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1. INTRODUCTION

Degenerations of algebras is an interesting subject, which was studied in various papers (see, for example, [3}4}
7,9L110,114416,[191123]]). In particular, there are many results concerning degenerations of algebras of low dimensions
in a variety defined by a set of identities. One of important problems in this direction is the description of so-called
rigid algebras. These algebras are of big interest, since the closures of their orbits under the action of generalized
linear group form irreducible components of a variety under consideration (with respect to the Zariski topology).
For example, the rigid algebras were classified in the varieties of two dimensional bicommutative algebras in [14],
three dimensional Novikov algebras in [3], three dimensional Leibniz in [22], four dimensional Lie algebras in [4],
four dimensional Jordan algebras in [17], four dimensional Zinbiel algebras and nilpotent four dimensional Leibniz
algebras in [16]], unital five dimensional associative algebras in [[19], nilpotent five- and six-dimensional Lie algebras
in [[9}23]], nilpotent five- and six-dimensional Malcev algebras in [[L5], and some other.

The Leibniz algebras were introduced as a generalization of Lie algebras. The study of the structure theory and
other properties of Leibniz algebras was initiated by Loday in [18]]. Leibniz algebras were also studied in [6,/820]. An
algebra A is called a Leibniz algebra if it satisfies the identity

(ry)z = (22)y + x(yz).
It is easy to see that any Lie algebra is a Leibniz algebra. At this moment, the algebraic classification of n dimensional
Leibniz algebras over C is known only for n < 4.
In this paper we describe all rigid algebras and all irreducible components in variety of £eibs. As a result, we show
that Leiby has 6 rigid algebras and 17 irreducible components.

2. DEFINITIONS AND NOTATION

All spaces in this paper are considered over C, and we write simply dim, Hom and ® instead of dimc, Homc and
®c. An algebra A is a set with a structure of a vector space and a binary operation that induces a bilinear map from
A x Ato A.

Given an n-dimensional vector space V/, the set Hom(V ®V,V) 2 V*®@V*®@V is a vector space of dimension n?.

This space has a structure of the affine variety c. Indeed, let us fix a basis e1, . .., e, of V. Thenany pn € Hom(V ®
V, V) is determined by n? structure constants c} ; € C such that pu(e; ® e;) = > ¢f jex. A subsetof Hom(V @V, V)
k=1

is Zariski-closed if it can be defined by a set of polynomial equations in the variables cf) ;A <i g, k<n).
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All algebra structures on V satisfying Leibniz identity form a Zariski-closed subset of the variety Hom(V @ V, V).
We denote this subset by £eib,,. The general linear group GL(V') acts on £eib,, by conjugations:

1

(g*p)(z®y)=gulg 'z g 'y)

forz,y € V, p € Leib,, C Hom(V @ V,V) and g € GL(V). Thus, £eib,, is decomposed into GL(V')-orbits that
correspond to the isomorphism classes of algebras. Let O(1) denote the orbit of i € £eib,, under the action of GL(V)
and O(y) denote the Zariski closure of O(y).

Let A and B be two n-dimensional Leibniz algebras and p, A € Leib,, represent A and B respectively. We say that
A degenerates to B and write A — B if A € O(u). Note that in this case we have O(\) C O(u). Hence, the definition
of a degeneration does not depend on the choice of 1 and \. We write A /4 B if A\ & O(y).

Let A be represented by i € £eib,,. Then A is rigid in £eib,, if O(p) is an open subset of £¢ib,,. Recall that a subset
of a variety is called irreducible if it cannot be represented as a union of two non-trivial closed subsets. A maximal
irreducible closed subset of a variety is called irreducible component. It is well known that any affine variety can be
represented as a finite union of its irreducible components in a unique way. In particular, A is rigid in Ceib,, iff O(u)
is an irreducible component of £eib,,. This is a general fact about algebraic varieties whose proof can be found, for
example, in [16].

We use the following notation:

(1) Annp(A) ={a € A|azx =0forall z € A} is the left annihilator of A;

(2) Anng(A) ={a € A|ax = 0forall x € A} is the right annihilator of A;

(3) Ann(A) = Anngr(A) N Anng(A) is the annihilator of A;

(4) A2 is the space {xy + yz | 7,y € A}.
Given spaces U and W, we write simply U > W instead of dimU > dim W. We write UW (U, W C V) for the
product of subspaces of V' with respect to the multiplication .. We use the notation S; = {(e;,...,eq), i =1,...,4.

3. METHODS

In the present work we use the methods applied in our previous works (see [14-16]).

To prove degenerations, we will construct families of matrices parametrized by ¢. Namely, let A and B be two
Leibniz algebras represented by the structures p and A from Leib,, respectively. Let ey, ..., e, be a basis of V and cf j
(1 < 4,7,k < n) be the structure constants of X in this basis. If there exist ag(t) eCl<i,j<n,teC*such

n
that Ef =5 az (t)e; (1 < i < n) form a basis of V for any ¢ € C*, and the structure constants of 4 in the basis

Jj=1
EY, ..., El are such polynomials ¢} ;(t) € Clt] that ¢} ;(0) = ¢}, then A — B. In this case Ef, ..., E} is called a
parametrized basis for A — B. It is easy to see that any algebra degenerates to the algebra with zero multiplication.
Let now A(x) := {A(«)}aer be a set of algebras, and let B be another algebra. Suppose that, for a € I, A(«) is
represented by the structure p(«) € Leib,, and B € Leib,, is represented by the structure A. Then A(x) — B means
X € T0(u(@)) Facr, and A(x) £ B means A ¢ {0(a()) Focr.
Let A(x), B, u(a) (o € I) and A be as above. To prove A(x) — B it is enough to construct a family of pairs
(g(t), f(t)) parametrized by ¢ € C*, where f(t) € I and ¢g(t) € GL(V). Namely, let ey, ..., e, be a basis of V and

cfj (1 < 4,j,k < n) be the structure constants of \ in this basis. If we construct a! : C* — C (1 < 4,j < n) and

f:C* — I'suchthat E! = ag(t)ej (1 <4 < n) form a basis of V for any ¢ € C*, and the structure constants

Jj=1
of pi(y) in the basis Ef, ..., EY, are such polynomials ¢} ;(t) € C[t] that ¢} ;(0) = ¢F,, then A(x) — B. In this case
El,...,E! and f(t) are called a parametrized basis and a parametrized index for A(x) — B respectively.

Note also the following fact. Suppose that, for o € C, the structure p(a) € Leib,, has structure constants cf)j (o) €
Cinthebasis ey, ..., ey, where cﬁj (t) € C[t] forall1 < i,7,k < n.Let X be some subset of Leib,, such that («) €
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X fora € C\ S, where S is a finite subset of C. Then () € X forall & € C. Indeed, pu(r) € {p(B)}gecrs € X
for any o € C. Thus, to prove that () € X for all o € C we will prove that ;(«) € X for all but finitely many a.
Note that A(x) /4 B if dim Der(A(a)) > dim Der(B) for all @« € I, where Der(A) is the Lie algebra of
derivations of A. Moreover, in the case of one algebra, if A — B and A ¥ B, then Der(A) < Der(B).
In other cases, the main tool for proving assertions of the form A(x) 4 B we will use the following lemma.

Lemma 1 (Lemma 2 of [16]). Let B be a Borel subgroup of GL(V') and R C Leib,, be a B-stable closed subset. If
A(x) — B and for any « € I the algebra A(«) can be represented by a structure j(a) € R, then there is A € R
representing B.

In all our applications of Lemma [I] we will use the group of lower triangular matrices as a Borel subgroup. This
lemma can be applied in the case |I| = 1 to prove non-degenerations. In particular, if Anng(A4) > Anng(B),
A% < B2 or A2 < B2 the A 4 B by Lemmal[ll We will use also the following two criteria that follow
from Lemmal[ll If A — B, then the dimension of a maximal trivial subalgebra of B more or equal to the dimension
of a maximal trivial subalgebra of A and the dimension of a maximal anticommutative subalgebra D of B such that
dim(BD) < 1 is more or equal to the dimension of a maximal anticommutative subalgebra of A satisfying the same
condition.

In some cases we will construct the set R for the assertion A(x) -4 B explicitly. In this case we will define R as a set
of structures p satisfying some polynomial equations. In such a description we always denote by cfj 1<1,5,k<n)
the structure constants of y. Note also that in this case a condition of the form S;5; C Sy is eqliivalent to a set of
polynomial equations. Moreover, the set defined by such a condition is stable under the action of the group of lower
triangular matrices.

4. MAIN THEOREM

The goal of this section is to describe irreducible components in Leiby. The algebraic classification of four dimen-
sional Lebniz algebras is based on the papers [1,15,121]. Let us give a brief introduction to this classification. The
analogue of Levi-Malcev’s theorem about the splitting of the solvable radical for Leibniz algebras was proved in [2]].
Note that any semisimple Leibniz algebra is a Lie algebra, and hence a Leibniz algebra is formed by a semisimple Lie
subalgebra and a solvable Leibniz subalgebra. The first step in the classification of four dimensional Leibniz algebras
was done in [1]], where all nilpotent four dimensional Leibniz algebras were classified. Then the description of all four
dimensional solvable non-nilpotent Lebniz algebras was obtained in [S]. Finally, it was proved in [21] that there is
only one non-solvable indecomposable Leibniz algebra whose dimension is less or equal to four, namely, the simple
Lie algebra sl5.

Based on the just mentioned works, we have constructed Table 1 that describes all four dimensional non-nilpotent
non-Lie Leibniz algebras. Let us also introduce the following four dimensional Lie algebra structures:

Ro €1€2 = —€2€1 = €2, €364 = —€4€3 = €43

5[1 €1€2 = —€2€1 = €2, €1€3 = —€3€1 = —€3, €2€3 = —€3€2 = €71,

ga(a,b) e1ea = —egeq = ea, e1e3 = —eze; = ea +aes, ejeq = —eqeq = e3 + bey;

gs(a) e1eg = —ege] = €9, €163 = —eze1 = ez +aes, ejeq = —eqe; = (a+ 1)ey, ese3 = —eszeq = ey.

Due to the results of [4], the variety of four dimensional Lie algebras contains 4 irreducible components, namely,
O(sl2), O(Mz2), {O(gs(a)) }acc, and {O(ga(a, b)) }a pec. In particular, there are 2 rigid four dimensional Lie algebras,
namely, sl and fRs.

The main result of the present paper is the following theorem.

Theorem 2. The variety £eiby has 17 irreducible components:
{O(g4(a, b)) }apec, {O(g5(a))}acc, {O(£9)}acc, {O(£5)}acc, {O(£5)}ace, {O(£10)}acc,

{O(€t:)}aec: {0(L5s)Jace, {0(57)asec, {0(£5))}avee, {0(€55) }avec,
0(5[2), 0(2)%1), 0(2)%2), 0(2)%3), 0(32), 0(344)




In particular, there are 6 rigid four dimensional Leibniz algebras:
sly, Ry, Ro, R, Lo, Luy.

Non-Lie algebras mentioned in the theorem are described in Table 1. The rest of the paper is devoted to the proof
of Theorem[21

4.1. Nilpotent Leibniz algebras and conjectures about them. Several conjectures state that nilpotent Lie algebras
form a very small subvariety in the variety of Lie algebras. Grunewald and O’Halloran conjectured in [[11] that for any
n-dimensional nilpotent Lie algebra A there exists an n-dimensional non-nilpotent Lie algebra B such that B — A.
At the same time, Vergne conjectured in [24] that a nilpotent Lie algebra cannot be rigid in the variety of all Lie
algebras. Analogous assertions can be conjectured for other varieties. Grunewald—O’Halloran Conjecture was proved
for four dimensional Lie and Jordan algebras in [4]17] and for three dimensional Novikov and Leibniz algebras in [3L7]].
Also, some results concerning Grunewald—O’Halloran Conjecture for Lie algebras were obtained in [[12,[13]. Since the
current work is devoted to Leibniz algebras, we consider here conjectures about nilpotent Leibniz algebras.

Grunewald-O’Halloran Conjecture. For any n-dimensional nilpotent Leibniz algebra A (n > 2) there exists an
n-dimensional non-nilpotent Leibniz algebra B such that B — A.

Vergne-Grunewald—O’Halloran Conjecture. Any irreducible component in the variety of n-dimensional Leibniz
algebras (n > 2) contains a non-nilpotent algebra.

Vergne Conjecture. Any n-dimensional nilpotent Leibniz algebra (n > 2) is not rigid in the variety of n-dimensional
Leibniz algebras.

It is clear that Vergne—Grunewald—O’Halloran Conjecture follows from Grunewald—O’Halloran Conjecture and
Vergne Conjecture follows from Vergne-Grunewald—O’Halloran Conjecture. As a part of the proof of Theorem[2] we
will prove that Vergne—Grunewald—O’Halloran Conjecture is valid in £eiby. On the other hand, we will show that
Grunewald—O’Halloran Conjecture is not satisfied in the same variety. Thus, we will disprove Grunewald—O’Halloran
Conjecture for Leibniz algebras.

Let us also introduce the following four dimensional nilpotent Lebniz algebra structures:

‘)‘(g €1€1 = €4, €1€3 = aeéy, €2€1 — —QA€y, €2€2 = €4, €3€3 = €4;
2721 €1€1 = €2, €2€1 = €3, €361 — €4;
L8 eler =e3, eze; = es, €263 = €4, ese1 = ey;
7111 €1€1 = €4, €1€2 = —€3, €1€3 = —€4, €2€1 = €3, €2€2 = €4, €3€1 = €4.

It was proved in [[16] that the variety of four dimensional nilpotent Leibniz algebras is formed by four irreducible
components, namely, O(£%), O(£2), O(£r) and {O(MN%) }eec.

Lemma 3. Any irreducible component in L£e¢iby contains a non-nilpotent algebra.

Proof. 1t is enough to prove that £5, £2, £, and 91§ belong to the closure of the union of orbits of non-nilpotent

Lebniz algebras for any a € C. Let us prove this assertion case by case.

e The parametrized basis EY = te; + tey, E5 = t2ey + t?ey, Ef = t3e3 + t3ey, B} = —t*e3 gives the
degeneration £49 — £5.

e The parametrized basis B! = te; — tea + e3, ES = t?ea + e3, B = teg — t3ey, B = t*e4 with parametrized
index €(t) = —t give the assertion £fg — £F.

e The parametrized basis B} = te; — Seq, B = %62 +t%e3, B = t3e3 — §e4, El = %64 with parametrized
index e(t) = % give the assertion £]5 — £7;.

e The parametrized basis E] = tey + Leq, ES = ite; —ie3 — %eq, E§ = tey, B} = t?ey gives the degeneration
4T — N forany a € C.
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Let us consider the degeneration £49 — £% to clarify our proof. Writing nonzero products of £4¢ in the basis EY, we
get

EiE! = t?ey + t%ey = Eb, EYE! = tPe3 + t%ey = E, ELE! =t'ey = tEL + EL.
It is easy to see now that for ¢ = 0 we obtain the multiplication table of £5. The remaining assertions can be considered
in the same way. (]

Though we have proved that O(£?) and O(£7;) are not irreducible components of £eiby, we have not found an
algebra that degenerates either to £ or to £7; in the proof of Lemmal[3] In the proof of the next result we show that in
fact there is no algebra that degenerates to £F.

Theorem 4. Grunewald—O’Halloran Conjecture is not valid in £eiby.

Proof. To prove the theorem, we will show that there is no four dimensional Leibniz algebra that degenerates to £7'.
Since £ is not a Lie algebra, only algebras from Table 1 can degenerate to it. Direct calculations show that the
dimension of the Lie algebra of derivations is more or equal to 3 for all algebras from Table 1 except R; and £44.
Since dim Der(£y) = 3 (see, for example [16]) it suffices to prove that R, 4 £F and £44 A £0.

o Ry /4 L7 follows from the fact that Anny(R1) > Anng(L£2).

o To prove the assertion £44 /4 L7 let us consider the set

5153 + 5459 = 0, S35 + 5451 C 84, S9S55 + 5351 C Sg, S551 + 5152 C SQ, }
cfy + 3y = 0,3 = 2¢3;, ¢y = 3, '

R= {u € Leiby

It is not difficult to show that R is a closed subset of Leiby that is stable under the action of the subgroup of
lower triangular matrices and contains the structure £44. It is also not difficult to show that R N O(£F) = @.

O

4.2. The proof of the main theorem. Now we are ready to prove Theorem2l As a first step, we are going to prove
that the irreducible components of the variety of four dimensional Lie algebras remain irreducible in Leiby. This fact
follows from the next general lemma.

Lemma 5. Suppose that A(x) = {A(a)}aer is a set of n-dimensional non-Lie Leibniz algebras. If B is an n-
dimensional Lie algebra such that Ann(B) = 0, then A(x) / B.

Proof. Since A(«) is non-Lie, the ideal I(a)) = {2y + yz | =,y € A(a)} is nonzero for any a € T. Since
I(a) € Annp(A(a)), we have Anng (A(a)) > 0 = Ann(B) = Anny(B) forany o € T, and hence A(x) # B.
O

It easily follows from Lemma 3 that if € is an irreducible component in the variety of n-dimensional Lie algebras
containing an algebra with the zero annihilator, then € is an irreducible component in £eib,,. Really, suppose that Cy
is an irreducible component of £eib,, containing C. Let £ be a set of all Lie algebras in €. We have C ¢ Cp \ £ by
Lemma[3 Since Gy = €y \ £ U L and Cy is irreducible, we have Cy = £, and hence €, = C.

Corollary 6. O(slz), O(R2), {O(g5(a))}acc and {O(ga(a,b))}apec are irreducible components of Leiby.

Proof. The structure sl is rigid in £eiby as a unique non-solvable structure in the variety. The remaining part of the
corollary follows from the fact that Ann(Rz) = 0, Ann(gs(a)) = 0 for a # —1, and Ann(gs(a,b)) = 0 for all
a,b e C*.

O

Proof of Theorem[2l Let W be the union of closed sets listed in the theorem. The assertions proved in Table 2 and
the classification given in Table 1 show that all four dimensional non-nilpotent non-Lie Leibniz algebras belong to W.
All Lie algebras belong to W by the results of the paper [4]]. Then it follows from Lemma[3] that all nilpotent Leibniz
algebras belong to W too.



Thus, it remains to show that for any two different sets X and Y listed in the theorem X ¢ Y. It follows from
Corollary [6] and the fact that the set of four dimensional Lie algebras is a closed subset of Leiby that the required
assertion is true if X or Y is formed by Lie algebras.

Let us start with the algebras J3; and 9R3. These are the only two algebras from Table 1 that have two di-
mensional nilpotent radical. Since all other algebras have a three dimensional nilpotent radical, *R; and PR3 do
not belong to the closure of orbits all the remaining structures of Leiby. Since Annp(Ri) > Annp(Rs) and
(M3) 2 < (|/1)H?), we have R, A PR3 and N3 A Ry, Thus, O(R;) and O(R3) are irreducible compo-
nents. Since dim (R1)? = dim (R3)? = 2, these two components do not contain {£%}eec, {L€¢}acc, {£3}aecs
{50 aecs {157 apecs 1£55 Yapecs (€53 Yapec, Lo, and L44. Since Anng (%) > Anng(£55) = Anny,(£45) for
any a # 0, we have Ry /A £§5, £{5 for a # 0. Note that 2R3 contains a three dimensional anticommutative subalgebra
D = (eq, e3, e4) such that dim (M3 D) = 1. Since both £, and £{g do not have such a subalgebra for any a # 0, we
have Rs A £{5, £{5 fora # 0.

All the remaining algebras are solvable non-nilpotent Leibniz algebras with a three dimensional nilpotent radical.
Moreover, one can check that each of them is represented by a structure p such that (es, es, e4) is the nilpotent radical
and, moreover, the structure constants ci—“j 1 < 4,5,k < 4) satisfy the conditions cfj =0if4,7 > 2and k <

max(i,j) and CL‘ = cgl = 0 forany 2 < 7,7 < 4 such that 7 > 4. During this proof we will call a structure
with three dimensional nilpotent radical that satisfies the described conditions a standard structure. Let us put in
the correspondence to a standard structure y the 6-tuple S, = (c3;, 3y, 31,35, ¢y, cty) € kO Tt is not difficult
to show that if S, = (ai1,b1,a2,b2,a3,b3) and X\ € O(u) is a standard structure, then there is some permutation
o :{1,2,3} — {1,2,3} and some ¢ € k* such that S\ = (ca,(1),Cbo(1); Clo(2), Cbo(2), Clu(3); Cby(3)). Suppose
now that {ys}ser is a set of standard structures, S,,, = (ai,s,b1.s, G2, b2.s, 03,5, b3 5), and the linear polynomials
f17 ceey fl S k[Il,ZCQ, xs3, I4,$5,ZC6] are such that fr(al,s; b1757 az. s, bgys, as.s, bgys) =0forallse Tand1 <r <.
If X is a standard structure with S\ = (a1, b1, az, ba, as, bs), then it easily follows from Lemma [T that there is some
permutation o : {1,2,3} — {1,2,3} and some ¢ € k* such that f,(cay(1), cbs(1); Clr(2), Cho(2)s Clo(3), Ca(3)) = O
foralll <r <|[.
Computation of 6-tuples for the structures under consideration gives the following results:

Se, =(1,-1,0,—1,1,0), Sea = (1,a,a+ 1,-1,0,0), Sea = (1,a,a+1,-1,—a,0),

SES = (1,&,2, _17 —G/,O), 52'110 = (1,&,2, _17070)7 Sﬂ‘fS = (07 170707 _170)7
Seg, = (0.1,0,0,0,0),  Sger = (La,b,—1,a,0), Sgus = (La,b,~1,0,0),
S = (1,a,6,0,0,0),  Se,, = (1,2,3,-1,0,0).

Almost all the required assertions follow now from our 6-tuple argument. Also the assertions of the form A(x) 4 B,
where A(x) € {€57", L5, £33} and B € {£9, £5, £4, £3, £9,, £45, L4, £44 }aec follow from the fact that A(a, b)
has three dimensional trivial subalgebra for any a, b € C and B does not have three dimensional trivial subalgebra. Let
us consider the remaining assertions case by case.

o £ /4 £44. The required assertion follows from the fact that Der(£44) > Der(£$) for any a € C.

o £ /4 £5. The required assertion follows from the fact that Der(£2) > Der(£2) for any a € C.

e To prove the assertions £5 /4 £¢5 and £7, /4 £{g let us consider the set

8181 C SQ,SQSQ C 54,8381 + 8183 C 53,8481 C 54,8184 + 8482 = O, }
ciy + e = 0,¢hy = 2c3;, cfy = 5y, ¢35 = 3y '

R= {u € Leiby

It is not difficult to show that R is a closed subset of Leiby that is stable under the action of the subgroup of
lower triangular matrices and contains the structures £4 and £%, for any b € C. To see this it is enough to
consider the basis e1, e3, ez, e4. It is also not difficult to show that R N O(L{;) = RN O(LYg) = & for any
a€C.

O



5. APPENDIX: TABLES

Table 1. Four dimensional non-nilpotent non-Lie Leibniz algebras.

A multiplication tables
R ese] = €3, €469 = €4
R3 €9€y = —€4, €361 = €3, €462 = €4
,82 €1€1 = €4, €13 = —€2, €1€3 = €3, €2€] = €2, €263 = €4, €3] — —€3, €363 = —€4
£9 e16a = —ea, ege1 = eg, ege; =aes, ezer =ey, eqe1 = (l+a)ey
L5 €1€1 = €4, €1€2 = —€2, €2€] = €3, €361 = —€3, €362 = €4
L6 €1€] = —€3, €1y = —e3, €3e] =e3+ ey, €363 =€y, €4e] =€y
L7 €3€] = €3, €363 = €4, €4€] = €4
£3 —10 €16g = —e€9, €1€3 = —aez, €261 = €a, €2€3 = A€y, €3] = acz, eszey =ey4, ege1 = (a+ 1)ey
g €1€2 = —€9, €1€3 = —aesg, €2€1 = €2, €2€9 = €4, €3€1 = ae3z, e€4€1 = 264
%o €16 = —€2, €961 = €2, €962 = €4, €361 = ae3, €461 = 2€4
,811 €1€1 = €3, €16y = —€2, €2€1 = €32, €9€y = €4, €4€1 = 264
,812 €1€2 = —€9, €2€1 = €2, €269 = €4, €361 = 263 + €4, €4€1 = 264
,813 €1€2 = —€9 — €3, €163 = —€3, €2€1 = €2 + €3, €2€9 = €4, €361 = €3,€4€1 — 264
£14 €1€3 = —€3, €263 = €4, €3€] = €3
‘115 €1€1 = ae€y, €1€3 = €4, €1€3 = —€3, €262 = €4, €3€1 = €3
L£16 e1e1 = —2e4, e1€3 = —e3, €263 = €4, €36] = €3
£17 €262 = €4, €361 = €3
2%8 €1€1 = Q€y, €1€2 = €4, €2€2 = €4, €3€1 = €3
L£19 €1€2 = €4, €261 =€y, €262 =€4, €361 = €3
,S;’lb g €1€2 = —€9, €1€3 = —aez, e€2€1 — €3, €361 = ae3z, e€4€e1 = b€4
2;2 0,570 €1€2 = —€92, €2€1 = €2, €3€1 = aez, €4€1 = b€4
2;’317 ege1 = €9, eze; = aes, eqe1] = bey
54 €1€1 = €4, €1€2 = —€92,€1€3 = —ae€3, €2€1 = €2, €3€1 = aes
,835 v €1€1 = €4, €163 = —€2, €2€1 = €2, €3€1 = aes
% e1€1 = €4, €961 = e, €361 = aes
Lo7 €162 = —€2, €1€3 = €4, €261 = €
Log €1€3 = €4, €26] = €2
2;9 0 €1€2 = —€9 — €3, €1€3 = —€3, €2€1 = €2 + €3, €3€1 = €3, €4€1 = aey
£30 €1€] = €4, €163 = —€y —€3,e1€3 = —€3, €8] = €2+ €3, €36] = €3
39 €01 = €9+ €3, €361 = €3, €461 = ey
£33 €1€] = €4, €g€] =€zt €3, €361 = €3
£§4 v €1€4 = —aey, €9€1 = €9 + €3, €361 — €3, €461 = aey
235 - €1€2 = ae3z, €164 = —€4, €2€1 = €3, €461 = €4
£36 €1€1 = €3, €162 = —€3, €164 = —€4, €201 = €3, €4€1 = €4
L£37 €1€1 = €2, €164 = —€4, €201 = €3, €4€1 = €4
38 €162 = @e3, €961 = €3, €461 = €4
£39 €1€1 = €3, €1€2 = —€3, €261 = €3, €4€1 = €4
£40 €1€1 = €2, €261 = €3, €461 =€y
L41 €2€] = ex+e3, €361 =€zt ey, ege1 =ey
,844 €1€2 = —€9, €2€1 = €2, €269 = €3, €361 = 263, €3€g = €4, €4€1 = 364




Table 2. Orbit closures for some families and degenerations of four dimensional Leibniz algebras.

| Assertions | Parametrized bases | Parametrized indices
EZ — L5 E{ = e1 + ey, Eé = eq, E§ = tes, Ei = tey E(t) =t—1
£ = L El =€ — e, EL =es+ ey, EL = tes, El=tes |e(t)=t
R — L7 E{ =e1 + ea, Eé = teq, E§ =e3 + eyq, Ei =tey
TO — 211 Ei = e1 + €3, Eé = e2, E§ = teg, Efl = €4 E(t) =t
o — L2 Ezlt =eq, Eé = tes, E§ = e3 + eq, Ei = t2ey e(t)y=2-— t?
23 — 213 E{ =e1, Eé = e + €3, Eg = teg, Ei = €4 E(t) =t+1
L16 — Liua E{ =e1, Eé = %62, E§ = e3, Ei = %264
5 — L5 | Bl =ei, E} = Zey, Ef = e, El=Jeq |et)=—3
R — L7 E{ =eq, Eé = tes + ey, E§ = e3, Ei = tey
s — Lo Ezlt =e; + %62, Eé = %62, E§ = e3, Ei = %264 e(t) = —%2
£ — £% | El=e1 +ey, El = eq, EL = e, El =tes |e(t)=(a,t)
£y — L% | El =e1 +ey, El = eo, El = e3, El =tey e(t) = (a,t)
£y = L% | El=e1+eq, EL = e, EL = e, El=tes |e) = (a,t)
Ry — Lor Ezlt = eg + e3, Eé = €4, E§ = teq, Ei = tes
R —  Log E{ =e1 + eq, Eé = e3, E§ = teq, Efl =tey
£ — £% | Bl =ey, El =es + e, EL = tes, El=¢4 e(t)=(t+1,a)
L5 — L3 E{ =e1 + eq, Eé = eq, E§ = e3, Efl =tey e(t)y =t
£y — £% | El =ey, El =es + e, EL = tes, El=¢4 e(t)=(t+1,a)
236 — L33 E{ =eq, Eé = eg + e3, E§ = tes, Ei = e4 E(t) =t+1
£y — £4% | Bl =ae, Ef = e5+ ey, EL = tey, El = e et) = (1,2
SFZ — L\ El=e 4 —Loes,  El=t(a—1)es, EL =tey, El =e;3
L5, — L3¢ | El =tey, El = ey — tey, EL = t%ey, El =e;3 e(t) = %
2%4 —  L37 E{ = te; + ea, Eé = t(eg + 63), E§ = t2€3, Ei = e4 E(t) = %
Sl(gfa)z — Sggﬂ Et =e; + ﬁeg, El =t(a—1)eg, EL = tey, El =e;3
E;’; —  L39 E{ =te; + %63, Eé = eg — €3, E§ = tes, Ei = e4 E(t) = (t, %)
E;é* — L4 E{ = te; + ea + e3, Eé = tes + 2tes, E§ = 2t2€3, Ei =ey e(t) = (2, %)
2;3* — L£u Ei = e1, Eé = e9 + 2e3 + ey, E§ = 2t(63 + 64), Ei = 2t264 E(t) = (t 1,2t + 1)
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