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DERIVED BRACKETS FOR FAT LEIBNIZ ALGEBRAS

XIONGWEI CAI AND ZHANGJU LIU

ABSTRACT. Given a Leibniz algebra L with left center Z, we work on C(L,Z,S*(Z)), the Z-
standard complex of L with coefficients in S®(Z). We construct the derived bracket for a fat
Leibniz algebra in terms of a certain 3-cocycle and a Poisson algebra structure on the space of
so-called “representable cochains”.

1. INTRODUCTION

Leibniz algebras, objects that first appeared in Bloh’s work [3] and named by Loday [9], can
be viewed as the noncommutative analogue of Lie algebras. Some theorems and properties of Lie
algebras have been proved to be still valid for Leibniz algebras, while many other questions are
still open.

Courant algebroids, first introduced by Liu, Weinstein and Xu in [8], can be viewed as the
geometric realization of Leibniz algebras. The algebraization of Courant algebroids, Courant-
Dorfman algebras, are special examples of Leibniz algebras.

The derived bracket for a Lie algebra with an ad-invariant inner product is constructed by
Lecomte-Roger [7] and Kosmann-Schwarzbach [5], in order to study the homological algebra of Lie
bialgebras and quasi-Lie bialgebras, respectively. While the construction of derived bracket for a
Courant algebroid was given by Kosmann-Schwarzbach [6], Royternberg [11] and Alekseev-Xu [1].

It is a natural question to ask whether there is a derived bracket construction for Leibniz algebras.
In this paper, we succeed to give a positive answer for fat Leibniz algebras. By a fat Leibniz algebra,
we mean a Leibniz algebra whose naturally defined symmetric product is non-degenerate. Note
that this is a different notion from a quadratic Leibniz algebra, defined by Benayadi-Hidri [2].

Given a Leibniz algebra L with left center Z, we will work on the H-standard complex (see Cai
[4]) of L in the particular case when H = Z, V = S*(Z). We will define a canonical 3-cocycle © and
prove that the subcomplex consisting of the so-called “representable cochains” is a graded Poisson
algebra. Finally we show that the Leibniz bracket of a fat Leibniz algebra can be represented by
a derived bracket.

Acknowledgements. This paper is based on the PhD dissertation of the first author, which is
funded by the University of Luxembourg. The first author would like to thank his advisors, Prof.
Martin Schlichenmaier and Prof. Ping Xu, for their continual encouragement and support.

2. STANDARD COMPLEX

In this section, we recall the definition of H-standard complex of a Leibniz algebra L with
coefficients in V' ([4]), and consider a 3-cocycle in the particular case when H = Z, V = S*(Z).

Given a Leibniz algebra L with left center Z, let H 2 Z be an isotropic ideal in L, and (V, 1)
be an H-trivial representation of L (i.e. a left representation of L on which H acts trivially).
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Denote by C"(L, H, V') the space of all sequences w = (wo, -+ ,w[n]), where wy, is a linear map
from (®""2*L) ® (®*H) to V, Vk, and is weakly skew-symmetric in arguments of L up to wyy1:

wi(er, e, eip1, - ep—akshi, - hi) +wrler, - €ip1, €5 - en_aps ha, - hy)
- 7&]k+1("'é\i,ei+1,"';(6i,€i+1),"'> VQEL, hEH

C(L,H,V) & @, C"(L,H,V) becomes a cochain complex under the coboundary map d = do +
0 + d’, called the H-standard complex of L with coefficients in V', where dy,d,d’ are defined for
any w € C"(L, H, V) respectively by:

(dow)ler, - ensaamih, b)) 2 SO (=1) ™ plea)on(- -y ee o)
JrZ(fl)awk(...ga,...eaoeb,...;...)
a<b

(0w)r(er, - eny1—or; by, - -hy) = Zwk—l(ajaela"'en+1—2k§"'ﬁ\ja"')
J

(dw)i(er, - enp1—omshi, - hg) 2 Z(—l)““wk(---@,---;---f?j,hjoea,"')-
a,j

The Leibniz bracket of L induces a left action p of L on Z: p(e)f 2 eof,Ye € L, f € Z. And it
can be extended by Leibniz rule to a left action of L on the symmetric tensor S®(Z), still denoted
by p. (S°(Z),p) is obviously a Z-trivial representation of L, so we have the Z-standard complex
(C(L,Z,5°(Z)),d). Note that d' is 0, so d = dy + J in this case.

Definition 2.1. (C(L,Z,5°(Z)),d = dy + ¢) is called the standard complex of L.
For simplicity, we will denote C'(L, Z,S*(Z)) by C(L) from now on.

Proposition 2.2. C(L) is a differential graded commutative algebra, with the multiplication map
defined for w e C™(L), n € C™(L) by:

(2.1) (w-nkler, s entm—2k; f1, -+, fx)
£ Z (=1)7wileo(r) -~ €o(n—2i); fu) " Fu)INi(€on—2i+1) 5 fui+1) =),

itj=k
oEsh(n—2i,m—2j)
nEsh(i,j)

Ve € L, f € Z, where sh( , ) means the shuffle permutation.
Proof. The multiplication map above is obviously graded commutative, i.e.
wen = (~1)" .

We give the proof in 3 steps.
Step 1:
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C(L) is closed under the multiplication, i.e. w-n € C" ™ (L):

(W -1kl €areasts i f1s Fi) (@ i Castsar 5 o fr)
= Z Z (1) (Wil - €as€atty -3 ) F Wil Catisear - 5o ))mi(-o-)

iti=k oE€sh(n—2i,m—2j)
T€sh(3,5) 6—1(a),0c—1(at1)<n—2i

+ Z Z (71>UWi("’)(77j('"€a7€a+1;"';"')+77i("'ea+1;ea;"';"'))

itj=k oEsh(n—2i,m—2j)
T€sh(,3) 5—1(a),c~1(at1)>n—2i

n Z Z (=) (Wil eq-)mi(- - eapr ) + @il €apr-)m(--eq -

i+j=k o€sh(n—2i,m—2j)
TEsh(i,J) o—1(a)<n—2i<o—1(a+1)

n Z Z (=) (@i easr - (- -ea-) +wi(--eq-- (- €qp1--))

iti=k cesh(n—2i,m—2j)
TEsh(i,J) 6—1(a4+1)<n—2i<o—1(a)

(note that the same sequence (---eq, - €eqy1,- ) viewed as permutations
of (++-eq,eq41, ) and (---eqy1, €q, -+ ) have opposite signs)

= > Y D) i Gt (e e, ()

i+i=k o€sh(n—2i,m—2j)
T€sh(3,5) 5—1(a),0c—1(at1)<n—2i

> S DT (oGt 5 (CasCann), )

i+ji=k oesh(n—2i,m—2j)
TEsh(i,5) o—1(a),0—1(at+1)>n—2i

- 3 S Dl (ea ear)s (o)

I+j=k+1 TE€sh(l,j)
oesh(n—21,m—2j) 7—1((e, seat1))<l

+ Z Z (_1)G+1wi("')77l("' ;(eaaea-i-l)"")

itl=hk+1 Tesh(i,l)
ocE€sh(n—2i,m—2l) 771((€a,€a+1))>i

= —(w mr+iler, -, €a €att, 3 (€ar €at1)s )

Step 2:

The multiplication is associative:

Vw € C*(L), n € C™(L), A € CY(L), by definition it is an easy calculation that, ((w - 7) -
Ne(ers - enpmai—2k; f1,--+, fr) and (w- (- N)r(er, -+, enpmyi—2k; f1,- -+, fr) both equal to:

) DN VTGP WS

a+btc=k
oEsh(n—2a,m—2b,l—2c)
T€sh(a,b,c)

Step 3:
The differential d is a graded derivation:

d(w-n) = (dw) -n+ (=1)"w - (dn), Yw € C™(L), n € C™(L).

Since d = dy + ¢, it suffices to prove the equation for dy, d respectively.

For dy, we only give the proof for the case of degree 0 here, since the proof is almost the same
for cases of higher degrees (the only difference is that the sum should be taken over permutations
of the arguments in Z as well).
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(do(w-m))o(er, -+ ,€n+m+1)

S D plea)w - Mol G- )+ (-1 o G Greaces )

a a<b

Z(_l)a+1p(€a)( Z (_1)0‘*]0(60(1) o 'ea(n))UO(ea(nJrl) T ea(ner)))

oc€sh(n,m){-,a,-+ }

+Z(_1)a Z (—1)0'(4]0(60.(1),-..éz,eaOeb’-.-ea(n))no(eg(n+1)’...ea_(n+m+1))
a<b oEsh(n,m){--a, -}
o= 1(b)<n+1
+Z(_1)a Z (—1)0'(,‘]0(60.(1),..-ea(n))no(eg(n+1)’...a)’eaoeb’...eg(n+m+1))
a<b aesh(n,m)){ma,m}
o= L(b)>n

(let o1, o2 be the permutations adding a to o in front and at back respectively)
o o
a oi1€sh(nt+1l,m)
(p(ea)wO(eal(l) T ét\la eo'l(o'fl(a)_'-l) e eal(n+1)))n0(eal(n+2) e ea'l(n+m+1))
ST e
a oy€sh(n,m+1)
wo(eaz(l) T €az(n))(P(€a)U0(€az(n+1) “€q, €os(oy H(a)+1) eaz(n-‘rm-i-l)))

DD DINCEC IS

a<b o1€sh(nt1,m)
a;1<b)<n+z

wo (601(1) eaa o1 (a‘l (a)+1) ézn €q O €p - )770 (601 (n+2) """ €5, (n—i—m—i—l))

SO DD DI CEIC c e

a<b oa€sh(n,m+1)
U;I(b)>n+l

wO(eag(l) o )nO(eag(nJrl) T é(\la 602(02*1((1)4_1) T ah €q O€p- - eag(nerJrl))
Seom ¥
g1 (a120] ' (a))<n+2

(p(eal(m))wo (601(1) T Q:Ua\l) T €oy (n+1)))770(€a1 (n+2) """ e<71(n-i-m-i-1))
e > -1

o1 (a1£0 (@) <(br120; (b)) <n+2

wO( 01(1) o 71—(11\1) o 'em/(b\l)aeal(lh) o €oy(by) """ )770(60'1(714-2) o 'eal(n-i-m—i-l))

+Z )72 W0 €0y (1)s * + oa(n)) - Z

asz éo';1 (a)

o —

(_1)a2_n+1p(€az(a2))770(602(n+1)a e aea'Q(aQ)a e 3602(n+m+1))

+Z 1)72*+ 70 ( (Can(1)s" " +Con(n)) Z

n<(az2oy ()< (baloy ! (b))

(=1)% 700 (€py(nt1) " * €on(az) " Con(ba)s Eoalaz) © Eoa(ba) " * Con(ntm+1))
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= ((dow) -n + (71)nw : (don))o(el, e 7en+m+1)

For §

)

(0(w-m)rlers -, enymer—2ki f1, - fr)

~

= D (- nr-1(firer, s enpmir-anic o fir)

— Z Z Z (=D %wa(fis-- 5 fir o m(--+)

i atb=k—1 oc€sh(n—2a,m—2b)
TE€sh(ab)  o—1(f)<n—2a

25 DD DI DI CEIL RN UAC SRETPRY S0

i a+tb=k—1 oE€sh(n—2a,m—2b)
TEsh(a,b)  o-1(f)>n—2a

(removing f; from o, adding f; to 7 in front and at back respectively)

- 3 S 1w a (s oy i s Fi gy ()

atb=k TEsh(a,b)
oc€sh(n+l—2a,m—2b) .—1(;)<q

—

+ Z Z (*1)U+nwa('")nbfl(fi;ea(n—mz—i-l)a'" s 7f'r('r*1(i))a"')

a+b=k TE€sh(a,b)
oc€sh(n+1—2a,m—2b) r=1(i)>a

= ((6w) - mk(--) + (=1)"(w - () (---)

The proof is finished. B

Remark 2.3. In [4], we construct a Courant-Dorfman algebra structure on S®(Z)® L for any Leibniz
algebra L with left center Z, and prove an isomorphism between H-standard complexes of them. So
it is a direct conclusion that C'(L) is isomorphic to the standard complex of the Courant-Dorfman
algebra S*(Z) @ L.

Next we consider a 3-cochain in C(L). Let ©g: LQL QL — S*(Z) and ©, : L® Z — S°(Z)
be defined as:

Op(e1,e2,e3) = (€1 0 ez, €3)

(2.2) O1(e; f) = —(e, f).

We can prove that © = (O¢, ©1) is a 3-cocycle by a direct calculation, but actually we have the
following:

Proposition 2.4. © = d( is a 3-coboundary, where ¢ = ({o,¢1) € C?(L) is defined by:

Coler,e2) = (e1,e2),  Gi(f) = —2f.
Proof. Since

Coler,e2) + Colez, e1) = 2(e1, e2) = —Ci((e1, €2)),
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¢ = (o, ¢1) is a 2-cochain in C?(L). By definition,

(d¢)o(er, e2,€3)

= ple1)Colez; e3) — ple2)Coler, e3) + ples)oler, e2)
—Co(e1 oez,e3) — Co(ea, e1 0e3) + Coler, e2 0 e3)

= ple1)(e2,e3) — (e1 0ea,e3) — (€2,e1 0€3)
—p(ez)(e1,e3) + (e1,e2 0 e3) + p(es)(e1, ez)

= —(e20e1,e3) + ples)Coler, e2)

= (61 062763)

(dC)l(e; f) = P(e)C1(f) + Co(fa 6) = _2(€a f) + (6, f) = —(6, f)
so © = d( is a 3-coboundary. W

Actually O is exactly the restriction of the canonical 3-cocycle of the Courant-Dorfman algebra
S®(Z) ® L (see Remark 2.3). We will call © the canonical 3-cocycle of L.

3. POISSON STRUCTURE ON A SUBCOMPLEX

In this section, we consider a subcomplex, denoted by C’(L), consisting of the so-called “repre-
sentable cochains”, and construct a Poisson algebra structure on C/(L).

Let LV 2 Hom(L, S*(Z)). In this paper, Hom always means £-linear homomorphisms.

Vw € C™(L), wy gives rise to a map @y, : L2l g Sk(Z) - LV :

@k(€17 e en—ok—1; f1,- "fk)(e) £ (Lfk lfilen, opq "Lelwk)(e) = wk(€1, e ep—ok—1,6; f1, - 7fk)'

The symmetric product (-,-) of L can be S®(Z)-linearly extended to a symmetric product on
S*(Z) ® L, thus inducing a map

p=(,): S (Z)® L — LY.

Definition 3.1. Given any w € C™(L), if Im(wy) C Im(¢), VE, we call w a “representable cochain”.
The graded subspace of C'(L) consisting of all representable cochains is denoted by C'(L).

By definition, ¢’ 2 (e, ): L — Z is obviously a representable cochain.
Given w € C™(L), wy, induces a -linear map

Q0 L2 o Hom(S%(Z), S*(Z) ® L),
which is defined by
nler, s en—on—1)(f1, fo) = o7 (@rler, en—on—1i f1. s fr)-

Note that, to determine @y, we only need to choose the preimage of wy, for given basis of L and Z,
and then take the £-linear extension. So @y depends on the choices, it is not uniquely determined
unless ¢ is injective (i.e. the bilinear product of L is non-degenerate).

Proposition 3.2. C(L) is a subcomplex of C(L).
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Proof. Yw € C™(L), we need to prove that dw € C"*+1(L):

(dw)k(er, - ent1-2k; f1, - fr)

Z(il)aJrlp(ea)wk(... oy ;"')+Z(*1)awk("'é;;"'eaOeb;"' o)
a<b

a

Y wa(oen o)

> (D) plea)@rler, - e enok) (fri - fi) engrok)

a<n—2k
+H(=1)"plent1—2r)wr(er, - €n—ok; )
+ Z (—1)*(@Or(---€ay---ea0ep, - enak)(f1,  fr) ent1-2k)
a<b<n—2k
+ D> (1) wk( €y €n2k,€a O Eny1okice )

a<n—2k

+ Z(@kq(fi, el en—ak)(-- fir ), Enti1—2k)

(‘, en+172k)-

Next, we will define a graded bracket on C'(L).
s fotkr))-

(a- BY(fr, fes) = Z (a(foqys s fotr))s B(fotesr)s-

as
oesh(k,l)
Vy € Hom(S*(Z), S*(Z)), § € Hom(SY(Z), S*(Z)), define v o § € Hom(S*+'=1(Z), S*(Z)) as
Z YO (forys s fo)s foirn)s s Foirr—1))s

Yo o(fr, s ferio1) £
oesh(l,k—1)
where ¥ : S*(Z) ® S¥=1(Z) — S*(Z) is extended from ~ by Leibniz rule in the first argument.

The proof is finished. B
Ya € Hom(S*(Z), S*(Z)®L), B € Hom(S'(Z), S*(Z)®L), define (a-3) € Hom(S*T1(Z), S*(Z))

Now given w € C"™(L), n € C™(L), we define the bracket {w,n} as follows:
(3.1) {wn} 2wentwon—(=1)""now,
where w e = ((wen)g, (wen),- ), with (wen), : R"Tm=2=2k[ — Hom(S*(Z), S*(Z))
defined by
(wen)kler, + entm—2-2k)
= (_1)m_1 Z (—1) (aji(ea(l)a e (n72i71)) - 15 (ea(n72i)a : 'ea(n+m7272k))>a
sesh(n—3oTim—2j-1)
(obviously the value does not depend on the choices of &; and 7;, so it is well-defined)
and won = ((won)o, (won)y,---), with (won)y : @T™m=2-2F, — Hom(S*(Z), S*(Z)) defined
by
(womn)k(e, s entm—2-2k)
£ Z (*1)gwi+1(€a(1) e ea(n—Qi—Q)) © nj(ea(n—%—l) e 'ea(n+m—2—2k))'
itji=k

cesh(n—2i—2,m—2j)
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The following is the main theorem of this section:
Theorem 3.3. (C(L),{-,-}) is a graded Poisson algebra.
Before the proof of this theorem, we prove the following two lemmas first.
Lemma 3.4. C(L) is a subalgebra of C(L) with the multiplication map defined in 2.1.
Proof. Given n € C™(L), A € C*(L), we need to prove that n\ € C"+(L):
(MA)k(ers - s emti—aks f1.- -5 fi)
Z (_1)0771'(60(1) T ;f'r(l) T f'r(i)))‘j (ea(m—ziﬂ) © Co(mAl—2k)5 fT(i+1) T f'r(k))

i+ji=k

ocE€sh(m—2i,1—2j)
T€sh(i,j)
= Z Z (1) empiars - ) €mpi—ak )N (- 5o +)
it+j=k ocEsh(m—2i,l—2j)

TEsh(1,5) o—1(m4l—2k)=m—2i

+ Z Z (=10 1 )N emaimaki -+ ) Emai—2k)

it+j=k oEsh(m—2i,l—2j)

TEsh(4,)) =1 (m4l—2k)=m+I—2k
= ({ Z Z (=17 i(esry, 3 frrys N (€a(mesiy = 5 fr(itr), )
itj=k Gesh(m—2i—1,0—27)
resh(ig)
+ Z Z (=D)nilesy = 5 Frys DN (€a(m—nitt) == 5 Fr(it1)s )} €mpi—2k)
T;LJL(:Z]‘]) gEsh(m—2i,l—2j—1)

The lemma is proved. B
Lemma 3.5. wen, won, {w,n} are all cochains in C"t™=2(L).
Proof. w e is a cochain in C"*™~2(L) because:
(wen)k(er - eas€at1  €ntm—z—2k f1-  fu) + (W oN)k( €atr,q- 5 0+)
= (,Umfl Z { Z (*1)0@71'(60(1) g 'ﬁj(ea(n—Qi) a1 ...ea(n+m_2_2k)>>
i+j=k oa€w,atlen

+ Z (*1)a<wi(ea(1) HRRCT A ) : ﬁj(ea(n—Qi) ot €al ea(n+m—2—2k)>>}
o,a€n,a+1lcw

+(_1)m71 Z { Z (_1)(7((*71'(60(1) Tt €atl, ) : ﬁj (ea(nfﬂ) Tty €g ea(n+m7272k))>
i+j=k o,a€Nn,a+lcw

+ Z (—1)7(@i(eo(1) - €ar1 ) Mj(€o(n—2i) " €a" " Co(ntm—2—2k))) }
o,a€w,a+1€n

+(_1)m—1 Z { Z (_1)a<di(ea(1) crr€ay €41t ) : ﬁj (ea'(n72i) to ea(n+m7272k))>

i+j=k o0,a€w,at+1lcw

+ Z (_1)a<di(ea(l) cr€a41,€0 7 ) . ﬁj (ea'(n72i) e ea(n+m7272k))>}
o,acw,a+1cw

+(71)m71 Z { Z (71)0@'}1-(@0_(1) T ) : ﬁj (ea(n—Qi) ctr€ay €1ttt ea(n+m—2—2k))>

i+j=k o,a€n,a+1€n
+ 0D (D7 @ileo@ ) Mi(otmani) - €at1s€ar )}

o,a€n,a+1€n
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= =yt Y > (=D)7(=1)

i+j=k o€sh(n—2i—1,m—2j-1)
acw,at+l€w

<wijrl(ea(1) T 6/:1, e/a—Jr\l o Co(n—2i—1) (eav €a+1)) : ﬁj(ea(n—%) o )>

HEm Y > (=1)7(=1)

i+j=k o€sh(n—2i—1,m—2j-1)
acw,a+1l€w

<¢Ji(ea(1) c ) : njjrl(ea(n—%) e 6/217 e/a—Jr\l e eo’(n+m—2—2k:)§ (ea; ea+1))>

= nm > > CHEEDY

i'+j=k+1 o’ €sh(n—2i'—1,m—2j—1) Tesh(i’,5)
(ea,eqt1)EwW

(Wir(€or (1) -+ )((€as €at1)s fr(ry -+ )5 Mj€ornosziry = )(frqiry -+ Fry))

NCEDY > SIS

i+j'=k+1 o’ €sh(n—2i—1,m—25"—1) TEsh(i’,j)
(eareqt1)€EN

(@ileor 1y - )(fr) )15 (€or(n—2i) - - - )((€ar €at1)s friign) - - - fr(r)))

= —(wenksiler, + €a,€atrt, s Entm—2-2k; (€as €at1), f1, - fi)-

w o n is a cochain in C™"*™~2(L) because:

(Woﬁ)k("' y€as Catl " ;fl"'fk)+(won)k("'eaJrl;ea"' a)

= Z { Z (_1)awi+1(€a(1) cieqret)O nj(ea(n72ifl) ceat1)

i+j=k o,a€w,a+1€n

+ Z (=1)°wiri(esy---€a---) o nj(€s(n-2i—1) " €at1 ")}

o,a€n,at+lcw

+ Z { Z (*1)awz‘+1(€a(1) “t€qp17t) O Uj(ea(n—zi—m ceqtt)

i+j=k o,a€n,a+l€w

+ Z (—=1)7wit1(eq(1) =~ €at1 ) 0 nj(€o(n—2i-1) " €a ")}
o,acw,a+1en

+ Z { Z (_1)awi+1(€a(1) t€ayCadl ) © nj(ea(n72i71) - )

i+j=k o0,a€w,at+lcw

+ Z (_1)awi+1(€a(1) “€qt1,€q ) O (ea(nfﬂfl) )}

o,acw,a+1€w

+ Z { Z (=1)wit1(eq(1) ) o nj(€o(n—2i-1) " €as€at1 ")
i+j=k o,a€n,a+1€n
+ Z (_1)Uwi+1(ea(1) : ) Onj(ea(n72i71) " €at1,€a )}
o,a€En,a+1€En

= > (=D)7(=1)

i+j=k o€sh(n—2i—2,m—2j)
acw,at+lcw

Wit2(€a(1) " €ar €at1* Co(n—2i-2); (€ar €at1)) © Mj(€o(n—2i—1) ")

+ ) > (=D)7(=1)

i+j=k oc€sh(n—2i—2,m—2j)
a€n,a+1€n
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wz‘+1(€a(1) " 'ea(n—Qi—Q)) © 77j+1(6<7(n—2i—1) “r€a+1,€aq 0 (€a7 €a+1))
’
= 2 >y Y
i/ +j=k+1 o’ €sh(n—2i' —2,m—2j) TEsh(j,i’ —1)

(eareqt1)Ew
wir1(€or (1) 3N (€t (n—zir—1) " 5 fr(1) -+ )5 (€ar €at1)s frijan) - fri))

o > Ty

i+j'=k+1 o’ €sh(n—2i—2,m—2j") resh(j,il —1)
(eareqt1)€EN

wi-l—l(ea"(l) T ;nj’(ea/(n72i71) s (eaa €a+1)a f'r(l) T )a f'r(j/) T f'r(k))

= —(womitiler, - ,€a,€ar1,  ntm—2-2k; (€ar€at1) f1, s fr)-

So{w,n} =wen+won—(—1)""now is also a cochain in C**™~2(L). m
Proof of theorem 3.3:

Proof. 1) By the lemmas above, in order for C (L) to be a graded Poisson algebra, we need to prove
the following;:

(1). For any two representable cochains w,n, {w,n} = —(=1)""{n,w},

(2). For any representable cochains w,n, A,

{w,nA} = {w, A + (=1)""n{w, A},

(3). The bracket of any two representable cochains is still a representable cochain, and

{w {n, A} = Hw,mb A+ (=1)™""{n, {w, A}}.

For (1), it suffices to prove w e = —(—1)""n e w.

Vo € sh(n —2i — 1,m — 2j — 1), switching the first n — 2i — 1 arguments with the last m —
2j — 1 arguments results in a sign difference (71)("’1)(’”’1), so by definition there is merely a sign
difference between w @ and 1 e w of (—1)"~mHn=1im=1) — (_q)nm+1,

Thus (1) is proved.

For (2), we need to prove that {w, e} is a graded derivative.

{wﬂ?)\}k(eh c s engmetl—2-2k f1, 00 5 fx)
= (enNi(- )+ (@onA)k(-) + (=1 Ao w)(---)

We calculate the three parts above respectively:
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(wenN)r(er, -, entmyi—2—-2k5 f1,- 5 fr)

(71)m+l+1 Z ((Ja(ea(l)v"' ;fT(l)v"')ﬂ (UA)b(ea(n—Qa)a"' ;fr(a-{-l)a"'))
aEsh(n—zitbl,:v:H—%—l)
resh(a,b)
(_1)m+l+1 Z (_1)U+l (Wa(ea(l) T )a ﬁb(ea(n72a) T ))‘c(ea(n+m72a72b71) to ))
a+b+c=k
cEsh(n—2a—1,m—2b—1,1—2c)
T€sh(a,b,c)
+(71)m+l+1 Z (71)0((&1 (ea(l) T )5 nb(ea(n—Qa) e )Xc (ea(n+m—2a—2b) T ))
a+btc=k
c€sh(n—2a—1,m—2b,l—2c—1)
r€sh(a,b,c)
Z (_1)G(W ° n)a(ea(l)a o ))‘c(ea(n+m72a71)a o )
at+c=k
cEsh(ntm—2a—2,1—2¢c)
resh(a,c)
+ Z (71)0+(n—1)m(71)mnb(ea(1), co )(w L4 A)a(ea(’m—Qb-l-l)a o )
oesh(mfbjba,‘jil72a72)
TEsh(b,a)

(wen) A) (- )+ (=1)"" (- (weX), ()

(won)\)k(eh C emgmepl—2—2k; f1,0 0 afk)

(=1)°war1(es(1)  €on—2a—2); MN)b(€o(n—2a—1) 3 fr1) = )s frp1) =)
aesh(n:gtblefm#»lfﬂ))
rEsh(b,a)

> (=1)war1(eo(n) - 5M(€o(n—2a-1) " )Ac(€o(ntm—2a0—20-1) ")y ")
atbte=k
oEsh(n—2a—2,m—2b,l—2c)
TE€sh(b,c,a)

Z (*1)gwa+1(ea(1) T ;nb(ea(n—Qa—l) T )7 T )Ac(ea(n+m—2a—2b—1) o )
a+b+c=k
oc€sh(n—2a—2,m—2b,1—2c)
resh(b,a,c)

+ Z (_1)a+nmnb(€a(1) T )wa-i-l(ea(mf?lﬂrl) g )‘c(ea(n+m72a72b71) to )a to )
atbte=k
cEsh(m—2b,n—2a—2,1—2c)
TE€sh(b,c,a)

Z (71)0((*] < n)a(ea(l)a g f‘r(l)a to )Ac(ea(n-l-m—Qa—l)a T f‘r(a-l—l)a o )
oGsh(n+ﬁf§:72,172c)
resh(a,c)

+(=1)"™ Z (=D (eay, 3 fr)s ) @O N aleom—2br1)s 3 frpr1), )

a+b=k
ocEsh(m—2b,n+l—2a—2)
TE€sh(b,a)

(wom) - A) () +(=1)"" (0 (wo X)), ()
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(mMAow)r(er, -, entmyi—2—2k; f1, - 5 fr)

= Z (=17 (N as1(eo(r), -+ s WelCo(mai—2a—1)s " )5 ")

at+c=k
oc€sh(m+l—2a—2,n—2c)
TE€sh(c,a)

= Z (*1)g+nlna+1(ea(1) to ;wc(ea(m—Qa—l) T ); to ))\b(ea(n+m—2a—20—1) o )
a+btc=k
cEsh(m—2a—2,n—2c,l—2b)
rEsh(c,a,b)

+ Z (_1)07711(60(1) o ))‘b+1(ea(m72a+1) o ;wc(ea(m+l72a72b71) o )a to )
a+b+c=k
cEsh(m—2a,l—2b—2,n—2¢)
T€E€sh(a,c,b)

= Z (*1)0(*1)7”(770&1%(60(1)7"' ;f‘r(l)a'")Ab(ea(n-l-m—Qa—l)a'" ;f‘r(a-l-l)a"')
oesh(mf:fjc]:fZ,leb)
r€sh(a,b)

+ Z ( 1) na(ea(l : 7f'r (1)» " ) : (Aow)b(ea’(m72a+1)a"' ;f'r(aJrl)a"')
aesh(mj;ab,iilfzb—Z)
r€sh(a,b)

(=1 ((now) - A) () + (1- (Aow)), ()

So
{w,nAbk(er, - enymyt—2—2k; f1,- -+, f)
= (wen) - A) () +(=1)"(n (weA), ()
+((W<>77) A) o)+ (=1)" ( S(woN), ()
1" (o w) - A), () + (1) (=1)"* (- (Aow)), ()
= ({wn} Mr() + (= 1nm(77 {W/\})( *)

{w, e} is a graded derivative, (2) is proved.
For (3), in order for {w,n} to be a representable cochain, we need to prove

{wa n}k(ela C Ly Endm—2k; fla e ’fk) = (en+m—2k7 .)’ Vk.

{wa n}k(ela s Bnbm—2-2k; fla e 7fk)

= (_1)m+1 Z (_1)U(w (60(1 o 7f'r (1)» " )aﬁb(ea(n72a)7"' ;f'r(aJrl)a"'))
aesh(n—zzﬁjkmfm)fn
rEsh(a,b)
o . .
+ Z (*1) waJrl(ea(l)a"' ,nb(ea(n—Qa—l)a"' 5fT(1)5"')5fT(b+1)5"')
UGSh(niégiZ,m72b)
TEsh(b,a)
+(71)nm+1 Z (71)07’a+1(60(1)7"' ;wb(ea(m—Qa—l)a"' ;fr(l)a"')af‘r(b-i-l)a"')
ogsh(nLajZa:—Z,n—Zb)
r€sh(b,a)
— (_1)m+1 Z (_1)a'+m+1
aEsh(n—zzﬁz,km—Zb—l)
TEsh(b,a)

Wa(€o(1) "~ €a(n—-2a—2), Entm—2-2k: M (€a(n—2a—1) "= 5 fr1) == )5 frp41) - )
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+(71)m+1 Z (71)a+(n71)m

a+b=k

oc€sh(m—2b—2,n—2a—1)
TEsh(a,b)
M(€a(1) " Ca(m—2b—2)s Entm—2—2k> Ga(Co(m-26—1) - 3 fr1) )i friat1) = ")
H(en+m—2-2k, @) + Z (=17
a+t+b=k
oc€sh(n—2a—2,m—2b—1)
TEsh(b,a)
wa+1(ea(1)7 T ;(ﬁb(eo’(n—Qa—l)v T ;f‘r(l)a )y endm—2-2k), fT(b+1), )}
H{(entma-2,®) + (~1)"H >
a+b=k
oc€sh(m—2a—2,n—2b—1)
TEsh(b,a)
77a+1(€<7(1)7 B (‘Jb(ea(m—Qa—l)v T ;f‘r(l)a )y endm—2-2k), fT(b+1), )}

= (€n+m—2—2ka .)

S S VPN (PRSP YES IO

a+b=k
cesh(n—2a—2,m—2b—1)
T€sh(b,a)

+ ) (=17 (e ety Gal ) )

a+b=k
cEsh(m—2b—2,n—2a—1)
TE€sh(a,b)

+ > (—1)7t1

a+b=k
cesh(n—2a—2,m—2b—1)
T€sh(b,a)

{Wa(' o ;en+m7272k777~b(' o ); o ) era(' o aﬁb(' o )aen+m7272k§ o )}

+ > (—1)7tnm

a+b=k
cEsh(m—2a—2,n—2b—1)
TEsh(b,a)

{a( s ensmesoi, @l )i ) F 00l @G-+ )y ensm—zoi- )}

= (€n+m—2—2ka .)

Thus (3) is proved. H

If ¢ is an isomorphism(i.e. the symmetric product of 5* (Z)® L is strongly non-degenerate), any
w € C(L) is a representable cochain, so C'(L) = C(L) is a graded commutative Poisson algebra.

4. DERIVED BRACKETS

In this section we prove that the Leibniz bracket of a fat Leibniz algebra is a derived bracket.
First we prove the following:

Proposition 4.1. {0,n} = —dn, ¥n e C(L).

Proof. Tt is obvious that © is a representable cochain.
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(©en)iler, -, emgp1—2k; f1, -, fr)
= (-pmt Z (—1)7(O0(eo(1)s €o(2))s Tk (€o(3) * * €o(mit1—2k)i "))

oc€sh(2,m—2k—1)

+(71)m71 Z (él(f‘r(l))vnkil(elv'“ 7€m+172k;f7—(2)7"' af‘r(k)))

T€sh(1,k—1)
_ 1 E +b+1 ~ ~ N .
— ’ITL a e Oeb,nk(el,"'7ea7"'5eb7'"eerl*Qk’fl?.'.fk))
a<b

’m 12 fzank 1 el; "aem-‘rl—Qk;fl;"' afia"';fk))

= (71)771 Z(fl)a+bnk(el’ e ,eAa7 e 7éb5 - 7em+172k7 €4 O €p; fl; e 5fk)
a<b

_1)mz77k—1(€1a"' a€m+1—2kafi;fla"' afAia"' afk)
%

(©omn)kler, s emipr—2ki f1, +, fi)
Z(*l)aH@l(ea) onkler, ++€as  Emi1-2k)

a

= Z(*l)aﬂ(*l)(eaﬂlk(el,'" s€aytemay1—2k5 f1, 00, fr))

a

= Z(il)ap(ea)nk(elv"' aeAaa"' 7em+172k;fla"' afk)

a

(*1)m+1(77<>@)k(€1, e emg1—2k; f1o 0 fr)

Cum Yy

oc€sh(m—2k—2,3)
Met1(€o(1)s 5 Co(m—2k—2)) © O0(€o(m—2k—1)> €o(m—2k)> €o(m—2k+1))
nmt Z(—l)a+m+lnk(€1, €y emt1-2k) © O1(eq)

Z (_1)a+b+c+1nk+1(el g€y Em+1—2k; (ea o ebaec)a fl T fk)
a<b<c

JFZ(*l)aZUk(elv"' 56Aa5"' 7em+1*2k;7(eaafi)aflv'“ Mfiv"' 7fk)
Z(fl)tﬂrb Z (=)0 €are v 6oy s o1, €a 0 hy oy v ivr)

a<b b<c<m—+2—-2k
+77k( A)"' 7éb7"' y€c—1,€c;€q O €p, - - 7)}

+Z o1 (- €amt, fisear i fi ) F o1 (- €atveay fir oo i fi )}

Z( 1) (- ceqoep, i)+ (=DMl Ey - eq o e

a<b

14
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*anq(fi,el,"' e fie) (*1)m+1z77k71(61"'em+172k7fi;"'fi"')

The sum of the equations above is
{Gan}k(ela Ctt, Em1—-2ks fla o afk)
= Z(il)ap(ea)nk(ela e 7é¢17 Sy Em 12k f17 T 7fk)

a
D) e a0 e 5
a<b

PN

_an—l(fiaela" Sy em41—2ky afia" )
7

= —(dn)k(er, - emt1—2k3 f1, + , fr)
The proof is finished. W

Next, we give the definition of fat Leibniz algebras:

Definition 4.2. Given a Leibniz algebra L, if the symmetric product (-,-) is non-degenerate, we
call L a fat Leibniz algebra.

The omni Lie algebra ol(V') = ¢gl(V) @ V is obviously a fat Leibniz algebra. And the space of
sections of any Courant algebroid is also a fat Leibniz algebra.

_ Actually given any Leibniz algebra L with trivial center, there is associated a fat Leibniz algebra
L:

Proposition 4.3. Suppose L is a Leibniz algebra with trivial center, then L & L/K is a fat Leibniz
algebra, where K is the kernel of the bilinear product of L, i.e. K ={k € L|(k,e) =0, Ve € L}.

Proof. Since the product of L is invariant:
T(e1)(k,e2) = (e1 0 k,ea) + (k,e1 0ez), Vey,ea € L, Vk € K,
it follows that
0, Vese€ L,
so e; ok € K. Furthermore since e;ok+koe; = (k,e1) = 0,80 koe; = —ej ok is also in K. Thus

K is an ideal of L.
The Leibniz bracket of L naturally induces a bracket on L/K:

(61 o k) 62) =

€1 06y 2 E106g,
where € is the equivalent class of e € L in L/K. Suppose there exists ke L/K such that
(k,e) =0, Ve € L/K, ie. (k,e) € K, Ve € L. Since (k,e) is in the left center of L, (k,e) € K
implies that (k,e) is also in the right center of L. So (k,e) = 0 by the assumption that the center

of L is trivial. It follows that k itself is in K, k = 0 € L/K. As a result, the bilinear product on
L/K is non-degenerate. W

Finally we give the main theorem of this section:
Theorem 4.4. With the above notations, we have
(61 © eQ)b = 7{{65 eg}v ez}

In particular, if L is a fat Leibniz algebra, then the Leibniz bracket can be represented as a derived
bracket:

€10€2 = —{{@,6?},6%}'1,
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where (8)f : Im((8)") — L is the (partial) inverse map of (e)°, i.e.
((@)) £ ¢, Yo € Im((s)).

Proof. {©,¢}} is a 2 cochain:

{6, ¢1}o(e2, e3)
= (Oo(ea,e3),€}) + O1(e2) o €] (e3) — O1(e3) 0 € (e2)
(ea0eg,e1) — (e, (e1,e3)) + (es, (e1,e2))
—(ez0e1,e3) + (ez,e10ex +ez0eq)

- (61 062763)

{0.e1h(f) = (©1(f).e}) = ~(er. )
We see that {0, ]} is a representable cochain.
{{0,¢%},¢e5} is a 1 cochain:
{{9’62}’62}0(63)
= ({8, ¢1}o(ea),e3) + {O, ¢t }1 o eh(ea)
(e10e3,€2) — (€1, (€2, €3))
= —(e10eg,€3)

So (e1 0 e2)’(e3) = —{{O, €}, €3} (e3) = (e1 0 €2, e3).
The proof is finished. B

Remark 4.5. As mentioned in Remark 2.3, C'(L) is isomorphic to the standard complex of the

Co
[10
(i.e

urant-Dorfman algebra S°®(Z) ® L. Actually theorem 4.4 is true for ej,es € S*(Z) ® L. In
], Roytenberg proved that the Dorfman bracket of a non-degenerate Courant-Dorfman algebra
. the symmetric product is strongly non-degenerate) is a derived bracket. Our theorem 4.4

can be viewed as a generalization of his result, since the symmetric product of S*(Z) ® L is only
non-degenerate, but not strongly non-degenerate.

(11]
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