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We present the most general gauge-invariant action functional for coupled 1- and 2-form gauge
fields with kinetic terms in generic dimensions, i.e. dropping eventual contributions that can be added
in particular space-time dimensions only such as higher Chern-Simons terms. After appropriate
field redefinitions it coincides with a truncation of the Samtleben-Szegin-Wimmer action. In the
process one sees explicitly how the existence of a gauge invariant functional enforces that the most
general semi-strict Lie 2-algebra describing the bundle of a non-abelian gerbe gets reduced to a very
particular structure, which, after the field redefinition, can be identified with the one of an enhanced
Leibniz algebra. This is the first step towards a systematic construction of such functionals for higher
gauge theories, with kinetic terms for a tower of gauge fields up to some highest form degree p, solved

here for p = 2.

INTRODUCTION

While the construction of the field content, the gauge
transformations, and the corresponding bundles for
higher gauge theories have been much developed over the
last decade, by different authors and different approaches
[1-11], gauge invariant functionals are rare. There are a
few exceptions to this [12-16], but, up to now, a gen-
eral framework and in particular one that is simultane-
ously systematic and limiting the technical difficulties to
a resonable amount of calculations, definitely has been
missing so far. It is the intention of the present short
communication to make a first step in filling this gap.

To set up a general procedure for arbitrary highest
form degree p for a tower of gauge fields starting with
1-forms or even O-forms, a super-geometric approach, as
the one developed in [17, 18] and applied in [19], will
be indispensable: The problem reduces to an equivariant
extension of a super vielbein together with a vector field,
both defined on a graded manifold that is associated to
the higher gauge theory from the start on. While point-
ing out some features that hold for any p in this note,
we will mainly restrict our attention to the transition
from p = 1, the case of pure Yang-Mills gauge theories,
to p = 2, describing non-abelian gerbes. Therefore here
we will mostly avoid the super language so as to not get
burried in the formalism, and discuss instead the main
changes that occur already in this first extension in a
predominantly gauge theoretic terminology.

THE GENERAL GAUGE STRUCTURE

In the following we recall the main formulas from [17]
needed for the sequel. For a higher gauge theory with
form degrees up to p, we introduce a positively graded
manifold M where each independent gauge field of form
degree k corresponds to one coordinate of the same parity
as the differential form. For example, for p = 2, one has

a couple of coordinates (£*)"_; of degree 1 and thus anti-
commuting and (b)5_, of degree 2 and commuting; this
corresponds to r 1-form gauge fields A* and s 2-form
gauge fields B! interacting among one another. Then
we write the most general degree plus one vector field @
on M and require it to square to zero. In this way we
introduce the gauge structure of the theory. For the case
of our main interest, p = 2,
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and Q? = 0 encodes the identities to be satisfied by the
structure constants C¢,, ¢, af,, vJ,.. These in total
five families of identities are the adequate generalization
of the Jacobi identities for the usual structure constants
C¢,. For the example (1), this parametrizes a (semi-
strict) Lie 2-algebra [20], while for general p one obtains
a Lie p-algebra, i.e. a particular type of Lo.-algebra [21].
A graded manifold equipped with such a vector field @
is called a Q-manifold [22, 23]. According to [17], it con-
tains all the necessary general gauge structure of a higher
form degree gauge theory, independent of space-time di-
mensions or particularities of special functionals.

Let us denote the gauge fields of all different form de-
grees collectively by A®. Then the corresponding field
strengths take the form

P = dA® - Q%(A) (2)

where Q®(A) denotes the a-component of the vector field
Q, subsequently replacing all graded coordinates in this
polynomial by the corresponding gauge fields, with the
multiplication being the wedge-product. For our pre-
ferred example p = 2, this yields

1
F* = dA" 4 SC5,A" A Ab — ¢l (3)

1
F' =dB' + ol ,A* A B’ — 6%{bCA“ ANAY A ACL (4)



Consider the locally defined algebra A generated by the
differential forms A¢ and dA%. Sums of “words” in these
“letters” that contain at least one F'* form an ideal
T C A. One still remains inside the same ideal when
performing redefinitions of its generators such as

Gl =FT — gl A* A F? (5)

for some at this point arbitrary choice of constants 8%, —
and likewise so for other field strengths, using those ap-
pearing already before within the tower. Only the first
one, F'* remains unmodified by such redefinitions.

Certainly, in particular space-time dimensions one
could add further terms. For example, for space-time di-
mension d = 4, one can add a term such as I/ébA“ A x FP
to (5). The considerations of the present paper are for
generic dimensions, or the structure that is common to
all dimensions d, and then (5) describes the most general
redefinition or extension of the system (3), (4).[24]

The generalized version of Bianchi identities becomes
very elegant in this formulation: dZ C Z. In fact, this
condition leads one necessarily to the @-structure behind
any higher gauge theory [17].

Infinitesimal gauge transformations are parametrized
by some &%, one for each A® and of form degree one
less than the one of the corresponding gauge field. As
generators for the gauge transformations, stability of 7
leads one to consider

50A% = de” + P (95Q%)(4), (6)

to which one may again add some F-dependent new
terms, §A® = §%4% + §'A® where §'A* C ZI. These
transformations have the characteristic property that
0Z C T; even more, 6°Z C Z does not only determine
the “main part” 6° of the symmetries to be of the form
(6) for the same @ as before, for given Z this condition
can be used to find simultaneously the form of F'® and
59 A% as well as the main structural property Q* = 0 [17].
For a transformation of F'® with respect to the main part
of the symmetries (6), an explicit formula is known:

0OF* = (=) FY(9,05Q%)(A), (7)
where |3| denotes the form degree of A%. Let us now
specialize the last two paragraphs for p = 2 (or a general
p, but for the first two levels of the tower):

§0A* = de” + Cp A% + tip’ (8)
1

B! = dp' + ag (A% — e"BY) + S5, A"A% (9)

OF* = —CpebFe (10)

OF = —al e F + (ahyp” — ke A Fe (11)

where wedge products are understood. While neces-
sarily 6A% = 6°A%, one has 6B! = B! + 6'B! for
some 6'B! = UibEan. Anticipating considerations

from below—in particularly, that one necessarily needs
a transformation law of G in (5) of the form of Eq. (15)
below—we will require that the transformation of G! in
(5) does not pick up a term proportional to de. Then a
simple exercise yields ng =— ﬁgb, and thus the complete
gauge symmetries for p = 2 take the form

SAC =64 | 6B =B + gl o FP. (12)
It is one of the main advantages of the present approach
that the only further ambiguities in the construction of an
action functional lie in the addition of F-terms of lower
degrees. For p = 2 this amounts thus to the introduction

of merely one hitherto undetermined new set of constants
BL, in (5) and (12).

ON THE CONSTRUCTION OF ACTIONS

Following the pattern of [25], generalized to arbitrary
higher gauge theories in [15], a gauge invariant action
functional without any further constraints on the struc-
ture constants except for the existence of an appropri-
ately invariant metric k, can be obtained by squaring the
highest field strength and adding the lower ones by means
of Lagrange multipliers. For p = 2,

1

S[A*, BT A,] = / Ay ANF* + §/§UFI AxF7 . (13)
b

where A, are d—1-forms on d-dimensional space-time X

and, according to (11), the metric coefficients x have to

satisfy Ozg(Ili'])L = 0. The goal of the present article,

however, is to consider a gauge-consistent deformation of

So[A%] = % /Z Kagd A A xdAP (14)

i.e. a functional with kinetic terms for all the gauge fields
A*) extending Sp in a way consistent with the higher
gauge structure specified above. Here the most direct
attempt [4], [y KapF® A *xFP, turns out to be far too
restrictive: As obvious from (11), this would require
al, =0 =+ for p =2, reducing F! to the abelian
FI =dB'.

The way out here is to consider actions of the form
Shigher[A%] = %fz KapG® A *GP with correspondingly
adapted gauge transformations §A® = §%4% 4 61 A“, in
generalization of (5) and (12), where for higher p addi-
tions can and should contain also higher wedge products
of lower F's.

Before solving this problem in full generality for p = 2,
let us draw some direct conclusions for general p. The
variation of Spigher can vanish only if for each fixed de-
gree of a, the G“s transform into themselves. This im-
plies that necessarily there exist constants cj, such that

6G™ = —c23e"GP . (15)



In particular, all the Gs need to be strictly invariant with
respect to e* with |a| > 2. Since, moreover, the gauge
transformations of a functional need to close on-shell al-
ways [26], the field equations contain a Hodge dulatity
operator, but the commutator of gauge transformations
do not, the gauge transformations §. leaving invariant
Shigher need to close strictly off-shell. Finally, the condi-
tions to be satisfied by the non-degenerate scalar prod-
ucts kqp follows from (15) to always be of the form

Lahion =0, (16)

for all the different form degrees of A“.

MOST GENERAL ACTION FOR p =2

Although G* = F*°, the gauge transformation of F'¢
is no more of the form (10), but the coefficients C{, ap-
pearing there change to

che = Che + 11 Bhe » (17)

which now is no more necessarily anti-symmetric in its
lower indices. Thus, the transition of the standard Yang-
Mills case p = 1 to the non-abelian gerbe theory p = 2
does not only relax the condition of the Jacobi identity
for the structure constants Cf.., in addition, according to
(16), the metric kqp of the 1-form gauge fields has to sat-
isfy an invariance condition with respect to the modified
coefficients (17): Cg(b/ic)d =0.

It now remains to calculate §G!, which is somewhat
lengthy but straightforward. Here one also needs the
Bianchi identity dF® = —CgAF¢ — t4F!. As a re-
sult, one finds that the p-invariance of G! and its e-
equivariance (15) hold true, iff

O‘é] = Bl{at?f ) (18)
Vibc = Cgbﬁéc - QCcd[aﬁlf]d (19)
_2(Bé[aﬁl;]]c + 5[{1|d6l{]c)t§ y

respectively. In addition, one finds ¢}, = ol ; + gL, th =
2B(Iab)tf}, which determines the condition of ;s for full
gauge invariance of the action functional describing a
non-abelian gerbe,

1
Sgerve = 5 / kaF* ANxF® + kG NG (20)
b))

We finally note that while [d., dz] needs to close on A%
for form degree reasons already, its closure on the 2-form
fields B! requires one structural identity to hold true,
which, however, can be seen to follow from the two con-
ditions (18) and (19) above. The composed parameters
€% remain unchanged by the additions §! guaranteeing
closure [17]: €% = Ceb¢ and i = ol j(eon’ —eop’) —
vl et Ac.

THE GERBE LIE 2-ALGEBRA

A good part of the present work goes into the iden-
tification of the mathematical structure underlying the
gerbe action. Here we present the result of this analysis
only: Corresponding to the r-dimensional internal space
V of the 1-form gauge fields A and the s-dimensional in-
ternal space W of the 2-form gauge fields B, one has the
following short sequence

w5V, (21)

together with a Leibniz product on V, denoted by a
bracket, [-,-]: V®V — V, and satisfying, by definition,

[Uh [va U3H = [[Ula UQ], 1}3] + [U27 [vl’ U3]] (22)

for all v; € V, and a product o on V with values in W.
These satisfy the following compatibilities:

t(w)ot(w) =0, [v,v]=tlvov), [t(w),v]=0, (23)

forallveV, w e W as well as
S S
u o [v,v] =v o [u,v] (24)

for all u,v € V, where 3 denotes the symmetrization of

1

2
of basis e, in V and by in W, the identification with the
components is given by:

the product o, i.e. u 6 v = 2 (uov+vou). After a choice

t(by) =tiea, [eases] =Copec, eqoe€p= ,Bébb[. (25)

Remarkably, all the eight, in part involved equations
following from the previous considerations are satisfied
identically with these axioms. We remark here only that
(19) does not just determine 'yibc in terms of other quan-
tities, but also leads directly to the constraint (24) due
to its total skew-symmetry.

In particular, by construction, the above structure
gives rise to a semi-strict Lie 2-algebra, which, as a
~v-twisted crossed module of Lie algebras, is obtained
from the following identifications: For the bracket on
V one takes [u,v]y := [u,v] — t(u o v), for the one on
W, [wy,walw = —t(wy) o t(ws), both of which are anti-
symmetric due to the first two equations in (23). The
(twisted) action x of V on W is given by v*w := t(w)owv,
while the formula for the “anomaly” ~ is somewhat
longer:

v(v1,v2,v3) = [v1, V2] 0 V3 + Vg © [v1,v3] — V1 © [vg, V3]

—t(v1 o vg) o vz + t(vy 0 v3) o vy — t(vy 0 w3) 0 V1. (26)

If v vanishes, this becomes a strict Lie 2-algebra or
crossed module: the brackets [-,-]y and [, ]w are then
Lie brackets, t a Lie algebra morphism, and * becomes a
map from V into the derivations of W.



It is one of the main findings of this paper that only
those (semi-strict) Lie 2-algebras which arise in the above
way result in a gauge invariant action functional of the
form Sgerpe-[27]

We conclude this section by remarking that the condi-
tion of the metric ky on V needed for gauge-invariance of
Sgerve is simply invariance with respect to left action of
the Leibniz bracket, while kyw needs to be invariant with
respect to the operator v & t(-) on W for any v € V.

REDUCED ACTION AND ALGEBRA

The physics described by the functional Sge,pe remains
unchanged if we perform field redefinitions such as B! —
BT — 18I, Ae A AP, A simple look at (5) and (4) shows
that this kills precisely the antisymmetric part of the
coefficient B, in the first of these two equations. Also
other coefficients change as is best seen by performing
the super-diffeomorphism

1
bl b — 3 T eangd (27)

within the vector field (1). But we do not need to follow
all the changes that the other structure constants un-
dergo, which can be found in [17];[28] after this change
of fields and constants performed at the very beginning of
the calculation, its net effect is simply that the product
o is symmetric now.

With this simplification, the functional (20) becomes
identical to a truncation of the theory found in [13].[29]
We started out with a complete and systematic approach,
the coincidence of the most general action for p = 2 with
the previously found “example” is therefore remarkable.

We conclude the discussion of p = 2 by describing its
underlying algebraic structure: For a symmetric opera-
tion o, the axioms (22), (23), and (24) describe what can
be called a semi Courant-Dorfman algebra [30]. Courant-
Dorfman algebras, which contain additional structure not
present here, were introduced as a joint axiomatization
of Courant algebroids [31, 32] and string current alge-
bras [33]. For the identification, one regards o as a
scalar product (+,-) on V with values in W. Replacing
t by %8, the condition (24) now obtains the interpre-
tation of invariance of this scalar product with respect
to the action of the Leibniz bracket on V and o0 on
W: wo d(vy,v2) = ([u,v1],v2) + (v1,[u,v2]). In partic-
ular, every Courant-Dorfman algebra gives rise to a Lie
2-algebra (in generalization of the result for Courant al-
gebroids [34]) and can serve as the gauge structure of a
non-abelian gerbe.

More important than this observation is the fact that
already every Leibniz algebra structure (V, [-,]) gives rise
to such a structure in the following way: Let Wy be the
ideal generated by squares [v,v] in V and t( its embed-
ding into V. One then verifies that all the axioms (23)

\% do

gt

FIG. 1. The vertical line shows the canonical data of any
Leibniz algebra V: Wy is the embedded ideal of squares and
go the canonical quotient Lie algebra. The pair t: W — V
can be an enlargement of this structure in two ways: First,
the map ¢ does not need to be an embedding, i.e. ¢ can have a
kernel, and second, the image of ¢ can be larger than Wy C V;
in this case, there still exists a quotient Lie algebra g, which
is simultaneously a quotient of go.

and (24) are automatically satisfied.[35] Reciprocally, if
t: W — V is injective and o: S2V — W is surjective, the
complete structure is of this form. In general, certainly
the map ¢ can have a kernel and its image can be strictly
larger than Wy, while necessarily the image of the com-
position of o with ¢ needs to coincide with ¢ due to the
second equation in (23). The general situation is depicted
in Fig. 1. Given a Leibniz algebra V, the enhancement to
t: V — W together with o: S?V — W is quite restricted.
For example, only the part of o mapping into ker ¢ is not
already fixed by (23).

Still, there is some freedom that remains to be cho-
sen. To give a simple example, take V and W to be
both R2, t the identification of the first summands,
and the Leibniz bracket to be identically zero. Then
there is precisely a two-parameter family of choices for
o: (z,y)o(a',y") = (0,cryy’ + ca(zy + 2'y)). For c; =1
and co = 0, the resulting gauge theory (20) is particu-
larly simple: F! = dA! — B!, F? = dA?, G' = dB! and
G? = dB? — A2 AdA2?. The physics of this simple model
is seen to describe one abelian massless gerbe gauge field
B? interacting with one abelian massless gauge field A2
and, after eliminating A' by a shift of B!, one more mas-
sive abelian free gerbe B'. We have not discussed such
type of field redefinitions in general for the action (20);
but evidently they should be taken into account as well
for a proper understanding of the resulting physics.

A whole class of less trivial examples can be con-
structed by looking at vector fields of a Q-manifold M
equipped with 7 degree 1 and s degree 2 coordinates: De-
gree -1 vector fields V' and degree -2 vector fields W on
M are identified with elements v € V and w € W, re-
spectively, the Lie bracket [V, V] with v o v, the derived
bracket [[V, @], V'] with the Leibniz bracket [v,v'], and
t: W — V is induced by adg. Enhanced Leibniz alge-
bras, i.e. structures defined by (21), (22), (23), and (24),
obtained in this way always have a non-degenerate, sur-
jective product o, in which case the axioms can be proven
to be equivalent to a W-twisted Courant algebroid [17]



over a point. .

Examples stemming from M like this have the feature
that necessarily dmV =7r=7(1+3) > dimW =5 =75.
For the construction of other examples, it seems reason-
able to start with the Leibniz algebra on V. Let us take
an example where r = s = 4: The following defines a
Leibniz bracket on V, [u,v] = ug(vier — vaea). Evi-
dently, the subspace Wy of squares is (e1,es) = R? in
this case. For t we choose t(by) = ey for I = 1,2,3 and
t(bs) = 0 and for the (symmetric) o-product, v ov =
v4(v1by — vabg + kugby), where k € {£1,0}. We thus
obtained an enhancement of the Leibniz algebra V with
both, a non-trivial kernel of ¢ and, for non-zero k, with
to(Wo) S ¢(W) C V.

These data give rise to a strict Lie 2-algebra, since
~ turns out to vanish. At the price of adding a skew-
symmetric part to o, it can be transformed into a non-
strict one by a super-diffeomorphism of the type (27).

In general, the appropriately invariant metrics ky and
kw are additional structures and their existence, as for
Lie algebras, can restrict the admissible enhanced Leib-
niz algebras. This is well illustrated by the above exam-
ple: ky([u,v],v) = 0 for all u,v € V cannot be satisfied
for a positive definite xy since it is easily seen to lead
to ky(e1,e1) = 0. This fact is even independent of the
enhancement here.

CONCLUSION AND OUTLOOK

In this paper we continued the systematic construction
of higher gauge theories started in [17] with gauge invari-
ant functionals. For the purpose of a first orientation we
focused on the case p = 2. We showed that the most
general ansatz in generic dimensions with kinetic terms
for the 1-form and the 2-form gauge fields leads neces-
sarily to a truncation of the Samtleben-Szegin-Wimmer
action, at least after a field redefinition. Note in this
context that while the iterative construction in [13, 14]
includes within G at each step already the gauge field
of degree |a| 4+ 1, we found it advantageous to avoid this
here: without it, the iteration p — p+1 follows the tower
of Lie p-algebras, which otherwise is obtained only after
further truncation or projection [19].

We furthermore observed that the Lie algebra struc-
ture on V for p = 1 is turned into a Leibniz algebra upon
transition to p = 2. In fact, as will be shown in [36],
any Leibniz algebra gives rise to a canonical Lie, alge-
bra and it is this algebraic structure that underlies the
tensor hierarchy of [37-39]. In [13], on the other hand,
the gauge structure is not determined completely by this
Leibniz algebra, but by an appropriate enhancement of
it, summarized in Fig. 1.

It is clear from the present considerations that extend-
ing the construction to higher p or also to “just” including
scalar fields into the tower, will lead to an explosion of

technical work. While for higher and higher p, the addi-
tional data will correspond to more and more involved al-
gebraic structures, the inclusion of scalar fields turns this
into a more and more involved problem within differen-
tial geometry [17], [16]. All these complicated structures,
however, promise to have a simple super-geometrical in-
terpretation. We found that it is not the right strategy
to focus on the closure of the gauge symmetries, since
already for p = 2 this yields only part of the necessary
restrictions of the structure functions, but to instead turn
to the extension problem of G satisfying the equivari-
ance condition (15). With (2), (6), and (7) we have closed
formulas for any p. In the present approach, all the am-
biguity lies in adding terms lying within the ideal Z. We
intend to come back to a development of this idea in a
sequel to this work.

Using the approach [18], action functionals like (20)
will extend to a functional on non-trivial bundles. It is an
interesting open problem for the future already for p = 2
to relate the picture of @-bundles to the alternative one
of categorified bundles and bundle gerbes [1, 6, 7, 11].
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