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1. INTRODUCTION

Degenerations of algebras is an interesting subject, whasstudied in various papers (see, for example,
[Bl[7+11,14,18,19,24,25,29]). In particular, there ar@yrasults concerning degenerations of algebras of
low dimensions in a variety defined by a set of identities. @hnienportant problems in this direction is the
description of so-called rigid algebras. These algebra®fbig interest, since the closures of their orbits
under the action of generalized linear group form irredigcdmmponents of a variety under consideration
(with respect to the Zariski topology). For example, thedriglgebras were classified in the varieties of
low dimensional associative (see [24), 25]) and Leibniz (8Pealgebras. There are fewer works in which
the full information about degenerations was found for searéety of algebras. This problem was solved
for four-dimensional Lie algebras in [11], for nilpotentdivand six-dimensional Lie algebras in [18] 29],
for three-dimensional nilpotent Leibniz algebras(in/[20};, two-dimensional pre-Lie algebras in [7], for
three-dimensional Novikov algebras in [8], and for nilpdtéve- and six-dimensional Malcev algebras
in [21].

The Leibniz algebras were introduced by Blohlin [6] as a galieation of Lie algebras. The study of the
structure theory and other properties of Leibniz algebras initiated by Loday in[23]. Leibniz algebras
were also studied in [12, 15,20,28]. Zinbiel algebras weteduced by Loday ir [22]. Under the Koszul
duality the operad of Zinbiel algebras is dual to the operatiedbniz algebras. Zinbiel algebras were
studied inl[1,2,13,16,17].

The work was supported by RFBR 16-31-50017, 14-01-00014PH3P 14/19521-3, 14/24519-8 and by R & D
6.38.191.2014 of Saint-Petersburg State Universityii@tre theory, classification, geometry, K-theory anchanittics of alge-

braic groups and related structures”.
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In this paper we give the full information about degeneraiof Zinbiel and nilpotent Leibniz algebras
of dimensiont. More precisely, we construct the graph of primary deger@rat The vertices of this graph
are the isomorphism classes of algebras in the variety wudesideration. An algebrd degenerates to an
algebraB iff there is a path from the vertex corresponding4do the vertex corresponding #. Also we
describe rigid algebras and irreducible components in dénieties of algebras under consideration.

Remark. The classification of rigid algebras and irreducible congaa in the variety of nilpotent
Leibniz algebras of dimensiohobtained in[[3] is not correct. One of the reasons for thikigsusing of a
wrong preliminary version of the paperi [4]. In the presentkwoe use the right classification of nilpotent
Leibniz algebras of dimensichand give the right description of rigid algebras and irrebigccomponents
in the corresponding variety in Corolldry 6.

2. DEFINITIONS AND NOTATION

All spaces in this paper are considered oleand we write simplylim, Hom and® instead ofdimc,
Hom¢ and®c. An algebraA is a set with a structure of a vector space and a binary operttat induces
a bilinear map fromA x A to A.

Given ann-dimensional vector spadg, the setHom(V @ V,V) = V* ® V* ® V is a vector space of
dimensiom?®. This space has a structure of the affine vari(é’ffl. Indeed, let us fix a basis, . . ., ¢, of
V. Then any: € Hom(V ® V,V) is determined by:* structure constanig’; € C such thafu(e; ® ¢;) =

> cﬁjek. A subset offom(V ®V, V) is Zariski-closed if it can be defined by a set of polynomial equations
k=1

in the variables}; (1 <4, j,k < n).

Let T be a set of polynomial identities. All algebra structured/osatisfying polynomial identities from
T form a Zariski-closed subset of the varigfym (V @ V, V). We denote this subset liy(7"). The general
linear groupG L(V') acts onlL(T") by conjugations:

(gxp)(z®y)=gulg 'z ® g y)

fore,ye V,pe L(T) C Hom(V®V,V)andg € GL(V). Thus,L(T') is decomposed int6'L(1)-orbits
that correspond to the isomorphism classes of algebrasO (;et denote the orbit of € L.(7") under the

action of GL(V') andO(u) denote the Zariski closure 6f( ).

Let A and B be twon-dimensional algebras satisfying identities frdmand i, A € L(T) representd
and B respectively. We say that degenerates t® and writeA — B if A € O(x). Note that in this case

we haveO()\) C O(u). Hence, the definition of a degeneration does not dependeochibice ofi, and .
If A2 B, then the assertioA — B is called aproper degeneration. We write A /4 B if A & O(p).

Let A be represented by € L.(T"). ThenA isrigidin L(T") if O(u) is an open subset @f(7"). Recall
that a subset of a variety is called irreducible if it can’trbpresented as a union of two non-trivial closed
subsets. A maximal irreducible closed subset of a varietgliedirreducible component. In particular,A
is rigid in IL(7") iff O(y) is an irreducible component &f(T). It is well known that any affine variety can
be represented as a finite union of its irreducible companiend unique way. We denote Wig(IL(7))
the set of rigid algebras (7).

An algebraA is called aLeibniz algebra if it satisfies the identity

(zy)z = (22)y + 2(yz).
An algebraA is called aZinbiel algebraif it satisfies the identity

(zy)z = z(yz + 2y).
It is easy to see that any Lie algebra is a Leibniz algebra. Cldssification of nilpotent four-dimensional
Leibniz algebras is given in[4]. The classification of falimensional Zinbiel algebras is given id [2].
We denote byt the variety of three-step nilpotent associative four-disienal (Leibniz-Zinbiel) al-
gebras, by3 the variety of Zinbiel four-dimensional algebras, and &yhe variety of nilpotent Leibniz
four-dimensional algebras.
We use the following notation:



(1) Annp(A) ={a € A|za=0forallz € A} is the left annihilator of4;

(2) Anng(A) ={a € A|ax =0forall x € A} is the right annihilator of4;

(3) Ann(A) = Anng(A) N Anng(A) is the annihilator of4;

(4) AZ(A) ={a € A|za+ax=0forallz € A} is the anticommutative center df

(5) msuby(A) is a trivial subalgebra oft of the maximal dimension (we fix one for each algeHdda
(6) A2 is the spacdxy +yz | z,y € A};

(7) Z(A) is the center ofd.

Given space#/ andWW, we write simplyU > W instead ofdim U > dim W. We use also the notation
UoW =UW +WU.

3. METHODS

In the present work we use the methods applied to Lie algebidd),18/19, 29]. First of all, itA — B
andA % B, thenDer(A) < Der(B), whereDer(A) is the algebra of derivations of. We will compute
the dimensions of algebras of derivations and will checkatbsertiond — B only for suchA and B that
Der(A) < Der(B). Secondly, ifA — C andC' — B thenA — B. If there is noC such thatd — C and
C' — B are proper degenerations, then the assertion B is called gorimary degeneration. If Der(A) <
Der(B) and there are n6’ and D such thatC — A, B — D, C' 4 D and one of the assertiods — A
andB — D is a proper degeneration, then the assertlo@> B is called aprimary non-degeneration. It
suffices to prove only primary degenerations and non-degéags to describe degenerations in the variety
under consideration. It is easy to see that any algebra degfes to the algebra with zero multiplication.
From now on we use this fact without mentioning it.

To prove primary degenerations, we will construct famibésnatrices parametrized by Namely, letA
and B be two algebras represented by the structpyrasad A from IL(7) respectively. Let,... e, be a
basis ofV/ andcﬁfj (1 <1i,j,k < n) be the structure constants dfin this basis. If there exisi{(t) e C

(1<i,j<n,teC*suchthatE! = > al(t)e; (1 < i < n)form a basis ol for anyt € C*, and the
j=1

structure constants @f in the basisE}, . . ., E}, are such polynomials’;(t) € C[t] thatc};(0) = ¢}
A — B. Inthis casert, ..., E! is called aparametrized basisfor A — B.

Note also the following fact. LeB(«) be a series of algebras parametrizedoby C andey, ..., ¢,
be a basis o}/. Suppose also that, for aray € C, the algebraB(a) can be represented by a structure
u(a) € L(T) having structure constani$;(a) € C in the basis, .. ., e,, wherec),(t) e C[t] for all
1 <i,5,k < n. Let A be an algebra such thdt — B(a) for o € C\ S, whereS is a finite subset of
C. ThenA — B(a) for all o € C. This follows from the fact tha3(«) € {O(B(5))}sec\s for any
a € C. Thus, to prove thatl — B(«) for all « € C we will construct degenerations that are valid for all
but finitely manyc.

Let us describe the methods for proving primary non-deggitgrs. The main tool for this is the follow-
ing lemma.

¢ then

Lemma 1 ([9,[18]). Let B be a Borel subgroup of GL(V') and R C LL(T') be a B-stable closed subset. If
A — B and A can berepresented by 1« € R thenthereis A € R that represents B.

Since any Borel subgroup @fL,(C) is conjugated with the subgroup of upper triangular mastice
Lemmal can be applied in the following way. Létand B be two algebras and lgt A be the structures
in L(7T) representingd and B respectively. Let) be a set of polynomial equations in variablzs:—’fg‘, (1<
i,j,k < n). Suppose that i}, = ¢, (1 <4, ,k < n) is a solution to all equations i@}, thenz};, = ¢
(1 <1,4,k <n)isasolution to all equations i} too in the following cases:

(1) &, = =2, for somen; € C* (1 < i < n);
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(2) there are some numbers< u < v < n and somev € C such that

’cf’j, if 3,7 # vandk # v,
ch i +ack, if i =u,j#uandk # v,
cf’u—kacf’m if 2 %u,] :uandk:;év,
& cl;—ack;, if 4,7 #wandk = v,
Z’] chotald, +& ) +ad,, if i =j =wandk # v,
CZJ + a(cg’j — CZJ) — 0420?”'7 if i = U, J #u andk = v,
C;},u + a(czv — C;L,u) — azc;fv, if i #u,j =uandk = v,
o), +c, —ch)+a’(c, —c, —ch,)—a’ch,, ifi=j=uandk=uv.

Assume that there is a basfs, . . ., f,, of V' such that the structure constants,ofn this basis form a
solution to all equations ify. If the structure constants afdon’t form a solution to all equations i in
any basis, thenl 4 B.

In particular, it follows from Lemmall that 4 B in the following cases:

(1) Annp(A) > Anng(B);
(2) Anng(A) > Anng(B);
(3) Ann(A) > Ann(B);
(4) AZ(A) > AZ(B);

(5) msuby(A) > msuby(B);
(6) A% < B

(7) A+2) B(+2);

(8) Z(A) > Z(B).

In the cases where all of these criteria can’t be applied togpA 4 B, we will defineR by a set of
polynomial equations and will give a basisof in which the structure constants pfgive a solution to all
these equations. We will omit everywhere the verificationhaf fact thatR is stable under the action of
the subgroup of upper triangular matrices and of the fadtth#a R for any choice of a basis df. These
verifications can be done by direct calculations.

If the number of orbits under the action GfL (V') onL(T') is finite, then the graph of primary degener-
ations gives the whole picture. In particular, the desmwipof rigid algebras and irreducible components
can be easily obtained. Since the varigtycontains infinitely many non-isomorphic algebras, we have t
make some additional work. Let(x) := {A(«)}.cr be a set of algebras, and |1Btbe another algebra.
Suppose that, for € I, A(«) is represented by the structyrén) € L(7") and B € L(T) is represented
by the structure\.. ThenA(x) — B means\ € {O(u(a))}acr, andA(x) /A B means\ & {O(u(@)) aer-

Let A(x), B, u(«a) (o € I) and\ be as above. To prowé(x) — B it is enough to construct a family of
pairs(f(t), g(t)) parametrized by € C*, wheref(t) € I andg(t) € GL(V). Namely, lete;, ..., e, be a
basis ofl/ andcﬁj (1 <i,7j, k < n) be the structure constantsoin this basis. If we construet : C* — C
(1 <i,5 <n)andf:C* — [ suchthatt! = > a{(t)ej (1 < < n)form abasis of for anyt € C*, and

j=1
the structure constants pf, in the basis?!, . . ., Ef, are such polynomialg’, (¢) € C[t] thatc} ;(0) = ¢},
thenA(x) — B. Inthis caseF?, ..., E! andf(t) are called a parametrized basis arheametrized index
for A(x) — B respectively.

We now explain how to provel(x) 4 B. Note that ifdim Der(A(«)) > dim Der(B) forall a € 1
thenA(x) /A B. One can use also the following generalization of Lerhina Dselproof is the same as the
proof of Lemma_]L.

Lemma 2. Let B bea Borel subgroup of GL(V) and R C L(T') be a B-stable closed subset. If A(x) — B
and for any a € I the algebra A(«) can be represented by a structure pu(a) € R, then thereis A € R
representing B.



4. CLASSIFICATION

We describe all four-dimensional Zinbiel and nilpotenthi@r algebras in Table 1 below. We use the
classification results of [2] 4, 17,27] for this. Only theeligas)t? and £, didn’t appear in these classifi-
cations. The reason for this is tH&€ is a direct sum of two algebras of dimension two ahdis a Lie
algebra, whilel[4] contains the classification of indecosgime non-Lie algebras of dimensiénThe first
column of Table 1 contains the names given by us to the algabrder consideration. We use the letters
M, 3, and £ in our notation to indicate algebras frod, 3 \ N, and£ \ 91 respectively. The second, the
third, and the fourth columns of Table 1 contain the namemfj2,4,/17| 27], the multiplication tables,
and the dimensions of algebras of derivations respectfeelthe algebras under consideration. We omit in
multiplication tables zero products of basic elements.

Table 1.Zinbiel and nilpotent Leibniz algebras of dimension 4.

| notation| [2/4/17[27] | multiplication tables | derivations |
| 3? | W(3) e C | €11 = eg, €16y = %63,6261 = e3 | 6 |
31 A1 €1€1 = €2,€1€9 = €3,€1€3 = €4,€2€1 = 263, €o€g = 364, €3€] — 364 4
32 Aa e1e] = €3,€1€3 = €y4,€1€3 = €4,e361] = 2ey4 5
33 Az €1€] = €3,€1€3 = €4, E2€n = €4,€3€] = 2€4 4
34 Ay €13 = €3,€1€3 = €4,€26] = —e€3 5
35 As €162 = €3,€1€3 = €4,€2€] = —€3,€262 = €4 4
m(gz L2 D C €1€1 = €2 10
‘)‘(f €1€1 = €2,€3€3 = €4 6
m(g L3 D C €1€2 = €3,€2€1 = —€3 10
NT(B) | La(B)aC ele; = e3,e1e3 = €3,€ze3 = f3e3 8
‘T((g L5 D C €1€1 = €3,€1€2 = €3,€2€1 = €3 8
M Rio €1z = €3,€2€] = €4, €262 = —€3 5
4 ify#£0,1,
No(y) | Ruz(y) €161 = €3,€1€2 = €4,€2€] = —7€3,€262 = —€4 5 ify=0,
6 ify=1;
{5 if o 0,
MNs(a) | Ria(w) €161 = €4,€1€3 = (€4, €] = —(l€y4, €2€y = €4, €363 = €4 .
7 fa=0;
Ny Ris €1€2 = €4,€1€3 = €4,€2€] = —€4, €262 = €4,€3€] = €4 5
Ns Rig €1€] = €4,€1€2 = €4,€2€] = —€4,€3€3 = €4 5
Neg Ry7 €163 = €3,€26] = €4 6
‘317 Rll €1€1 — €4,€1€9 = €3,€9€1 = —€3,€2€9 — 263 + €yq 5
Ns Ry €2e1 = €4, €€z = €3 7
Mg () Rgo(g—:), Ris €163 = €4, €261 = (€4, €263 = €3 7
PIST Roq €1€2 = €4,€2€] = —€4,€3€3 = €4 8
| 2(? | LG@(C | €1€1 = €2,€2€1 = €3 6
21 €1€2 = €3,€1€3 = €4,€2€1 = —€3,€3€1 = —€4 7
Lo Ry €161 = €9,€9€1 = €3,€36] = €4 4
33 RQ €1€1 = €3,€1€3 = €4,€9€1 = €3,€3€1 = €4 4
34 Rg €1€1 = €3,€2€1 — €3,€3€1 = €4 5
35 R4(0) €1€1 = €3,€2€1 — €3,€9€2 = €4,€3€1 = €4 3
£6 R4(1) €1€1 — €3,€1€3 = €4,€9€1 = €3,€2€2 — €4,€3€1 = €4 4
37 R5 €1€1 = €3,€1€3 — €4,€3€1 = €4 5
£g R €161 = €3, €269 = €4,€361] = €4 4
29 Rg €169 = —€3 + €4,€1€3 = —€4,€2€1 = €3,€3€1] = €4 5
210 Rg €1€2 = —€3,€1€3 = —€4,€2€1 = €3,€2€2 = €4,€3€1 = €4 5
£11 Rig €1€] = €4,€1€2 = —€3,€1€3 = —€4,€2€] = €3,C2€2 = €4,€3€6] = €4 4
L12 Ry €1€] = €4,€1€3 = —€3,€1€3 = —€4,€2€] = €3,€3€] = €4 6

SinceMN;(a) = N3(—«) for anya € C, we assume everywhere thatin the notatiordt;(«) satisfies
either the conditionRe(«r) > 0 or the conditionsRe(«) = 0 and Im(«) > 0. With this assumption,
different structures from Table 1 define non-isomorphiehigs.



5. DEGENERATIONS

Theorem 3. The graph of primary degenerations for Zinbiel and nilpotent Leibniz algebras of dimension 4
has the following form:

£11

Ny

@ =)

Proof. We prove all required primary degenerations in Table 2 belat/us consider the first degeneration
3% — M (1) to clarify this table. Write nonzero products3y in the basisE!:

1 1
E'EL = tes = E}; ELEL = t?e; = t*E! + EL; ELE! = Stes = §Eg.

It is easy to see that far= 0 we obtain the multiplication table &fty (%) The remaining degenerations
can be considered in the same way.



Table 2.Primary degenerations of Zinbiel and nilpotent Leibniz algebras of dimension 4.

| degenerations

| parametrized bases

[ 37 =M (3)

T T _ T _ 2 T _
| El = e —eq, E5 =ter, B5 =t"eq, B) = tes

31 — 32 Ei = tel, Eé = 3t262 — 2t€3 + 264, E§ = t2€2, Ei = t264
31 — mS (%) Ezlt = %(61 + 63),E§ = %(61 - 63),E§ = %62,E§ = t264
32—>3(1L E{ 2617E§:€37E§:2€4,Ei:t62
32 — mg(l) Ei = tel, Eé = €2 — tel, Eé = t263, Eétl = t€4 — t2€3
39 — ‘ﬁg(a) E{ = (2a - 1)62 + es, Eé =teq, Eé = t2€37 Ei = 2tey
33 — 32 E{ =te; + 262, Eé = t3€2 — t2€3, E§ = t2€3 + 464, Ei = t3€4
33 — mg (O) Ei = t2€1 - 2t€2, Eé = t€2 + €3, E§ = t463 + 4t264, Eﬁtl = —t2€4
] T T -
33— N3 (%) E{ = %el,Eé = 2%61 — it263 + %64,E§ = t3€2,Ei = t6€4
| 34— Mg | E{=t€17E§:€2+€37E§Zt(€3+€4),Ei=—t€3
35 = 34 E! = eq, E§ = tes, EY = tes, B} = tey
35 — mg(l) Ef = t(el + 63), EE = —it(el — 63), E:g = teg, Ei = t2€4
| m%%MQ(l) | Ef:t€17E§:€1+€3,E§:€2+64,Ei:t62

Ng(B) —» NT

t t t t
El —617E2 —637E3 —t€27E4—€4

W) =0

E! =tey — 2teg, EY = 2t%ey, BY = t3e3, B! = ¢4

| 0§ —»f ‘ E! = e, B} = e3, B} =tes, B} = ey
M — Na(1) E! = —ites, B} = t2e) + iteq, BY = t%e3, B} = —iteq — te3
My — N Ef :€17E§ :t€27E§ :t€37E}1:t€4
Ny — Ng(a) Et = Ley, EY = Sei 4 ueg, BY = ey — aes, B} = tes, whereu” = o+ 1
9?2(0) — ‘J‘(f E{ = t€17E§ = t2€3,E§ = Z'€27Ei = €4
Ma(y £ 1) — Na(1) El =e€1,E} = —e1 + teas, EL = e3, B, = —e3 + tey
mg(l) — Mg E{ = t2€1,E§ = t€27E§ = —t2€4,Ei = —t3€3
T T T — F—

MNa(y # 1) = No(a) By = (1+7yutes, Ej = jjherlelff’ fz)?l(}r;r 17)116:(;1 _uil)LaZ Ve, By = (1 = y)utes,
N3 (a # 0) = NT(B) Bl =e1, Bl = Je1 + 5-e3 + s-e3, BL = ey, Bf = teg, whereu? = 40?8 —ao? — 1
N3 (o) — NS E! = e, EY = ey +ie3, B} = ey, B} = tes
s NG (H) El = ﬁel—ti—ﬁiz—l-uf(l —Qﬁ)eg,Eé jut (eg—i—%),

Ef = tey, E] = t7e3, Whereu” = 3
9?4 — M3(0) E{ = t2€1 + iteg + €3, Eé = teg - 2'637 E§ = it2€1 — 15627 EZ = t2€4
Ny — ‘ﬁ%(ﬁ) E{ = teq, Eé = %t(el + 62) + %t€3, Eé = t2€47 El = t2€2, whereu? = 48 —1
9’15—)‘31% E’f:el,Eézel —|—i63,E§:e4,Ei:teQ
N5 — Ny E{ = t2€1,E§ = 627E§ = t€37EZi = t2€4
Mg — m(QC (5) E{ = t(el + 62)7 Eé = t(u€1 +\,Ellhe_ré2§2_)7uE§_:B i(SS +ey4), Ei = ues + (1 — ’11)647
Ng — N5 E! =t(e1 +e2), EL = 2tea, BY = t%(e3 +e4), El = e3 —e4
Ng — ‘th(—l) E{ = t(el + 62),E§ =e; — 62,E§ = —(64 + 63),Ei = t(€4 - 63)
N7 — Na(1) El =€ +e9, B = —e1 + (t — 1)ea, B} = 2e5 + 264, B} = 2(t — 1)es — 2e4
s = Mo() El =tey, EY = %el +2€27E§ = 2e3 + u(a — 1)eq, EL = utey,

where ()" w? — (= Du+1=0

| mgﬁmg(()) | Ezlt :teg,Eéztel,Eé:t2€3,E£:€4—€3

Moo £ 1) = 9 (— 25

t t 1 t t t __
E} =teq, E5 = m61+ﬁ627E3 =tleq, By =tles —ey

No(1) — N5 Et =t(e1+2),E} =tey, Bf =1%eq, Bl = e3
9’110—>‘J'I(1C2 E{ :eg,E§:e4,E§:tel,Ei:teg
m10_>m(1L E{ :€17E§:€27E§:€47E22t63
| £F = M9(0) | El =t3ey — tez + eq, BS = t?e1, BY = t?e3 — tey, E] = tley
|£1_>5)’I(1L | Ellt:el,Eézteg,E§:t€3,Ei:€4
| Lo — L4 | El =t(e1 + e2), B = teq, EL = t?e3, EL = t3¢4
L3 — My El = —2teq, EL = t(e1 + e2 — e3), B} = —2t%e3, B} = —2t%¢y
L5 — L4 El =tTe;, Ei =t"Tes, B =t 23, B} =t 3¢y
L3 — L7 El = te1, B = t?eq, EL = t?e3, B} = t3¢4




| degenerations | parametrized bases |
|£4—>£(1L | Eizel,E§:€3,E§:€4,E}i:t€2 |

El = (y — Dteg + vtes, B = (v — 1)%te; — (v — 1)ytea — 7>tes,

L5 — Na(7) ! Bt =(y— 1)22t264,Ef1 = (7 — 1)32es

L5 — L3 E{ = —e] + (t + 1)62 + (2t + 1)637 Eé = t(eg + 63), Eé = —tes, Ei = tey

L5 — Lo El =t7ter +t 2%eq, By =1 2ea, B =t 3ez +t ey, EL =71

L5 — L3 El =t%e1, EL = t3eq, EL = tle3, Ef = t%¢y

L6 — N3 (Z) E{ = t4€1, Eé = it4€1 — 2it2€3 + 2iey, E§ = t3€2 — tes, Ei = t8€3

L6 — Ny El =tey, EL = t(—e1 + 2e2 — 2e3), B = t2(2e4 — e3), EL = t?e3

L — £4 E{ = t_lel, Eé = t_1€27 E§ = t_2€3, Ei =t

L6 — L7 E! =tey, EY = t?ey, EY = t?es, B! = 3¢y

L7 = Ma(1) El =e,E} = —e1 +t teg, B =e3, Bl = —e3 +t leg

27 — ‘)Tg(a) Ezlt = t(aeg + 63)7 E; = 15617 E§ = 152637 E}l = t2€4

g7 — £f El =e1,El =e3, B} = ey, B} = tey

£g — mg(O) E{ = t(el + e — 63)7 Eé = —t(eg — 63), Eé = t2€37 Ei = —t2€4

Ls — N3 (i) El =t(e1 + e3), Ef =it(e1 — e3), BX = tea, B} = t?ey

Ls — L7 E{ = t2(€1 +e3), Eé = t4(€2 —e3), Eé = t4(€3 + 64)7 Ei = t6€4

29 — ‘)TG E{ = t€17E§ = 627E§ = —t(€3 — 64)7Ei = tes

L9 — Lo E% = t71(€1 + 62), Eé = eg, E§ = tileg, Eztl = t7264

£10 = Mo E{ = tes, Eé = teq, Eé = teq, Efl = t2€4

£10 = Lo Ezlt =e1 + tea, Eé = —teq, E§ = t2€3, Ei = t264

£11 = N5 E{ = tel,E§ = —teg,E§ = zfeQ,EfL = t?ey

211 — 29 Ei = 2i61 — 262, Eé = —12—2562, Eé = t(eg + i€4), Ei = 2it64

£11 = Lo E{ = t_lel, Eé = t_2€27 E§ = t_3€3, Efl = t_4€4

L1 —>‘)t9(—1) E{ =t€27E§ 261,E§ 264,E1i = tles

£19 — £ Ef = —t"1ey, E§ =t"2e,, E§ =t 3es, Efl =t%e,

Let now prove primary non-degenerations. First of all, nbet A /4 B ifeitherA € 3, B € £\ N
orA € £ B € 3\ M7 Al remaining primary non-degenerations are proved inl@& We fix some
4-dimensional spack with basise;, es, €3, e4. Everywhere in Table 3R is some set algebra structures on
V. Whenever a structure namgdappears, we denote W (1 < 1,4,k < 4)the structure constants pf
in the basis, e, €3, ¢4 and writeUW (U, W C V) for the product of subspaces Bfwith respect to the
multiplication .. We use the notatio; = (e;,...,e4), i = 1,...,4. If in a proof of A 4 B the standard
structure) representingd doesn't lie inR, we define also a mape GL(V) such thaly « A € R.

Table 3.Primary non-degenerationsof Zinbiel and nilpotent Leibniz algebras of dimension 4.

| non-degenerations | reasons
N, NT(B # —2) S9S55 +510853=0 gler) =e1,g(ea) =€
C % % 1> 2 ) iR — 3 ’ 1 1 2 29
3~ BB { NS, Ny (2) S1085 C 84,2ty =c5, gles) = eq,gleq) = e3
9 i S1084+ 85083 =0,5,5, + 510853 C Sy,
31 74%7%6{915’?2%2(0[;5)’ } R=<n 51052C53a5151C52a2012—c2173013 cs 1,
6, =5 710 C2,261,1 = Cé,lc%,QvCQ,QC?,l = 361,2(261,2 03,1)
m3(a#%), R— S10844+ 52083 =0,51082 C Sy,
33 7L> B,%B < { Ne, N7, N1o H 5151 C 5372041173 = Cé_@
35/ B,B e {M3(a #14), Mo} Anng(35) > Anng(B)
35 /A B,B € {Ng,No(a # 1)} (35)F2 < B2
(9% 7 ©.3 ¢ [0 95().M(a Z 1] | Z0%) > 2(%) |
5151 C 53, S1083 = 0, 5155 C 54,
Ma(y#0,1) A B,B < {‘ﬁ%,‘ﬁ(;, ’ﬁ7} R(y) =9 n ﬁ(ci’,lc%.z - 0411,203,1)2 = (03,1)2(0411,10421,2 - 0411,203,1)
+c3(ct g —c51)( 159 — ¢ 9c3 1)
Ma(v #0,1) A N3(6) Ann(Na(v)) > Ann(N3(8))

My(1) £ B,B e{ m%g%g(i)o), } Annp(Ma(1)) > Anng( B)




| non-degenerations

reasons

N3(a) A B,B € {Ns,Ng(a)}

(MN3(a))” < B2

mg(O& # O) 7L> %7% € {m3(0)7m10}

R(a)

ul((

5151 C 54,54 0 A= 0,e3 € Z(,u),

4 4
Ci2tCy

2 o=\ 4 4 4 4
1,2 C21
2 ) + ( 2o ) €33 = C1,1C22€C3 3

—(cfo+ 0421,1)0411,30421,3 + C411,1(0421,3)2 +¢35(ct3)? =0

Z(MN3(0)) > Z(°B)

Ny A o

R={p] 5151 C 54,583+ 535 =0,¢13=c3, }

9?4 7L> %,% S {‘ﬁg,‘ﬁg(a)}

(’ﬂ4)2 < B2

[ M A My(w)

(95)% < (My(a))”

Ng(a # —1) A NT
No(a) A NS(B), 1 —a)?’B+a#0
No(a # 1) A NG

R(a) =

5151 C S5,(52)? = 0,51 0853 =0,

5108 C Sy, ety =acy, }

gle1) = ez, g(e2) = e1,g(e3) = e3, gles) = ey

g A 0nF

(£ )2 < (m&Cz )(+2)

| 22 7L> %a% € {m(gamg(ﬂ # O)amgamS} |

Anng(£2) > Anng(*B)

| 23 7L> %a% S {m%7m3(a)7m7}

msubg(L3) > msuby(B)

25 7L> %,% S {‘ﬁg(a 75 i),mlo,ﬂl}

£
Annp(L5) > Anng(B)

L5 A £

(£5)% < (£2)°

Lo A B,B € (M3, N}

R

v

5151 C 53,5153 + 5451 + 535, =0,
515 + 8351 C Su, ¢} ¢35 =l 53,

‘28 4 B,B € {Mg, N7, £4} ‘ R=A{p|S108 C Sy, } ‘

| L9 A Mo | msubg(Lg) > msuby(910) |
0 / BB L BZ).00T | A2 (1) > AZ(D) |
L£11 7L> mg(Oé) AZ(SU) > AZ(mg(OL))

L11 A B,B e {MNg, My # —-1)} (£11)FD < B2

6. IRREDUCIBLE COMPONENTS AND RIGID ALGEBRAS
Using Theoreml3, we describe the irreducible componentshandgid algebras i, 3, and£.
Corollary 4. The irreducible components of 91 are
€1 = {0(M2(7)) frec = NN\ {N3(a), N4, N5, Nio faec;
Cy = {0(M()) Face = {Ms(a), My, My, Nig, NT, NT, NT(B), NS, T} pec
In particular, Rig(M) = @.

Proof. The description of irreducible components follows from gneof of Theorend 13 and Table 4 given
below. The arguments from Table 3 can be applied to provesitpgired non-degenerations due to Lemma
2.

Table 4.0rbit closures for 91 () and Nz ().

| assertions | parametrized bases | parametrized indicep
m2(*) — M E{ = t€17E§ = t€27E§ = t2€4,Ei = tes E(t) = —%
E{ :€1+(1+t)62,E§ = —€1 — (1—t)62, . 2
‘)‘(2(*)—>‘ﬁ7 E§:t63—|—t€4,Ei:—teg—(t+2t2)€4 E(t)—l—t
m?,(*) — 9?4 E{ = t2€1 + 2'152637 Eé =tes + t3€3, Eé = —2'637 Ei = t2€4 E(t) = %
M3(*)—>m5 Ef 2617E§ :t€27E§ 2637E}1:€4 E(t) = %

Using Theorem3 and Corollaky 4, we obtain the following diarntes.
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Corollary 5. The irreducible components of 3 are

€1 ={0(Ma2(7)) }rec = M\ ANs(a), Ny, N5, Mo }aec;
82 = {O<m3(a))}a€(c = {m3(a)7 s)/147 m57 ml()? m(i:Qu m?? mg(5)7 m§7 C4}Q,B€C;
e3 = 0(31) = {3173273?7 m?(l)ymi’) (%) 7m87m9(a)7 m(iﬁym(fv m§(6)7m§7 C4}O¢,ﬁ6(c;

?

e4 - 0(33) - {327337 (f,mg(()),mg(l),mg <3

G5 = O(35) = {347357 m3<i>7m67m9<_1)7m§:27m§:7mg(5)7m§7 C4}ﬁ€(c'
In particular, Rig(3) = {31, 33, 35}

Corollary 6. The irreducible componentsof £ are

€1 = {O(M(a)) Jaec = {Ms(@), Ny, N5, My, NT, NT, NF(B), NG, CY pec

€y = O(L2) = {My(0), MT", M5(0), £7, £, £4,C'};

Cy = 0(L5) = £\ {Ms(a), N, M5, Mo, L1, L2, Lo, L10, L11, L12, C }acov iy

Cs = O(L11) = {Ms, Mg, Mo(—1), Mo, N, NE, NT(B), NS, £1, Lo, L10, L11, L12, C*} sec.

In particular, Rig(£) = {£5, &5, £11}.

) ,mg,mg(a),mF,m%,m?,m‘g(ﬁ),mg,c‘*}aﬁe@;
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