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Abstract

We investigate some properties of Rota-Baxter operators on BiHom-Lie algebras. Along
the way, we introduce BiHom analogues of pre-Lie and Leibniz algebras.
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Introduction

Algebras of Hom-type appeared in the Physics literature of the 1990’s, in the context of quantum
deformations of some algebras of vector fields, such as the Witt and Virasoro algebras, in con-
nection with oscillator algebras ([2, [10]). A quantum deformation consists of replacing the usual
derivation by a o-derivation. It turns out that the algebras obtained in this way do not satisfy
the Jacobi identity anymore, but instead they satisfy a modified version involving a homomor-
phism. This kind of algebras were called Hom-Lie algebras and studied by Hartwig, Larsson and
Silvestrov in [9, [I1]. The Hom analogue of associative algebras was introduced in [15], where it is
shown that the commutator bracket defined by the multiplication in a Hom-associative algebra
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leads to a Hom-Lie algebra. A categorical approach to Hom-type algebras was considered in
[B]. A generalization has been given in [7], where a construction of a Hom-category including
a group action led to concepts of BiHom-type algebras. Hence, BiHom-associative algebras
and BiHom-Lie algebras, involving two linear maps (called structure maps), were introduced.
The main axioms for these types of algebras (BiHom-associativity, BiHom-skew-symmetry and
BiHom-Jacobi condition) were dictated by categorical considerations.

Rota-Baxter operators first appeared in G. Baxter’s work in probability and the study of
fluctuation theory ([3]). Afterwards, Rota-Baxter algebras were intensively studied by Rota
([16] [I7]) in connection with combinatorics. Rota-Baxter operators have appeared in a wide
range of areas in pure and applied mathematics, for example in the work of Connes and Kreimer
([6]) about their Hopf algebra approach to renormalization of quantum field theory. This seminal
work was followed by an important development of the theory of Rota-Baxter algebras and their
connections to other algebraic structures, see for example the book [8] and its references. In the
context of Lie algebras, Rota-Baxter operators were introduced independently by Belavin and
Drinfeld ([4]) and Semenov-Tian-Shansky ([18]), in connection with solutions of the (modified)
classical Yang-Baxter equation.

The first aim of this paper is to obtain a BiHom analogue of the classical result, due to
Aguiar ([1]), saying that, if (L,[-,-]) is a Lie algebra and R : L — L is a Rota-Baxter operator
of weight 0, and one defines a new operation on L by z -y = [R(z),y], then (L,-) is a left
pre-Lie algebra. The Hom analogue of this result was obtained in [14]. So, we first define, in
Section [2] the concepts of (left and right) BiHom-pre-Lie algebras and present some properties
of these objects. Then, our aim was to prove that, if (L, [, ], «, ) is a BiHom-Lie algebra and
R : L — L is a Rota-Baxter operator of weight 0 such that Roa =aoRand Ro8 = o R,
then (L,-, a, ) is a left BiHom-pre-Lie algebra, where = -y = [R(z),y]. It turns out that this
does not work (unless the structure maps a and 8 are bijective). We were thus led to realize
that, apart from the concept of BiHom-Lie algebra (introduced in [7]), there exist other natural
BiHom analogues of Lie and Hom-Lie algebras, that we called left and right BiHom-Lie algebras.
We arrived at these concepts as follows (we concentrate on the left case): we introduced first the
concept of left BiHom-Leibniz algebra (the natural BiHom analogue of Loday’s concept of left
Leibniz algebra) and then a left BiHom-Lie algebra is a left BiHom-Leibniz algebra satisfying the
BiHom-skew-symmetry condition. It turns out (Proposition[3.9]) that the concepts of BiHom-Lie
algebra and left BiHom-Lie algebra coincide if the structure maps are bijective, and that the
BiHom analogue of Aguiar’s result mentioned above holds indeed for left BiHom-Lie algebras
(Proposition B.IT]), although it does not hold in general for BiHom-Lie algebras.

In a previous paper ([12]), where we studied Rota-Baxter operators on BiHom-associative
algebras, we proved the following result. Let (A4, -, «, 3) be a BiHom-associative algebra, R : A —
A a Rota-Baxter operator of weight A commuting with « and £, and define a new multiplication
on A by axb = R(a)-b+a-R(b)+Aa-b, for all a,b € A; then (A, *, a, 8) is also a BiHom-associative
algebra. The second aim of the current paper is to prove a similar result for BiHom-Lie algebras;
this is achieved in Proposition [B.131 We also prove similar results for left or right BiHom-Leibniz
algebras and for left or right BiHom-Lie algebras.

1 Preliminaries

We work over a base field k. All algebras, linear spaces etc. will be over k; unadorned ® means
®Rk. We denote by M the category of linear spaces over k. Unless otherwise specified, the
algebras that will appear in what follows are not supposed to be unital, and a multiplication
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pw:A® A — A on a linear space A is denoted by juxtaposition: p(v ® v') = vv’. For the
composition of two maps f and g, we write either g o f or simply gf. For the identity map
on a linear space A we use the notation id4. We denote by O, . summation over the cyclic
permutations of some elements z,y, z.

Definition 1.1 A left (respectively right) pre-Lie algebra is a linear space A endowed with a
linear map - : A® A — A satisfying (for all x,y,z € A)

e (y-z)—(x-y)z=y-(x:2)-(y -2 (1.1)
respectively
- (y-2)—(y)z=z-(z-y)=(x-2)-y (1.2)

Any associative algebra is a left and a right pre-Lie algebra. If (A, -) is a left or a right pre-Lie
algebra, then (A, [z,y] =x -y —y - x) is a Lie algebra.
Non-skew-symmetric Lie algebras are called Leibniz algebras; they were introduced by Loday.

Definition 1.2 ([13]) A left (respectively right) Leibniz algebra is a linear space L endowed with

a bilinear map |-, : L x L — L satisfying (for all z,y,z € L):

[z, [y, 2]] = [[z, 9], 2] + [y, [z, 2], (1.3)
respectively

[z, 9], 2] = [[=, 2], y] + [z, [y, 2]]- (1.4)

A morphism of (left or right) Leibniz algebras L and L' is a linear map f : L — L' such that
f(lz,y)) = [f (@), f(y)], for all z,y € L.

A Rota-Baxter structure on an algebra of a given type is defined as follows.

Definition 1.3 Let A be a linear space and p: A®@ A — A, p(z ®y) = zy, for all x,y € A,
a linear multiplication on A and let X € k. A Rota-Baxter operator of weight \ for (A, u) is a
linear map R : A — A satisfying the so-called Rota-Baxter condition

R(z)R(y) = R(R(z)y + zR(y) + A\zy), Vz,y € A. (1.5)

In this case, if we define on A a new multiplication by = *y = zR(y) + R(x)y + Azy, for all
x,y € A, then R(x xy) = R(x)R(y), for all z,y € A, and R is a Rota-Baxter operator of weight
A for (A, ). If (A, ) is associative then (A, x) is also associative.

We recall now from [7] several facts about BiHom-type algebras.

Definition 1.4 A BiHom-associative algebra over k is a 4-tuple (A, u,«, 3), where A is a k-
linear space,  : A = A, 8 : A > Aand p : A® A — A are linear maps, with notation
wlx ®@y) = xy, for all x,y € A, satisfying the following conditions, for all x,y,z € A:

aoff=pfoa, (1.6)
a(zy) = a(x)a(y) and B(xy) = B(x)B(y), (multiplicativity) (1.7)
a(z)(yz) = (xy)B(z). (BiHom-associativity)

We call o and B (in this order) the structure maps of A.
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Definition 1.5 A BiHom-Lie algebra over k is a 4-tuple (L,[-,:],a, ), where L is a k-linear
space, a, 3 : L — L are linear maps and [-,-] : L X L — L is a bilinear map, satisfying the
following conditions, for all x,y,z € L :

aof=foa,
o[z.y)) = [ (2) ,a(y)]  and B(lx,y) = [8(x),B ()],
[B(z),a(y)]=—1[8(y),a(@)], (BiHom-skew-symmetry)

(6% (2),[8 (), (2)]] + [82 (), [B (2) e (@)]] + [82 (2) . [B (), ()] = 0.
(BiHom-Jacobi condition)

«
«

We call o and 8 (in this order) the structure maps of L.
A morphism f : (L,[,-], o, 8) — (L, [-,']/,o/,ﬁ’) of BiHom-Lie algebras is a linear map
fiL— L suchthata'of=foa, @of=fof and f([x,y]) = [f(x), fw)], for all z,y € L.

Let (L,[-,-]) be an ordinary Lie algebra over k and let o, 3 : L — L be two commuting
linear maps such that o ([z,y]) = [a(z),a(y)] and B ([z,y]) = [B(x),B (y)], for all z,y € L.
Define the bilinear map {-,-} : L x L — L, {z,y} = [a(z),5(y)], for all z,y € L. Then
La,p) = (L,{",-} ,, B) is a BiHom-Lie algebra, called the Yau twist of (L, [, ]).

More generally, if (L,[-,],,3) is a BiHom-Lie algebra, o/,3" : L — L linear maps such
that o/ ([z,y]) = [ (x),d' ()], B'([z,y]) = [B' (x), B (y)] for z,y € L, and any two of the maps

a, B, 8 commute, then (L, [, - ]( 'y = [,-]o (¢ ®@p),a0d,Bo B/> is a BiHom-Lie algebra.

2 BiHom-pre-Lie algebras

Definition 2.1 A left (respectively right) BiHom-pre-Lie algebra is a 4-tuple (A, -, a, 3), where
A is a linear space and - : AQ A — A and o, 5 : A — A are linear maps satifying ao = Boa,

a(r-y) = az) - aly), Bx-y) = B(x) - Bly) and
aB(x) - (aly) - z) — (B(x) - ay)) - B(2) = aB(y) - (a(z) - 2) = (B(y) - () - B(2), (2.1)

respectively

a(z) - (B(y) - a(z)) = (- Ay)) - ab(z) = alz) - (B(2) - aly)) = (x- 5(2)) - aB(y), (2.2)

forall z,y,z € A. We call a and [ (in this order) the structure maps of A.

A morphism f : (A,-,a, ) — (A, &, 8') of left or right BiHom-pre-Lie algebras is a linear
map f: A— A satisfying f(x-y) = f(x) f(y), for all z,y € A, as well as foa=a o f and
foB=p0of.

Obviously, if (A,-,«, ) is a BiHom-associative algebra then it is also a left and a right
BiHom-pre-Lie algebra.

If (A,-,«, () is a left BiHom-pre-Lie algebra and we define a new multiplication * on A by
x*xy=1y-x, then (A, *, 3, «a) is a right BiHom-pre-Lie algebra.

Proposition 2.2 If (A,-) is a left (respectively right) pre-Lie algebra and o, : A — A are
linear maps satifying a o f = foa, a(x-y) = a(x) - aly) and Bz -y) = B(x) - By), for all
x,y € A, and we define a new multiplication on A by x xy = a(zx) - B(y), then (A, x,«,5) is a
left (respectively right) BiHom-pre-Lie algebra, called the Yau twist of (A,-).
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Proof. We only prove (2.1) and leave the rest to the reader:
af(z) x (aly) * z) = (B(z) * a(y)) * B(2)
a?B(z) - (a®Bly) - B*(2)) — (a®B(x) - @*B(y)) - B(2)

a?B(y) - (a?B(z) - B(2)) — (@?B(y) - &*B()) - B*(2)
= af(y)« (a(z) * 2) = (B(y) x a(z)) * B(2),

finishing the proof. O

Remark 2.3 More generally, one can prove that, if (A,-,«, () is a left (respectively right)
BiHom-pre-Lie algebra and d,B : A — A are two morphisms of BiHom-pre-Lie algebras such
that any two of the maps «,fB,&,3 commute, and we define a new multiplication on A by
x*xy = a(zx) 5(y), for all x,y € A, then (A,*,a0&,f o B) is also a left (respectively right)
BiHom-pre-Lie algebra.

Proposition 2.4 Let (A,-,«,3) be a left or a right BiHom-pre-Lie algebra such that o and
are bijective. Define [-,-] : A® A — A by [z,y] =x-y— (@ 'B(y)) - (B~ (z)), for all z,y € A.
Then (A, [, -], a, B) is a BiHom-Lie algebra.

Proof. We only give the proof in the case A is a left BiHom-pre-Lie algebra, the other case is
similar and left to the reader. The fact that o and 8 are multiplicative with respect to [, -] is
obvious, and so is the BiHom-skew-symmetry relation. We only have to prove the BiHom-Jacobi
condition. We compute, for x,y,z € A:

Oy, [82(2), [B(y), al2)]] = O,z [B2(2), By) - alz) = B(2) - aly)]
= Ox,y,z 2

-(B(2) - aly)) + (a7 8%(2) - B(y)) - a8
= BAx) - (B(y) - a(2)) = (@' B2(y) - B(2)) - af(x)
—B%(x) - (B(2) - aly)) + (a1 8%(2) - B(y)) - aB()
+6%(y) - (B(2) - a(x)) = ("' B2(2) - B(x)) - aB(y)
—B%(y) - (B(x) - a(2)) + (o~ 8%(x) - B(2)) - aB(y)
+62(2) - (B(x) - aly)) — (@' B2(2) - B(y)) - aB(2)
—8%(2) - (Bly) - ) + (a1 B%(y) - B(x)) - a(2)
@I 3umes 04 0=0,
finishing the proof. O

Definition 2.5 ([12] A BiHom-dendriform algebra is a 5-tuple (A, <, >, «, ) consisting of a
linear space A and linear maps <,=: A A — A and o, : A — A satisfying the following
conditions (for all x,y,z € A):

aof=Boa, (2.3)



a(rz <y) =a(z) < ay), a(z > y) =az) > aly), (2.4)
Bz <y) =pB(x) < By), Bz =y)=p(x) > B(y), (2.5)
(x<y)<B(z)=alx) < (y<z+y = 2), (2.6)
(@ =y) <B(z) = a@) = (y < 2), (2.7)
afz) = (y=z)=(x<y+z>=y) = B(2). (2.8)

We call o and 8 (in this order) the structure maps of A.

Proposition 2.6 Let (A,<,>,a,() be a BiHom-dendriform algebra such that « and B are
bijective. Let >,<1: A® A — A be linear maps defined for all x,y € A by

rey=z-y—(a'8y) < (7 (2), zay=z=<y—(a'By)) - (a7 (2)).
Then (A, >, «, B) (respectively (A, <, «, 3)) is a left (respectively right) BiHom-pre-Lie algebra.
Proof. We only prove the identity (Z1]) and leave the rest to the reader. We compute:
af(z) > (aly) > z) — (B(z) > aly)) > B(2)

= aB(z) > (aly) = z —a 1B(2) < a®57H(y))
—(B(z) = aly) — By) < alz)) > B(2)

= aBe) = (oly) = 2) — (By) = a7 B(2)) < 0¥(x)
—af(z) = (0 (z) < 0?87 (1)) + (o 262(=) < o)) < aX(z)
C(B(x) > o) = B(=) + o B2(2) < (alz) > 0287 (y))
H(B(y) < a(@) = Bz) — a~'B2(2) < (aly) < 0?8 (x))
29D (52) < aly)) = A=) + (B(@) = aly)) = 6(2)
~(By) = o 1B(2) < 0(x) — aB(x) = (" 'B(2) < a2 (w))
o 15?() < (aly) < 02871 (@) + 0 B2(2) < (aly) = a2\ (2))
C(B(x) > o) = A=) + o B2(2) < (alz) = 0287 (y))
H{5(5) < o) - B0 41520 < (o) < 0257100

= (B(z) < aly)) = B(2) + (B(y) < a(z)) = B(2)
~(B(y) = a7'B(2)) < o*(2) — af(z) = (a7 B(2) < *F7(y))
+a™ B%(2) < (aly) @) + a7 B (2) < (alz) = a?F7H(y))
= (B(x) < aly)) = B(2) + (By) < a(x)) > B(2)
~(B(y) = a7'B(2)) < o®(2) — (B(x) = a7 B(2)) < a®(y)
+aTB2(2) < (aly) = ?B7H () + a7 B(2) < (a(z) = ?B7(y)).

This expression is obviously symmetric in  and y, so we are done. O

<«
>—a

3 BiHom-Leibniz algebras and BiHom-Lie algebras

Definition 3.1 A left (respectively right) BiHom-Leibniz algebra is a 4-tuple (L,[-,-],, ),
where L is a linear space, [-,-] : L x L — L is a bilinear map and o, : L — L are linear
maps satisfying a o B = Boa, a[z,y]) = [a(z),ay)], B([z,y]) = [B(z), B(y)] and

[aB(2), [y, 21| = [[B(z),y], B(2)] + [B(y), [a(x), =], (3.1)
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respectively

([, 4], aB(2)] = [z, B(2)], )] + (), [y, ()], (3.2)

for all x,y,z € L. We call a and B (in this order) the structure maps of L.
A morphism f : (L,[-,-],a,8) — (L', [-,-]', &/, 8') of BiHom-Leibniz algebras is a linear map
f:L— L suchthat o/ o f = foa, fof=fop and f([x,y]) = [f(x), f(y)], for all x,y € L.

Proposition 3.2 If (L,[,']) is a left (respectively right) Leibniz algebra and o, : L — L
are two commuting morphisms of Leibniz algebras, and we define the map {-,-} : L x L — L,
{z,y} = [a(z),B(y)], for all x,y € L, then (L,{-,-},a, ) is a left (respectively right) BiHom-
Leibniz algebra, called the Yau twist of L and denoted by L, g)-

Proof. We prove the case when L is a left Leibniz algebra, the other case is similar and left to
the reader. We compute:

{aB(@),{y.2}} = {aB(2),laly), B(2)]} = [0°B(=), [aB(y). B*(2)]],
{B(=),y}, B(2)} +{8(y), {alx), z}}

{[aB(z), By)], B(2)} + {B(), [0 (x), B(2)]}
[[0®B(x), aB(y)], B2(2)] + [aB(y). [ B(x), B7(2)]],

and the desired equality follows by applying (L3) to the elements o?8(z), aB(y), B3(2). O

Remark 3.3 More generally, let (L,[,-],a, ) be a left (respectively right) BiHom-Leibniz al-
gebra and o/, : L — L two morphisms of BiHom-Leibniz algebras such that any two of the
maps o, o, 3,8 commute. If we define the map {-,-} : L x L — L, {z,y} = [/ (x), 5 (y)], for
all z,y € L, then (L,{-,-},aod,B0 ') is a left (respectively right) BiHom-Leibniz algebra.

Remark 3.4 One can easily see that, if (L, [, -], a, B) is a left (respectively right) BiHom-Leibniz
algebra and we define {-,-} : L x L — L, {z,y} := [y, x|, then (L,{-, -}, B,a) is a right (respec-
tively left) BiHom-Leibniz algebra.

Definition 3.5 A left (respectively right) BiHom-Lie algebra is a left (respectively right) BiHom-
Leibniz algebra (L, |-, -], o, B) satisfying the BiHom-skew-symmetry condition

[6(z),a(y)] = =[B(y),a(x)], Vaz,ye L. (3.3)

A morphism f: (L,[-,-],a,8) = (L', [-,-]', &/, 8") of BiHom-Lie algebras is a linear map f : L —
L' such that &/ o f = foa, f'o f=fop and f([x,y]) = [f(z), f(y)], for all x,y € L.

Remark 3.6 In view of Remark[37, if (L, [, "], o, B) is a left (respectively right) BiHom-Lie al-
gebra and we define {-,-} : LxL — L, {x,y} := [y, x|, then (L,{-,-}, B, a) is a right (respectively
left) BiHom-Lie algebra.

Remark 3.7 If (L,[-,]) is a Lie algebra and o, : L — L are two commuting morphisms of
Lie algebras, and we define the map {-,-} : Lx L — L, {z,y} = [a(x), B(y)], then (L,{-, -}, o, B)
is a left and right BiHom-Lue algebra, denoted by L, gy and called the Yau twist of L.



Remark 3.8 More generally, let (L,[-,],, B) be a left (respectively right) BiHom-Lie algebra
and o/, : L — L two morphisms of left (respectively right) BiHom-Lie algebras such that
any two of the maps a, ', B3, commute. If we define the map {-,-} : L x L — L, {z,y} =
[/ (x), B (y)], then (L,{-,-},aod',B0 ) is a left (respectively right) BiHom-Lie algebra.

Proposition 3.9 Let L be a linear space, |-,-] : L x L — L a bilinear map, o, : L — L
two commuting linear maps such that a([x,y]) = [a(x), a(y)] and B([x,y]) = [B(x), B(y)] for all
x,y € L, and the BiHom-skew-symmetry condition (3.3) is satisfied. Assume that o and 3 are
bijective. Then (L,[-,+],, B) is a BiHom-Lie algebra if and only if it is a left BiHom-Lie algebra
if and only if it is a right BiHom-Lie algebra.

Proof. We prove first that the BiHom-Jacobi condition
[8%(2), [B(y), a(2)]] + [B2(y), [B(2), a(@)] + [6%(2), [B(x), a(y)] = 0
is equivalent to (BI). The BiHom-Jacobi condition is equivalent to
18%(2), B([y, a8~ (2)D)] + [62(v), B([z, 8™ (@)])] + [82(2), B([z, a8 (w)])] = O,
which is equivalent to
[B(2), [y, B~ (2)]] + [By), [z, B~ ()] + [B(2), [2, 87 ()] = 0,
which is equivalent to
[B(x), [y, a8~ (2)]] + [B(y), [z, B8~ ()] + [B(2), al[a (), B~ ()])] = 0,
which, by applying the BiHom-skew-symmetry condition to the third term is equivalent to
(), [y, aB™ (2)]] + [B(y), [, B8 (@)]] = [Bla™ (), 871 (y)]), al2)] = 0,
which, by replacing & with a(z), is equivalent to
[aB(@), [y, a8 (2)]] + [B(y), [2,0* B ()] = [[B(x), ], (2)] =0,
which, by replacing z with a~!3(z), is equivalent to
[aB(@), [y, )] + [B(y), [~ B(2), & 87 ()] — [[B(x), 4], B(2)] = O,
which is equivalent to
B (), ly, ] + [B(y), [Ba” (2)), alaB™ ()] = [[B(x), 4], ()] =0,

which, by applying the BiHom-skew-symmetry condition to the second bracket in the second
term is equivalent to

[aB(x), [y, ]| = [B(y), [a(), 2]] = [[6(x), 4], B(2)] = 0,

and this is obviously equivalent to (B.1).
Now we prove that (B.I]) is equivalent to (3.2]). We begin with (3.]), which is equivalent to

[aB(x), [y, 21| = [[B(x), 9], B(2)] + [B(y), al[z. o  (2)])],
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which, by applying the BiHom-skew-symmetry condition to the second term in the right hand
side is equivalent to

[aB(x), [y, 21| = [[B(=), 9], B(2)] — [B([z, @™ (2)]), aly)],

which is equivalent to

[aB(2), [y, 2]] = [[B(x), 9], B(2)] — [[B(z), "' B(2)]), aly)],

which, by replacing = with 371 (x) and z with a(z) is equivalent to

(@), [y, 2(2)]] = [z, 9], aB(2)] = [[z, B(2)]), a(w)],
which is obviously equivalent to (B.2]). O

Remark 3.10 By using one more time the same type of calculations, one can easily prove that,
in the hypotheses of Proposition[39, (L,[-,-|,«, B) is a BiHom-Lie algebra if and only if, for all
x,y,z € L, the following equation is satisfied:

[8(z), a(y)], & (2)] + [[B(y), a(2)], 0 ()] + [[B(2), a(x)], a* ()] = 0.

Proposition 3.11 Let (L,[-,-],a, ) be a left (respectively right) BiHom-Lie algebra and R :
L — L a Rota-Bazter operator of weight 0 such that Roa =«ao R and Ro 8= 30 R. Define a
new operation on L by x-y := [R(x),y] (respectively by x -y := [x, R(y)]), for all x,y € L. Then
(L, o, B) is a left (respectively right) BiHom-pre-Lie algebra.

Proof. We prove the left-handed version and leave the right-handed one to the reader. It is
obvious that a(z - y) = a(x) - a(y) and Bz - y) = B(x) - B(y), so we only need to prove the
relation () defining a left BiHom-pre-Lie algebra. We compute:

af(z) - (aly) -2) = (B(x) - aly)) - B(2)

= [R(af(2)), [R(a(y)), 2]] — [R([R(B(2)), a(y)]), B(2)]
= [R(aB(x)), [R(e(y)), 2]] — [[R(B(x)), R(a(y))], B(2)] + [R([B(x), R(a(y))]), B(2)]
= [R(af(@)), [R(a(y)), 2]] — [[B(R(x)), R(a(y))], B(z)] + [R([B(x), R(a(y))]), B(2)]
R [R(aB(x)), [R(a(y)), 2]] — [eB(R(x)), [R(a(y)), 2] + [aB(R(y)), [(R(x)), ]]
+[R([B(z), R(a(y))]), B(2)]
= [aB(R(y)), [a(R(x)), 2] + [R([B(z), a(R(y))]), B(2)]
e= [aB(R(y)), [a(R(x)), z]] — [R(B(R(y)), a(x)]), B(z)]
= [R(aB(y)), [R(a(x)), 2] — [R([R(B(y)), a(x)]), B(2)]
af(y) - (e(z) - 2) = (B(y) - () - B(2),
finishing the proof. O
Lemma 3.12 We consider a 4-tuple (L,|-, ], a, ), where L is a linear space, o, : L — L
are linear maps and [-,-] : L x L — L is a bilinear map. Let also A € k be a fized scalar. Let

R: L — L be a linear map such that

Roa=aoR and Rof =poR. (3.4)

9



Define a new multiplication on L by
{z,y} = [R(z),y] + [z, R(y)] + Alz,y], Vz,yel.
Then:
i) If a and B satisfy
afz,y]) =l (z),a(y)] and B([z,y]) =[B(x).B(y)], Va,yelL,
then they also satisfy
a({z,y}) ={a(x),a(y)}t and B({z,y}) ={B(x),B(y)}, Vz,yel
i) If a and B satisfy
[B(z),a@)]==[BW) a@)], Vzyecl,
then they also satisfy
{B@),a(m)}=—-{BW),a()}, Vayecl.
iii) If R satisfies
[R(z),R(y)] = R([R(),y]+ [z, Ry)]+ Alz,y]), Ya,yel,

then
R({z,y}) = [R(x),R(y)], Vz,y€ L.

Proof. i) We compute:
{a(@),a(y)} = [Rla@)a)]+ (@), R(a(y)]+Aao(z),o(y)]
€D [a(R (2)),a (y)] + [ (@), a(R (y))] + Ao (z) , a (y)]
B.3)
=" a({z.y}).

ii) We compute:

{B(x),a(y)}

]

]
=8 (y),a(R(x))] = [B(R(y),alx)] = A
—18 () ) ( [
—{8),a(x)}.

iii) It is obvious by (3.7) and the definition of {-,-}.

I IIE IIE II:@ I

10

(3.5)

(3.6)



Proposition 3.13 Let (L, [, ],«, 3) be a BiHom-Lie algebra, A € k a fized scalar and R : L —
L a Rota-Baxter operator of weight A satisfying Roa = ao R and Ro = o R (i.e. B.4) and
B hold). Define a new multiplication on L by

{z,y} = [R(z),y] + [z, R(y)] + Alz,y], Va,yelL
Then (L,{-,-},a, ) is a BiHom-Lie algebra.

Proof. In view of Lemma B.I2] we only need to prove that {-,-} satisfies the BiHom-Jacobi
condition. Note also that, by Lemma B.12] again, (B8.8) holds. We compute (for z,y,z,t € L):

{B(2),a(2)} = [R(B (), (2)] + [B () , R(a (2))] + A[B (2) , a (2)],
{R(5 ()) ()}—[ (R(B (y))), a (2)] + [R(5 (v), Ba (2))] + A[R(B (y)),  (2)],
{6° ().t} = 2)),1] + [(2), R(t)] + A[B*(2), 1].

So, we obtain

{B% (@), {B(y),a(2)}}

y),a(2)}]

B2(x), [R(B (1)), Rl (2)]] + A[B*(x), {8 () , o (2)}]
7[

= =
[\v]
—~ —~
8
~ ~—
=
—~
—
=@
S
~—
Q
O
—
=
_|_
>
—
=@

B3)

and hence

{82 (), {B(2),a(2)}}

Thus we get
{8 (2) B (y),a(2)}} + {82 () . {B () ,a (@)} } +{B%(2) {B(2) e (y)}}

= [R(B (2)), [R(B (), @ (2)]] + [R(B* (), [8 () , R(a (2))]
+HR(B% (2)), A8 (), & ()] + [6°(2), [R(B (), Rl (2))]]
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A% (2) [R(B () @ (2)]] + A[B2 (), [B () , Rla (2))]] + A[B? (), A[B () , ()]
+HIR(B? (1)), [R(B (2), o ()] + [R(B* (), [8 (2) , R(ov ()]

+HR(B (1)), A8 (), a ()] + [8*(y), [R(B (2)), Rl ()]

HAB? (y) L [R(B (2)), a ()] + A[B2 (), [B (2) . R (2))]] + A[B? () . AlB (2) , ()]
+HR(B% (2)), [R(B (), & ()] + [R(B* (2)), [8 (x) , Rlex ()]

+HR(B% (2)), AlB (), & (] + [6%(2), [R(B (), Rlex ()] +

+AB% (), [R(B (), a ()] + AIB? (2), [B (), R(a ()] + AB* (2), AlB (), @ ()],

i.e., in view of (3.4,
{82 (@) AB W), a()}} + {8 () {8 (2),a(@)}} + {8 () {B(x),a(y)}}

= [B*(R(2)),[B(R(y)), (2

“(2), A8
= OR(m),R(y),z [/BQ(R(‘T))v [/8 R(y) 7a(2)]]+ OR(y),R(z),gc [/82(R(y))7 [/B(R
;)] + A Oz ry),
) a(@)]] + X Oz vy [6°(2), [B(R(2)), a(y)]

183
=
[\
&
=
—~
=
<
st
Q
N
=

= 0,
where the last equality follows by applying 7 times the BiHom-Jacobi condition for [-,-]. g

Corollary 3.14 Let (L,[-,-]) be a Lie algebra, A € k a fized scalar and R : L. — L a Rota-Baxter
operator of weight A. Define a new multiplication on L by

{z,y} = [R(z),y] + [, R(y)] + Alz,y], Va,ye L.
Then (L,{-,-}) is also a Lie algebra (and of course we have R({z,y}) = [R(x), R(y)]).
Proof. Tt follows from Proposition 313} by taking o = 8 = idy. O

Proposition 3.15 Let (L, [, ], a, ) be a a left (respectively right) BiHom-Leibniz algebra, \ € k
a fizxed scalar and R : L — L a Rota-Bazter operator of weight A\ such that Roa = ao R and
Ro =0 R. Define a new multiplication on L by

{z,y} = [R(x), y] + [z, R(Y)] + A[z,y], Va,ye€L.

Then (L,{-,-},a, ) is a left (respectively right) BiHom-Leibniz algebra.
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Proof. We only prove the left-handed version, the right-handed one is similar and left to the
reader. In view of Lemma [B.12] we only need to show that {-,-} satisfies (B.I]). Note also that,

by Lemma again, (B.8]) holds. We compute (for all z,y, z,t € L):

[R(af(x)),t] + [aB(z), R(1)] + Alaf(x), 1],

[R(ab(z)), [R(y), 2I] + [R(af

+lep
+\ o

{aB(x), t}

{aB(2),{y,2}}

), ly, R(2)]] + [R(aB(x)), Aly, 2]

,[R(y), 2]
,Alys 2]

~—r

—~

): R({y, 2})] + AlaB(z
(@), [y, R(2)]] + AlaB(z

[R(af(x)), [R(y), 2]] + [R(ap

X

(

—~

g

), [y, R(2)]] + [R(ap(2)), Aly, 2]

), [R(y), 2]]
s Alys 2]l

~—r

G3)

~—

+[aB(2), [R(y), R(2)]] + Alef

—~

+Alef(x), [y, R(2)]] + Alef(z

which, by using the fact that Roaa=ao R and Ro 3

B o R, may be written as

[aB(R(2)), [R(y), 21| + [aB(R(2)), [y, R(2)]] + [aB(R(x)), Aly, #]]

+[ap
+A o

{ab(@),{y, 2}}

) [RB(y), B(2)]] + MaB(z), [R(y), 2]
(@), ly, R(2)]] + MaB(z), Aly, #]].

~—

Q

On the other hand, we have

[R(B(x)),y] + [8(x), R(y)] + AlB(2), 9],

~ I~ ~— —

~—r

s R(Y)s B(2)] + AXB(x), v, B(=)]

~—

B
+A[R(B(2)), yl, B(2)] + Al[B(z

and

~

&

S,

\A

>

_

~<
— + =
= R
ORI
(()(
ST RS
= 3 =
)([)
=28 < 3
(y((
£ s 2 2
TR S W
+ + 4+ +
TeEs W
22 =2 2
Bl E &
3 S F 3
(\A((
K- x K
)_|./_ -
»/W\.y/ N
S = 2
=== 7
=+ + =

—~ o~

so that

{B(), 4}, 8(2)} +{B(y), {a(2), 2}}
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= [[B(R(2)), R(y)], B(2)] + [B(R(y)), [a(R(2)), 2]] +
HB(R(2)), y), BR(2))] + [B(y), [a(R(2)), R(2)]]
HA[B(R(2)), 4], (2)] + A[B(y), [a(R(z)), 2]]
+HB(x), R(y)], B(R(2)] + [B(R(Y)), [a(), R(2)]]
HA[[B(z), B(y)], B(2)] + [B(R(y)), Aa(z), 2]]
+AB(2), yl, B(R(2))] + AlB(y), [a(x), R(2)]]

By using B.1) 7 times, we obtain {a(z), {y, z}} = {{5(2),4},B(2)} + {B(y), {a(),2}}. O

Corollary 3.16 Let (L,[-,],«, 3) be a left (respectively right) BiHom-Lie algebra, A € k a fized
scalar and R : L — L a Rota-Bazter operator of weight A such that Roa = aoR and Rof = foR.
Define a new multiplication on L by

{z,y} = [R(x), yl + [z, R(Y)| + A[z,y], Va,yelL.
Then (L,{-,-},«, B) is a left (respectively right) BiHom-Lie algebra.
Proof. Tt follows by Proposition in view of ii) in Lemma O
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