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1. INTRODUCTION

Degenerations of algebras is an interesting subject, whichwas studied in various papers (see, for example,
[3,7–11,14,18,19,24,25,29]). In particular, there are many results concerning degenerations of algebras of
low dimensions in a variety defined by a set of identities. Oneof important problems in this direction is the
description of so-called rigid algebras. These algebras are of big interest, since the closures of their orbits
under the action of generalized linear group form irreducible components of a variety under consideration
(with respect to the Zariski topology). For example, the rigid algebras were classified in the varieties of
low dimensional associative (see [24, 25]) and Leibniz (see[3]) algebras. There are fewer works in which
the full information about degenerations was found for somevariety of algebras. This problem was solved
for four-dimensional Lie algebras in [11], for nilpotent five- and six-dimensional Lie algebras in [18, 29],
for three-dimensional nilpotent Leibniz algebras in [27],for two-dimensional pre-Lie algebras in [7], for
three-dimensional Novikov algebras in [8], and for nilpotent five- and six-dimensional Malcev algebras
in [21].

The Leibniz algebras were introduced by Bloh in [6] as a generalization of Lie algebras. The study of the
structure theory and other properties of Leibniz algebras was initiated by Loday in [23]. Leibniz algebras
were also studied in [12, 15, 20, 28]. Zinbiel algebras were introduced by Loday in [22]. Under the Koszul
duality the operad of Zinbiel algebras is dual to the operad of Leibniz algebras. Zinbiel algebras were
studied in [1,2,13,16,17].

1The work was supported by RFBR 16-31-50017, 14-01-00014, FAPESP 14/19521-3, 14/24519-8 and by R & D
6.38.191.2014 of Saint-Petersburg State University, ”Structure theory, classification, geometry, K-theory and arithmetics of alge-
braic groups and related structures”.
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In this paper we give the full information about degenerations of Zinbiel and nilpotent Leibniz algebras
of dimension4. More precisely, we construct the graph of primary degenerations. The vertices of this graph
are the isomorphism classes of algebras in the variety underconsideration. An algebraA degenerates to an
algebraB iff there is a path from the vertex corresponding toA to the vertex corresponding toB. Also we
describe rigid algebras and irreducible components in the varieties of algebras under consideration.

Remark. The classification of rigid algebras and irreducible components in the variety of nilpotent
Leibniz algebras of dimension4 obtained in [3] is not correct. One of the reasons for this is the using of a
wrong preliminary version of the paper [4]. In the present work we use the right classification of nilpotent
Leibniz algebras of dimension4 and give the right description of rigid algebras and irreducible components
in the corresponding variety in Corollary 6.

2. DEFINITIONS AND NOTATION

All spaces in this paper are considered overC, and we write simplydim, Hom and⊗ instead ofdimC,
HomC and⊗C. An algebraA is a set with a structure of a vector space and a binary operation that induces
a bilinear map fromA×A to A.

Given ann-dimensional vector spaceV , the setHom(V ⊗ V, V ) ∼= V ∗ ⊗ V ∗ ⊗ V is a vector space of
dimensionn3. This space has a structure of the affine varietyCn3

. Indeed, let us fix a basise1, . . . , en of
V . Then anyµ ∈ Hom(V ⊗ V, V ) is determined byn3 structure constantscki,j ∈ C such thatµ(ei ⊗ ej) =
n
∑

k=1

cki,jek. A subset ofHom(V ⊗V, V ) is Zariski-closed if it can be defined by a set of polynomial equations

in the variablescki,j (1 ≤ i, j, k ≤ n).
Let T be a set of polynomial identities. All algebra structures onV satisfying polynomial identities from

T form a Zariski-closed subset of the varietyHom(V ⊗V, V ). We denote this subset byL(T ). The general
linear groupGL(V ) acts onL(T ) by conjugations:

(g ∗ µ)(x⊗ y) = gµ(g−1x⊗ g−1y)

for x, y ∈ V , µ ∈ L(T ) ⊂ Hom(V ⊗V, V ) andg ∈ GL(V ). Thus,L(T ) is decomposed intoGL(V )-orbits
that correspond to the isomorphism classes of algebras. LetO(µ) denote the orbit ofµ ∈ L(T ) under the
action ofGL(V ) andO(µ) denote the Zariski closure ofO(µ).

Let A andB be twon-dimensional algebras satisfying identities fromT andµ, λ ∈ L(T ) representA
andB respectively. We say thatA degenerates toB and writeA → B if λ ∈ O(µ). Note that in this case
we haveO(λ) ⊂ O(µ). Hence, the definition of a degeneration does not depend on the choice ofµ andλ.
If A 6∼= B, then the assertionA → B is called aproper degeneration. We writeA 6→ B if λ 6∈ O(µ).

Let A be represented byµ ∈ L(T ). ThenA is rigid in L(T ) if O(µ) is an open subset ofL(T ). Recall
that a subset of a variety is called irreducible if it can’t berepresented as a union of two non-trivial closed
subsets. A maximal irreducible closed subset of a variety iscalledirreducible component. In particular,A
is rigid in L(T ) iff O(µ) is an irreducible component ofL(T ). It is well known that any affine variety can
be represented as a finite union of its irreducible components in a unique way. We denote byRig(L(T ))
the set of rigid algebras inL(T ).

An algebraA is called aLeibniz algebra if it satisfies the identity

(xy)z = (xz)y + x(yz).

An algebraA is called aZinbiel algebra if it satisfies the identity

(xy)z = x(yz + zy).

It is easy to see that any Lie algebra is a Leibniz algebra. Theclassification of nilpotent four-dimensional
Leibniz algebras is given in [4]. The classification of four-dimensional Zinbiel algebras is given in [2].

We denote byN the variety of three-step nilpotent associative four-dimensional (Leibniz-Zinbiel) al-
gebras, byZ the variety of Zinbiel four-dimensional algebras, and byL the variety of nilpotent Leibniz
four-dimensional algebras.

We use the following notation:
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(1) AnnL(A) = {a ∈ A | xa = 0 for all x ∈ A} is the left annihilator ofA;
(2) AnnR(A) = {a ∈ A | ax = 0 for all x ∈ A} is the right annihilator ofA;
(3) Ann(A) = AnnR(A) ∩ AnnL(A) is the annihilator ofA;
(4) AZ(A) = {a ∈ A | xa + ax = 0 for all x ∈ A} is the anticommutative center ofA;
(5) msub0(A) is a trivial subalgebra ofA of the maximal dimension (we fix one for each algebraA);
(6) A(+2) is the space{xy + yx | x, y ∈ A};
(7) Z(A) is the center ofA.

Given spacesU andW , we write simplyU > W instead ofdimU > dimW . We use also the notation
U ◦W = UW +WU .

3. METHODS

In the present work we use the methods applied to Lie algebrasin [11,18,19,29]. First of all, ifA → B

andA 6∼= B, thenDer(A) < Der(B), whereDer(A) is the algebra of derivations ofA. We will compute
the dimensions of algebras of derivations and will check theassertionA → B only for suchA andB that
Der(A) < Der(B). Secondly, ifA → C andC → B thenA → B. If there is noC such thatA → C and
C → B are proper degenerations, then the assertionA → B is called aprimary degeneration. If Der(A) <
Der(B) and there are noC andD such thatC → A, B → D, C 6→ D and one of the assertionsC → A

andB → D is a proper degeneration, then the assertionA 6→ B is called aprimary non-degeneration. It
suffices to prove only primary degenerations and non-degenerations to describe degenerations in the variety
under consideration. It is easy to see that any algebra degenerates to the algebra with zero multiplication.
From now on we use this fact without mentioning it.

To prove primary degenerations, we will construct familiesof matrices parametrized byt. Namely, letA
andB be two algebras represented by the structuresµ andλ from L(T ) respectively. Lete1, . . . , en be a
basis ofV andcki,j (1 ≤ i, j, k ≤ n) be the structure constants ofλ in this basis. If there existaji (t) ∈ C

(1 ≤ i, j ≤ n, t ∈ C∗) such thatEt
i =

n
∑

j=1

a
j
i (t)ej (1 ≤ i ≤ n) form a basis ofV for anyt ∈ C∗, and the

structure constants ofµ in the basisEt
1, . . . , E

t
n are such polynomialscki,j(t) ∈ C[t] thatcki,j(0) = cki,j, then

A → B. In this caseEt
1, . . . , E

t
n is called aparametrized basis for A → B.

Note also the following fact. LetB(α) be a series of algebras parametrized byα ∈ C ande1, . . . , en
be a basis ofV . Suppose also that, for anyα ∈ C, the algebraB(α) can be represented by a structure
µ(α) ∈ L(T ) having structure constantscki,j(α) ∈ C in the basise1, . . . , en, wherecki,j(t) ∈ C[t] for all
1 ≤ i, j, k ≤ n. Let A be an algebra such thatA → B(α) for α ∈ C \ S, whereS is a finite subset of
C. ThenA → B(α) for all α ∈ C. This follows from the fact thatB(α) ∈ {O(B(β))}β∈C\S for any
α ∈ C. Thus, to prove thatA → B(α) for all α ∈ C we will construct degenerations that are valid for all
but finitely manyα.

Let us describe the methods for proving primary non-degenerations. The main tool for this is the follow-
ing lemma.

Lemma 1 ( [9, 18]). Let B be a Borel subgroup of GL(V ) and R ⊂ L(T ) be a B-stable closed subset. If
A → B and A can be represented by µ ∈ R then there is λ ∈ R that represents B.

Since any Borel subgroup ofGLn(C) is conjugated with the subgroup of upper triangular matrices,
Lemma 1 can be applied in the following way. LetA andB be two algebras and letµ, λ be the structures
in L(T ) representingA andB respectively. LetQ be a set of polynomial equations in variablesxk

i,j (1 ≤

i, j, k ≤ n). Suppose that ifxk
i,j = cki,j (1 ≤ i, j, k ≤ n) is a solution to all equations inQ, thenxk

i,j = c̃ki,j
(1 ≤ i, j, k ≤ n) is a solution to all equations inQ too in the following cases:

(1) c̃ki,j =
αiαj

αk
cki,j for someαi ∈ C∗ (1 ≤ i ≤ n);
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(2) there are some numbers1 ≤ u < v ≤ n and someα ∈ C such that

c̃ki,j =























































cki,j, if i, j 6= u andk 6= v,

cku,j + αckv,j , if i = u, j 6= u andk 6= v,

cki,u + αcki,v, if i 6= u, j = u andk 6= v,

cvi,j − αcui,j, if i, j 6= u andk = v,

cku,u + α(ckv,u + cku,v) + α2ckv,v, if i = j = u andk 6= v,

cvu,j + α(cvv,j − cuu,j)− α2cuv,j , if i = u, j 6= u andk = v,

cvi,u + α(cvi,v − cui,u)− α2cui,v, if i 6= u, j = u andk = v,

cvu,u + α(cvv,u + cvu,v − cuu,u) + α2(cvv,v − cuv,u − cuu,v)− α3cuv,v, if i = j = u andk = v.

Assume that there is a basisf1, . . . , fn of V such that the structure constants ofµ in this basis form a
solution to all equations inQ. If the structure constants ofλ don’t form a solution to all equations inQ in
any basis, thenA 6→ B.

In particular, it follows from Lemma 1 thatA 6→ B in the following cases:

(1) AnnL(A) > AnnL(B);
(2) AnnR(A) > AnnR(B);
(3) Ann(A) > Ann(B);
(4) AZ(A) > AZ(B);
(5) msub0(A) > msub0(B);
(6) A2 < B2;
(7) A(+2) < B(+2);
(8) Z(A) > Z(B).

In the cases where all of these criteria can’t be applied to proveA 6→ B, we will defineR by a set of
polynomial equations and will give a basis ofV , in which the structure constants ofµ give a solution to all
these equations. We will omit everywhere the verification ofthe fact thatR is stable under the action of
the subgroup of upper triangular matrices and of the fact that λ 6∈ R for any choice of a basis ofV . These
verifications can be done by direct calculations.

If the number of orbits under the action ofGL(V ) onL(T ) is finite, then the graph of primary degener-
ations gives the whole picture. In particular, the description of rigid algebras and irreducible components
can be easily obtained. Since the varietyN contains infinitely many non-isomorphic algebras, we have to
make some additional work. LetA(∗) := {A(α)}α∈I be a set of algebras, and letB be another algebra.
Suppose that, forα ∈ I, A(α) is represented by the structureµ(α) ∈ L(T ) andB ∈ L(T ) is represented
by the structureλ. ThenA(∗) → B meansλ ∈ {O(µ(α))}α∈I, andA(∗) 6→ B meansλ 6∈ {O(µ(α))}α∈I.

Let A(∗), B, µ(α) (α ∈ I) andλ be as above. To proveA(∗) → B it is enough to construct a family of
pairs(f(t), g(t)) parametrized byt ∈ C∗, wheref(t) ∈ I andg(t) ∈ GL(V ). Namely, lete1, . . . , en be a
basis ofV andcki,j (1 ≤ i, j, k ≤ n) be the structure constants ofλ in this basis. If we constructaji : C

∗ → C

(1 ≤ i, j ≤ n) andf : C∗ → I such thatEt
i =

n
∑

j=1

a
j
i (t)ej (1 ≤ i ≤ n) form a basis ofV for anyt ∈ C∗, and

the structure constants ofµf(t) in the basisEt
1, . . . , E

t
n are such polynomialscki,j(t) ∈ C[t] thatcki,j(0) = cki,j,

thenA(∗) → B. In this caseEt
1, . . . , E

t
n andf(t) are called a parametrized basis and aparametrized index

for A(∗) → B respectively.
We now explain how to proveA(∗) 6→ B. Note that ifdimDer(A(α)) > dimDer(B) for all α ∈ I

thenA(∗) 6→ B. One can use also the following generalization of Lemma 1, whose proof is the same as the
proof of Lemma 1.

Lemma 2. Let B be a Borel subgroup of GL(V ) and R ⊂ L(T ) be a B-stable closed subset. If A(∗) → B

and for any α ∈ I the algebra A(α) can be represented by a structure µ(α) ∈ R, then there is λ ∈ R

representing B.
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4. CLASSIFICATION

We describe all four-dimensional Zinbiel and nilpotent Leibniz algebras in Table 1 below. We use the
classification results of [2, 4, 17, 27] for this. Only the algebrasN2

1 andL1 didn’t appear in these classifi-
cations. The reason for this is thatN2

1 is a direct sum of two algebras of dimension two andL1 is a Lie
algebra, while [4] contains the classification of indecomposable non-Lie algebras of dimension4. The first
column of Table 1 contains the names given by us to the algebras under consideration. We use the letters
N, Z, andL in our notation to indicate algebras fromN, Z \ N, andL \ N respectively. The second, the
third, and the fourth columns of Table 1 contain the names from [2, 4, 17, 27], the multiplication tables,
and the dimensions of algebras of derivations respectivelyfor the algebras under consideration. We omit in
multiplication tables zero products of basic elements.

Table 1.Zinbiel and nilpotent Leibniz algebras of dimension 4.

notation [2,4,17,27] multiplication tables derivations

ZC
1 W (3)⊕ C e1e1 = e2, e1e2 = 1

2e3, e2e1 = e3 6

Z1 A1 e1e1 = e2, e1e2 = e3, e1e3 = e4, e2e1 = 2e3, e2e2 = 3e4, e3e1 = 3e4 4
Z2 A2 e1e1 = e3, e1e2 = e4, e1e3 = e4, e3e1 = 2e4 5

Z3 A3 e1e1 = e3, e1e3 = e4, e2e2 = e4, e3e1 = 2e4 4

Z4 A4 e1e2 = e3, e1e3 = e4, e2e1 = −e3 5

Z5 A5 e1e2 = e3, e1e3 = e4, e2e1 = −e3, e2e2 = e4 4

NC
2

1 L2 ⊕ C e1e1 = e2 10

N2
1 e1e1 = e2, e3e3 = e4 6

NC
1 L3 ⊕ C e1e2 = e3, e2e1 = −e3 10

NC
2 (β) L4(β)⊕ C e1e1 = e3, e1e2 = e3, e2e2 = βe3 8

NC
3 L5 ⊕ C e1e1 = e3, e1e2 = e3, e2e1 = e3 8

N1 R12 e1e2 = e3, e2e1 = e4, e2e2 = −e3 5

N2(γ) R13(γ) e1e1 = e3, e1e2 = e4, e2e1 = −γe3, e2e2 = −e4











4 if γ 6= 0, 1,

5 if γ = 0,

6 if γ = 1;

N3(α) R14(α) e1e1 = e4, e1e2 = αe4, e2e1 = −αe4, e2e2 = e4, e3e3 = e4

{

5 if α 6= 0,

7 if α = 0;

N4 R15 e1e2 = e4, e1e3 = e4, e2e1 = −e4, e2e2 = e4, e3e1 = e4 5

N5 R16 e1e1 = e4, e1e2 = e4, e2e1 = −e4, e3e3 = e4 5
N6 R17 e1e2 = e3, e2e1 = e4 6

N7 R11 e1e1 = e4, e1e2 = e3, e2e1 = −e3, e2e2 = 2e3 + e4 5
N8 R19 e2e1 = e4, e2e2 = e3 7

N9(α) R20(
α−1
α+1 ), R18 e1e2 = e4, e2e1 = αe4, e2e2 = e3 7

N10 R21 e1e2 = e4, e2e1 = −e4, e3e3 = e4 8

LC
1 L6 ⊕ C e1e1 = e2, e2e1 = e3 6

L1 e1e2 = e3, e1e3 = e4, e2e1 = −e3, e3e1 = −e4 7

L2 R1 e1e1 = e2, e2e1 = e3, e3e1 = e4 4
L3 R2 e1e1 = e3, e1e2 = e4, e2e1 = e3, e3e1 = e4 4

L4 R3 e1e1 = e3, e2e1 = e3, e3e1 = e4 5

L5 R4(0) e1e1 = e3, e2e1 = e3, e2e2 = e4, e3e1 = e4 3

L6 R4(1) e1e1 = e3, e1e2 = e4, e2e1 = e3, e2e2 = e4, e3e1 = e4 4

L7 R5 e1e1 = e3, e1e2 = e4, e3e1 = e4 5
L8 R6 e1e1 = e3, e2e2 = e4, e3e1 = e4 4

L9 R8 e1e2 = −e3 + e4, e1e3 = −e4, e2e1 = e3, e3e1 = e4 5

L10 R9 e1e2 = −e3, e1e3 = −e4, e2e1 = e3, e2e2 = e4, e3e1 = e4 5

L11 R10 e1e1 = e4, e1e2 = −e3, e1e3 = −e4, e2e1 = e3, e2e2 = e4, e3e1 = e4 4
L12 R7 e1e1 = e4, e1e2 = −e3, e1e3 = −e4, e2e1 = e3, e3e1 = e4 6

SinceN3(α) ∼= N3(−α) for anyα ∈ C, we assume everywhere thatα in the notationN3(α) satisfies
either the conditionRe(α) > 0 or the conditionsRe(α) = 0 and Im(α) ≥ 0. With this assumption,
different structures from Table 1 define non-isomorphic algebras.
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5. DEGENERATIONS

Theorem 3. The graph of primary degenerations for Zinbiel and nilpotent Leibniz algebras of dimension 4
has the following form:

L5

Z5 Z1 Z3 N2(γ) L8 L6 L3 L2 L11

Z2 Z4 N2(0) N3(α) N1 N4 N5 N7 L7 L4 L9 L10

ZC
1 N6 N2

1 N2(1) LC
1 L12

N3(0) N9(α) N8 L1

NC
2 (β) NC

3 N10

NC
2

1 NC
1

C
4 (∗) β = −

α

(1−α)2

α = i
2

α = i
3

α = i

α = 1
2

α = −1

β = 0
α = 1

(∗)

α = 1

β = 1/4

α = iα = i

α = −1

α = 0

Proof. We prove all required primary degenerations in Table 2 below. Let us consider the first degeneration
ZC
1 → N9

(

1
2

)

to clarify this table. Write nonzero products inZC
1 in the basisEt

i :

Et
1E

t
2 = te3 = Et

4; E
t
2E

t
2 = t2e2 = t2Et

1 + Et
3; E

t
2E

t
1 =

1

2
te3 =

1

2
Et

4.

It is easy to see that fort = 0 we obtain the multiplication table ofN9

(

1
2

)

. The remaining degenerations
can be considered in the same way.
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Table 2.Primary degenerations of Zinbiel and nilpotent Leibniz algebras of dimension 4.

degenerations parametrized bases

ZC
1 → N9

(

1
2

)

Et
1 = e2 − e4, E

t
2 = te1, E

t
3 = t2e4, E

t
4 = te3

Z1 → Z2 Et
1 = te1, E

t
2 = 3t2e2 − 2te3 + 2e4, E

t
3 = t2e2, E

t
4 = t2e4

Z1 → N3

(

i
2

)

Et
1 = t

2 (e1 + e3), E
t
2 = it

2 (e1 − e3), E
t
3 = t

√

3
e2, E

t
4 = t2e4

Z2 → ZC
1 Et

1 = e1, E
t
2 = e3, E

t
3 = 2e4, E

t
4 = te2

Z2 → N2(1) Et
1 = te1, E

t
2 = e2 − te1, E

t
3 = t2e3, E

t
4 = te4 − t2e3

Z2 → N9(α) Et
1 = (2α− 1)e2 + e3, E

t
2 = te1, E

t
3 = t2e3, E

t
4 = 2te4

Z3 → Z2 Et
1 = te1 + 2e2, E

t
2 = t3e2 − t2e3, E

t
3 = t2e3 + 4e4, E

t
4 = t3e4

Z3 → N2(0) Et
1 = t2e1 − 2te2, E

t
2 = te2 + e3, E

t
3 = t4e3 + 4t2e4, E

t
4 = −t2e4

Z3 → N3

(

i
3

)

Et
1 = 2t4

3 e1, E
t
2 = 2it4

3 e1 − it2e3 +
9i
4 e4, E

t
3 = t3e2, E

t
4 = t6e4

Z4 → N6 Et
1 = te1, E

t
2 = e2 + e3, E

t
3 = t(e3 + e4), E

t
4 = −te3

Z5 → Z4 Et
1 = e1, E

t
2 = te2, E

t
3 = te3, E

t
4 = te4

Z5 → N3(i) Et
1 = t(e1 + e3), E

t
2 = −it(e1 − e3), E

t
3 = te2, E

t
4 = t2e4

N2
1 → N9(1) Et

1 = te1, E
t
2 = e1 + e3, E

t
3 = e2 + e4, E

t
4 = te2

NC
2 (β) → NC

2

1 Et
1 = e1, E

t
2 = e3, E

t
3 = te2, E

t
4 = e4

NC
2 (

1
4 ) → NC

1 Et
1 = te1 − 2te2, E

t
2 = 2t2e2, E

t
3 = t3e3, E

t
4 = e4

NC
3 → NC

2

1 Et
1 = e1, E

t
2 = e3, E

t
3 = te2, E

t
4 = e4

N1 → N2(1) Et
1 = −ite2, E

t
2 = t2e1 + ite2, E

t
3 = t2e3, E

t
4 = −it3e4 − t2e3

N1 → N6 Et
1 = e1, E

t
2 = te2, E

t
3 = te3, E

t
4 = te4

N1 → N9(α) Et
1 = t

u
e1, E

t
2 = 1

u
e1 + ue2, E

t
3 = e4 − αe3, E

t
4 = te3, whereu2 = α+ 1

N2(0) → N2
1 Et

1 = te1, E
t
2 = t2e3, E

t
3 = ie2, E

t
4 = e4

N2(γ 6= 1) → N2(1) Et
1 = e1, E

t
2 = −e1 + te2, E

t
3 = e3, E

t
4 = −e3 + te4

N2(1) → N8 Et
1 = t2e1, E

t
2 = te2, E

t
3 = −t2e4, E

t
4 = −t3e3

N2(γ 6= 1) → N9(α)
Et

1 = (1 + γu)te2, E
t
2 = e1 − ue2, E

t
3 = (1 + γu)e3 − u(u+ 1)e4, E

t
4 = (1− γ)ute4,

where(1 + u)(1 + γu) = (1− γ)αu

N3(α 6= 0) → NC
2 (β) Et

1 = e1, E
t
2 = 1

2e1 +
1
2αe2 +

u
2αe3, E

t
3 = e4, E

t
4 = te3, whereu2 = 4α2β − α2 − 1

N3(α) → NC
3 Et

1 = e1, E
t
2 = e1 + ie3, E

t
3 = e4, E

t
4 = te2

N4 → NC
2 (β)

Et
1 = t

2ue1 +
t
4ue2 + ut(1− 1

16β )e3, E
t
2 = ut

(

e2 +
e3
2

)

,

Et
3 = t2e4, E

t
4 = t2e3, whereu2 = β

N4 → N3(0) Et
1 = t2e1 + ite2 + e3, E

t
2 = te2 − ie3, E

t
3 = it2e1 − te2, E

t
4 = t2e4

N5 → NC
2 (β) Et

1 = te1, E
t
2 = 1

2 t(e1 + e2) +
u
2 te3, E

t
3 = t2e4, E

t
4 = t2e2, whereu2 = 4β − 1

N5 → NC
3 Et

1 = e1, E
t
2 = e1 + ie3, E

t
3 = e4, E

t
4 = te2

N5 → N10 Et
1 = t2e1, E

t
2 = e2, E

t
3 = te3, E

t
4 = t2e4

N6 → NC
2 (β)

Et
1 = t(e1 + e2), E

t
2 = t(ue1 + (1− u)e2), E

t
3 = t2(e3 + e4), E

t
4 = ue3 + (1− u)e4,

whereu2 − u+ β = 0

N6 → NC
3 Et

1 = t(e1 + e2), E
t
2 = 2te2, E

t
3 = t2(e3 + e4), E

t
4 = e3 − e4

N6 → N9(−1) Et
1 = t(e1 + e2), E

t
2 = e1 − e2, E

t
3 = −(e4 + e3), E

t
4 = t(e4 − e3)

N7 → N2(1) Et
1 = e1 + e2, E

t
2 = −e1 + (t− 1)e2, E

t
3 = 2e3 + 2e4, E

t
4 = 2(t− 1)e3 − 2e4

N7 → N9(α)
Et

1 = te1, E
t
2 = u(α+1)

2 e1 + e2, E
t
3 = 2e3 + u(α− 1)e4, E

t
4 = ute4,

where
(

α+1
2

)2
u2 − (α− 1)u+ 1 = 0

N8 → NC
2 (0) Et

1 = te2, E
t
2 = te1, E

t
3 = t2e3, E

t
4 = e4 − e3

N9(α 6= 1) → NC
2

(

− α
(1−α)2

)

Et
1 = te2, E

t
2 = 1

α−1e1 +
t

1−α
e2, E

t
3 = te4, E

t
4 = te3 − e4

N9(1) → NC
3 Et

1 = t
(

e1 +
e2
2

)

, Et
2 = te2, E

t
3 = t2e4, E

t
4 = e3

N10 → NC
2

1 Et
1 = e3, E

t
2 = e4, E

t
3 = te1, E

t
4 = te2

N10 → NC
1 Et

1 = e1, E
t
2 = e2, E

t
3 = e4, E

t
4 = te3

LC
1 → N9(0) Et

1 = t3e2 − te3 + e4, E
t
2 = t2e1, E

t
3 = t2e3 − te4, E

t
4 = t4e4

L1 → NC
1 Et

1 = e1, E
t
2 = te2, E

t
3 = te3, E

t
4 = e4

L2 → L4 Et
1 = t(e1 + e2), E

t
2 = te2, E

t
3 = t2e3, E

t
4 = t3e4

L3 → N1 Et
1 = −2te2, E

t
2 = t(e1 + e2 − e3), E

t
3 = −2t2e3, E

t
4 = −2t2e4

L3 → L4 Et
1 = t−1e1, E

t
2 = t−1e2, E

t
3 = t−2e3, E

t
4 = t−3e4

L3 → L7 Et
1 = te1, E

t
2 = t2e2, E

t
3 = t2e3, E

t
4 = t3e4
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degenerations parametrized bases

L4 → LC
1 Et

1 = e1, E
t
2 = e3, E

t
3 = e4, E

t
4 = te2

L5 → N2(γ)
Et

1 = (γ − 1)te2 + γte3, E
t
2 = (γ − 1)2te1 − (γ − 1)γte2 − γ2te3,

Et
3 = (γ − 1)2t2e4, E

t
4 = (γ − 1)3t2e3

L5 → L3 Et
1 = −e1 + (t+ 1)e2 + (2t+ 1)e3, E

t
2 = t(e2 + e3), E

t
3 = −te3, E

t
4 = te4

L5 → L6 Et
1 = t−1e1 + t−2e2, E

t
2 = t−2e2, E

t
3 = t−3e3 + t−4e4, E

t
4 = t−4e4

L5 → L8 Et
1 = t2e1, E

t
2 = t3e2, E

t
3 = t4e3, E

t
4 = t6e4

L6 → N3(i) Et
1 = t4e1, E

t
2 = it4e1 − 2it2e3 + 2ie4, E

t
3 = t3e2 − te3, E

t
4 = t8e3

L6 → N7 Et
1 = te1, E

t
2 = t(−e1 + 2e2 − 2e3), E

t
3 = t2(2e4 − e3), E

t
4 = t2e3

L6 → L4 Et
1 = t−1e1, E

t
2 = t−1e2, E

t
3 = t−2e3, E

t
4 = t−3e4

L6 → L7 Et
1 = te1, E

t
2 = t2e2, E

t
3 = t2e3, E

t
4 = t3e4

L7 → N2(1) Et
1 = e1, E

t
2 = −e1 + t−1e2, E

t
3 = e3, E

t
4 = −e3 + t−1e4

L7 → N9(α) Et
1 = t(αe2 + e3), E

t
2 = te1, E

t
3 = t2e3, E

t
4 = t2e4

L7 → LC
1 Et

1 = e1, E
t
2 = e3, E

t
3 = e4, E

t
4 = te2

L8 → N2(0) Et
1 = t(e1 + e2 − e3), E

t
2 = −t(e2 − e3), E

t
3 = t2e3, E

t
4 = −t2e4

L8 → N3(i) Et
1 = t(e1 + e3), E

t
2 = it(e1 − e3), E

t
3 = te2, E

t
4 = t2e4

L8 → L7 Et
1 = t2(e1 + e2), E

t
2 = t4(e2 − e3), E

t
3 = t4(e3 + e4), E

t
4 = t6e4

L9 → N6 Et
1 = te1, E

t
2 = e2, E

t
3 = −t(e3 − e4), E

t
4 = te3

L9 → L12 Et
1 = t−1(e1 + e2), E

t
2 = e2, E

t
3 = t−1e3, E

t
4 = t−2e4

L10 → N10 Et
1 = te3, E

t
2 = te1, E

t
3 = te2, E

t
4 = t2e4

L10 → L12 Et
1 = e1 + te2, E

t
2 = −te1, E

t
3 = t2e3, E

t
4 = t2e4

L11 → N5 Et
1 = te1, E

t
2 = −te3, E

t
3 = te2, E

t
4 = t2e4

L11 → L9 Et
1 = 2ie1 − 2e2, E

t
2 = − it

2 e2, E
t
3 = t(e3 + ie4), E

t
4 = 2ite4

L11 → L10 Et
1 = t−1e1, E

t
2 = t−2e2, E

t
3 = t−3e3, E

t
4 = t−4e4

L12 → N9(−1) Et
1 = te2, E

t
2 = e1, E

t
3 = e4, E

t
4 = te3

L12 → L1 Et
1 = −t−1e1, E

t
2 = t−2e2, E

t
3 = t−3e3, E

t
4 = t−4e4

Let now prove primary non-degenerations. First of all, notethatA 6→ B if either A ∈ Z, B ∈ L \ N

or A ∈ L, B ∈ Z \ N. All remaining primary non-degenerations are proved in Table 3. We fix some
4-dimensional spaceV with basise1, e2, e3, e4. Everywhere in Table 3,R is some set algebra structures on
V . Whenever a structure namedµ appears, we denote bycki,j (1 ≤ i, j, k ≤ 4) the structure constants ofµ
in the basise1, e2, e3, e4 and writeUW (U,W ⊂ V ) for the product of subspaces ofV with respect to the
multiplicationµ. We use the notationSi = 〈ei, . . . , e4〉, i = 1, . . . , 4. If in a proof ofA 6→ B the standard
structureλ representingA doesn’t lie inR, we define also a mapg ∈ GL(V ) such thatg ∗ λ ∈ R.

Table 3.Primary non-degenerations of Zinbiel and nilpotent Leibniz algebras of dimension 4.

non-degenerations reasons

ZC
1 6→ B,B ∈

{

NC
1 ,N

C
2 (β 6= −2),

NC
3 ,N9(2)

}

R =

{

µ

∣

∣

∣

∣

S2S2 + S1 ◦ S3 = 0,
S1 ◦ S2 ⊂ S4, 2c

4
1,2 = c42,1

}

g(e1) = e1, g(e2) = e2,

g(e3) = e4, g(e4) = e3

Z1 6→ B,B ∈

{

N2
1,N3

(

α 6= i
2

)

,

N6,N7,N10

}

R =







µ

∣

∣

∣

∣

∣

∣

S1 ◦ S4 + S2 ◦ S3 = 0, S2S2 + S1 ◦ S3 ⊂ S4,

S1 ◦ S2 ⊂ S3, S1S1 ⊂ S2, 2c
3
1,2 = c32,1, 3c

4
1,3 = c43,1,

c42,2c
2
1,1 = c43,1c

3
1,2, c

4
2,2c

3
1,1 = 3c31,2(2c

4
1,2 − c42,1)







Z3 6→ B,B ∈

{

N3

(

α 6= i
3

)

,

N6,N7,N10

}

R =

{

µ

∣

∣

∣

∣

S1 ◦ S4 + S2 ◦ S3 = 0, S1 ◦ S2 ⊂ S4,

S1S1 ⊂ S3, 2c
4
1,3 = c43,1

}

Z5 6→ B,B ∈ {N3(α 6= i),N10} AnnR(Z5) > AnnR(B)

Z5 6→ B,B ∈ {N8,N9(α 6= −1)} (Z5)
(+2) < B(+2)

N2
1 6→ B,B ∈

{

NC
1 ,N

C
2 (β),N9(α 6= 1)

}

Z(N2
1) > Z(B)

N2(γ 6= 0, 1) 6→ B,B ∈
{

N2
1,N6,N7

}

R(γ) =







µ

∣

∣

∣

∣

∣

∣

S1S1 ⊂ S3, S1 ◦ S3 = 0, S1S2 ⊂ S4,
γ

1−γ
(c31,1c

4
2,2 − c41,2c

3
2,1)

2 = (c32,1)
2(c41,1c

4
2,2 − c41,2c

4
2,1)

+c32,1(c
4
1,2 − c42,1)(c

3
1,1c

4
2,2 − c41,2c

3
2,1)







N2(γ 6= 0, 1) 6→ N3(β) Ann(N2(γ)) > Ann(N3(β))

N2(1) 6→ B,B ∈

{

NC
1 ,N

C
2 (β 6= 0),

NC
3 ,N9(α)

}

AnnR(N2(1)) > AnnR( B)
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non-degenerations reasons

N3(α) 6→ B,B ∈ {N8,N9(α)}
(

N3(α)
)2

< B2

N3(α 6= 0) 6→ B,B ∈ {N3(0),N10} R(α) =















µ

∣

∣

∣

∣

∣

∣

∣

∣

S1S1 ⊂ S4, S4 ◦A = 0, e3 ∈ Z(µ),
(

(

c4
1,2

+c4
2,1

2

)2

+
(

c4
1,2

−c4
2,1

2α

)2
)

c43,3 − c41,1c
4
2,2c

4
3,3

−(c41,2 + c42,1)c
4
1,3c

4
2,3 + c41,1(c

4
2,3)

2 + c42,2(c
4
1,3)

2 = 0















N3(0) 6→ B,B ∈
{

NC
1 ,N

C
2 (β)

}

Z(N3(0)) > Z(B)

N4 6→ N10 R =
{

µ
∣

∣ S1S1 ⊂ S4, S2S3 + S3S2 = 0, c41,3 = c43,1
}

N4 6→ B,B ∈ {N8,N9(α)} (N4)
2 < B2

N5 6→ N9(α) (N5)
2 <

(

N9(α)
)2

N9(α 6= −1) 6→ NC
1

N9(α) 6→ NC
2 (β), (1 − α)2β + α 6= 0

N9(α 6= 1) 6→ NC
3

R(α) =

{

µ

∣

∣

∣

∣

S1S1 ⊂ S3, (S2)
2 = 0, S1 ◦ S3 = 0,

S1 ◦ S2 ⊂ S4, c
4
1,2 = αc42,1

}

g(e1) = e2, g(e2) = e1, g(e3) = e3, g(e4) = e4

L1 6→ NC
2

1 (L1)
(+2) < (NC

2

1 )(+2)

L2 6→ B,B ∈
{

NC
1 ,N

C
2 (β 6= 0),NC

3 ,N8

}

AnnL(L2) > AnnL(B)

L3 6→ B,B ∈
{

N2
1,N3(α),N7

}

msub0(L3) > msub0(B)

L5 6→ B,B ∈ {N3(α 6= i),N10,L1} AnnL(L5) > AnnL(B)

L5 6→ L2 (L5)
2 < (L2)

2

L6 6→ B,B ∈
{

N2
1,N6

}

R =

{

µ

∣

∣

∣

∣

S1S1 ⊂ S3, S1S3 + S4S1 + S3S2 = 0,
S1S2 + S3S1 ⊂ S4, c

3
1,1c

4
2,2 = c41,2c

3
2,1

}

L8 6→ B,B ∈ {N6,N7,L4} R = {µ |S1 ◦ S2 ⊂ S4, }

L9 6→ N10 msub0(L9) > msub0(N10)

L10 6→ B,B ∈
{

NC
2

(

β 6= 1
4

)

,NC
3

}

AZ(L10) > AZ(B)

L11 6→ N3(α) AZ(L11) > AZ
(

N3(α)
)

L11 6→ B,B ∈ {N8,N9(α 6= −1)} (L11)
(+2) < B(+2)

✷

6. IRREDUCIBLE COMPONENTS AND RIGID ALGEBRAS

Using Theorem 3, we describe the irreducible components andthe rigid algebras inN, Z, andL.

Corollary 4. The irreducible components of N are

C1 = {O(N2(γ))}γ∈C = N \ {N3(α),N4,N5,N10}α∈C;

C2 = {O(N3(α))}α∈C = {N3(α),N4,N5,N10,N
C2

1 ,NC

1 ,N
C

2 (β),N
C

3 ,C
4}α,β∈C.

In particular, Rig(N) = ∅.

Proof. The description of irreducible components follows from theproof of Theorem 3 and Table 4 given
below. The arguments from Table 3 can be applied to prove the required non-degenerations due to Lemma
2.

Table 4.Orbit closures for N2(∗) and N3(∗).

assertions parametrized bases parametrized indices

N2(∗) → N1 Et
1 = te1, E

t
2 = te2, E

t
3 = t2e4, E

t
4 = te3 ǫ(t) = − 1

t

N2(∗) → N7
Et

1 = e1 + (1 + t)e2, E
t
2 = −e1 − (1 − t)e2,

Et
3 = te3 + te4, E

t
4 = −te3 − (t+ 2t2)e4

ǫ(t) = 1− t2

N3(∗) → N4 Et
1 = t2e1 + it2e3, E

t
2 = te2 + t3e3, E

t
3 = −ie3, E

t
4 = t2e4 ǫ(t) = 1

t

N3(∗) → N5 Et
1 = e1, E

t
2 = te2, E

t
3 = e3, E

t
4 = e4 ǫ(t) = 1

t

✷

Using Theorem 3 and Corollary 4, we obtain the following corollaries.
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Corollary 5. The irreducible components of Z are

C1 = {O(N2(γ))}γ∈C = N \ {N3(α),N4,N5,N10}α∈C;

C2 = {O(N3(α))}α∈C = {N3(α),N4,N5,N10,N
C2

1 ,NC

1 ,N
C

2 (β),N
C

3 ,C
4}α,β∈C;

C3 = O(Z1) = {Z1,Z2,Z
C

1 ,N2(1),N3

(

i

2

)

,N8,N9(α),N
C2

1 ,NC

1 ,N
C

2 (β),N
C

3 ,C
4}α,β∈C;

C4 = O(Z3) = {Z2,Z3,Z
C

1 ,N2(0),N2(1),N3

(

i

3

)

,N8,N9(α),N
C2

1 ,N2
1,N

C

1 ,N
C

2 (β),N
C

3 ,C
4}α,β∈C;

C5 = O(Z5) = {Z4,Z5,N3(i),N6,N9(−1),NC2

1 ,NC

1 ,N
C

2 (β),N
C

3 ,C
4}β∈C.

In particular, Rig(Z) = {Z1,Z3,Z5}.

Corollary 6. The irreducible components of L are

C1 = {O(N3(α))}α∈C = {N3(α),N4,N5,N10,N
C2

1 ,NC

1 ,N
C

2 (β),N
C

3 ,C
4}α,β∈C;

C2 = O(L2) = {N9(0),N
C2

1 ,NC

2 (0),L
C

1 ,L2,L4,C
4};

C3 = O(L5) = L \ {N3(α),N4,N5,N10,L1,L2,L9,L10,L11,L12,C
4}α∈C\{i};

C4 = O(L11) = {N5,N6,N9(−1),N10,N
C2

1 ,NC

1 ,N
C

2 (β),N
C

3 ,L1,L9,L10,L11,L12,C
4}β∈C.

In particular, Rig(L) = {L2,L5,L11}.

REFERENCES

[1] Adashev J., Camacho L., Gomez-Vidal S., Karimjanov I., Naturally graded Zinbiel algebras with nilin-
dexn− 3, Linear Algebra Appl., 443 (2014), 86–104.

[2] Adashev J., Khudoyberdiyev A., Omirov B., Classifications of some classes of Zinbiel algebras, J. Gen.
Lie Th. and App., 4 (2010), Article ID S090601.

[3] Albeverio S., Omirov B., Rakhimov I., Varieties of nilpotent complex Leibniz algebras of dimension
less than five, Comm. Algebra, 33 (2005), 5, 1575–1585.

[4] Albeverio S., Omirov B., Rakhimov I., Classification of4-dimensional nilpotent complex Leibniz al-
gebras, Extracta Math., 21 (2006), 3, 197–210.

[5] Ancochea Bermudez J., Campoamor-Stursberg R., An irreducible component of the variety of Leibniz
algebras having trivial intersection with the variety of Lie algebras, Linear Multilinear Algebra, 62
(2014), 11, 1450–1459.

[6] Bloh A., On a generalization of the concept of Lie algebra(Russian), Dokl. Akad. Nauk SSSR, 165
(1965), 471–473.

[7] Benes T., Burde D., Degenerations of pre-Lie algebras, J. Math. Phys., 50 (2009), 11, 112102, 9 pp.
[8] Benes T., Burde D., Classification of orbit closures in the variety of three-dimensional Novikov alge-

bras, J. Algebra Appl., 13 (2014), 2, 1350081, 33 pp.
[9] Burde D., Degenerations of nilpotent Lie algebras, Journal of Lie Theory, 9 (1999), 1, 193–202.
[10] Burde D., Degenerations of 7-dimensional nilpotent Lie algebras, Communications in Algebra, 33

(2005), 4, 1259–1277.
[11] Burde D., Steinhoff C., Classification of orbit closures of 4–dimensional complex Lie algebras, Journal

of Algebra, 214 (1999), 2, 729–739.
[12] Calderon A., Camacho L., Omirov B., Leibniz algebras ofHeisenberg type, J. Algebra, 452 (2016),

427–447.
[13] Camacho L., Canete E., Gomez-Vidal S., Omirov B.,p-filiform Zinbiel algebras, Linear Algebra

Appl., 438 (2013), 7, 2958–2972.
[14] Casas J., Khudoyberdiyev A., Ladra M., Omirov B., On thedegenerations of solvable Leibniz algebras,

Linear Algebra and its Applications, 439 (2013), 2, 472–487.



11

[15] Dherin B., Wagemann F., Deformation quantization of Leibniz algebras, Adv. Math., 270 (2015),
21–48.

[16] Dokas I., Zinbiel algebras and commutative algebras with divided powers, Glasg. Math. J., 52 (2010),
2, 303–313.

[17] Dzhumadildaev A., Tulenbaev K., Nilpotency of Zinbielalgebras, J. Dyn. Control Syst., 11 (2005), 2,
195–213.

[18] Grunewald F., O’Halloran J., Varieties of nilpotent Lie algebras of dimension less than six, J. Algebra,
112 (1988), 315–325.

[19] Grunewald F., O’Halloran J., A Characterization of Orbit Closure and Applications, J. Algebra, 116
(1988), 163–175.

[20] Fialowski A., Khudoyberdiyev A., Omirov B., A characterization of nilpotent Leibniz algebras, Al-
gebr. Represent. Theory, 16 (2013), 5, 1489–1505.

[21] Kaygorodov I., Popov Yu., Volkov Yu., Degenerations ofbinary Lie and nilpotent Malcev algebras,
arXiv:1609.07392.

[22] Loday J.-L., Cup-product for Leibniz cohomology and dual Leibniz algebras, Math. Scand., 77 (1995),
2, 189–196.

[23] Loday J.-L., Pirashvili T., Universal enveloping algebras of Leibniz algebras and (co)homology, Math.
Ann., 296 (1993), 1, 139–158.

[24] Mazzola G., The algebraic and geometric classificationof associative algebras of dimension five,
Manuscripta Math., 27 (1979), 81–101.

[25] Mazzola G., Generic finite schemes and Hochschild cocycles, Comment. Math. Helv. 55 (1980), 267–
293.

[26] Mostovoy J., A comment on the integration of Leibniz algebras, Comm. Algebra, 41 (2013), 1, 185–
194.

[27] Omirov B., Rakhimov I., Degenerations of three-dimensional complex nilpotent Leibniz algebras
(Russian), Uzbek. Mat. Zh., 48 (2003), 3–4, 81–85.

[28] Pojidaev A., Solvability of finite-dimensionaln-ary commutative Leibniz algebras of characteristic 0,
Comm. in Algebra, 31 (2003), 197–215.

[29] Seeley C., Degenerations of 6-dimensional nilpotent Lie algebras overC, Comm. Algebra, 18 (1990),
3493–3505.


	1. Introduction
	2. Definitions and notation
	3. Methods
	4. Classification
	5. Degenerations
	6. Irreducible components and rigid algebras
	References

