sum of linear subspaces

£=Pe,

gelG

where the homogeneous components satisfy {Ey, En, Ex} C Egni for any g, h, k € G (denoting
by juataposition the product in G). We call the support of the grading the set 3" := {g €

G\ {1}: &, #0}.

The usual regularity conditions will be understood in the graded sense. That is, a
subtriple of £ is a linear subspace S satisfying {S,5,S} C S and such that splits as
S = @geaSy with any S, = SN E,.

Let L be an arbitrary Leibniz algebra over K. As usual, the term grading will always
mean abelian group grading, that is, a decomposition in linear subspaces L =@ cqLly
where G is an abelian group and the homogeneous spaces satisty [L,, L] C Lg,. We also
call the support of the grading the set {g € G \ {1} : L, # 0}.

Proposition 2.8. Let £ be a G-graded Leibniz triple system and let L = L° @ L' be its
standard embedding algebra, then L° is a G-graded Leibniz algebra.

Proof. Define LY := 3" [E,E1] and Ly := 37, 4[En, En-1y] for any g € G\ {1},
Clearly LY + 37 con oy Ly € L°. Conversely, since L° = [€, €] = [, Egs D En) C

5 X 5
geG\{1}
we get L0 = L)+ 3" oy Ly

The direct character of the sum can be checked as follows. If x € Lg NS heG\{g} LY),
then for any ¢ € G and y € & we have [z,y] € Egq N (X4 (y) Eng) and so [z,y] = 0.
From here [z,&] = 0 and so x = 0. Hence we can write

'=Le( P L)
geG\{1}
Finally, we have
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for any g, h € GG. Indeed,
L0, L8] = > [[Ers Exrg)s [61, E-u1]] ©
kleG
[8k7 [gk_lga [5l7 gl_lh]]] + Hgku [5l7 gl_lh]L gk_lg] C
€y [Ex1g, Ln]] + [[Ek, Lp), Ex1g] C
[gka gk_lgh] + [gkh, gk—lg] C Lgh

Observe that for any g, h € G we have [£,, Ep] C LY. O

In the following, we shall denote by ZO the support of the graded Leibniz algebra
LO.

3 Connections and gradings

From now on, £ denotes a graded Leibniz triple system with support Zl, and

E=Pe& =P &)
9eC gex?

the corresponding grading. Denote by — El ={-g:g€ ZZ},Z =0,1.
Definition 3.1. Let g and h be two elements in Zl. We say that g is connected to h if
there exist g1, G2, , gans1 € = Zl U{1} such that

(1) {91, 919293, - - , 19293 * GanGonr1} C £,

(2) {9192, 91920394, , 919295+~ Gon} C £,

(3) g1 =g and g19295 - - GonGon+1 € {h, K},

We also say that {g1, -, gans1} is a connection from g to h.

Proposition 3.2. The relation ~ in El, defined by g ~ h if and only if g is connected
to h 1s an equivalence relation.

Proof. The proof is completely analogously to [16, Proposition 3.1]. O

By Proposition the connection relation is an equivalence relation in Zl and so we
can consider the quotient set 3"/ ~= {[g] : g € 3_'}, becoming [g] the set of elements
in the support of the grading which are connected to g. By the definition of ~ it is clear
that if b € [g] and =" € 3" then h™! € [g].

Our goal in this section is to associate an adequate subtriple I, to any [g]. Fix
g € ', we start by defining

&g := spang{{&n, Er, Eqmy-1} h € g,k € [g] U{1}} C &
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and Vg := @pe[g)€n- Finally, we denote by &£ the direct sum of the two subspaces above,
that is,
Elg) = Evjg) D Vig-

Proposition 3.3. For any g € Zl, the graded linear subspace &}y is a subtriple of £.

Proof.  We have to check that &}, satisfies

{€1: Egs €1t = {E119) © Vgt €1 © Vg €1 @ Vigl} C Elg-

Since & 5 C & we clearly have
{1191 E1lgls Vigl + {0101 Vit €} + {Vigls E1ig) €191} C Vg

It is easy to verify that
{&119: €191 Egl} C Enjg-
Indeed, {&1 1), 1,19, €1} C {E11g)> €1, E1} C &1, 1g- Moreover, we also have

{51,[9}7 V[ylv V[y]} - 5[9}'

In fact, if {&,&n, &} # 0 for some h,k € [g] then h € 3°° and hk € 32" U {1}. From
here, if hk # 1 and {g1,- - , gon+1} is & connection from g to h then {g1,- - , gons1, 1, k}
is a connection from g to hk in case gi1go - gons1 = h and {g1, -+, gons1, 1, K71} in case
G192+ Gons1 = B! being so hk € [g]. If hk = 1 clearly {&1,&;, Ep-1} C &1y We have
showed {&1, &, Ex} C &g and so {114, Vg1, Vig} C Elg-

Next, let us show that
Vg €1,101, Vigl} C Eg1-

if {£,,&1,E) # 0 for some h,k € [g] then h € 3" and hk € 3" U {1}. From here,
if hk # 1 and {g1, -, g2ns+1} is a connection from g to h then {gi, -+, gons1, 1, k} is
a connection from g to hk in case gi1go- - gony1 = h and {g1, -, gons1, 1, k7 1} in case
G192+ Gon+1 = b1 being so hk € [g]. If hk = 1 clearly {&, &1, Ep-1} C &1y We have
showed {&, &1, &} C &y

Next, let us show that
{Vig), Vig €111} C Eg1-

if {&n, & &1} # 0 for some h,k € [g] then hk € 3" and hk € ' U {1}. From here,
if hk # 1 and {g1,-- ,g2ns+1} is a connection from g to h then {gi, -+, gons1,k, 1} is
a connection from g to hk in case gi1go- - gony1 = h and {g1, -, Gons1, k=1, 1} in case
G192 - Gon+1 = B! being so hk € [g]. If hk = 1 clearly {&,Er-1,E1} C &1y We have
showed {&, &k, E1} C &y

Finally, let us show
{Vig: Vg, Vi } € &1

Suppose {En, &, &} # 0 for some h, k,1 € [g] being so hk € Y° U {1} and hkl € 3!
U {1} If either hk = 1 or hkl = 1 then {5h,5k,5l} =& C ‘/[g} or {5h,5k,5l} C 51,[9}
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respectively. Hence let us consider hk € 3% and hkl € ', and take a connection

{91, , gons1} from g to h. We clearly have {g1, -, gans1, k, [} is a connection from g
to hkl in case gy -+ gony1 = h and {g1 - gony1, k=1, 171} it is in case g1 -+ - gopy1 = AL
We have showed hkl € [g] and so {&, &k, &} C Vg, which concludes the proof. O

Definition 3.4. With the above notation, we call £ the subtriple of £ associated to
l9].

4 Decompositions

We begin this section by showing that for any g € Zl, the subtriple Ij; is actually
an ideal of £. We need to state some preliminary results.
Lemma 4.1. The following assertions hold.

1. If g,h € 3°" with gh € £5.° U {1}, then h € [g].

2. Ifg,he St and g e £ 3" with gh € £3°" U {1}, then h € [g].

3. Ifg,he X and g,h € £3°° with gh € £3°° U {1}, then h € [g].

4. If g, h € 3" such that h & [g], then [E,,&] = [Ly, &) = [LY, L] = 0.

Proof. 1. If gh =1, then h = g~ ! and so h ~ g. Suppose gh # 1. Since gh € + ZO,
we have {g, h, g~ '} is a connection from g to h.

2. We can argue similarly with the connection {g, 1, (gh)~'}.

3. If gh =1, then h = ¢g~! and so h ~ g. Suppose gh # 1. Since gh € £ ZO, we have
{g,h,g'} is a connection from g to h.

4. Consequence of 1, 2 and 3. O

Lemma 4.2. If g, h € Zl are not connected, then {€,,E,-1,&} = 0.

Proof. 1f [£,,&,-1] = 0 it is clear. Suppose then [€,, E,-1] # 0 and {&,, E,-1, &} # 0.
By Leibniz identity, one gets

{5gagg—1v‘€ﬁ} = [[ggagg—l]agﬁ] - [ggv [gg‘lvgﬁ]] + [[59753]759‘1]-

So either [Ey, [E,-1,&,]] # 0 or [[Ey, &, E4-1] # 0, contradicting Lemma A IH. From here,
{&,E-1,&} = 0. O

Lemma 4.3. For any go € 3", if g € [go] and h,k € 3" U {1}, the following assertions
hold.

1. If{&;,&n, Ek} #0, then h,k, ghk € [go] U {1}.

2. If {E. &, Ex} # 0, then h, k, hgk € [go] U {1}.

3. If {&n, &k, &} # 0, then h, k, hkg € [go] U{1}.
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Proof. 1. Tt is easy to see that [£,, &) # 0 for g € [go] and h € ' U {1}. By
Lemma [T}, one gets h ~ g in the case h # 1. From here, h € [go] U {1}. To show
k, ghk € [go] U {1}. We distinguish two cases.

Case 1. Suppose ghk = 1. It is clear that ghk € [go] U {1}. If we have k # 1 then
gh € 3. As (gh)™' = k, then {g,h,1} would be a connection from ¢ to k and we
conclude that k € [go] U {1}.

Case 2. Suppose ghk # 1. We treat separately two cases. If gh # 1, then gh € ZO
and so {g, h,k} is a connection from g to ghk. Hence ghk € [go]. In the case k # 1, we
have {g, h, (ghk)~'} is a connection from g to k. So k € [go]. Finally, if gh = 1, then
necessarily k € [go]. Indeed, if k is not connected to g, we would have by Lemma [£.2] that
{&€, En, &} = {&4. €41, &} = 0, a contradiction. From here ghk = k € [g].

2. This can be proved completely analogously to 1.

3. By Leibniz identity, {5h, &, 5g} = th, gk], gg] C [(‘:h, [£k7 5g]] + th, gg], 5k] From
{&n, &k, &y} # 0, we obtain either [, [Ex, &] # 0 or [[En, &), Ek] # 0. We treat separately

two cases.

Case 1. Suppose [Ep, [Ek, &,]] # 0, we will show h, k, hkg € [go] U {1}. First to show
k € [go] U {1}. The fact that [&, E,] # 0 implies by Lemma L1} that k& ~ ¢ in the case
k # 1. From here, k € [go] U {1}. Next to show h € [go] U {1}. Indeed, if h # 1 and
suppose ¢ is not connected with A, then h is not connected with k£ in the case k # 1. By
Lemma A TH, [E, &) = 0 whever k # 1, contradicting [Ey, [Ex, &]] # 0.

Next to show if h # 1 and in the case k = 1, we also get h € [go]. Indeed, suppose g is
not connected with A, in the case k = 1, one has {&,, &, &} = {&n, £1. &} = [[En, &1], &)
From [&, &) C LY and Lemma L1+, one gets {&,, &1, E,} = 0, a contradiction.

Finally, to show hkg € [go] U {1}. Suppose hkg =1 and so hkg € [go] U {1}. Suppose
hkg # 1, by [E, &) # 0, kg € 2P U {1}. If kg # 1, then kg € 3" and so {g, k,h}
is a connection from g to gkh, hence gkh € [go]. If kg = 1, then necessarily h € [go] U
{1}. Indeed, if h # 1 and g¢ is not connected with h, by Lemma ETH, {&,, &, &} =
{&h Eg-1, &5} = [[En, E4—1], &) = 0, contradicting {&p, Ek, £} # 0. Therefore, we also have
hkg = h € [go] U {1}.

Case 2. If [[Eh, &), Ek] # 0, we will show h, k, hgk € [go] U {1}. First to show h €
[go] U{1}. The fact that [E,, E,] # 0 implies by Lemma LT} that h ~ g in the case h # 1.
From here, h € [go] U {1}.

Next to show k € [go] U {1}. Indeed, if & # 1 and ¢ is not connected with k, then h
is not connected with k in the case h # 1. By Lemma [T}, (&), Ek] = 0 whenever h # 1,
contradicting {&, &, &, } # 0. Similarly, it is easy to show if £ # 1 and in the case h = 1,
we can obtain k € [go].

Finally, to show hkg € [go] U {1}. Suppose hkg = 1 and so hkg € [go] U {1}. Suppose
hkg # 1, by [En,&,] # 0, one has hg € S°U{1}. If hg # 1, then hg € 3.° and so
{g, h,k} is a connection from g to hkg. Hence hkg € [go]. If hg = 1, then necessarily k €
[go] U{1}. Indeed, if k # 1 and g is not connected with k, by Lemma T+, {&, &, E,} =



{1,k E} = [[E4-1, &k, &) = 0, contradicting {&), &, &} # 0. Therefore, we also have
hkg =k € [go] U {1}. O

Lemma 4.4. For any go € 3", if g, k € [g0], b € [go] U {1} with ghk =1 and ,m € '
U {1}, the following assertions hold.

Lo If{{&, En )}, &1, EmY # 0, then I, m,Im € [go] U {1}.

2. If {&€1,{&y,En Ex}, Em} # 0, then [,m,lm € [go] U {1}.

3. If {&, Em,{Ey, En, Ek}} # 0, then I, m,Im € [go] U {1}.

Proof. 1. By (2.2), one gets

0 # {{gga ghagk}a gla gm} C {gga gh) {gka gla gm}} + {{ggagha gl}a gkagm}
+ {{5g75h7 gm}75k7 gl} _'_ {{ggu 8h75m}7 gla gk}7

any of the above four summands is nonzero. In order to prove I, m, im € [go] U {1}, we
will consider four cases.

Case 1. Suppose {&;, En, {Ek, &1, Em}} # 0. As k € [go] and {&, &, En} # 0, Lemma
431 shows that [, m,lm are connected with k in the case of being nonzero roots and so
I,m, klm € [go] U {1}. If klm = 1, then Im = k™' € [go]. If klm # 1, taking into account
0#1{E, En &k E1EnYY CTH{Ey, En, Epim ), Lemma L 3k1 gives us that ghklm = Im € [go].

Case 2. Suppose {{&;, En, &}, Ek, Em} # 0. Ttisclear that {€,, &, &} # 0. As g € [go],
by Lemma [£.3}1, one gets [ € [go] U {1}. It is obvious that 0 # {{&;,&Ex, &1}, Eky Em} C
{Ehis Ek, Em}. As k € [go], by Lemma 3}2, one gets m € [go] U {1} and ghlkm = Im €
[90] U {1}

Case 3. Suppose {{&,,En, Em}, Ek, &} # 0. Tt is easy to see that {€,, &, En}t # 0. As
g € [go], by Lemma [3}1, one gets m € [go] U {1}. Note that 0 # {{&;,&n, En}, Er &1} C
{Eshms Exy E1}. As k € [go], by LemmalL32, one gets | € [go] U {1} and ghklm = Im € [go|
U {1}.

Case 4. Suppose {{&;,&n,Ent, &L E} # 0. It is clear that {&;, &, En} # 0. As
g € [go], by Lemma [L3}1, one gets m € [go] U {1}. Note that 0 # {{&,,&n, En}, &L E} C
{Ehm, &1, Ek}- As k € [go], by LemmalL.3}3, one gets | € [go] U {1} and ghmlk = Im € [g]
U {1}.

2. By Proposition 21 (3), we obtain that

0 7& {gla {gga ghagk}a gm}
C {{gla gka gm}a gha gg} + {{gla gka gm}a gga gh}
+ L&, En, Eg}s Eky EmY + {11 Egy EnYs Ens Em} +{E1 Er {Eg, Eny Em ),
any of the above five summands is nonzero. Suppose {{&, &, Ent,En E} # 0, it is
obvious {&, &, Ent # 0. As k € [go], by Lemma 32, one gets [,lkm € [go] U {1}.

Note that 0 # {{&, &, Ent  En E} T {E&kms En &g} As g € [go], by Lemma A3}3, one
gets lk:mhg =Im € [90] U {1} It {{gl’gkagm}’ggagh} 7& Oa {{glaghagg}agkagm} 7& Oa
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&, & &}, Em} # 0, {&, E {Ey, En, Em}} # 0, a similar argument gives us [, m,Im €
[90] U {1}
3. By Proposition 2.5] (3), we obtain that

0 7£ {ghgmu {ggugfmgk}}

C {{gbgma 5k}75h75g} + {{5[, SWL7£]€}7 597 gh}

+ {{gla gh) gg}a gma gk} + {{gla gga gh}) gma gk} + {gla {gga gha gm}a gk}a
any of the above five summands is nonzero. Suppose {{&,Em, &k}, En, &} # 0, one
easily gets {&,&n, &} # 0. As k € [go], by Lemma H3}3, one gets [,lmk € [go] U
{1}. Note that 0 # [[&, Em, Ekl Er &l T [k, En, Eg)- As g € [go], by Lemma A3}3,
one gets lmkhg =lm € [90] U {1} If {{ghgmagk}?gg)gh} # 07 {{glaghagg}agmagk} 7é
0, {{&,&,. 60}, Em &} # 0 or {&,{E.En Em},E} # 0, a similar argument gives us
l,m,lm € [go] U {1}. O

Lemma 4.5. For any go € 3., if g, k € [go], h € [go] U {1} with ghk =1 and h & [go),
the following assertions hold.

1. [{&,. & Ex}, &) = 0.
2. [{&. En &}, LY = 0.
3. {{&,.&n Ex},E1,E} = 0.

Proof. 1. By Leibniz identity, we have
{Eq, En, &k}, &) = [l[€y, Enl, &k, &7 C 11, Enl, [, ERI] + [[[Eg, . &7l &) (4.3)

Let us consider the first summand in (&3). As k € [go], for h & [go], by Lemma AT+,
one gets [&, &) = 0. Therefore [[E,, &, [k, E]] = 0. Let us now consider the second
summand in ([@3)), it is sufficient to verify that

[[€g, En], &R, Ex] = 0.
To do so, we first assert that [[€,, &4, &;] = 0. Indeed, by Leibniz identity, we have
(€9, Enl. &) C [Eg, [En, ERl] + € ERl Enl, (4.4)

where g € [go], h € [go] U {1}, h & [go]. Let us consider the first summand in (@4, if
h & {1}, then h € [go]. By Lemma LT}, one gets [Ey, &;] = 0. That is, [E, [En, &]] = 0.
If h = 1, we have [&,,&;] C LY. By Lemma ELTH, one gets [y, [En, &;]] C &, L] = 0.
Therefore [E,, [E, &;]] = 0. Let us consider the second summand in (£4]), it is sufficient
to verify that [[£,, &), = 0. Indeed, for g € [go] and h & [go]. By Lemma AT},
16,0 E41,64) = 0.

2. Note that

[{gga gha 5k}7 L%] - Hgga gh]? [5k7 L%H + [[[ggv gh]a L%]a glc] (45)



Let us consider the first summand in @3H). As k # 1, one gets [[€,, Enl, [Ex, L7]] = 0
by Lemma [L1+4. Let us consider the second summand in (4.5). By Leibniz identity, we
obtain [[Sg,c‘fh],L%] =0, so [[[Sg,c‘fh],L%],c‘fk] = 0.

3. It is a consequence of Lemma L5+, 2 and
{{597 5]17 gk}v 517 gﬁ} C [{ggv gf“ gk}v [517 EEH + H{ggv ghu gk}v gﬁ]v 51]
Thus the lemma follows. O

Definition 4.6. A Leibniz triple system & is said to be simple if its product is nonzreo
and its only ideals are {0}, J and .

It should be noted that the above definition agrees with the definition of a simple Lie
triple system, since J = {0} in this case.

Theorem 4.7. The following assretions hold.

1. For any gy € 3", the subtriple Elgo] = E1jgo) D Vigo) of € associated to [go] is an
ideal of €.

2. If £ is simple, then Zl has all of its elements connected and

& = > & En Egn )
gex!, hex! u1}

Proof. 1. Recall that
E1fgo) = spank{{Ey, En, Egny-1} g € [go], h € [go] U{1}} C &1 (4.6)
In order to complete the proof, it is sufficient to show that
{€10, € EF +1{E,E1go), EF +1{E,E.E g} C Egl-

We first check that {E), &, E} C Eyy). We easily have {& (4., E,E} C &gy (T) together
with Lemma [£.4] imply

{E0190, €15 Eg} +{E01gals Egr E1} +{E011gal, Eg: En} C gy
for any g, h € El. From here,
{E11g0): €, € = {E11go): E1 B (B ye51Ey), E1 B (Bpex1En) } C Elgo)- (4.7)
Since Vigy := @ye[go)€y, We have by Lemma A3 and (.6]) that
{@geigo€9: €1, €1} + {Bgeton1€or €1 Ent + {Byeloo) ) Enr €1} + {Dgefan)€q: Eny Ek} C Ego,
for any h,k € 3", So

WVigo, €, €} = {Dgeig0)g, E1 @ (@hezlgh)’ & @ (@kezlgk)} C Ego)- (4.8)
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From (A7) and (4.8)), we have
{E1901: €2 €} = {&01g0) © Vigo]: €, €} C Epga,

and so &) is an ideal of £.

By Lemmas@.3 and 4.4], a similar argument gives us [£, E4], E] C g and [E,E, Egy] C
Elg0)- Consequently, this proves £, is an ideal of &.

2. The simplicity of £ implies ) € {J, €} for any g € [go]. If g € [go] is such that
Elgo) = €. Then [go] = S°!. Hence, £ has all its nonzero roots connected. Otherwise, if

Ego) = J for any g € [go] then Ey) = &lop) for any go, ap € S and so [go] = 3, we also
conclude that &£ has all its nonzero roots connected. O

Theorem 4.8. For a linear complement U of spang{{&y,En, Egny-1} 1 g € Shhoe
SSTU{1Y} in &, we have

E=U+ Z [[g],
[glex! /~

where any I 1y is one of the ideals described in Theorem[{.7, which also satisfy [Iig), €, Iin)] =
Uig) Iiny» €] = €, Iig), Iwy) = 0 4f [g] # [A].

Proof. By proposition[3.2, we can consider the quotient set 32" / ~:= {[g] : g € S}
We have I, is well defined and by Theorem .71 an ideal of £. Therefore

E=U+ Y Iy
lglex" /~
Next, it is sufficient to show that {Iig, &, Ijn} = 0 if [g] # [h]. Note that,
{1161, €, it = {&1,10 © Vg, &1 © (Bpes1 &), E1my © Ving}
= {9 €1, Erm} +{E01g €1, Vit +{E1pg) Bres &k Erm}
+{E119) Brex &, Vit + {Vig €1, Ev i} + {Vig, €1, Vim}
+ Vo Bres 1€k E i} + {Vigh Oress &k Ving -

Hence, if [«] # [5], by Lemmas 3] and [£4], it is easy to see
{119, €0 Vit = {E11g) Brex & Vit = Vg1, €1, Ev} = {Vig): €1, Vi }
= {Vig)» Bres1 &k E1,m} = {Vig), pes1Ery Ving} = 0.

Next, we will show that {& g, Dres 1 ks Eim} = 0. Indeed, for {Eq,, Eays Earan)-1} €
517[9] with Q] € [g], Qg9 € [g] U {1} and for {551,552,5(5152)—1} € 51,[]1] with 51 € [h],
Bs € [h] U {1}, by Proposition 2.8 (3) and Lemma [£.4] one gets

{{5om 50427 g(alaz)*l }7 @kezlgk’ {gﬁu 5ﬁ2> 5(&@)*1 }}
C {1, ez Earan) 1} Bres 1€k Epipa) -1} €52, €
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+ {{{gcnv 50427 g(alo@)*l}v @kezlgkv g(ﬁlﬁg)*l}v 5ﬁ17 gﬁg}
=+ {{{50417 50427 5(0410!2)_1 }7 552551}7 EBkeZlgkv 5(51[32)_1 }7
=+ {{{50417 50427 5(041042)*1}7 551552}7 EBkeZlgkv 5(ﬁ1ﬁ2)*1 }7

+ {1+ Eass g(alaz)*l}a {E5.8,, @kezlgk}a 5(5152)*1}
= 0.

A similar method gives that {&; g, &1, &} = 0. So we prove that {Ig, &, I} = 0 if
lg] # [h]. A similar argument gives that {Ijg), Ijn), £} = {E€, |y, [} =0 if [g] # [h]. O

Definition 4.9. The annihilator of a Leibniz triple system & is the set Ann(€) = {x €
EAx, 8,8} +{E,x,E}+{&,E, 2} = 0}.

Definition 4.10. We will say that &, is tight if £ = spang{{&;, &, Egny1} 1 g €
Shhe Y u{1})

Corollary 4.11. If Ann(E) = 0 and & is tight, then &£ is the direct sum of the ideals
given in Theorem [{.7}1,

€ = Opes /~1lar
Proof. From the fact that & is tight, we clearly have
€ = Bpest /~Tlol-

To finish, we show the direct character of the sum. Given x € Ijg N (Z[h]e(zl I\l Iiny)
we have from the fact {Iig, &, Iy} = 0 that

{2, 6, Iy} +{=.&, > Iny}=0.
[hle(=" /~)\lg]

It implies {z,&, £} = 0. Using the equations {1}y, Ijn), £} = {&, I1g, Iy} = 0 for [g] # [h],
one gets {€,2,E} ={&,€,2} =0. That is, x € Ann(E) = 0. Thus z = 0. O
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