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ABSTRACT. Inthe present paper we describe Leibniz algebras witlettimensional Euclidean Lie algehrg2) as
its liezation. Moreover, it is assumed that the ideal gererhy the squares of elements of an algebra (denotddl by
as aright:(2)-module is associated to representations(2j in sl2(C) & sl2 (C), sl3(C) andsp, (C). Furthermore,
we present the classification of Leibniz algebras with galnBuclidean Lie algebra(n) as its liezation/ being an
(n + 1)-dimensional right(n)-module defined by transformations of matrix realizatior @f). Finally, we extend
the notion of a Fock module over Heisenberg Lie algebra taése of Diamond Lie algebr@,; and describe the
structure of Leibniz algebras with corresponding Lie alge®;, and with the ideall considered as a FocRy,-
module.
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1. INTRODUCTION

Leibniz algebras are non skew-symmetric generalizatidoeflgebras, in the sense that, adding antisym-
metry to Leibniz bracket leads to coincidence of the fundatadédentity (Leibniz identity) with Jacobi identity.
Therefore, Lie algebra is a particular case of Leibniz algebeibniz algebras were introduced by J.-L. Loday
[16] in 1993 and since then the study of Leibniz algebras leanlzarried on intensively. Investigation of Leib-
niz algebras shows that many classical results from thefdriealgebras are extended to Leibniz algebras case
(seell1], 14], I5], [6], [9], [10], [15], [18] and referencéérein).

For a Leibniz algebrd. we consider the natural homomorphigninto the quotient Lie algebra = L/I,
which is called itscorresponding Lie algebrto Leibniz algebrd. (in some papers it is calledli@zationof L).

The mapl x L — I, (i,T) ~ [i, 2] endowsl with a structure of a right-module (it is well-defined due tb
being in a right annihilator).

Denote byQ(L) = L @ I, then the operatiof—, —) defines a Leibniz algebra structure @iL), where

(Z,9) = [z,y], (T,i)=0, (G7=T) =I[,z], (i7)=0, x,y€ L, i,j€1.

Therefore, for a given Lie algebi@ and a rightG-module M, we can construct a Leibniz algebra as de-
scribed above.

One of the approaches related to this construction is theriggien of Leibniz algebras with corresponding
Lie algebra being a given Lie algebra. In papéis [3], [8] sdraibniz algebras with their corresponding Lie
algebras being filiform and Heisenbédig, Lie algebras, respectively, are described. In partictharclassifica-
tion theorems for Leibniz algebras whose correspondinglgebras are Heisenberg in one case and naturally
graded filiform algebras in another with the idéddeing isomorphic to Fock module over liezation are obtained
in [3].

In this paper we focus our attention to Leibniz algebras tanted by Euclidean Lie algebeén) and some
of its modules. In the case = 2 we use modules considered in the papel [13], while for EgalidLie algebra
e(n) with n > 3 we use its modules that arise from matrix realization(ej. In addition, we clarify the structure
of Leibniz algebrag)(D;) = D @ I, wherel is a Fock module over Diamond Lie algel®a . For detailed
information on Diamond Lie algebr@;, and its properties we refer readers to the papersi[2], [17], [

Throughout the paper (if it is not mentioned ) we considertihse field to b& and in the multiplication
table of an algebra omitted products are assumed to be zero.

2. PRELIMINARIES

In this section we give necessary definitions and prelinyin@sults.
1
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Definition 1. [16] An algebra(L, [—, —]) over a fieldF is called a Leibniz algebra if for any,y, 2z € L the
so-called Leibniz identity

[[Ivy]vz] = [[xvz]vy} + [Iv [vaH
holds.

Let L be a Leibniz algebra. The idedlgenerated by{[z,x] : « € L} plays an important role in the
theory since it determines the (possible) non-Lie charaité. From the Leibniz identity, this ideal satisfies
[L, 1] =0.

2.1. Euclidean Lie algebra and its matrix realization. The groupE(n) of Euclidean motions in th&" is
the noncompact semidirect product grakp x SO(n). The complexification of its Lie algebrdn) admits a
basis{E; ;, Hy | i < j} with non-zero commutation relations given by
(Eij, Ejxl = Eig, [Eij, Hj] = H;, [E;;, Hi] = —Hj,
assumingt; ; = —E; ;.
In fact, the matrix realization of Euclidean Lie algekfa) can be implemented by the following matrix
form:

1
A b)
Tp
00 ... 0

where the matrix4 is self-conjugate matrix [14]. In this realizatidiy ; = e; ; — €54, 1 <i# j <n, Hy =
ern+1, 1 <k <nwith the matrix units; ;.

We preserve the usual notatiofys;, p—, I} for the basis of Lie algebrg2), wherep = E; 3, p_ = Eg 3
and! = ELQ.

2.2. Diamond Lie algebra. There is a well-know relatio®; /Center(D;) =2 ¢(2) between four-dimensional
Diamond Lie algebr@; ande(2).
Let us consider &k + 2)-dimensional real Diamond Lie algebra with a basls;, Y;, Z, T | 1 < i < k}
and the table of multiplication:
(XoYi]=2Z, [T, Xi] = -X;, [I,Yi] =Y;, 1 <i< k.

Take the basis transformation (complexification):

. 1 .
7 = —%Z, X =S (Xi+Y), Y = %(XZ— ), T = —iT, 1<i<k,
and obtain complex Diamond Lie algeld®a with the table of multiplication:

In fact, Diamond Lie algebra is a double one-dimensionatre¢extension of an abelian algebra, while
Heisenberg Lie algebra is a one-dimensional extension abatian algebra.

2.3. Fock module over Heisenberg Lie algebra.Recall, that a Heisenberg Lie algebifa is defined by the
following table of multiplications
)

—]=1,1<i<k
6$1] ) _7’_7

[Iia

in the basig(1, z;, 32, 1 <i <k}
In the paper[][7] the notion of a Fock module over Heisenbergdlgebra is introduced. Namely, it is

Clx1, . .., xx] equipped with the followindgZ;-module structure:
(p('rlv"'v'rk)vl) = p(Ilv"'v'rk)a

(2) (p(x1,. ., 2),2) = xplar,...,Tk),
(p('rlv"'v'rk)aﬁ) = %(p(xla"'alﬂk))v

foranyp(z1,...,zr) € Clay,...,xx]andl <i < k.
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2.4. sl3(C) @ sl2(C)-modules ase(2)-modules. The special linear algebrd,(C) is simple Lie algebra of
traceles2 x 2 matrices with complex entries. The semi-simple Lie algelyeC) & slx(C) is of type A; x A,
and admits a Chevalley badis;, y;, h; | 1 <i < 2,1 < j < 2} defined as follows:

a ¢ 0 O

- 0 O
3) ahy + bhy + cxy +dxe +yy +dys = % Oa b d

0 0 d -b

Dougles, Repka and Joseph][13] construct classificatiomnisieeldings ot(2) into sl;(C) ¢ sl (C) given
in the next theorem.

Theorem 1. There are precisely two embedding= ) into sl2(C) @ sl3(C), up to an inner automorphism.
They are given by

1
o1 : D+ > T1, pP- T3, l'—>§(h1—h2),

1
(bg: P+ = T2, P r— Iy, l'—>§(h2—h1)

Remark 1. The basis element§p,p_,1} of the algebrae(2) by faithful representations are identified
with the linear transformation$o; (p4.), ¢1(p—), #1(1)} of a linear spacd/ = {X, Xo, X3, X4}. We de-
fine on a spacé’ the structuree(2)-module by the action, which is naturally arises from tramsfations

{61(p+), P1(p-), P1(1) }:

(X17p+):X21 (X?np— :X47
(4) (X1,0) = 3X1,  (Xo,0) = —3Xo,

(X3vl) = _%X:iv (X4vl)
Note that the remaining products in the action are zero.

Since¢2 =co0 (251, wherese : {1'1,1'2, hi — hg} — {1‘1, To,hy — hg} with E(,Tl) = $2,6($2) = l‘l,E(hl —
he) = ho — hy the constructed via representatiBnmodule over(2) is equivalent to[{(4).

2.5. sl3(C)-modules ase(2)-modules. The special linear algebds(C) is the Lie algebra of traceleSsx 3
matrices with complex entries. It is a simple Lie algebraypfetA;. A Chevalley basi{z;,yi, hj : 1 <i <
3,1 < j <2} ofsl3(C) is defined as follows:

a c —e
ahi + bho + cx1 + dxo + ex3 + yy +d'ys + €'yz = d b—a d
- d -b

Dougles et.al.[[13] give a classification of embeddings(8j into sl3(C) presented in the next statement.

Theorem 2. There are precisely two embeddings @) into sl5(C), up to an inner automorphism. They are
given as
P1: P+ — x1, p-rrx3, L —hy,

P2 Py > To, p_+>x3, L+ —h.

Similar as in Remarkl1, using the matricgs;(p+), vi(p—), :i(1)}, i = 1,2 from Theoreni R, we define
non-isomorphie(2)-module structures on a vector space= { X, X5, X3} as follows:

5) (X1,p4) = X2, (Xy,p-) = —X3,
(Xo,1) = =Xo, (X3,1) = X3,

5 (X1,p-) = =X3, (Xo,py) = X3,

©) (X1,1) = =Xy, (X2,1) = Xo,

the remaining products in the actions are zero.
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2.6. sp,(C)-modules ase(2)-modules. The symplectic algebrsp,(C) is the Lie algebra oft x 4 complex
matricesX satisfyingJ X7 J = X, whereJ is a4 x 4 matrix

(0 L
J—<_IQ O).

It is a 10-dimensional simple Lie algebra of typg (equivalent to the simple Lie algebra of typ). A
Chevalley basi§x;, y;, h; | 1 <i<4,1<j <2} ofsp,(C) is defined as follows:

a c f —e
- b — d
ahy + bhy + cxy +dxs +exz + fog +yr +d'ys +€e'ys + flys = JCC, i:: _Z _
—e’ d —c a-—b

Dougles et.al.[[13] present classification of embedding$2finto sp, (C) in the next theorem.

Theorem 3. There are three families of embeddings @) into sp, (C, up to inner automorphism. Two families
contain a single embedding, and one family is infinite. Theygaven as

1
Py Dt = Ty, Do > T3, ZHE}M—hz,
1
Pa Dy T3, P Ty, l’_>_§h1+h27
1
P35 Dy T2, p_rr a4, L —§h1 + B3,

wheres € C andyz o ~ 13 5 iff o? = 2.

Similarly as before, we have, = ¢ o 1, wheree : {3, 24, 3h1 — ho} — {3, 24, 3h1 — ho} with
e(xy) = x3,e(x3) = m,a(%hl — hg) = —%hl + ho. Therefore, it is not necessary to consider the module
constructed via representatign.

Analogously as in RemafR 1 applying results of Theokém 3hieyttansformations; (J), v (P ), ¥1 (P-)
and {vs(p+), ¥3(p-), ¥3(l)} we define two non-isomorphig2)-module structures on a vector space=
{X1, X9, X3, X4} in asimilar way:

(X1,p4) = X3,  (Xi,p-)=—-X4, (Xo,p-)=-X5,
(7) (X1,0) = 5X1,  (Xo,0) = —3Xo,
(Xs,1) = —1X5, (X40) = 2X,,
(X2,p4+) = Xy, (X1,p-) = X,
(8) (X1,1) = —3X1 — BX4, (Xa,1) = 3X5— X3
(Xs,1) = L X, (Xa,1) = —1X,.

3. MAIN RESULTS

3.1. Leibniz algebras associated with representation of Euclidan Lie algebra¢(2) considered as a
subalgebra ofsl;(C) @ slz(C). In this subsection we describe Leibniz algebfasvith L/I = ¢(2) and
the ideall being a four-dimensional(2)-module defined by[{4). In this case an algelirdnave a basis
{l,p+,p_, Xl, XQ, X3, X4}

Let us introduce denotations
4

4
(l,py] =py + ZlfiX“ [p+,l] = —p4 + 21 a; X;,
4 e
[lp-]=-p_+ ZlgiXi, [p—,l]=p- + Z:lbiXiv
4 B a7
) (1] = > eiXi, [P py] = 20 diXi,
=1 4 121
[p*?p*] = ‘ eiX’iv [p+7p*] = Z miX’iv
121 =1
[p—,py] = 2. niXi.

N
Il
-
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Theorem 4. Let L be a Leibniz algebra with an associated Lie algebfa) and the ideall being thee(2)-
module defined by{4). Then there exists a bésis,, p_, X1, X, X35, X4} of an algebral such that its table
of multiplication is in the following form:

(l,p+] = P+, [P+, = —p+,
Lp-l=-p—, [p-.ll=p-,
(10) [(X1,p4] = Xo,  [X3,p-] = Xy,
(X1l =3X1,  [Xo ] =-1X,,
(X3, =—1X5, [Xu,l]=1X,4

Proof. Take a change of basis elemefitsp, p_} as follows:

4 4
V=120 X1 +262X0 + 265X = 200X, 9y =py 20X+ ) fii, pl = po —26:X0 =) g X
i=1 i=1

Then by using notationg](9) we conclude that
[l/al/] = 01 [l/apg—] = pg—v [l/ap/—] = _p/—

Considering Leibniz identity for triples mentioned below wbtain

(l’,pﬁr,p’_) = mp=-—Nn;,M3=—n3,Mg =—Ng — g1, Mg = —Nyg — [3,
.p 1) = 3fi=—-ai,ifo=c1—a23fs=—a3, 3f1=—aa,
(',p 1) = bi=—3g1,bo=—3g2,b3 = —3g3,bs = —394 — c3,
(P U p) = di=ds=dy=0,3dy =ay,
(P U.p) = e1=ey=e3=0,3eq4=—bs,
@ U p) = mi=mg=m3=0,my = 2as,
., Up) = ni=n3=n4=0,ny=—2b,
From these we obtain the table of multiplicatignl(10). O

3.2. Leibniz algebras associated with representation of Euclidan Lie algebrae(2) considered as a sub-
algebra of s[3(C). Let L be a Leibniz algebra such thayI = ¢(2) and the ideal of L is ane(2)-module
defined by eithel {5) of(6).

The following proposition defines the products of basis &lets.

Proposition 1. Let L be a Leibniz algebra with associated Lie algeb(a@) and I be ane(2)-module defined
by (8). Then there exists a badig p,p—, X1, X2, X3} of L such that its table of multiplications has the
following form:

[l,p+] = P+, [P+, = —p+,
[l,p-]=—p, [p-.1] =p-,

Kr(on, ) : [,]] = a1 X4, [p4,p-] = a2 X3,
[p—,p+] = —2 X1, [Xi,p4] = Xo,
[(X1,p-] = — X5, [X2,1] = — X,
[X5,1] = X3

Proof. Let us set the products of basis elemefts, p_, 1} similar as in[(®)but withouf, participation.
Taking the change of basis elemefitsp,, p_ } as follows

3 3

U'=l-cXi+cXo—c3X3, py =py —a1Xo + Zfin‘, pl=p-—c1X3— Zgz‘Xm
i=1 i=1

we can assume

[l7l] =X, [lvar] =P+ [l,p,] = —DP--
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Considering Leibniz identities for different triples wediee

(l,py,p—) = mi=—ny, my=—nz+ g1, mg=—nz+ fi,
(Lpy,l) = a1 =—fi,a2 =0,a3 = —2f3,
(Lp—,1) = bi=—g1, ba =—2gs, by =0,
(p+,L,p+) = di=d3=0, dy=ay,
(p—,l,p-) = e1=ex=0,e3="0,
(P4,1,p-) = ma=0,m3=—a,
(p—,l,py) = mn2=—b1,n3=0.
Puttinga; := ¢; andas := my we get the family of algebra&’; (a1, as). O

In the next theorem we identify the representatives (upsimizrphism) of the family of algebrds; (a1, as).

Theorem 5. An arbitrary algebra of the family; (a1, a2) is isomorphic to one of the following pairwise
non-isomorphic algebras:

Ki(1,1), Ki(1,0) K,(0,1) K:(0,0).

Proof. In order to achieve our goal we consider isomorphism (basiestormation) inside the family
Ki(aq,as). Since{l,ps,p—, X1} are generators of the algebra, we take the general transfiomof these
basis elements:

3 3
I'= Ayl 4+ Aspy +Asp_ + 3 Aiy3 Xy,  ply = Bil+ Bopy + B3p_ + > Bi3X,,
i=1 i=1

3 3
pl = Cil+ Copy +Csp_ + 3 Cip3 X, X1 =) DiX,.
=1 i=1

Then the rest of the basis elements are obtained from theipiell;, = [ X7, p/, ] andX; = —[X71,p’ |, that
is,

X5 = (D1Bs — D3B1) Xy + (D3By — D1B3) X3, X4 = (D2Cy — D1C3) X5 + (D1C5 — D3C4)Xs.

Now we apply the following procedure:

e in the first step we obtain all the produgtg, «’] by substituting the above basis transformation and
applying the productk, x|;

e in the second step in the expression of the prod{i¢ts’| of the algebraK;(a),a}) in the basis
{U', o/, 0", X1, X3, X3} we substitute the above basis transformation;

e in the third step comparing two expressions obtained in tiegipus steps we derive the expressions
for o, o) interms of parameters;, as, A;, B;, C;, D;.

Applying the procedure gives the following expressions:
g

o — ol — ByCsaz
1 Dl ’ 2 Dl

Case l.Letas # 0. By putting D; = B2Csas We getal, = 1 anda) = B;gm.
If «; = 0 then we obtain the algeb#g; (0, 1).
If «; # 0 then takingBy = 03312 we getK;(1,1).
Case 2.Letas = 0. Thena), = 0.
If «; = 0 then we obtain the algeb#g; (0, 0).
1

If aq # 0 then takingD; = «; we havek;(1,0). O

with BQCng 7§ 0.

In a similar way we derive the corresponding results in treecahen the ideal is ane(2)-module defined

by (6).

Proposition 2. Let L be a Leibniz algebra with associated Lie algeb(&) and I be ane(2)-module defined
by (8). Then there exists a badig p,,p_, X1, X2, X3} of L such that its table of multiplications has the
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following form:

(l,p+] = P+, [P+, = —p+,
(l,p-]=—-p-, [p-. 1 =p-,

(11) Ko(on, an) = [,]] = a1 X3, [p4,p-] = a2 X3,
-, py] = —2X3, [X1,p_|=—X3,
[(X1,0] = — X, [X2,p4] = X3,
[Xs,1] = Xo.

Theorem 6. An arbitrary Leibniz algebra of the family of algebrds, (a1, as) is isomorphic to one of the
following pairwise non-isomorphic algebras:

K>(1,1), K5(1,0) K5(0,1) K5(0,0).
Remark 2. Let Hy, Hy, E1, Eo, E12, F1, F> and F15 be Chevalley basis 6f5(C) defined by

a c e
aH1+bH2+CE1—|—dE2+8E12+fF1+gF2—|—h,F12: (f b—a d )
h g —b

Dougles and PremdfL.2] construct indecomposable finite-dimensional repres@ntatofe(2) by restricting
those ofl3(C) to one embedding ef2) in sl3(C) given the next lemma.

Lemma 1. Amapy : ¢(2) — sl3(C) defined on the generators gf2) by
e(p+) = E1,  olp-) =Fz, () = Hi + Ha,
is a Lie algebra embedding.

We construct a modul® by actionV x ¢(2) — V defined by linear transformations with the matrices
{o(p+), o(p-), ¢(1)} on the linear spac¥ = {X;, X5, X3}. Then we obtain

{ (X17p+) = X27 (X37p*) = X27

(12) (X1,1) = X1, (X35,1) = —Xs.

Remark 3. If we consider the following change of basis elements

l/ = _la p/+ =pP—, p/7 =P+, X{ = Xla Xé = _X37 XZ/S = _X27

then the actior(I2) transforms to the actior {6). Hence the description of Leilalgebras constructed by
¢(2)-module(l2) are already obtained in Theorem 6.

3.3. Leibniz algebras associated with representation of Euclidan Lie algebrae(2) considered as a subal-
gebra of sp, (C). In this section we describe the Leibniz algebfasuch thatl. /I = ¢(2) and the ideal is a
right ¢(2)-module with action eithef{7) or8).

Theorem 7. Let L be a Leibniz algebra with associated Lie algek() and the ideal be a righte(2)-module
defined by({l7). Then there exists a badig ., p_, X1, X, X3, X4} of L such that its table of multiplications
has the following form:

[l,p+] = p+, [P+, 1] = —p+,
lLp-]=-p-, [p-l]=p-,
[(X1,p4] = X3,  [X1,p-] =Xy,
[Xo,p-] = —X3, [X1,]]=1X,
(X, 0] = —2X5, [Xs,0] = —1X;
[X4,1] = 2X,.

Proof. Here for the products of the elemerts, , p_,(} we use notations of[9).
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Consider the change of the basis eleménis, p_ in the following way

UV'=1-2c1X1 + 2c2X5 4 203X3 — 2c4 Xy,

P =py — 201 X3+ Z_Ej:l fiXi,

Pl =p- —201X4+ 32 X3 — igz‘X
Then we can assume

[lul] = 07 [lvp-i-] =P+, [lap—] = —P--
From the following Leibniz identities we derive
W9, p), = mi=-—n1, mg=—ng, m3=—n3+ g1+ fa, myg=—n4+ f1,
(.p 1), = a1=-3fi,aa=3fa,a3=—5fs+c1,aa=—3f4,
(v, pt ) = 51:—%91, by = — 392, b3*—%gg+02,b4:%g4+61,
(pﬁrvl/ ), = di=do=ds=0,d3= al,
0, U,p ), = e1=ex=0,e3=2by,eq=2by,
(0,1, p0), = mi=my=0,m3=2as,my = 3a1,
( ! l/,p+), = n1:n2:n4:O,n3:—2b1.
Hence we get
[l/api',-] :pil,-a [pil,-al/] = _pil,-a [l/vp/—] = _p/—v [p/—al/] = p/—

O

Theorem 8. Let L be a Leibniz algebra with associated Lie algeb(a) and the ideall be a righte(2)-module
defined by((B). Then there exists a badip ., p—, X1, X2, X3, X4} of L such that its table of multiplications
has the following form:

[l,p+] = p+, [P+, 1] = —p+,
l,p-]=—p-, [p-.1] =p-,

[X2,p4] = Xy, [X1,p-] = X,

[(X1,0) = —1X1 — BXy, [X2,l]=1X, - BX;,
[Xs,1] = 1Xs, (X4, = —LX,

Proof. Similarly as in the proof of Theorefm 7 considering the chaoiggdementsl, p,., p_} as follows
l/ = + 261X1 — 4ClﬁX4 — 202X2 — 4C2/8X3 — 203X3 + 2C4X4,

3 3
P =py —2c2X4 + Z fiXi, pl=p- —2c1X3— ZgiXi7

i=1

yields
[lvl] =0, [lvp-l-] =P+, [l,p_] = —DP--
The proof of the theorem completes the following verificatiof Leibniz identities
(', pp ), = mi=—ny, mg=—ng, m3=—n3— f1,ms=—n4+ ga,
.p ), = ar=-2fi,aa=—-3fr,a3 = (=3 +B)fs,aa = =3 fa+ Bf1 + c2,
,p 1), = bi=-3g, by =—30, 53*—%93—01—592,b4:—%94—5917
(P Up), = di=da=d3=0,ds=3 sag,
(W, U,p), = e1=ex=es4=0,e5=—2b,
(P Upl), = mi=mg=myg=0,m3=—3ai,
(U p)), = ni=mng=n3=0n4=—2by.
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3.4. Leibniz algebras associated with representation of Euclidan Lie algebrae(n) realized by its matrix
realization.

In order to distinguish the quotient Lie algehidl and its preimage under natural homomorphism, for the
guotient algebra we shall use notation with a line at the top.

In this subsection we describe Leibniz algebtasich that. /I = ¥(n) (here the quotient algebtan) means
the algebra(n)) and the ideal is an(n + 1)-dimensional righg(n)-module with a basi§ X1, ..., Xp41},
which defined by transformations of matrix realizatioreaf):

(13) (Xi,Eijl=X;,1<i,j<n, [X;{Hj]=Xp41, 1<i<n.

It should be noted tha{(n) = so,,_;+C", whereso,,_; is orthogonal simple Lie algebra[14] with the basis
Ei,j,i <J.

Thus we have an algebria = (so0,,_1+C") + I with a basis{F; j,i < j, Hg, X1,...,Xn41}, where
elementsE; ;, Hy, are pre-image of corresponding elements of the quotierbadd./I. Due to Levi’s theorem
[5] we conclude thaso,,_; is a subalgebra ok, thatis,[E; ;, E; k] = Ei k.

Theorem 9. Let L be a Leibniz algebra such thét/I = ¢(n) and the ideal is a righte(n)-module defined by
(I3). Thenfe(n), e(n)] = e(n).

Proof. We set

[Eij, Hil = —Hj + Z AL X, [Hi, By jl = Hj + Z Bquta

[E’Lij] H+ZAlijta [H EZ]:_HZ+Z JZJXtv

[Eij, Hi] = t; Ab o Xe K {isg),  [Hi Eigl = Z Bj X, k¢ {i,j},
n-l—z

[H;, Hj] = t; C’f_’th.

Taking the change
n+1 n+1
Hi=H + > Al,,X;, Hj=H;-» Al X, 2<j<n,
t=1 t=1

we can assume that
[E12,Ho) = Hy, [Ey;,Hi]=—-H;,2<j<n,
For2 < i # j < n we consider the Leibniz identity
[Eji [Bri, Hi)] = [[Ej, Eval, Hi] — [[Eji, Hi), Bl = —H; — A}, X+ AL Xy
On the other hand we have

[Eji; [Bri, Hi]] = —[Ej i, Hi] = [E; 5, Hy].
Consequently,
(14) [Eij, Hi] = —Hj + A;’,i,le - A},i,lXia 2<i#j<n.
Similarly, we obtain
(15) (Erg, Hi] = —Aj 1 X1+ Ap 1 X0, 2 < ik, 1<, i ¢ {k l}.

ele“ ents et p es ()l
{ 'LJ’]] EZ]}a 2<Z¢j<_n7

{Bij HisEra}, 1<i#j<n, 2<k#1<n, {i,j}n{k1}= {0},
we derive
[Hj,E; ;) = —Hi+ Al X1, 2<i#j<n,

(16) [H;, Ey,] =0, 1<j<n, 2<k#1<n, j¢&{k1l}.
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Using (14){15) in the Leibniz identity for the elemeRtE; ;, Hy, Ej; } we conclude
Al;1=0, 2<i#j<n=[EyH]=-A,,;,X1, 2<ikl<n, i¢{kl}.
Analogously, fronTIb -[(16) and Leibniz identity for the tep {E1 o2, E; 2, H;},{E; j, E1 2, Ha}, 3 <
1, < n we derive
[Einy, Hi] = —Hi + Azi,Q.,iXQ - A%,Z,iXia (B, Hi] = Azg,j.lXQv 3<4,75<n.
The chain of equalities
0 = [Eij, [H1, Ho]] = [[Eij, Hi], Ho] — [[Ei j, Ho], Hi] = 2A7 ;1 X
imply
AF =0, 1<k<n,3<ij<n=[E; H]=0
Thus, we get
[Ei,jaHi] = —Hj, 3<i#j<mn,
[Hj, Ej, ]—0 1<j<n, 2<k#1<n, j¢{kl}
For3 < i, j, k < n we consider the Leibniz identity

[Ein, [Ejr, Hjl] = [[Ei1, Bjxl, Hj] — [[Eiq, Hj), Ejk] = A Xk — AFL X

1,1,7
On the other hand, we have
[Ein, [Ejr, Hj]] = —[Eiq, Hil.
Therefore, we conclude
a7 [Ei1, Hy] = A X = Al

Since in the right side of(17) there is a free paramftmd on the left side of {17) we there is not it follows
that[Ei,l, Hk] =0.
Considering the Leibniz identity for the following triplege deduce

11]

E'i,H‘,Elk, 3§’L,],k§n = H‘,EliZO, 3§i,j§n,
Js J 3 J 3

{E2;, Hay Ep 5}, 3<j<nm = [Hj, By = —Ha, 3<j<n,

{ sl I BRI .] 1,24 ) ’
{EQJ,HQ,EL]C}, 3 < j,k <n = A?,Q,l = 0, 3 S] < n,
{E;j,Ej2,Hi}, 3<i#j<n = [Ei27H1]:O; 3<i<n,
Ei;j,Ej1,Hy}, 3<i#j<n = [Ej,Hy =0, 3<i<mn,
{Eij, Ej, J

{Ei1,Er2,Hi}, 3<i<n = [H;,Er2] =0, 3<i<n,
{Eir,Hi, Eaj}, 3<i#j<n = [H, Ey;]=A1,,X;, 3<i#j<n,

)

Consider

(18) {Bro, Hi,Eij}, 3<i#j<n=[Bis Hj]=A1,,X; - A, Xi, 3<i#j<n.
Using [18) in the Leibniz identities for the triples
{E12,Hj, B}, {E13,E32,Hi}, 3<i,j<n,
we derive ‘
120=A41,,=0,3<i,j<n.
Applying Leibniz identity for the triples
{Ei2, Hj, Ea;}, {Eix, Hi, Evj}, {Eki, Hi,Ei2}, {Eki, Hy, Ein}

and analyzing the obtained relations we dedd€g E; ;] = H;, 1 <i# j <n.
Now we prove the nullity of the rest products, namély;, H;] = 0.
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From Leibniz identities we have

{Hi,Eij,H;}, 1<i#j<n = [H,H]|=[H,H] 1<i<n,
{El,i;HlvHi}v 1S’Lgn = [Hlle]:_[Hi;Hi]; 1§ZSTL
Thus, we obtainH;, H;] = 0, 1 <14, j < n, which complete the proof of theorem. O

3.5. Leibniz algebras associated with Fock module over Diamondie algebraD;,.

Our goal in this subsection consists of extending the natfdfock module over algebr®; and to clarify
the structure of Leibniz algebra associated with Fock m@dukr algebréDy,.

First, we introduce notations for the ba$i¥;, Y;, T, Z, i =1,2,...,k} of the algebrdy, :

e=T, 1=2, ;= X, 9 =Y;, i=12,...,k.
6$i
We define the Fock module over Diamond Lie algeByaas a vector spacg[zy, . .., z;] with the action

(=, =) : Dg xClzy,...,z5] = Clzy,...,zx] in the following way:

(p('rlv"'axk)vi) — p('rlv"'v'rk)a

(p(xla "axk)afi) = xip(‘rla"'axk)a
(19) 5 3

P, mk) 52) = (ol aw),

(p('rlv"'axk)aé) — _Ilg;;(p('rlvv'rk))a
foranyp(zq,...,2;) € Clzy,...,xx]andi = 1,... k.

It is easy to check that this action satisfies the right modulecture over algebrR;, and it is induced from
Fock right module over Heisenberg Lie algebra.

Theorem 10. Any Leibniz algebral such thatL/I = D, and the ideall is being a right Fock module

Clx1,. .., xx) overDy is isomorphic to the following algebra:
t1 to te T _ ty,.l2 tr
[zi'zy’ ...k, 1] = aitay ...k,
ty t ty — o t ti—1 _ti+1 _ tit1 t
[v1'wy ool T = afoxl el  wlak,
t1 to tr 5 . et ti—1 _t;i—1 tit1 tr
[aiias o 5] =ttt el ),
t1 t tr — o t ti—1 _t; tit1 t
[x1'zy’ ... 2k, = iz .ol wlalak,
— 57 _ 5 =1_7
[xia 613i] - _[gwiaxi] =1,
— =1 _ [ 5] — &
[eaxi] - —[1'7;76] = 3z
_ 51 R -
[67 (hi] - _[Eve] = — 4,
fori=1,... k.

Proof. Let L be a Leibniz algebra satisfying the condition of theorema/msis of the algebra choose

- 0
e L w5, ezl ate |, e NU{0},1<i <k}
i

Set forp;, gi,r,m € Clzq,. ..,z the following
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Taking the change of basis elements

T, =7T; — pi(x1, ..., Tk), <i<k,
3! 3

er = 5 — €i(T1, .., Th), i<k,
T :T_T('rla aIk)7

El 78_m(:1717 ,.Ik),

apply the products generated frdml(19). One can assume

(20) 7,1 = [—, T =11 =[] =0 1<i<k

ki
5£Ci
The productd(20) imply € Ann,.(Dy).
From the chain of equalities
[[Dk,Dk],ﬂ = [Dkv [DkaT]] + [[Dkvﬂapk] =0

and the productg!' 2%? ... (%, 1) = {'2% ... 2}* we conclude

@] = -2, 7] =1, 1<i<k,
e, T = —[Ti, e = 52, 1<i<k,
dx;

5] =[5 d=-7 1<i<k
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