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1 Introduction

Algebras endowed with an n-ary operation play important roles, among others,
in Lie and Jordan theories, geometry, analysis, physics and biology. For in-
stance, this kind of structures were considered to analyze DNA recombination
[29]. Leibniz n-algebras and its corresponding skew-symmetric version, named
as Lie n-algebras or Filippov algebras, arose in the setting of Nambu mechanics
[26], a generalization of the Hamiltonian mechanics. The particular case n = 3
has found applications in string theory and M-branes [7, 28] and in the M-theory
generalization of the Nahm’s equation proposed by Basu and Harvey [§]. It can
also be used to construct solutions of the Yang-Baxter equation [27], which first
appeared in statistical mechanics [9].
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Deformations of algebras structures by means of endomorphisms give rise to
Hom-algebra structures. They are motivated by discrete and deformed vector
fields and differential calculus. Part of the reason to study Hom-algebras is its
relation with the g-deformations of the Witt and the Virasoro algebras (see [21]).

In this way, deformations of algebras of Lie type were considered, among
others, in [21} 24] 25, BT, 30]. Deformations of algebras of Leibniz type were con-
sidered, among others, in [I8], 20, 14], 22} 24]. The generalizations of n-ary algebra
structures, such as Hom-Leibniz n-algebras (or n-ary Hom-Nambu) and Hom-Lie
n-algebras (or n-ary Hom-Nambu-Lie), have been introduced in [4] by Ataguema,
Makhlouf, and Silvestrov. In these Hom-type algebras, the n-ary Nambu iden-
tity is deformed using n — 1 linear maps, called the twisting maps, given rise
to the fundamental identity (n-ary Hom-Nambu identity) (see Definition 2TI).
When these twisting maps are all equal to the identity map, one recovers Leibniz
n-algebras (n-ary Nambu) and Lie n-algebras (Nambu-Lie algebras).

The topic of central extensions of algebraic structures is also present in many
applications to Physics. For instance, the Witt algebra and its one-dimensional
universal central extension, the Virasoro algebra, often appear in problems with
conformal symmetry in the setting of string theory [19].

Recently in [I7] was noticed an important fact concerning universal central
extensions in the setting of semi-abelian categories, the so called UCE condition,
namely the composition of two central extensions is central. We show in this
paper that the category of Hom-Leibniz n-algebras doesn’t satisfy UCE condition
(see Example B). From this fact, our aim in this article is to introduce and
characterize universal a-central extensions of Hom-Leibniz n-algebras. In case
n = 2 we recover the corresponding results on universal a-central extensions of
Hom-Leibniz algebras in [14] [15]. Moreover, in case a@ = id we recover results
on universal central extensions of Leibniz n-algebras in [12]. In case n = 2 and
a = id we recover results from [13].

The article is organized as follows: in section I we introduce the neces-
sary basic concepts on Hom-Leibniz n-algebras and construct the homology with
trivial coefficients of Hom-Leibniz n-algebras. Bearing in mind [10], we endow
the underlying vector space to a Hom-Leibniz n-algebra £ with a structure of
(D1 (L) = L% o/)-symmetric Hom-co-representation as Hom-Leibniz alge-
bras and define the homology with trivial coefficients of £ as the Hom-Leibniz
homology HLS(D,,—1 (L), L).

In section [Blwe present our main results on universal central extensions. Based
on the investigation initiated in [14], we generalize the concepts of (a)-central
extension, universal («)-central extension and perfection to the framework of
Hom-Leibniz n-algebras. We also extend the corresponding characterizations of
universal («)-central extensions. Since Hom-Leibniz n-algebras category doesn’t
satisfy UCE condition, characterizations are divided between universal central
and universal a-central (see Theorem B.1T]).

In section Ml we introduce the concept of non-abelian tensor product of Hom-



Leibniz n-algebras that generalizes the non-abelian tensor product of Leibniz (n)-
algebras in [12] [I5], and we establish its relationship with the universal central
extension.

The final section is devoted to develop a generalization of the concept and
properties of unicentral Leibniz algebras in [13] to the setting of Hom-Leibniz n-
algebras. As a first step we show that the classical result: perfect Leibniz algebras
are unicentral, doesn’t hold in the framework of Hom-Leibniz n-algebras (see Ex-
ample B.1) and requires an additional condition (see Proposition [.4]). The main
result in this section establishes that for two perfect Hom-Leibniz n-algebras,
(L,ar) and (L', ap) with both ag, az injective and such that (uce(ﬁ),&uce(g)),
and (uce(L'), Quee(cr)) satisfy condition (@) (see below), then the following state-
ments hold:

~ ~ ~ ar (L ~ (0% /[,,
a) If (uce(L), Quee(z)) = (uce(L), Guce(er)), then Z(ofﬁ((c))) = Z(ofﬁ/((ﬁa))'

ar (L ~J Oyt [,, ~ ~ ~
b) Tf 52y = iy then (uce(as(L)), Gucoy) = (uce(ae (L), Guceiery)-

2 Preliminaries on Hom-Leibniz n-algebras

In this section we introduce necessary material on Hom-Leibniz n-algebras, also
called n-ary Hom-Nambu algebras in [2| 4], [32] or n-ary Hom-Nambu-Lie algebras

in [3].

2.1 Basic definitions

Definition 2.1 A Hom-Leibniz n-algebra is triple (L, [—,...,—],a) consisting
of a K-vector space L equipped with an n-linear map [—,...,—] : L — L
and a family a@ = (a;),1 <1 <n—1 of linear maps «; : L — L, satisfying the
following fundamental identity:

Hxlv L2, - 7xn]7 al(yl)v a2(y2)7 T an—l(yn—l)] =

2[041(1'1)> . ,Oéi—l(l"z'—l), [Ii, Y1, Y2, - - - ayn—1]> ai(Ii+1)> <. ,an—l(iﬂn)]
i=1

(1)

fOT (le (1'1, e ,Z’n) € ‘anay = (y1> L ayn—l) S Ex(n—l).

The linear maps «y, . .., a,_1 are called the twisting maps of the Hom-Leibniz
n-algebra. When the n-ary bracket is skew-symmetric, i.e. [25a1),...,Tom)] =
(=1 [zy,...,2,],0 € S,, then the structure is called Hom-Lie n-algebra (or
n-ary Hom-Nambu algebras in [I], 3], or n-Hom-Lie algebras [23]).

Letx = (z1,...,2,) €L,y = (Y1, ..., Yn1) € LV a(y) = (a1 (1), ...,
-1 (Yn-1)) € L™V and define the adjoint representation as the linear map



ad, : L — L, such that ad, (z) = [z, y1,...,Yn—1], for all y € L. Then identity
() may be written as follows:

n

adg |1, .. 0] = Z (a1 (z1), ..., i (i) sady (2) , 04 (i) 5oy Qg (T0)]

i=1
Definition 2.2 [1I] A Hom-Leibniz n-algebra (L, [—, ..., —], &) is said to be mul-
tiplicative if the linear maps in the family & = (o) c;c,,_, are of the form
a) = -+ = ap_1 = «a, and they preserve the bracket, that is, alxy,...,z,| =

[a(xy), ..., a(x,)], for all (z1,...,x,) € L™

Definition 2.3 [1I] A homomorphism between two Hom-Leibniz n-algebras (L,
[—,...,=],&) and (L', [-,..., =], &/) where @ = (o) and & = (c),1 < i <

n —1, is a linear map f : L — L' such that:

((I) f([zlaaxn]) = [f($1)>"'af(zn)]/f.
(b) foay=clofii=1,...,n—1

for all xy,...,z, € L.

We denote by ,HomLeib the category of Hom-Leibniz n-algebras. In case
n = 2, identity (I is the Hom-Leibniz identity (2.1) in [14], so Hom-Leibniz
2-algebras are exactly Hom-Leibniz algebras and we use the notation HomlLeib
instead of ;HomLeib.

Example 2.4

(a) When the maps (c;) <, 1 in Definition 21 are all of them the identity
maps, then one recovers the definition of Leibniz n-algebra [16]. Hence
Hom-Leibniz n-algebras include Leibniz n-algebras as a full subcategory,
thereby motivating the name ”Hom-Leibniz n-algebras” as a deformation of
Leibniz n-algebras twisted by homomorphisms. Moreover it is a multiplica-
tive Hom-Leibniz n-algebra.

(b) Hom-Lie n-algebras are Hom-Leibniz n-algebras whose bracket satisfies the
condition [xy, ..., T Tiy1, ..., s = 0 as soon as x; = x;q forl <i <n—1.
So the category ,HomLie of Hom-Lie n-algebras can be considered as a full
subcategory of ,HomlLeib. For any multiplicative Hom-Leibniz n-algebra
(L,[—,...,—],a) there is associated the Hom-Lie n-algebra (Lyse, [—, - .., —],
E), where Ly = L/L*™, the bracket is the canonical bracket induced on
the quotient and & is the homomorphism naturally induced by &. Here
£ = {[x1, ..., T Tig1, - .- Ty, as sSo0n as x; = x;41,1 <i<n—1uz; €

Lj=1,...,n}).



(c) Any Hom-vector space V' together with the trivial n-ary bracket [—, —, ... —]
(i.e. [x1,2a,...,2,) = 0 for all x; € V,1 < i < n) and any collection of
linear maps oy = (a; : V. — V)i<ij<n_1, s a Hom-Leibniz n-algebra, called
abelian Hom-Leibniz n-algebra.

(d) Hom-Lie triple systems [3, [32] are Hom-Leibniz 3-algebras L satisfying the
following properties:

o [Sl?,y,Z] = —[y,x, Z];

o [z,y,2] + [y, 2 2]+ [2,2,y] = 0,
forall z,y,z € L.

(e) 1-dimensional Hom-Leibniz n-algebras over a field K, whose characteristic
in not a factor of n—1, are abelian Hom-Leibniz n-algebras or Hom-Leibniz
n-algebras with any bracket and the collection & = (o;)1<i<n—1 contains at
least one trivial map o;,1 <i<n—1.

In the sequel we refer to Hom-Leibniz n-algebras as multiplicative Hom-
Leibniz n-algebras and we shall use the shortened notation (£, @) when there is
not confusion with the bracket operation.

Definition 2.5 Let (L,[—,...,—],az) be a Hom-Leibniz n-algebra. A Hom-
Leibniz n-subalgebra (H, ) is a linear subspace H of L, which is closed for
the bracket and invariant by o, that is,

a) [x1,...,x,] € H, forall xy,...,x, € H,
b) ay(x) € H, for allz € H (o = o).

A Hom-Leibniz n-subalgebra (H, ay) of (L,ar) is said to be an n-sided Hom-
ideal if [x1, 29, ..., 2, € H as soon as x; € H and x1,...,Ti1,Tit1,..., Ty € L,
foralli=1,2,... n.

If (H, &) is an n-sided Hom-ideal of (L, dc), then the quotient (L/H, 0z x)
naturally inherits a structure of Hom-Leibniz n-algebra, which is said to be the
quotient Hom-Leibniz n-algebra.

Definition 2.6 Let (M, ar),1 < i < n, be subalgebras of a Hom-Leibniz n-
algebra (L,arz). We call commutator subspace corresponding to the subalgebras
M;, 1 <1i<n, to the vector subspace of L

[Ml,...,Mn] = <{[Z’1,...,Z’n],l’i GMU(i),l SZSH,O’GS,L}>



Definition 2.7 Let (L, a,) be a Hom-Leibniz n-algebra. The subspace
Z(L) = Az €L |[ry, .., 01,2, Tig1,. .., 2] =0,

~

Ve, e L,5€{1,...,4,....,n},ie{l,...,n}}

is said to be the center of (L,ay).
When the endomorphism o : L — L is surjective, then Z(L) is an n-sided
Hom-ideal of L.

Proposition 2.8 [33, Theorem 4.8 (2)] Let (L,ar) be a Hom-Leibniz (n + 1)-
algebra. Then (D, (L) = L®", [—, —],d’) is a Hom-Leibniz algebra with respect to
the bracket

1@ @ ap, by @ @by] =Y ala) @ ®a,by,...,b) @ @ a(ay)
i=1

and endomorphism o/ = D, (L) — D,(L) given by

(a1 ®...Qa,) =ala) @ ... ® alay,).

2.2 Homology with trivial coefficients of Hom-Leibniz n-
algebras

Let (L£,a,) be a Hom-Leibniz n-algebra, then £ (as a K-vector space) is en-
dowed with a symmetric Hom-co-representation structure [14, Definition 3.1] over
(D1 (L) = L2~V /) as Hom-Leibniz algebras with respect to the following

actions
[—, —]  LXx D, —1 (,C) — L
[——] : Dy (L)yxL—L

given by
[lall &K - ®ln—1] = [lvllv"’uln—l] (2)
L@ @b, l] = — [l o]

and endomorphism « : £ — £ such that a; = (), =, 1 <i <n—1.

Now we construct a chain complex for Hom-Leibniz n-algebras in order to
compute its homology with trivial coefficients. Firstly we recall this complex
for Hom-Leibniz homology [14]. Let (L,[—,—], ) be a Hom-Leibniz algebra
and (M, ) be a Hom-co-representation over (L, [—, —], o). The Hom-Leibniz
complex (CL¥(L, M), d,) is given by setting CL%(L, M) := M ® L®" n > 0, and
by differentials the K-linear maps d,, : CLY (L, M) — CL%_,(L, M) defined by

dy(mR@x1 @ Q) = M, 21] @ ap(xy) @+ @ ap(z,)+

n
—

S (=1 [wim] @ ap(z) ® @ ag(w) @ @ ap(z,)+

=2



Z (=D ay(m)@ag (21)@- - -®ag(z,1) @z, ;)@ - -@ag(2;)®- - -@ag(2,).
1<i<j<n

The homology of the chain complex (C'LY(L, M), d,) is called homology of the
Hom-Leibniz algebra (L, [—, —|, ) with coefficients in the Hom-co-representation
(M, ap) [14] and is denoted by HLY(L, M) := H.(CLY(L, M), d,).

In order to construct the chain complex (,C'L$ (L), d,) which allows the com-
putation of the homology with trivial coefficients of a Hom-Leibniz n-algebra
(L,ar), we only need to have in mind that (2)) endows (£, «) with a Hom-co-
representation structure over (D,_1 (£), '), so it makes sense the construction
of its Hom-Leibniz complex, hence we define

nCL(:(‘C) = CL?(IDn—l (‘C) aﬁ)

thus, by definition, the homology with trivial coefficients for the Hom-Leibniz
n-algebra (L, ay) is

nH LE(L,K) := HLZ (Dy-1 (£), £)

and we will use the short notation , H L%(L) instead of , H L% (L, K).
In particular, we have

WHLG(L) = HLY (Dy_y (L), L) = Coker(d : L% — L) = Lo

If £ is an abelian Hom-Leibniz n-algebra, then £ is endowed with a trivial Hom-
co-representation structure from D,,_; (L), then

LR £®(n—1)
(L) ® [ﬁ@(n—l)’ £®(n—1)]

"HL(IJ (‘C) - HL(IX(Dn—l (‘C) a‘C) = o

When L is a Hom-Leibniz 2-algebra, that is, a Hom-Leibniz algebra, then we
have that
JCLE(L) = CLY(L,£) = CLE, (L)
(see the proof of Proposition 3.4 in [I4]). Thus HL}(L) = HL} (L), for all

k > 1. In particular, ;HLG (L) = HLY(L) = Lap. When a = id the corresponding
results for Leibniz n-algebras in [10] [I1] are recovered.

3 Universal central extensions

Definition 3.1 A short ezact sequence of Hom-Leibniz n-algebras (K) : 0 —
(M, anm) = (K,ax) = (L£,a,) — 0 is said to be central if [M,K,"71, K] = 0.
Equivalently, M C Z(K).

We say that (K) is a-central if [ap (M), "L ap (M), K] = 0.



Remark 3.2 Let us observe that the notion of central extension in case ax =
(idi) coincides with the notion of central extension of Leibniz n-algebras given
in [10]. Nevertheless, the notion of a-central extension in case ax = (idx) gives
rise to a new notion of central extension of Leibniz n-algebras. In particular, this
kind of central extensions are abelian extensions of Leibniz n-algebras [10].

In case n = 2, we recover the notions of central and a-central extension of a
Hom-Leibniz algebra introduced in [17)].

Obviously every central extension is an a-central extension, but the converse
doesn’t hold as the following counterexample shows:

Let (L, ayr) be the Hom-Leibniz 3-algebra where L is the two-dimensional vec-
tor space with basis {a1,as}, the bracket operation is given by [a;, a;, a;] = a;,1 =
1,2 and zero elsewhere, and endomorphism o,y = 0.

On the other hand, let (IC,ax) be the Hom-Leibniz 3-algebra where KC is the
three-dimensional vector space with basis {by, by, b3}, the bracket operation is given
by [bi, bi, b;] = b;,i = 1,2,3 and zero elsewhere, and endomorphism ayx = 0.

The surjective homomorphism © : (KC,ax) — (L,az) given by w(by) = 0,
w(by) = a1, m(bs) = ag, is an a-central extension, since Ker(r) = ({b1}) and
[axc(Ker(m)), ax(Ker(m)), K] = 0, but is not a central extension since Z(K) = 0.

Definition 3.3 A central extension (K) : 0 — (M, an) AN (K, ax) = (L£,a,) —0
is said to be universal if for every central extension (K') : 0 — (M’ anry) AN

(K, axr) L (L,ap) —0 there exists a unique homomorphism of Hom-Leibniz
n-algebras h : (I, ax) — (K', axs) such that 7’ o h = .

The central extension (K) : 0 — (M, dn) — (K, ax) = (£,az) — 0 is said
to be universal a-central extension if for every a-central extension (K') : 0 —
(M apr) LN (K, axr) LN (L,ag) — 0 there exists a unique homomorphism of
Hom-Leibniz n-algebras h : (I, ax) — (K', axr) such that 7" o h = .

Remark 3.4 Obuviously, every universal a-central extension is a universal cen-
tral extension. Note that in the case ax = (idg) both notions coincide. In case
n = 2 we recover the corresponding notions of universal (a-)central extension of
Hom-Leibniz algebras given respectively in [1]), Definition 4.3].

Definition 3.5 A Hom-Leibniz n-algebra (L,ar) is said to be perfect if L =
C,....L].

Lemma 3.6 Let 7 : (K, ax) — (L£,ar) be a surjective homomorphism of Hom-
Leibniz n-algebras. If (IC, ax) is a perfect Hom-Leibniz n-algebra, then (L, ay) is
a perfect Hom-Leibniz n-algebra as well.

Lemma 3.7 If 0 — (M, anm) AN (K,ax) = (L,ac) — 0 is a universal central
extension, then (IC,ax) and (L,ar) are perfect Hom-Leibniz n-algebras.



Proof. Assume that (K, ax) is not a perfect Hom-Leibniz n-algebra, then [KC, . .. K]
¢ K, thus (IC/ K, ..., K] ,&|), where (o) is the induced natural homomorphism,
is an abelian Hom-Leibniz n-algebra (see Example 2.4] ¢)).

Consider the central extension 0 — (Kap, a)) — (lCab X L, x 625) TN (L,ar)
— 0, then the homomorphisms of Hom-Leibniz n-algebras ¢, v : (K,ax) —
(Kab x L, &) x az) given by ¢ (k) = (k, 7 (k)) and ¢ (k) = (0,7 (k)) (k denotes
the coset k + [C,...,K]) are two distinct homomorphisms of Hom-Leibniz n-
algebras such that pr oo =7 = pr o, which contradicts the universality of the
given extension.

Lemma completes the proof. O

Lemma 3.8 Let 0 — (M, an) RN (K,ax) = (L,az) — 0 be an a-central
extension and (K, ax) is a perfect Hom-Leibniz n-algebra. If there exists a homo-
morphism of Hom-Leibniz n-algebras [ : (IC, ax) — (A, a4) such that To f =,
where 0 — (N, an) 2 (A,a4) = (L£,az) — 0 is a central extension, then f is
unique.

Proof. Assume that there are two homomorphisms fi, fo : (K, ax) — (A, ax)
such that 7o fi =7 =70 fy, then fi — fo € Ker(7) =N, i.e. fi(k) = fo(k) +ny,
ng € N.

Since (K, ax) is a perfect Hom-Leibniz n-algebra, it is enough to show that
f1 and fy coincide on [KC, ..., K]. Indeed

fl[klv"'vkn]:[f2(k1)_'_nklv”’vf?(kn)_'_nkn]:[f2(k1>7"'7f2(kn)]+A:
fg[]fl,...,]{?n],

since a typical summand in A is of the form [nkl, ooy fa (ki) fo (kn)}
which vanishes because N’ C Z(A). 0

The category ,HomLeib is a semi-abelian category that doesn’t satisfy the so
called in [I7] UCE condition, namely the composition of central extensions is a
central extension, as the following example shows:

Example 3.9 Let (L,a,) be the two-dimensional Hom-Leibniz 3-algebra with
basis {b1,bo}, bracket given by [be, by, b1] = ba, [ba, ba, bo] = by and zero elsewhere,
and endomorphism oz = (0).

Let (IC, ac) be the three-dimensional Hom-Leibniz 3-algebra with basis {a, as,
as}, bracket given by |as, as, as] = ay, [as, az, as] = as, as, as, a3] = ay and zero
elsewhere, and endomorphism ax = (0).

Obviously (IC, ax) is a perfect Hom-Leibniz 3-algebra and Z(K) = ({a1}). The

linear map 7 : <IC,6) — <£,6) given by 7 (ay) = 0,7 (ag) = by, 7 (az) = by, is

a central central extension since 7 is a surjective homomorphism of Hom-Leibniz
3-algebras and Ker (1) = ({a1}) C Z(K).

9



Now consider the four-dimensional Hom-Leibniz 3-algebra (F,ax) with ba-
518 {61, €9, €3, 64}, bracket given by [63, €9, 62] = €1, [63, €3, 63] = €9, [64, €3, 63] =
ey ,|eq, €4, €4) = €3 and zero elsewhere, and endomorphism az = (0).

The linear map p(e1) = 0,p(e2) = a1, p(e3) = as, p(es) = ag is a central
extension since p is a surjective homomorphism of Hom-Leibniz 3-algebras and
Ker (p) = ({er}) = Z(F).

The composition wo p : (]-",6) — <£,6) is given by mo p(e;) = w(0) =
O,mop(es) = m(ay) = 0,moples) = w(az) = by, mopley) = 7(az) = be.
Consequently, mo p is a surjective homomorphism, but is not a central extension,
since Ker (1o p) = ({e1,e2}) € Z(F). However, wop: (]—“,6) — <£,6) is an

a-central extension.

Lemma 3.10 Let0 — (M, dn) — (K, dx) = (£,az) = 0 and 0 — (N, ay) >
(F,ar) & (K,ax) — 0 be central extensions with (K,dx) a perfect Hom-
Leibniz n-algebra. Then the composition extension 0 — (P, ap) = Ker(w o p) —
(F,ar) = (L,a,) =0 is an a-central extension.

Moreover, if 0 — (M, anm) AN (K, ax) = (L,a,) — 0 is a universal a-central

extension, then 0 — (N, an) 2= (F,ar) & (K, dx) — 0 is split.

Proof. Since (K, ax) is a perfect Hom-Leibniz n-algebra, then every element
f € F can be written as > Mg [f1, s fan] + 1 0 €N, fr1, ooy fkn € F. So, for
%

any element in [ap(P), "L, ap(P), F| we have

[ap (1), s fis-ooyap (Pro1)] =
;Ak (lap 1) s s Finn )y oo p (D)) +

[Ozp (pl) R P 0 (pn—l)])

which vanishes by application of the fundamental identity and bearing in mind
that [P, F,..., F| € Ker(p) =N and N C Z(F).

For the second statement, if 0 — (M,ay) — (K,ax) = (£,az) — 0 is
a universal a-central extension, then by the first statement, 0 — (P,ap) =
Ker(mop) — (F,dr) % (L£,d,) —0 is an a-central extension, then there exists a
unique homomorphism of Hom-Leibniz algebras o : (K, ax) — (F, a@x) such that
mopoo =m. On the other hand, Topoo =7 = rwoid and (K, ax) is perfect,
then Lemma [3.§ implies that po o = id. O

Theorem 3.11

a) If a central extension 0 — (M, an) KN (K,ax) = (L,az) — 0 is a uni-
versal a-central extension, then (K, ax) is a perfect Hom-Leibniz n-algebra
and every central extension of (K, ax) is split.

10



b) Let 0 — (M, anm) RN (K, ax) = (L,az) — 0 be a central extension.
If (K,ax) is a perfect Hom-Leibniz n-algebra and every central extension

of (K,ax) is split, then 0 — (M,any) — (K,ax) = (L,az) — 0 is a
universal central extension.

c) A Hom-Leibniz n-algebra (L, az) admits a universal central extension if and
only if (L,ay) is perfect. Furthermore, the kernel of the universal central
extension is canonically isomorphic to ,HLS (L).

d) If 0 — (M, anm) KN (K, ax) = (L,ar) — 0 is a universal a-central exten-
sion, then ,HL§ (K) = ,HL{ (K) = 0.

e) If JHLS (K) = ,HLS (K) =0, then any central extension 0 — (M, a) 5N
(K,ax) = (L,a,) — 0 is a universal central extension.

Proof. a) If 0 — (M, an) = (K,ax) = (L£,az) — 0 is a universal a-central
extension, then is a universal central extension by Remark B4l so (IC,ax) is
a perfect Hom-Leibniz n-algebra by Lemma [3.7 and every central extension of
(K, ax) is split by Lemma 310

0. Construct the pull-back extension 0 — (N, dx) = (Q,d0) — (K,dx
0, where @ = A x, K = {(a,k) € Ax K | 7(a) = w(k)} and ag(a,k)
(ca(a), axc(k)), which is central, consequently is split, that is, there exists a
homomorphism o : (K, ax) — (9, ag) such that 7o o = id.

Then 7 o o, where T : (Q,ag) — (A, ay4) is induced by the pull-back con-
struction, satisfies 7 07 o 0 = w. Lemma ends the proof.

b) Let us consider any central extension 0 — (N, a) EN (A, a4) = (L,ar) —
) —

c¢) For a Hom-Leibniz n-algebra (£, a,), consider the chain homology complex
2C (L,K), where K is endowed with a trivial Hom-co-representation structure.

WC2 (LK) ¢ oe o — LOFDH By pote 1 S5ty ot B pon 2y p
The low differentials are given by

51($1®®In): [1’1,...,.]%]
2T ® T, QY@ @Yn1) = [T, Tn) D az(r) @ @ g (Yn1)—

dYoac@) @ @[y Y] © - © ag(a)
i=1

As a K-vector space, let I be the subspace of £2?"~! spanned by the elements
of the form

[T1,. .., 2] @ap (Y1) @ Q@ ap (Yn1) —
Doac(@) @ @ Ty Y] © - @ ag(an)
=1
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that is Ip = Im(dy : L1 — £%). Let uce(L£) be the quotient vector space
L™ Every coset (21 ® -+ ® x,) + I is denoted by {z1,..., x,}.

.
- By construction, the following identity holds
{[xlv s 7xn] , O, (yl) yee ey O (yn—l)} =
3
Z {aﬁ(xl)a R [zia Yiy .- ayn—l]a s aaﬁ(zn)} ( )
i=1
Since 0; vanishes on I, it induces a linear map u, : uce(£) — L, given by

ug({x1, ..., xn}) = [21,..., 2], and (ar) induces (Quee(z)), Where auyee(c)({21, ..., 2n})

={ag(xy),...,ac(z,)}
The bracket operation

{11, @ants o Azin, o wnnd] ={lz1a, - zna] s [T, Tl

endows (uce(ﬁ),&uce(ﬁ)) with a structure of Hom-Leibniz n-algebra and wu, :
(uce(ﬁ), &m(g)) — (L, a,z) becomes an epimorphism of Hom-Leibniz n-algebras
when (L, a,) is perfect because Im(uz) = [£, ..., L].

From the construction immediately follows that Ker (uz) = ,HL{(L), so we
have the central extension

0— (nHL(ll (ﬁ) 7&uce(ﬁ)\) — (uce(ﬁ), am(ﬁ)) g (ﬁ, ag) —0

which is universal, because for any central extension 0 — (M, an) — (K, ax) —
(L,az) — 0 there exists the homomorphism of Hom-Leibniz n-algebras g :
(uce(L), Qucery) — (K, ax) given by 8 ({z1,...,2,}) = [k, . k], 7 (ki) = w3,
such that mo 8 = u,.

A direct checking shows that (uce(ﬁ),&uce(g)) is perfect, then Lemma [B.§]
guarantees the uniqueness of f3.

d)If0 — (M, an) — (K,ax) = (£,a,) — 0 is a universal a-central extension,
then (K, ax) is perfect by Remark B4 and Lemma B.7 so ,HL§ (K) = 0. By
Lemma and statement c¢), the universal central extension corresponding to
(K, ax) is split, so ,HL{ (K) = 0.

e) »HLG (K) =0 implies that (K, ax) is a perfect Hom-Leibniz n-algebra.
WHLS (K) = 0 implies that (uce(K), Guer)) — (K, dk). Statement b) ends
the proof. O

Remark 3.12 When n = 2, the above results recover the corresponding ones for
Hom-Leibniz algebras in [1])].
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4 Non-abelian tensor product

Let (M;,anm;),1 < i < n, be n-sided Hom-ideals of a Hom-Leibniz n-algebra
(L, ar). We denote by My *- - -x M,, the vector space spanned by all the symbols
Me(1) * - -+ % Mo(n), where m; € M i € {1,2,...,n},0 € 5,.

We claim that (My %« % M, Qprgenn,) 18 @ Hom-vector space, where
(Cpy 5sm,,) 18 induced by apg,, 1 < i < n, ie.

Apyeamy (M) %+ % M) = Aty (Mo()) * -+ % Apty (Mo(n)) -

We denote by DL, (Mj,..., M,) the vector subspace spanned by the ele-
ments of the form:

CL) A (mg(l) koo ok mo(n)) = ()\mg(l)) * ma—(2) koeoee 3k mg(n) == mg(l) Kook
(A1) )

b) Mgy * - % (m;(i) —|—mg(i)> * ok Mg(n) = Mg(1) *~-~*m;(i) ook Mg(n) +
Me(1) * - - *mg(i) ok M), for any i € {1,2,...,n}.

¢) [meys M) * QM) (M) % QM) (Mren-n) =
ZO‘MT(U (Mr1)) % =% [Mr(iy, Mer(nat)s - - - Mren-1)] * -+ % Q) (M)
i=1

d) [Mo(1)s - - s Mom) %@ 1 (M 1) %+ kO, o (Man—1)—(=1)D [my, ... my,]x

UMyt (mn—l—l) koo R Ay, (m2n—1>-

foral N e K, m; e M;;,1<i<n,oc€S85,, 7€ Say_i1.
Moreover, it can be readily checked that apgs..a, (DL (M, ..., M,)) C
DL, (My,..., M,), hence we can construct the quotient Hom-vector space

(Ml koeee Mn/,D»Cn(Mlv L 7Mn)7aM1*"'*Mn>

which is endowed with a structure of Hom-Leibniz n-algebra with respect to the
bracket

[mll*"'*mnl>m12*"'*mn2>"'amln*"'*mnn] =
M1y oy Mpa] 5k [Mag, oo M %% Mg, oo My

(4)

where we abbreviate a coset my; * - - - % m,; by mq; * - - - x m,; and the endomor-
phism @y senm,, DY Qptysesr,, -

Definition 4.1 The above Hom-Leibniz n-algebra structure on
(Ml Hoeek Mn/,D‘Cn(Mlv R 7Mn)7aM1*---*Mn>

is called the non-abelian tensor product of the n-sided Hom-ideals (M;, dip,), 1 <
i <n, and it will be denoted by (My * -+ % My, Qpgys s, )-

13



Remark 4.2 Ifa, = (idg), then (My -+ % My, Qg eenm,,) COIncides with the
non-abelian tensor product of Leibniz n-algebras introduced in [17]. In casen = 2,
we recover a particular case of the non-abelian tensor product of Hom-Leibniz
algebras given in [15].

For any n-sided Hom-ideals (M;, ay,), 1 < i < n, of a Hom-Leibniz n-algebra
(L,ar), there exists a homomorphism of Hom-Leibniz n-algebras

w : (Ml *oeex Mna &Ml*-n*/\/tn) — (ﬂ Mi> aﬂ)
i=1

given by
W(my * - xmy) = [mq, ..., my]

In particular, when M; = £,1 < i < n, from relation () immediately follows
that ¢ : (Lx - % L, Qrenr) = ([£,..., L], ap) is a central extension.

Theorem 4.3 If (L, ) is a perfect Hom-Leibniz n-algebra, then : (L x -+ x L,
Orwnr) = (L, ar) is a universal central extension.

Proof. Let 0 — (Ker (x),dc|) — (C,dc) = (L£,az) — 0 be a central extension
of (ﬁ, 625)

Since Ker (x) € Z (C) we get a well-defined homomorphism of Hom-Leibniz
n-algebras f : Lx---x L — C given on generators by f (1 x---x1,) = [c1, ..., 1, ],
where ¢;, is an element in x~! (;), i =1,...,n.

On the other hand, relation () implies that (£ % ---% L, Qry...r) is perfect,
then the homomorphism f is unique by Remark and Lemma 3.8 O

Remark 4.4 If (L, ar) is a perfect Hom-Leibniz n-algebra, then Ker(v) =, HLY (L)
by Theorem[311 c).

Since universal central extensions of perfect Hom-Leibniz n-algebras are unique
up to isomorphisms, then (Lx % L Qre.wr) = (uce(ﬁ),&uce(ﬁ)) by means of
the isomorphism ¢ : (L% -+ % L, Qru.up) — (uce(ﬁ), &m(g)) co(lyx - x ly) =
{ll, ey ln}

In case n = 2, the universal central extension in Theorem [{.3 provides the
universal central extension of a Hom-Leibniz algebra given in [17].

Proposition 4.5 If (M, ap) is an n-sided Hom-ideal of a perfect Hom-Leibniz
n-algebra (L, ), then there is an exact sequence of vector spaces

%

I ~~
Ker(ED) Lo M s 8 M) — JHLE(L) = fHLS (L) M) — =0
=1

14



Proof. Consider the following commutative diagram of Hom-Leibniz n-algebras
where 7 denotes the canonical projection on the quotient

-

(,C**L:,&,C**E) v (ﬁa&ﬁ)

Trke e RTT ™

(A ek 2 QUL ML M) ————— (A,aﬁ)
M M / / M

where (ly % ---*1,) = [l1,...,l,]. Then, forgetting the Hom-Leibniz n-algebra
structures, by using the Snake Lemma for the same diagram of vector spaces, we
obtain the following exact sequence,

Ker(¢)) — Ker(t)) — Ker(3)) — Coker(¢)|) — Coker(¢)) — Coker(¥)) — 0
i ~
where Ker () = Ker(@ﬁ koook Mox-oox L — M); Ker (¢) =2, HLY(L) and

i=1

Ker (v) = ,HL$(L/M) by Remark B4t Coker (1)) = M

and Coker (¢)) = Coker (¢/) = 0. O

5 Unicentrality of Hom-Leibniz n-algebras

Our goal in this section is the generalization of the concept and properties of
unicentral Leibniz algebras to the setting of Hom-Leibniz n-algebras. Namely
(see [13]), a Leibniz algebra q is said to be unicentral if 7(Z(g)) = Z(q) for every
central extension 7 : g — . In particular, perfect Leibniz algebras are unicentral
(see [I3| Proposition 4]).

As a first step, we show in the following example, that central extensions of
perfect Hom-Leibniz n-algebras are not unicentral.
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Example 5.1 Let (L,a,) be the three-dimensional Hom-Leibniz 3-algebra with
basis {ey,ea,e3}, bracket operation given by [e1,e1,e1] = eq;[er,e1,e2] = eo;
le1, €2, e1] = e3 and zero elsewhere, and oy = (0). Obviously, (L, ayr) is a perfect
Hom-Leibniz 3-algebra.

Consider the four-dimensional Hom-Leibniz 3-algebra (IC, ayc) with basis {ay,
as, as, as}, bracket operation given by [as, as, as] = ag; [as, as, a1] = ay; [as, a1, a3] =
as; las, as, as] = ay and zero elsewhere, and ax = (0).

The surjective homomorphism f : (IC, axc) — (L, az) given by f(ay) = eq; f(as)
= e3; f(az) = e1; f(ay) = 0, is a central extension since Ker(f) = ({as}) and
Z(K) = ({asa}). Moreover, f(Z(K)) =0, but Z(L) = ({es}), hence f(Z(K)) &
Z(L).

By this fact, in what follows we show some results concerning the generaliza-
tion of properties of unicentral Leibniz algebras.

Definition 5.2 A perfect Hom-Leibniz n-algebra (L, ay) is said to be centrally
closed if its universal central extension s

0—0— (L,ag) = (L,az) —0
ive. WHLY(L) = 0 and (uce(L), Guere)) = (L, r)

Lemma 5.3 Let f: (K,ax) — (L£,a,) be a central extension of a perfect Hom-
Leibniz n-algebra (L, ). Then the following statements hold:

a) K=[K,...,K]+ Ker(f).

b) If ac(l) € Z(ag(L)), then [lh, ... Ly, U livy, ... 1] € Ker(ag), for alll; €
Liie{l,2,....n},5€{l,...,1,...,n}.

Proof. a) For any k € IC, f(k) € L =[L,..., L], then f(k) = [f(k1),..., f(k,)],
hence k — [ky,...,k,] € Ker(f).
b) If ag(l) € Z(ag(L)), then [ap(ly),. .., ac(l),. .., ac(ly)] = 0. O

Proposition 5.4 Let f : (K,ax) — (L,az) be a central extension of a perfect
Hom-Leibniz n-algebra (L, ) with ap injective, such that (IC,ax) satisfies the
following condition

la(k), a(k), alks),...,a(k,)] =0, for all k, ks, ..., k, € K (5)

Then
f(Z(ax(K))) = Z(ac(L))
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Proof. Let ax(k) € Z(ax(K)), then f(ax(k)) € Z(as(L)) since
)

lac(lh), - - - flax(k)), - ae(ln)] =
e (F (k). Flo(k )) s (f(kn))] =
Flaw(kn), - ax(k), .- axc(kn)] = 0

Conversely, for any a,(l) € Z(ag(L)), there exists any & € K such that
f(k) =1, hence a,(l) = as(f(k)) = flax(k)). We must show that ax(k) €
Z(ax(K)). Indeed,

laxc (k), axc(ks), ..., ax(k,)] =
—[Oé;c(]fg), Oé]c(]{?), Oé]c(]fg), ce Oé;c(l{?n)] =
—laclkors ., kan) + Ker(f), ax(k), ax(ks), . .., axc(k,)]

by condition (B) and Lemma a). Applying the fundamental identity () and
having in mind that Ker(f) C Z(K), the above equality reduces to

[[O&K(]fgl) ]{Z ]{53, Cee kn], Oél2c(]€22), cey Oél2c(k2n>]
[Oé 21), [aK(k22) ]{Z, ]{53, ce ]{?n], Oél2c(]€23), e ,Oé%(]fgn)] — ...
[Oé 21), aK(k2(n—1))7 [Oé]c(]fgn), ]{Z, ]{53, ceey kn]]

which vanishes since the brackets of the form [ayc(ko;), k, k3, . . ., k] are in Ker(f) C
Z(K) because flouc(kai), k, ks, ..., kn] = [flac(ka)), L, f(ks)s ..., f(kn)] € Ker(ag)
by Lemma b), and ar is injective.

The vanishing of the other possible brackets is completely analogous to the
last arguments, so we omit it. a0

x(k
x(k

Remark 5.5 Hom-Lie n-algebras are examples of Hom-Leibniz n-algebras sat-
isfying condition (3). Also Hom-Lie triple systems satisfy condition (d) in case

n =3 (see Example[27 (d)).

Example 5.6 In the following we present an example of central extension satis-
fying the conditions established in Proposition [5.4)

Consider the four-dimensional C-vector space L with basis {e1, ea, 3,4} en-
dowed with the ternary bracket operation given by [eq, e3,e4] = e1; [e1,e3,e4] =
eq; €1, €2, e4] = e3;[e1, ea, €3] = ey, together with the corresponding skew-symmetric
ones and zero elsewhere. By Lemma 2.2 in [0], (L, |—, —,—]) is a Lie 3-algebra.

Now consider the homomorphism of Lie 3-algebras o : L — L given by
aler) = er;afer) = —eg;ales) = es;ales) = —eq. Then Theorem 3.4 in [4)] en-
dows L with a structure of Hom-Leibniz 3-algebra with bracket operation given by
{ea, e3,e4} = ers{er, es,ea} = —eg;{er, e2,e4} = e3;{e1, e2,e3} = —ey, together
with the corresponding skew-symmetric ones and zero elsewhere, and a; = (o, «).
This Hom-Leibniz 3-algebra is perfect and oy is injective.

Consider the four-dimensional C-vector space IC with basis {ay, as, as, as} en-
dowed with the ternary bracket operation given by [as, as,as] = aq; a1, a3, a4 =
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as; [ay, ag, as] = as; [a1, az, as] = a4, together with the corresponding skew-symmetric
ones and zero elsewhere. By Lemma 2.2 in [0, (IC,[—, —, —]) is a Lie 3-algebra.

Now consider the homomorphism of Lie 3-algebras f : K — K given by
Blay) = —ay; Blaz) = ag; Blag) = —as; fas) = ag. Then Theorem 3.4 in [4)] en-
dows IC with a structure of Hom-Leibniz 3-algebra with bracket operation given by
{ag, a3, a4} = —ay;{ay, a3, a4} = ag; {ay, az, a4} = —as;{a1, az,as} = ay, together
with the corresponding skew-symmetric ones and zero elsewhere, and ax = (5, 3).
This Hom-Leibniz 3-algebra obviously satisfies condition (3).

The surjective homomorphism f : (K,ax) — (L,ar) defined by f(a;) =
eo; flaz) = eq; f(az) = eq; f(ay) = —es, is a central extension since Ker(f) and
Z(K) are both trivial.

Let (£,ar) be a perfect Hom-Leibniz n-algebra with o, injective. Assume
that (£, ay) satisfies condition (B). Then (uce(L), Guc(c)) satisfies condition (B
provided that {a,(1),as(l),as(ls),...,ac(ly)} € HL(L), for all [)13,...,1, €
L, is the zero coset. This fact occurs, for instance, when (L, a,) is centrally
closed.

From now on, we assume that (uce(ﬁ),&m(g)) satisfies condition (B)) when
(L,ar) does. Then Proposition [5.4] gives the following equality:

ue(Z (e (uee(L)))) = Z(ac (L)) (6)

Theorem 5.7 Let (L,a,) be a perfect Hom-Leibniz n-algebra with o injective
such that (£,az) and (uce(L), Guee(r)) satisfy condition [@). Then there is an

isomorphism
aﬁ(ﬁ) ~ Ouce() (uce(ﬁ))

Z(Oéﬁ(ﬁ)) B Z(auce(ﬁ)(uce(ﬁ)))

Proof. The universal central extension of (£, a,) induces the central extension

0 = (tuee(e) (WH LS (L)), uce(z)) = (Quce(ey (uee(L)), Quceey) — (ae(L), ag) — 0

when « is injective. Moreover condition ([]) is preserved by the terms in this
central extension.

Bearing in mind (@), the kernels of the horizontal arrows in the commutative
diagram

’LLL‘

4 (auce(mfuce(ﬁ))) —Z (QT(O)

’LLL‘
Qee(z) (uce(L)) ——— a (L)
coincide, then the cokernels of the vertical homomorphisms are isomorphic. O

e

Proposition 5.8 Let 0 — (M,an) — (K,ax) — (L,az) — 0 and 0 —
(N,ay) — (H,ay) = (K,ax) — 0 be central extensions of Hom-Leibniz n-
algebras. Then the following statements hold:
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a) If tor : (H,ay) — (L,ar) is a universal a-central extension, then T :
(H,ay) — (K,ax) is a universal central extension.

b) If 7+ (H,ay) — (K,ax) is a universal central extension, then mo T :
(H, %) — (L, ar) is an a-central extension which is universal over central
extensions, that is, for any central extension 0 — (A,a4) — (P, dap) —
(L,ap) — 0 there exists a unique homomorphism ® : (H,ay) — (P, ap)

such that wo® = morT.

Proof. a) If moT : (H,ay) — (L,a,) is a universal a-central extension, then
WHLY(H) =, HL}(H) = 0 by Theorem B.111 d). Hence 7 : (H, ay) — (K, ax) is
a universal central extension by Theorem B.I1] e).

b) If 7 (H,ay) — (K,ax) is a universal central extension, then (H, ay)
and (I, ax) are perfect Hom-Leibniz n-algebras by Lemma B.7, hence mo 7 :
(H,aq) — (L,ar) is an a-central extension by Lemma BI0. Moreover 7 o
7 is universal over central extensions. Indeed, for any central extension 0 —
(A, a4) — (P,ap) = (L£,ar) — 0, construct the pull-back extension

AOéA (PXEIC,(A)ZPX&/K)L(/C,&]C)%O
— (A, a.) (P,ap) - (L,ap) —=0

which is central. Since 7 : (H,ay) — (K,ax) is a universal central extension,
then there exists a unique homomorphism ¢ : (H, ay) — (P x K, ap X ax) such
that Wo ¢ = 7. Then & = T o ¢ satisfies the required universal property thanks
to Lemma 3.8 O

Corollary 5.9 Let (L,ar), (L', ag) be perfect Hom-Leibniz n-algebras with both
ag, o injective and such that (L,a;), (£, d), (uce(L), Gue(e)), and (uce(L'),
&'uce(g)) satisfy condition (). Then

~ ~ ~ « ~J O pr [,/
a) If (uce(L), Qucer)) = (uce(L), Quce(er)), then Z(ofﬁ((ﬁz))) = Z(ny((ﬁ?)).

b) If 7pElOs = 2 E0s then (uce(ar (L)), Gueeiey) = (uce(aer (L)), Fuce(ery))-

>~ ~ ~  Qyce L ~
Proof. a) If( e(L), Ouce( ) o (uce(ﬁ’) am(y) then ((KE))) ~ (o)(uee(L) A

Z{uee(z) e (L))
Yuce(L!) (uce(£)) OCC/(E
G (ucew))) Z(ag /w y by Theorem 5.7

) ~ « /( (6% (,C) ~ ~Y « /(,C/)
) 18 72l = ey then (uee (62 ) Aue)) = (uee (212

av.tce(LZ’)) .
Now, applying Proposition[5.8 b) to the central extensions ) : (uce(ag(ﬁ)), &mg)‘)

— (ag(L),ag)) and p = (ap(L), az) — (az(L)/Z(az(L)),ar), we conclude that
(uce(@s (L)), Qucery)) = (uce(ac(ﬁ)/Z(ac(ﬁ))%Euce(c)\)- =
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Corollary 5.10 Let (L,a,) be a centerless perfect Hom-Leibniz n-algebra with
ap injective such that (£,0;) and (uce(L), Gueec)) satisfy condition (3). Then
Z(onee()(uce(L))) = H LY (op (L)) and the universal central extension of (az(L),
&g‘) 18

0— (Z(auce(g)(uce(ﬁ))),&mg)‘) — (uce(ag(ﬁ)),&m(gn) — (ag(ﬁ),&q) —0

Proof. Z(L) = 0 and «, injective implies that Z(a,(L)) = 0. Then Theo-
rem [£.71 implies that 0 — (Z(Ozuce(g) (uce(ﬁ))), am(ﬁ)\) — (ozg(uce(ﬁ)), am(ﬁ)\) —
(az(L),ap) — 0 is isomorphic to the universal central extension of (az (L), agy).
O
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