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1 Introduction

Throughout this paper, we denote Gythe set of complex numberg,the set of integer numbers
andZ. the set of non-negative integer numbers. All vector spaesweerC and tensors ovet
are denoted by. Moreover, ifV is aZ/2Z-graded vector space with a drect s Vi; V4, the
space of polynomials of with coefficients inv is denoted by [A].

Lie conformal superalgebra, introduced by Kaclin/[22], gia® axiomatic description of the
singular part of the operator product expansion of chirdtiien conformal field theory. It is
an useful tool to study vertex superalgebras (see [22]) aschany applications in the theory of
infinite-dimensional Lie superalgebras. Moreover, Liefoomal superalgebras have close connec-
tions to Hamiltonian formalism in the theory of nonlineaoktion equations (se&l[3]). In fact, Lie
conformal superalgebra is a Lie pseudo-algebra which caeéea Lie algebra in a pseudo-tensor
category (see [2]). Structure theory and representatewrhof finite Lie conformal superalgebras
which are finitely generated &§J]-modules are well developed (seé [4/13,14,16], [6]- [97/1B]
and so on).

Conformal superalgebras are quite intriguing subjecteénpurely algebraic viewpoint. One
can define the conformal analogue of a variety of “usual” salgebras such as Lie conformal
superalgebras, associative conformal superalgebras;Tattheory of conformal superalgebras
sheds new light on the problem of classification of infiniterensional algebras of the correspond-
ing “classical” variety.

Leibniz superalgebras are the non-super-commutativegsalf Lie superalgebras (séel[23]).
Leibniz algebra, first introduced by Bloh in [1], and reirduzed by Loday in[24], arose naturally
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during their studying on periodicity phenomena in algebk&itheory. The concept of Leibniz
superalgebra was first introduced Iin[[15]. The name of legh() Leibniz superalgebra comes
from that the left (right) multiplication is a superderivat. We call the right Leibniz superalgebra
as Leibniz superalgebra in this paper.

The topic of this paper is about Leibniz conformal supetaitgeLeft Leibniz conformal alge-
bra was introduced in [4] and its cohomology theory was itigased in [4] and([28]. In addition,
Leibniz pseudoalgebra was studiedlinl[27]. But, there aneeleamples of (left) Leibniz confor-
mal algebras which are not Lie conformal algebras. In thepaour aim is to provide an efficient
way to construct Leibniz conformal superalgebras whichnatd_ie conformal superalgebras. By
the correspondence of Leibniz conformal superalgebragiafidite-dimensional) Leibniz super-
algebras, it is also useful to construct infinite-dimenaldweibniz superalgebras which are not Lie
superalgebras. Therefore, it is of signification and irdtng. For Lie conformal superalgebras,
as we know, most of known examples are quadratic Lie confoso@eralgebras which were stud-
ied in [19/26]. It was essentially stated [n [19] that a “quait” Lie conformal superalgebra is
equivalent to a bialgebra structure. One is a Lie superadgstoucture , the other is a Novikov
superalgebra structure and they satisfy a compatibilibd@dmn. This bialgebra structure is called
a super Gel'fand-Dorfman bialgebra by Xu [n [26]. In fact, @adratic Lie conformal algebra
corresponds to a Hamiltonian pair in [19], which plays fuméatal roles in completely integrable
systems. Moreover, several constructions of super Gel‘faorfman bialgebras were presented
by Xu in [26]. Therefore, it is an useful method to construiet tonformal superalgebras by using
super Gel'fand-Dorfman bialgebras. Note that Lie confdreaperalgebras are Leibniz conformal
superalgebras. Motivated by this, in this paper, we ingast what are the superalgebra structures
underlying quadratic Leibniz conformal superalgebraac&isuper Gel'fand-Dorfman bialgebras
correspond to Lie conformal superalgebras, if we find otlhgelaa structures which are not su-
per Gel'fand-Dorfman bialgebras underlying Leibniz canfi@al superalgebras, we can construct
Leibniz conformal superalgebras which are not Lie confdrsuperalgebras. We show that ex-
cept super Gel'fand-Dorfman bialgebra, there is also agblaia structure called ass-Nov-Leibniz
superalgebra underlying quadratic Leibniz conformal saigebras. Thought ass-Nov-Leibniz su-
peralgebras, we can construct many Leibniz conformal sigelbras which are not Lie conformal
superalgebras. Moreover, one-dimensional central extesn®f quadratic Leibniz conformal su-
peralgebraR = C[d]V are considered using some bilinear formsvorin particular, we also study
one-dimensional Leibniz central extensions of quadraodonformal superalgebras.

This paper is organized as follows. In Section 2, some basfiaitons and some facts about
Lie conformal superalgebras and Leibniz conformal sugetaias are recalled. We also introduce
the definitions of quadratic Lie and Leibniz conformal s@gebras. In Section 3, an equivalent
characterization of quadratic Leibniz conformal supezht@ is given. Thought this equivalent
characterization, we find that a bialgebra structure ca$sdNov-Leibniz superalgebra can be used
to construct Leibniz conformal superalgebras which areLimtonformal superalgebras. More-
over, several constructions and examples are given. IndBettwe investigate one-dimensional
central extensions of quadratic Leibniz conformal suggdatasR = C[d]V corresponding to ass-



Nov-Leibniz superalgebras using some bilinear form¥ om particular, one-dimensional Leibniz
central extensions of quadratic Lie conformal superalgelre also considered.

2 Preliminaries

In this section, we will introduce some basic definitions ande facts about Lie conformal su-
peralgebras and Leibniz conformal superalgebras.

Definition 2.1. A Lie superalgebrg is aZ/2Z-graded vector spacg= gg® g7 with an operation
[+, -] satisfying[ga, gp] C g4 and the following axioms:

[a7 b] = _<_1)aﬁ[bv a]? [av [b,C]] = Ha7 b],C] + <_1)aﬁ[bv [a,c]],

forae gq, b€ ggandce g.
Wheng; = 0, g is a Lie algebra.

Definition 2.2. A Leibniz superalgebrd is a Z/27Z-graded vector space & Lz @ Ly with an
operation[-, -] satisfying[La,Lg] C L. g and the following axioms:
[a7 [b7C” = Ha7 b],C] _(_1)BVHa,C],b], (21)

foracl,belgandcel,.
When Iz =0, L is called aleibniz algebra

Remark 2.3. (2.1) is calledright Leibniz identity Similarly, there is also ft Leibniz identity.
[a7 [b7C” = Ha7 b]7c]+(_1)aﬂ[b7 [a7C”7 (22)

forac Ly, beLgandce L. If aZ/2Z-graded vector space & L ® Ly with an operation-, -]
satisfying[Lq,Lg] C Ly p and the left Leibniz identity, L is calledleft Leibniz superalgebra

Note that, any Leibniz superalgebf, [-,-]) can be endowed with a left Leibniz superalgebra
structure(L, [-,-]) via [a,b] = —(—1)%#|b,a for any ac Lq, b€ Lg and vice versa.

Obviously, all Lie superalgebras are Leibniz superalgebiden, we consider the conformal
versions of these algebras.

Definition 2.4. A Lie conformal superalgebra B a Z/2Z-gradedC[d]-moduleR = Ry ® Rg
endowed with &-bilinear map

RxR—R[A], axbw~[a,b],



satisfying[Rq ) Rg] C Ry g[A] and the following three axiomsi€ Ry, b € Rg,c € R):

Conformal sesquilinearity [da,b]=—A[a,b], [a,db]=(d+A)[a,bl;
Skew symmetry [a,b]=—(—1)%F[b_, ,al;

Jacobi identity. [, [buc]] = [[ay bl ;¢ + (—1)*F[by[as d]).
WhenR; = 0, Ris called al.ie conformal algebra

Definition 2.5. A Leibniz conformal superalgebraiRaZ/2Z-gradedC[d]-moduleR= Ry ® Ry
endowed with &C-bilinear map

RxR—R[A], axb~[a,Db],

satisfying[Ra ) Rg] C Ry g[A] and the following axioms:

Conformal sesquilinearity [da,b]=—A[a,b], [a)db]=(d+A)[a,b];
(right) Leibniz identity. [a, [byc]] = [[ax b])\ﬂ,c]—(—l)BV[[a)\ C|_py—ahl,

whereace R be Rg, c€Ry.
WhenR; = 0, Ris called al_eibniz conformal algebra

A Lie or Leibniz conformal superalgebRis calledfinite, if it is finitely generated as &[d]-
module; otherwise, it is said to hefinite.

Remark 2.6. Similar to the classical case, there is also the definitiomedf Leibniz conformal
superalgebra. Aeft Leibniz conformal superalgebhRiis aZ/2Z-gradedC[d]-module R= Ry® R;
endowed with &C-bilinear map R< R — R[A], ax b+ [a, b], satisfying[RyyRg] C Ry g[A],
conformal sesquilinearity and the left Leibniz identity

[ax [bucl] = [[ax bl a4y ¢+ (—1) %P bplax ],

where ac Ry, b € Rg and ce R. When R= 0, R is the left Leibniz conformal algebra.

Similarly, itis easy to check that any Leibniz conformaleapgebra(R, [-,-]) can be endowed
with a left Leibniz conformal superalgebra structyR |-, ] ) via[ayb] = —(—1)2F[b_, _,a] for
any a€ Ry and be Rg and vice versa. Since the two algebra structures can be oéddrom each
other, in this paper, we only study Leibniz conformal sufggiaras.

Remark 2.7. Obviously, all Lie conformal superalgebras are Leibniz foomal superalgebras.
In the next section, we will provide an efficient way to camdtra class of Leibniz conformal
superalgebras which are not Lie conformal superalgebras.



Example 2.8.Let L be a Leibniz superalgebra. Then CutlC[d] ® L where(CurL)y = C[d]®Lg
for o € {0,1} can be endowed with a Lebiniz conformal superalgebra stirecs follows

[ayb]=[a,b], a belL. (2.3)
CurL is called thecurrent Leibniz superalgebessociated with L.

SupposeRis a Lie (or Leibniz) conformal superalgebra. Wrjggb| = ¥icz., ’i\—!ia(i)b, where
ai)b € Rfor everyi. There is a natural Lie (or Leibniz) superalgebra assodiatith it. Let

Coeff(R) be the quotient of th& /2Z-graded vector space with the baajs(a € R n € Z) by the
subspace spanned ovéiby elements:

(aa),—aa,, (a+b)h—an—bn, (da)n+nan—1, wherea, beR, acC, neZ.

Here, ifa€ Ry, ay € (Coeff(R))4. The operation on Cod¥is defined as follows:
m
o= 5 () (@i (2.4
j€Z24 J
Then, CoeffR) is a Lie (or Leibniz) superalgebra. Of courseRifs not torsion as &[d]-module,
Coeff(R) is infinite-dimensional.

Definition 2.9. Suppose thaR = C[d]V is a freeC[d]-module over & /27Z-graded vector space
V, whereR, = C[d]V, for any a € {0,1}. The Lie (or Leibniz) conformal supperalgetRais
calledquadraticif for any a, b € V, the corresponding-bracket is of the following form:

[apyb] =du+Av+w, u,v,wev. (2.5)

Definition 2.10. A Novikov superalgebrgA, o) is aZ/2Z-graded vector space A A5 ® A7 with
an operation ‘o” satisfying Ay 0 Ag C Ay g and the following axioms: fora Ay, be Ag, ce Ay,

(aob)oc=(—~1)FY(aoc)ob,
(aob)oc—ao(boc) = (—1)“13[(boa) oc—bo(aoc).

When A = 0, we call A aNovikov algebra

Remark 2.11. Novikov algebra was essentially stated inl[19] that it capends to a certain
Hamiltonian operator. Such an algebraic structure also epred in [5] from the point of view
of Poisson structures of hydrodynamic type. The name “Navitgebra” was given by Osborn

in [25].



Definition 2.12. (see [26]) Asuper Gel'fand-Dorfman bialgebia, [-,-],0) is a Z/2Z-graded
vector space” = .of;® 2/ With two algebraic operation§, -] ando such that(.<7, [-,-]) forms a

Lie superalgebra(</, o) forms a Novikov superalgebra and the following compatypitondition
holds:

[aob,c]+[a,bjoc—ao|b,c] — (—1)F]acc, b (2.6)

_(_1)[3)’[3‘, C] ob= 07
forae o/, be @, and ce «,. Whene = 0, it is called aGel'fand-Dorfman bialgebra

Theorem 2.13.(see [26]) A Lie conformal superalgebra-RC[d]V is quadratic if and only if
(V,[-,+],0) is a super Gel'fand-Dorfman bialgebra. The correspondesagven as follows

[ayb] = d(boa)+A(bxa)+[b,al, (2.7)

where bca=boa+ (—1)%Facb for any ac V, and be Vs.

3 Characterization of quadratic Leibniz conformal superalge-
bras

In this section, we give an equivalent characterizationuafdyatic Leibniz conformal superalgebra
and present several constructions of quadratic Leibnifotoral superalgebras.

Theorem 3.1.LetV be &Z/2Z-graded vector space. A quadratic Leibniz conformal sulgetara
R= CJ|d]V is equivalent to the quadrupl®/, o, *,[-,-]) whereo, % are two operations on V with
Va oV C Vg and Vg Vg C Vg, [+, -] is aleft Leibniz superalgebra operation, and they satisfy
the following conditions:

(Xoy) 0Z+ (Xoy) xZ= —Xo (yoz) +Xo (yx2) — (—1)%F(yo (xx2) — y* (xx2)), (3.1)
(Xoy)oz= —(—1)9P(—yx (x02) +yo (X02)), (3.2)
(xxy)oz=—xo0(yoz)+ (—1)*F(2yx (x02) —yo (x02)), (3.3)

(Xoy)*Z= —Xx(yoz)+Xx*(y*2), (3.4)

(Xxy) k2= —2Xx (Yo Z) +Xx (Y% Z) + (—1)*Pyx (xx 2), (3.5)
—xx(yoz) 4+ (—1)%Pyx (xoz) = 0, (3.6)

XYl %2+ [xoy,4 = =[x, yo 7+ [x Y+ Z +xx[y,Z — (1) "P[y,xx 2, 3.7)

%Y oz+[xoy,Z =xo [y, = (=1)P([y,x0Z +yo [x,7 —y* [x,2), (3.8)

xxy,4 = =[x yoZ+xx[y,2 — (=1)P([y,x0 F —y* [x,2), (3.9)

forany xe Vy, ye Vg and ze V.



Proof. Suppose thaR is a quadratic Leibniz conformal superalgebra. Then, bgefiition, we
set

Xay] = 0(yox)+A(yxx)+[y,X], wherex,yeV, (3.10)

whereo, x and[-,-] are threeC-bilinear maps fronV xV — V. Then, it is easy to see that
[RaaRg] C Ry p[A] ifand only if Vg oV C Vg, Va Vg C Vg, and|[Vy,Vg] C Vg p.
Next, we consider the Leibniz identity. For ary V,y € Vg andz € Vy, we get

Xalyud] = [Xa(d(zoy)+u(zxy) +[zY])]

A+0)[x) (zoy)]+ u[x) (zxY)] + X [z Y]
A +0)(0(zoy)ox+A(zoy) xX+[zoy,X])
+H(O(zxY) oX+A(ZxY) * X+ [2xY,X])
+0(z,y|ox+A[zy] X+ [[2,],X]

(
(

= Ad((zoy)ox+(zoy) *X) +A%(zoy) X
+0%(zoy) ox+9([z,y] o X+ [zoY,X])
+UO(ZxY) oX+ UA (ZxY) X+ U[zxY,X]
+A([Z Y] X+ [zoy,X]) +[[z Y],

Similarly, we get

[XaYIa+pu2] = [(@(yoX) +A(Y*X) + [V, X)) x4
= (“A=W[yoX)asud +A[Y*X)x pd +[[Y:X a2
= (A —n)(9zo(yox)+ (A + )z (yoX) +[zyoX)
(

+A(0zo (Y*X) + (A + )z* (Y*X) + [2 Y*X])
+0zo[y, X + (A + p)zx [y, x| + [z [y, X]]

= —A%(zx(yoX) —zx (y*X)) — 4z (yoX) — A p(2zx (yoX) — % (y*X))
+A0(=20(yoX) +2zo(y*X)) — H0zo (yoX) + H(—[z yoX| +Zx[y,X])
+0zo |y, X +A(—[zyoX + [z y*X] +Zx[y.X]) + [z [y, X]].



On the other hand, one can have
X320yl = [(0(zoX) +A(2¥X)+[2X) 5y

= (H+9)[(zoX) _p—oYI+A[(ZxX) —y—a¥Y +[[ZX -9

= (u+9)(dyo(zox) = (U+0d)y*(zoX) +[y,zoX])
+A(9yo (zxX) — (U + )y (zxX) + [y, 2+ X))
+0yo [z X — (u+d)yx*[zX +1y, [z ]

= —pPyx(zoX)+0%(—yx (zoX)+yo (zoX)) — ud(2y* (zoX) —yo (zoX))
+A0(yo (zxX) —y* (zxX)) — Ay * (Z*X)

(
)

+0([y,zoX] +yo[z,X| —y*[z,X]) + Ay, Zx X
-l-[,l([y,ZOX] —Y* [Z7X]) + [y7 [Z7X]]

Then, by the Leibniz identity, comparing the coefficient\@f, 2, ud, A2, Au, u2, A, 4, u and
A%u%9°, and replacing the positions afandx in these coefficients, we g€8.1) — (39) and |-, ]
is a left Leibniz super-algebraic operation.

Now, the proof is finished. O

Corollary 3.2. If for any X, ye V, xxy = 2xoy in the quadrupléV, o, x, [-,-]), then the conditions
(3.1)-(3.9) are equivalent to the following equalities:

(Xoy)oz=Xo(yo2), (3.11)
xo (yo2z) = (—1)%Pyo (x02), (3.12)
2xoly,7 = [xoy, 4+ (~1)*Ply.x0 7, (3.13)
2[x,yloz= [x,yoZ — (—1)®Ply,x0 2, (3.14)
X,y]oz=—xoly,Z + (—1)%Pyo[x,Z, (3.15)

forxeVy,yeVgandze V.

Proof. Since for any, y € V, xxy = 2xoYy, from (3.4) and[(3)6), we can directly obtajn (3.11) and

(3.12) respectively. Then, according [0 (3.11) dnd (3.123,easy to check thaf(3.1), (3.2, (B.3)
and [3.5) hold. Then, we only need to prove thatl(I.7)}(3r6)eguivalent to[(3.13)-(3.15). With

the assumption[(3.7), (3.8) arid (3.9) become

2[x,y] 0 z+ [XoY,Z = [X,yoZ + 2xo |y, Z — (—1)*P2]y,x0 2, (3.16)
X,y oz+ [xoy,Z =xo [y, = (=1)*P(ly,x0 4 —yo[x,2), (3.17)
2[x0y,2 = —[x,yoZ +2xo[y,Z - (~1)?P([y,x0Z — 2yo[x,2). (3.18)
By (3.11), we get
2[xoy, 7z = —2[x,y] 0 z+ 2xo |y, Z — (—1)P2([y,x0 7 —yo [x,Z]). (3.19)



Then, according td (3.18) and (3119), we obtain (B.14).[B¥gBand[(3.17), we have
Xyloz=xo[y,7 +[x,yoZ — (~1)*Pyo[x,7 — (~1)*F[y,x0 2. (3.20)

Then, [3.15) follows fron1(3.20) and (3]14). Finally, byd8) and[(3.1]7), we g€t (3.1.3). Therefore,
(B2)-(3.9) are equivalent tb (3113)-(3115). This comgdethe proof.

(]
Remark 3.3. In this case, by Theorein 2]13 and Theofem 3.QV,i6) is not super-commutative,
then the corresponding Leibniz conformal superalgebradtsanLie conformal superalgebra. This
provides an useful method to construct Leibniz conformpaésalgebras which are not Lie confor-
mal superalgebras.

Corollary 3.4. If for any Xxe Vg, y € Vg, Xy = Xoy+ (—1)%Byox in the quadrupléV, o, , |-, ]),
then the conditiond (3.1)-(3.9) are equivalent to tidto) is a Novikov superalgebra and the
following equalities hold:

X,y oz+[xoy,Z =xo[y,Z — (—1)*P[y,x0 4 + (~1)PV[x,Z oy, (3.21)
(% Y]+ (—=1)%Ply,x]) 0 z=0, (3.22)
[xoy,Z = —(—1)"@*P)[z X0V, (3.23)

for any xe Vy, y € Vg and ze V.

Proof. According to Theorerh 2.13,(3.1)-(3.6) are equivalent &t N, o) is a Novikov superal-
gebra. Then, we only need to consider3[7)i(3.9).
By the assumption[(3.8) is equal io (3.21) andl(3[7)] (3e&pme

X,y oz+ (—1)Y @ P)zo [x,y] + [xoy, 7 = (—1)PY[x,zoy] +xo [y, 7] (3.24)
+(-D)™ Py ox— (~1)"Ply.xod - (~1)*F W[y zox,
X0y, 2+ (=1)®P[yox,Z = —[x,yoZ +xo[y,Z + (—1)7F[y,Z o x (3.25)
—(=1)%[y.x0Z + (~1)Pyo [x.Z + (~1)P'[x, ] oy.
By (3.21), it follows from [[3.2b) that
—[xyloz+ (~1)%Plyox.2d = ~[xyoq + (-1 Py Zox+ (~1)%yo[x 2.  (3.26)
Changing the places af y in (3.28), we get
—[y,X oz+ (=1)%P[xoy,7 = —[y,x0 Z + (=1)POV[x Zoy+ (—1)xoly, 7.  (3.27)

Then, by [3.211),[(3.27) can be reduced[fo (B.22). Simildyy(3.21) and[(3.22)[(3.24) can be
simplified as[(3.23).
Therefore, in this case[ (3.1)-(8.9) are equivalent to tNab) is a Novikov superalgebra,

3.21), [3.22) and(3.23) hold. O



Remark 3.5. By Theoreni 2.13, a quadratic Lie conformal superalgebrajisivelent to a super
Gel'fand-Dorfman bialgebra. If in this case, the Leibnipstalgebra is a Lie superalgebra, the
corresponding quadratic Leibniz conformal superalgelsra Lie conformal superalgebrag. (3122)
and ([3.28) measure how far a quadratic Leibniz conformalesalgebras is a Lie conformal su-
peralgebras in this case.

Corollary 3.6. If x is trivial, i.e. for any x, ye V, xxy = 0 in the quadruplgV, o, x,|-,-]), then
(31)-(3.9) are equivalent to the following equalities

(Xoy)oz=Xo(yoz) =0, (3.28)
[XOy,Z] = —[X,yOZ], [X,yOZ] = _(_1)0B[y,XOZ], (329)
[X7y] oZ+ [XOy, Z] =Xo [y7 Z] - (_1)aB[y7XOZ] - (_1)Gﬁyo [X7 2]7 (330)

for any x€ Vg, y € Vg and ze V). Moreover, lettingx,y| = axoy — (—1)%Bbyo x for any xe Vg,
y € Vg and a, be C, (3.28)-[3.3D) and the fadt, -] is a Leibniz bracket are equivalent {0 (3128).

Proof. It can be easily obtained from Theoréml3.1. d

Corollary 3.7. If o is trivial, i.e. for any x, ye V, xoy = 0 in the quadruplgV, o, x,[-,-]), then
3)-(39) are equivalent to the following equalities

(xxy)xz=Xx(yx2) =0, (3.31)
xx[y,Z = [x*y,7 =0, (3.32)
Y xz=[xy*Z —(=1)Ply,xx2, (3.33)

for any xe Vg, y € Vg, z€ V. In addition, letting[x,y] = axxy — (—1)%Bbyx x for any xe Vg,
y € Vg and a, be C, (3.31)-[3.3B) and the fadt, ] is a Leibniz bracket are equivalent {0 (3131).

Proof. It can be directly obtained from Theorém13.1. O

Next, we present an example to construct Leibniz conforma¢galgebras according to Corol-
laries[3.6 and 317.

Example 3.8. Let V= Ca® Cb be a 2-dimensional vector space. Define a bilinear openatio
*:V xV =V by

axa=b, axb=bxa=bxb=0. (3.34)

Then,(V, ) satisfies the equalitie (3128) ad (3.31), if we replaead « by x respectively.
Therefore, according to Theoredm B.1 and Corollaryl 3.6, we gat the following quadratic
Leibniz conformal algebra R- C[d]V = C[d]a® C[d]b with theA -product given by

[a)\a] =db, [a;\ b] = [b)\ a] = [b)\ b] =0. (335)
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Similarly, by Theorerh 3l1 and Corollary 8.7, we also obtaiguadratic Leibniz conformal
algebra R= C[d]V = C[d]a® C[d]b with theA -product

[a;\ a] =Ab, [a)\ b] = [b)\ a] = [b)\ b] =0. (336)

Remark 3.9. In fact, the above example can be generalized as followREeC[d]V = C[d]a®
C[2]b with theA -product as follows:

[a)\ a] = f()\,é)b, [a;\ b] = [b)\a] = [b)\ b] =0. (3.37)

Obviously, R is a Leibniz conformal algebra. Moreover, i&sy to see that R is a Lie conformal
algebraifand only if fA,0) = —f(—A —2,0).

Since in the case of Corollaky 3.4/, [-, ], o) is almost a super Gel'fand-Dorfman bialgebra, in
the following, we mainly study the case in Corollaryl3.2.

Definition 3.10. Given aZ/27Z-graded vector space ¥ V5@ Vg with two operations and |-, -],
where \; oV C Vg, g and[Vy,Vp] C Vg 5. We call(V, o) an associative Novikov superalgetifa
o satisfies[(3.11) and (3.1L2}V, o, [,-]) is called anass-Nov-Leibniz superalgebifa(V, [-,-]) is a
left-Leibniz superalgebra and [-, -] satisfy [3.11){(3.15).

Remark 3.11. Note that the opposite superalgebra(¥fo) is an associative and Novikov super-
algebra. This is the reason that we take this name.

Remark 3.12. Obviously, for an associative Novikov superalgetvao), (V,o,[-,+]) is an ass-
Nov-Leibniz superalgebra witfa,b] = 0 for any a, be V. In this case, we say the quadratic
Leibniz conformal superalgebra-R C[d]V corresponds to the associative Novikov superalgebra
(V,o).

Remark 3.13. By Theoreni 3]1, the quadratic Leibniz conformal superalgeborresponding to
the ass-Nov-Leibniz superalgehid, o, [+, ]) is R= C[d]V with theA-bracket given by

[a\b] = d(boa)+2A(boa)+[b,a, (3.38)

forany a, be V.
Therefore, the coefficient algebra oERC[0]V is an infinite dimensionél /2Z-graded vector

space Vo Clt,t 7Y = V5@ C[t,t Y @ Vy ® C[t,t ~1] with the Leibniz bracket given by

[aot™ bt = (m-n)(boa)t™" b aet™" a beV, m neZ  (3.39)

Next, we give a construction of associative Novikov suggrhtas from commutative associa-
tive superalgebras.
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Proposition 3.14. Let (A = Ay ® Ag, -) be a commutative associative superalgebra and\P- A
is an even operator, i.e.(Ry) C Ay satisfying
P(P(x)-y) =P(x)-P(y), X, ye A (3.40)
Define
Xoy=P(X)-y, X, yeEA (3.412)
Then,(A, o) is an associative Novikov superalgebra.

Proof. Foranyx € Aq,y € Ag andz € A, we obtain
(xoy)oz=P(P(x)-y)-Z,

xo(yoz) =P(x)-P(y)-z
and
(—1)%Pyo (xoz) = (~1)PP(y)-P(x) -z
SinceA is a commutative associative superalgebraRsatisfies[(3.40)(xoy) o z= Xo (yo2z) =
(—1)%Byo (xoz). Therefore A, o) is an associative Novikov superalgebra. O

Remark 3.15. P : A — A satisfying[(3.40) is calledn averaging operatan A. More details on
averaging operators can be referred o [20].

Finally, we present an example of ass-Nov-Leibniz algebra.
Example 3.16.Let A= CL & CW be a 2-dimensional vector space with an operation defined by
LoL=LoW =0, WoL=L, WoW=W. (3.42)
It is easy to see thdiA, o) is an associative Novikov algebra. Obviously, it is not cartative.

By a simple computation, we can get that any Leibniz algefougire|[-,-] on Afor(A,o,[-,-])
to be an ass-Nov-Leibniz algebra is as follows:

L,L]=[L,W]=0, [W,L]=aL, [W,W]|=DbL, (3.43)
for some a, ke C.
Therefore, by Theorein 3.1, we can get a quadratic LeibniZocoral algebra R= C[d]A
corresponding tdA, o, |-, -]) with theA -product as follows:
[LyL] = WyL] =0, (3.44)
[LA\W] = (0 +2A +a)L, WHW]=(d+2A)W+bL, (3.45)
for some a, k= C. Denote this Leibniz conformal algebra by iR
By the correspondence of Leibniz conformal algebra andnieiblgebra, we can also obtain
that CoeffRa ) is the vector space spanned fyn, Wh|nez } with the Leibniz product
[Lm, Ln] == [Wr]7 Lm] == O, [Lm,Wn] == (m— n) Lm+n71 + aLm_n,
[Win, Wh] = (M— )Wy n—1+ bLmyn.

12



4 Central extensions of quadratic Leibniz conformal super&
gebras

In this section, we will study central extensions of quadraeibniz conformal superalgebras.
An extension of a Leibniz conformal superalgeBray an abelian Leibniz conformal superal-
gebraC is a short exact sequence of Leibniz conformal superalgebra

0C—-3R—-R=0.

R is called anextensionof R by C in this case. This extension is callegntralif C = 0 and

[C,R| = 0. Moreover, ifRis a Lie conformal superalgebra, we call this extensiteianiz central
extensiorof this Lie conformal superalgebra.

In the following, we investigate the central extensiésf R by a one-dimensional centé,
wherec € Ry. This implies thaR = R& Ce, and

[ayb]g = [ayb]r+ay (a,b)c,for all a,beR,

wherea;, : Rx R— C[A] is aC-bilinear map. Sincé(Ry )R] C Ry s[A], we geta, (a,b) =0,
wherea€ Ry, be Rz anda + 8 = 1. By the axioms of Leibniz conformal superalgehrg,should
satisfy the following properties (foral€ R, b€ Rg,c€ R):

a,(da,b) = —-Aa,(a,b)=—a,(a,db), 4.1)

oy (a [buc]) = a4y ([arb], ©) — (~1)PYa_u(farc], b). (4.2)

Theorem 4.1. Let V be aZ/27Z-graded vector space and = R& Cc be a central extension
of quadratic Leibniz conformal superalgebra=RC[d]V corresponding to the ass-Nov-Leibniz

superalgebrgV, o, [-,-]) by a one-dimensional cent€r. Set the) -bracket ofR by

[a,b] = d(boa) +A(bxa)+ [b,a] + ay (a,b)e, (4.3)
where a, b=V, bxa= 2boa anda, (a,b) € C[A]. Assume thatr, (a,b) = T ,A'ai(a,b) for any
a, be V, whereqj(-,-) : V xV — C are bilinear forms and there exist some acl¥ such that
an(a,b) # 0. Then, we obtain (for any @ Vg, b€ Vg, c€ V).

(1) Ifn> 3, an(aob,c) =0;
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(2) Ifn<3, ai(x,y) =0ifxeVq,ye Vg, a+ B =1foranyic {0,1,2,3}, and

az(a,cob) = az(boa,c) = (—1)Pas(coa,b), (4.4)
az(a,cob)+as(a,[c,b]) = az(boa,c) + as([b,al,c), (4.5)
2a5(a,cob) = ay(boa, c) + 3az([b,a],c), (4.6)
as(a,cob) = az(boa,c) + (—1)PYay(coa,b), (4.7)
az(boa,c) + (—1)PYaz(coa,b) = az([b,al,c) + (—1)PYas([c,a, b), (4.8)
ai(a,cob)+ax(a,[c,b)) = ai(boa,c)+ ax([b,al,c), 4.9)
ai(a,cob) = ay([b,a),c) + (—1)Fai(coa,b), (4.10)
ai(boa,c) - (—1)Pay(coab) = ax([b.al,c) — (—1)%a([c.al, b), (4.11)

ao(a,cob) + ai(a,[c,b]) = ap(boa,c) + ai([b,a],c) — (—1)P¥2ap(coa,b), (4.12)
2ap(a,cob) = —ap(boa,c) + ai([b,al,c)

—(—=1)PYag(coa,b) + (-1)PYay([c,a],b), (4.13)
ao(a,[c,b]) = ap([b,al,c) — (—1)5Vao([c, al,b). (4.14)

Proof. By (4.1) and the definition of quadratic Leibniz conformapstalgebreR = C[0]V, (4.2)
becomes

Aa}\ (a,COb) +Ha) (a,C*b) +a)\(a7 [C7b]) = (_)‘ —N>a/\+u(boa7c)
+Adyu(bxa,c)+ay.y([b,al,c) — (—1)PYua_y(coa,b)
—(=1)PYAa_y(cxab) — (—1)PYa_,([c,a],b). (4.15)

If n> 3, by the assumption af, (a,b) = " ,A'ai(a,b) and comparing the coefficients of
A2u"—tin @I8), we get

(n—C?)an(boa,c) = 0. (4.16)

Thereforean(boa,c) =0.
Whenn < 3, takinga, (a,b) = 32 ;A'ai(a,b) into (@.I5) and comparing the coefficients of
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A AUB AZ2 A3, u A A2, AP, w3 A2 A, w2 A, i, AuC, we obtain

az(a,cob) = —az(boa,c)+ az(bxa,c), (4.17)

—4az(boa,c) +as(bxa,c)+ (—1)PYas(cxa b) =0, (4.18)
—2az(boa,c)+az(bxa,c) =0, (4.19)

az(a,cxb) = —4az(boa,c) + 3as(bxa,c), (4.20)

—as(boa,c)+ (—1)P¥az(coa,b) =0, (4.21)
az(a,cob)+as(a,[c,b]) = —azx(boa,c)+ ax(bxa,c) + as([b,a],c), (4.22)
az(a,cxb) = —3az(boa,c) + 2az(bxa, c) + 3as([b,a, c), (4.23)
—3az(boa,c) + az(bxa,c) +3as([b, a,c) — (—1)PYax(cxa,b) =0, (4.24)
—as(boa,c)+as([b,al,c) — (—1)FYas(coa,b) + (—1)PYas([c,a),b) = 0, (4.25)
ai(a,cob)+as(a,[c, b)) = —ai(boa,c)+ ar(bxa,c) + ax([b,a],c), (4.26)
ai(a,cxb) = —2ai(boa,c) + ai(bxa,c) +2ax([b,al, c) + (—1)P¥ai(cxa,b), (4.27)
—ay(boa,c)+ ax([b,al,c) + (—1)PYay(coa, b) — (—1)PYa([c,a],b) = 0, (4.28)

a()(a,CO b) + al(a7 [C7 b]) = _ao<bo a, C) + aO(b* a, C) + al([b7 a],C) - <_1)Bya0<c* a, b)7
(4.29)

ag(a,cxb) = —ag(boa,c)+ ai([b,al,c) — (—1)PYag(coa,b) + (—1)P¥ay([c,a],b),  (4.30)
ao(a,[c,b]) = ap([b,al,c) — (—1)5Vao([c, al,b). (4.31)

Then, it is easy to check thdt (4117)-(4.31) are equivalerdi4)-[4.14). This completes the
proof. O

Corollary 4.2. Let R= C[d]V be a finite quadratic Leibniz conformal superalgebra cepending
to the ass-Nov-Leibniz superalgelif4 o, [-, -|) where for any z V, there exist some non-negative

integer mandxy; €V suchthatz= " ;X oy;. SetR= Ra Cc be a central extension OR, ['2-])
with the A-product given by[{413). Then, for any adV, we obtaina, (a,b) = 53 ;A'ai(a,b)
whereq;(-,-) : V xV — C are bilinear forms witho; (x,y) = 0if x € Vg, y € Vg, a + B = 1 for any
i € {0,1,2,3} and satisfy[(44)E(4.14).

Proof. SinceR=C[d]V is afinitely generated and frégJ|-module, we can assume tlegf(a, b) =
5N ,A'ai(a,b) for anya, b € V and some non-negative integerThen, by Theoreri 4.1 and the
condition that for anyg € V, there exist sommandx;, y; € V such thaz= S X oy;, we get that
if n> 3, foranyze V andc eV, an(z,c) = S yan(X oVyi,c) = 0. Hence, for any, be V, we
obtaina, (a,b) = 32 ;A'ai(a,b). Then, by Theored 4.1, we can obtain this corollary. ]
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Remark 4.3. It should be pointed out that there are some natural condgito make the Novikov
algebra(V, o) satisfy the assumption in Corollary 4.2. For exam€,0) is simple or(V,o) has a
left unit or a right unit.

Corollary 4.4. Let R= C[d]V be a quadratic Leibniz conformal superalgebra corresppgdo
the associative Novikov superalgel(d o) where for any = V, there exist some non-negative
integer mand x y; € V such that = T, oyi. SetR= R® Cc be a central extension ¢R,[-5])
with theA -product given as follows:

[ayb] = d(boa) +2A (boa) + ay (a,b), a, beV. (4.32)
Then, for any a, k= VV, we obtaina, (a,b) = ao(a,b) +Aai(a,b) +A3az(a,b) and the bilinear
formsao(-,-), a1(-,-) and aa(-,-) on V satisfyai(x,y) = 0if x € Vg, y € Vg, a + B =1 for any
i € {1,3} and the following equalities:

az(a,cob) = az(boa,c) = (—1)Pas(coa,b), (4.33)
ai(a,cob) = ai(boa,c) = (—1)P¥ay(coa,b), (4.34)
ao(a,cob) = —ap(boa,c) = —(—1)PYag(coa,b). (4.35)

Proof. For anya, b € V, seta, (a,b) = zini"g}\iai(a, b) wheredq;(-,-) are bilinear forms oW and

Nap iS @ non-negative integer depending @andb. With the same process as in Theorlem 4.1,
(4.2) becomes

Aay (8, cob) + Hay (a,cxb) = (—A — )ay 4 (boa,c)

+Aay y(bxa,c)— (-1)PYua_,(coab) — (—1)PYAa_y(cxa,b). (4.36)

For fixeda, b, c, there are only finite elements ¥fappearing i, (-, -) in (4.38). Therefore, we
may assume the degrees of@jl(-,-) in (4.38) are smaller than some non-negative integer. So, we
setay (a,cob) = SN yA'ai(a,cob), -~ anda_,(cxab) = S o(—p) ai(cxa,b).

If n> 3, by comparing the coefficients 2" in @.386), we get

(n—C2)an(boa,c) = 0. (4.37)

Thereforean(boa,c) = 0. Repeating this process, we can ggtboa,c) =0 foralln>m> 3.
By the discussion above, for aayb, c € V, we getay(boa,c) = 0 for allm > 3. Since for any
ze V, there exist sommandx;, y; € V such thaz = ${" ;X oy;, we getam(z,¢c) =0 forallm> 3.
Hence,a) (a,b) = ZiS:O ai(a,b). Moreover, it is easy to check that (413B)-(4.35) are edeivao
(4.4)-(4.14) with[-, -] trivial. Then, by Theorer 411, we get this corollary. O
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Remark 4.5. Note that this corollary also holds for the quadratic Leiboonformal superalgebras
corresponding to associative Novikov superalgebras waremot finite.

Corollary 4.6. Let (V,o,[-,-]) be an ass-Nov-Leibniz superalgebra ang-FC[d]V be the corre-
sponding quadratic Leibniz conformal superalgebra. &ét,-) (i = 0,1,2,3) be bilinear forms

onV withai(x,y) = 0if x € Vg, y € Vg, a + B = 1 and satisfy[(4}4);(4.14). Define bilinear forms
¢i : CoefR) x CoeffR) — C as follows:

po(a@t™ b®t") = ao(a,b)dmint1.0, (4.38)
p1(a@tM b®t") = mai(a,b)dmino, (4.39)
p2(axtMb®t") = m(m—1)az(a,b)dmin-1.0, (4.40)
¢3(axt™ bat") = mm—1)(m—2)as(ab)dnin-20, (4.41)

fora, beV, m, ne Z. Then,do, ¢1, $2, $3 are 2-cocycles of Leibniz superalgebra Coejt

Proof. Suppose thaR is the central extension defined [y {4.3). Then, the coefficilgebra oR
is Coeff(R) = Coeff(R) @& Cc_1 with the following Leibniz bracket:

[am,bn] = [&,blmin+M(@aob)min—1—n(bo@a)min_1+ ao(a,b)dminr1,00-1
+mai(a,b)dminoc—1+mM(m—1)az(a,b)dnin-10c-1
+m(m—1)(m—2)as(a,b)dmin—2.0c—1,

for anya, b eV, andm, n € Z, andc_1 is in the center of CoefR). Obviously, CoeffR) is the
central extension of CodfR) by a one-dimensional cent€k_;. Then, we naturally obtain 4 kinds
of 2-cocycles of CoefR). O

Example 4.7. Let Ry be the quadratic Leibniz conformal algebra correspondimghte associa-

tive Novikov algebrgA, o) given in the Example_3.16. By Corollary ¥.4, for investiggtihe
central extensions ofdg by a one-dimensional centélc, we only need to compute the bilinear

formsag(-,-), o1(-,-), az(-,-) on A satisfying[(4.33)-(4.35).

By a simple computation, it is easy to get thgfL,L) = a3(W,L) = ai(L,L) = a1(W,L) =0,
az(L,W) = az3(W,W) = B, a1(L,W) = a1(W,W) = y and ap(L,L) = ap(L,W) = apg(W,L) =
ao(W,W) = 0wherea, y € C.

Therefore, any central extension of gby a one-dimensional centélc is %76 = Roo® Cc

with ¢ the center oRg 0 and the Leibniz bracket as follows:

[LyL] = MAL] =0, [LyW]=(d+2A)L+(yA +BA%)c,
WAW] = (3 +24 )W + (YA +BA®)L,

wheref, y € C.
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Then, by Corollary 4J6, we get a central extension G&eff) & Cc of CoeffRy) by a one-
dimensional cente€c with the Leibniz bracket as follows:

[Lm, Ln] = Wh,Lm| =0,

[Lm, Wh] = (M—nN)Lmin—1+ (Mydnno+mM(M—1)(M—2)Bdmn—20)c,

[Win, Wh] = (M—n)Winin—1+ (MySmeno+mM(M—1)(M—2)Bmin-2,0)c¢,
wheref3, y € C.

Next, we study the Leibniz central extensions of quadraittcdonformal superalgebras.

Theorem 4.8.LetV be aZ/27-graded vector space arRl= R& Cc be a Leibniz central extension
of quadratic Lie conformal superalgebra-RC[d]V corresponding to the super Gel'fand-Dorfman

bialgebra(V, o, |-,-]) by a one-dimensional centél. Set the\ -bracket ofR by
[ayb] =d(boa)+A(bxa)+[b,al+a,(a,b)c, (4.42)

where ac Vg, b€ Vg, bxa=boa+ (—1)%Baob anday (a,b) € C[A]. Assume thatr, (a,b) =
5N ,A'ai(a,b) for any a, be V, where allai(-,-) : V xV — C are bilinear forms and there exist
some a, ke V such thatop(a,b) # 0. Then, we obtain (for anyaVy, b€ Vg, c€ V).

(1) Ifn> 3, an(acbh,c)=0

(2) Ifn<3, ai(xy) =0ifxeVq,ye Vg, a+ B =1foranyic {0,1,2,3}, and

az(aob,c) = (=1)Paz(boa,c) = (—1)*Pas(a,cob) = (—1)F @V az(coa,b), (4.43)

ao(a,cob) + as(a,[c,b]) = (—1)*Paz(ach,c) + az([b,a],c), (4.44)
az(a,cxb) = —as(boa,c) + (—1)*P2as(acb, ¢) + 3as([b,a],c), (4.45)
—ay(boa,c)+ as([b,a],c) — (—1)PYas(coa,b) + (—1)PYas([c,a],b) = 0, (4.46)
as(a,cxb) = as(bxa,c) + (—1)PYaz(cxa, b), (4.47)
ai(a,cob)+az(a [c,b]) = (1) as(acb,c) + az([b,al, ), (4.48)

—ai(boa,c)+ az([b,al,c) + (—1)PYas(coa b) — (—1)PYay([c,a],b) = 0, (4.49)
ai(a,cxb) = (—1)%Pai(ach,c) — ai(boa,c) + 2az([b,a], c) + (—1)Pay (c+a, b4.50)

ao(a,cob)+ai(a,[c,b)) = (—1)%Pag(ach,c) + ai([b,al,c) — (—1)PYap(cxa,b) (4.51)
ao(a,cxb) = ai([b,al,c) — ag(boa,c) — (—1)FYap(coa,b) + (—1)PYay([c,a], b),(4.52)
ao(a, [c, b]) = ao([b,a],c) — (—1)PYao([c,al, b). (4.53)

Proof. The proof of(1) is similar to that in Theorem 4.1 and it is easy to see thai7]4(Z.31) are
equivalent to[(4.43)-(4.53) whem+b = acb+ (—1)Pboaforac Vg, b e Vp. This concludes
this theorem. ]
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Corollary 4.9. Let V be aZ/27Z-graded vector space andR C[d]|V be a finite quadratic Lie
conformal superalgebra corresponding to the super Getf&@orfman bialgebrdV, o, |-, -]) where
for any ze V, there exist some non-negative integer m anghx V such that z= y{" ;i oyi. Set

R=R® Cc be a Leibniz central extension @, |-, -] ) with theA -product given by[{Z.22). Then, for
any a, be V, we obtaina, (a,b) = 53 jA'ai(a,b) wherea(-,-) : V xV — C are bilinear forms
with aj(x,y) =0ifx € Vo, ye Vg, a + B =1forany ic {0,1,2,3} and satisfy[(4.43)-(4.53).
Proof. It can be obtained from Theordm #.8 with a similar proof withttin Corollary 4.2. [
Corollary 4.10. Let R= C[d]V be a quadratic Lie conformal superalgebra correspondmghie
Novikov superalgebrév, o) where for any z V, there exist some non-negative integer m gnd x

yi €V suchthat z= ¥ x oyi. SetR=R® Cc be a Leibniz central extension (R, |-, -]) with the
A-product given as follows:

—_~—

[ayb] = d(boa)+A(bxa)+ay(ab)c, (4.54)
where acb =aob+ (—1)%Fboa for any ac V, and be Vg. Then, for any a, = V, we obtain
a,(a,b) = 32 yA'ai(a,b) and the bilinear formsyi(-,-) satisfyai(x,y) = 0 if x € Vg, y € Vg,
a+pB =1foranyic {0,1,2 3} and the following equalities for any@Vy, be Vg, ceVy:

az(aob,c) = (—1)%Paz(boa,c) = (—1)%Paz(a,cob) = (—1)P@Vaz(coa,b),(4.55)
az(a,cob) = (—1)*Pay(acb,c) = — (1) B ay(cob,a), (4.56)
az(a,boc) = —(—1)PYay(boa,c) + (—1)P@a,(aob,c), (4.57)
ai(a,cob) = (—1)%Pay(acb,c) = (—1)* B ay(cob,a), (4.58)
ag(a,cob) + (—1)PYag(coa,b) = —ag(boa,c) — (—1)P¥ag(a,boc), (4.59)
ao(a,cob) + (—1)PYag(coa,b) = (—1)*Pag(boa,c) — (—1)( @ B)Vqag(aoc,b). (4.60)

Proof. It can be obtained from Theordm #.8 by a similar proof with thaCorollary[4.4. O
Corollary 4.11. Let (V,o,]-,-]) be a super Gel'fand-Dorfman bialgebra and=-RC[d]V be the
corresponding quadratic Lie conformal superalgebra. &¢t,-) (i = 0,1,2,3) be bilinear forms
onV withai(x,y) = 0if x € Vg, y € Vg, a + B = 1 and satisfy[(4.43):(4.53). Define bilinear forms
@i : CoeffR) x CoeffR) — C as follows:

po(a@t™ b®t") = ao(a,b)dmint1.0, (4.61)
p1(a@t™ b®t") = mai(a,b)dmino, (4.62)
p2(axtMb®t") = m(m—1)az(a,b)dmin-1.0, (4.63)
¢3(axt™ bat") = mm—1)(m—2)as(ab)dnin-20, (4.64)

fora, beV, m, ne Z. Then,do, ¢1, $2, p3 are 2-cocycles of Leibniz superalgebra Coejt
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Proof. The proof is similar to that in Corollafy 4.6. O

Example 4.12.Let R= C[d]L& C[d]W be a Lie conformal algebra with the-bracket as follows:
[LaL] = (d+2A)L, L\W]=(0+aA)W, WyW]=0, (4.65)

where ac C.
Obviously, R is a quadratic Lie conformal algebra corresgioig to the Novikov algebréy/ =

CL@® CW, o) given as follows:
LoL=L, WolL=W, LoW=(a—1W, WoW=0. (4.66)

Then, by a simple computation, we can get thataify, -) fori € {0, 1,2, 3} satisfying [(4.55)-
(4.60) are those given in Example 3.10[in][21] wik= 0. Therefore, any Leibniz central extension
of R by a one-dimensional center is a Lie conformal algebcaictral extension of R studied in
Example 3.10 in[[21].
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